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List of Figures

Fig. 1 A diagram of the magnetosphere is shown. Expanded: A typical

magnetotail-like field reversal and coordinates. The "radial coordinate is i|r

which is also the flux function. The periodic coordinate is y which is

directed into the page. The third coordinate, %, is in the direction of the

local magnetic field.

Fig. 2 This figure shows the visual difference between a nearly adiabatic (K=1)

particle trajectory (a) and a strongly stochastic ( K = 1 / 3 ) particle trajectory

(b). Both particles are launched at a pitch angle of a = n/3. The orbits are

projected onto the x-z plane in the region -4^z/L^4 and (kx/L^12.

Fig. 3 In this figure we plot the gyrophase averaged g verses initial pitch angle for

a K=2 ion ( + ) and K = 1 / 3 ion (o) for a perturbation frequency of

&)=il.25xlO nQ. For this calculation, we have chosen a electrostatic

perturbation of the form #=cos(0.21). The statistical average arrived at

from the computer (gave=0.343) compares quite well with the theoretical

result of <g> =0.334.

Fig. 4 This plot shows the time average velocity in the y-direction for a K= 1/3

ion launched with a pitch angle of 45° from z=0. The numerical result of

Vll



-7.0X10"4LQQ is close to the theoretical result arrived at from equation

(C.13), <vd>=-6.5xl0'4LQ0.

Fig. 5 This figure shows the noise in the plasma response as a function of

frequency. Theoretical calculations suggest that 6g~(w/ <uh>)ii. The solid

line is the theoretical prediction. The o symbole indicates the numerical

results.

Fig. 6 A simple quadrupole magnetic field line. The field strength is maximum

where the field line intersects the horizontal axis which also corresponds to

the regions of bad curvature. Good curvature regions occur where the

field line intersects the vertical axis. The conductors lie in the horizontal

plane.
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ABSTRACT OF THE DISSERTATION

The Kinetic Theory and Stability of a Stochastic Plasma

with respect to Low Frequency Perturbations

and Magnetospheric Convection

by

Omar Al Hurricane

Doctor of Philosophy in Physics

University of California, Los Angeles, 1994

Professor Rene Pellat, Co-Chair

Professor Ferdinand V. Coroniti, Co-Chair

Following the suggestion that substorm breakup might be caused by an

interchange or ballooning instability, several magnetohydrodynamic (MHD) and

gyro-kinetic stability analysis have been performed for plasma sheet magnetic field

geometries. However, the stochastic ion dynamics in the highly stressed, thin

high-J3 near earth plasma sheet violate the locality requirements of MHD and the

invariance of the magnetic moment, /u, required by gyro-kinetic theories. In this

dissertation, a new linear Vlasov kinetic theory is developed for calculating the

xm



plasma response to perturbing electromagnetic fields in cases where the particle

dynamics are stochastic; for modes with frequencies less than the typical particle

bounce frequency. A variational form is arrived at which allows one to properly

perform a stability analysis for a stochastic plasma. In the case of stochastic

dynamics, we demonstrate that the plasma responds to the flux tube volume

average of the perturbing potentials as opposed to the usual case of adiabatic

dynamics where plasma responds to the bounce average of the perturbed

potentials. We show that for the stochastic plasma, the kinetic variational form

maps into the Bernstein energy principle if the perturbation frequency is large

compared to all drift frequencies, the perpendicular wavelength is large compared

to the Larmor radius, and vanishing of the potentials associated with the parallel

electric field are all assumed. By explicit minimization of the energy principle, it

is established that the stochastic plasma is always less stable than an adiabatic

plasma. Lastly, the effect of strictly enforcing the quasi-neutrality (QN) condition

upon a gyro-kinetic type stability analysis is explored. From simple mathematical

considerations, it is shown that when the QN condition is imposed convective type

modes that are equipotentials along magnetic field lines are created that alter the

stability properties of the plasma. The pertinent modifications to the Bernstein

energy principle are given.

xiv



CHAPTER 1-INTRODUCnON AND OVERVIEW

1.1 Problem Summary

Observationally, the "expansion phase" of magnetospheric substorms

commences with the activation then breakup of the equatorward auroral arc and

the disruption of the plasma and magnetic field in the near earth plasma sheet.

The "growth phase" that precedes breakup in the magnetosphere is reasonably

understood. Following a southward shift of the interplanetary magnetic field

(IMF), enhanced dayside field-line merging and increased solar wind stress drive

the magnetotail into a state of rapid internal convection (Dungey, 1961; Levy et

al, 1964; Coroniti and Kennel, 1973). In response to the increased stress, the

plasma sheet in the magnetotail moves earthward to increase the attractive force

between the tail and the dipole-like region of the inner magnetosphere (Siscoe

and Cummings, 1969; Coroniti and Kennel, 1972). This slow earthward motion of

the plasma sheet produces a highly stressed and relatively thin (thickness £l Re,

Re being an earth radius) current sheet at radial distances of about 7-10 Re and a

sharp reversal of the magnetic field across the midplane region (see figure 1).

The initial free energy for the breakup/disruption is stored in this highly

stressed hydromagnetic structure. A possible instability mechanism which may

liberate the stored energy and create the breakup/ disruption is spontaneous



growth of the collisionless tearing mode (Coppi et al, 1966). Galeev and Zelenyi

(1976) found that, with finite B2 the electron tearing mode is stable but they

suggested that the ion tearing mode (Schindler, 1974) may have a window for

instability. The work of Lembege and Pellat (1982) showed that the ion tearing

mode is stabilized by adiabatic electron compressibility in the presence of a finite

B2 component of the magnetic field. As a way around the stabilizing effect of

adiabatic electrons, Coroniti (1980) purposed that chaotization of electron motion

may remove the stabilizing contribution of electrons.

Perhaps with this thought as impetus, there have been many theoretical

studies on stochastic particle motion induced by sharply curved field reversals,

such as occurs in the plasma sheet of the geomagnetic tail, in which the local

radius of curvature of the field is comparable to the ion Larmor radius (e.g.

Biichner and Zelenyi, 1989; Chen and Palmadesso, 1986). An example of such a

field is the "parabolic" equilibrium given by the vector potential

Here L is the scale length, positive x is tailward, Bo is the magnetic field strength,

and e=Bn/B0 (typically e-lO^-lO"2 in the magnetotail) where Bn=Bz(x,z=0) is

the magnetic field normal at the midplane. The quantity e is related to the radius



of curvature, Rc, of the magnetic field lines at the midplane through the relation

Rc=eL. The degree of stochasticity is quantified through the parameter K (e.g.

Northrop, 1963; Biichner and Zelenyi, 1989) which is defined as K2=Rc/pL with

pL being the Larmor radius evaluated at the midplane. Approximately, K> 1

defines an adiabatic particle and K<1 defines a stochastic particle (although, K<1

yields a new invarient). A stochastic particle experiences an apparently random

pitch angle scattering on each crossing of the midplane (i.e. the first adiabatic

invariant, the magnetic moment /u, is broken). This scattering is followed by

adiabatic motion to the bounce point and back to the midplane.

In 1991, Pellat et al proved that even with stochastic electron dynamics, the

stabilizing effect of electron compressibility is not removed. The physical reason

being that, in spite of possible stochasticity, the electrons remain confined to a

flux tube by conservation of energy and the y-component of the canonical

momentum. It is generally agreed that our present theoretical understanding is

that the plasma sheet, with finite Bz, is stable to ion tearing. In any case, our

present experimental evidence (e.g. Lui et al, 1992) indicates that it is only the

thermal ion population that is stochastic (KJ-0.5 1-0.93) and not the thermal

electron population (KC~4.3-9.5).

In the ionosphere, substorm onset is characterized by rapid brightening of



the most equatorward auroral arc typically just before local midnight. After a

minute or so, the westward electrojet intensifies and a very bright aurora develops

at its westward edge. Both aurora and electrojet then surge in a northwesterly

direction in a formation referred to as the westward travelling surge (WTS).

Using data collected from the GEOS-2 spacecraft, Roux (1985; also see Roux et

al, 1991) presents a picture in which the WTS is the image, projected along

magnetic field lines, of a Rayleigh-Taylor like instability that develops within the

inner part (-7 Re) of the plasma sheet at substorm onset. (We should mention

that it was Gold 1959, Swift in 1967, and Liu in 1970 who first recognized the

possible importance of interchange type instabilities in the magnetosphere;

although they examined stability in a somewhat different context).

Roux observes that, at the time the WTS is initiated, the magnetic field

structure makes a sharp (5 minute duration), albeit oscillatory, transition from a

tail-like geometry to a dipole-like geometry with a quasi-period of about 1 minute

(about the thermal ion bounce time). Prior to the disruption, the electric field is

steady and earthward (this is not always the case); during the disruption the

electric field exhibits spikes with diverging and converging character that are

consistent with positive and negative excesses of charge. Lastly, the data indicates

strong (weak) earthward gradients in both magnetic field strength and ion



pressure on the earthward (tailward) side of the spatial transition region between

dipole-like and tail-like geometries. Consistent with this data, Roux then

postulates an enhanced azimuthal drift of energetic particles which leads to a

polarization of the medium and charge accumulation. The polarization drift

velocity would tend to enhance the amplitude of a test wave (i.e. become

unstable) in the transition region. Excess charge would tend to be removed along

the highly conduction field lines by electron field aligned currents (FAC's). The

GEOS data does, in fact, indicate the presence of FAC's.

Following Roux's (1985) suggestion that substorm breakup might be caused

by a interchange or ballooning instability, several MHD stability analyses have

been performed for plasma sheet magnetic field geometries. For instance Miura

et al (1989) analyzed the Alfven and drift-Alfven ballooning modes for a plasma

sheet equilibrium and found unstable modes which are strongly evanescent toward

the ionosphere. In an illuminating derivation of an MHD energy principle with

the inclusion of the effects of gravity, rotation, and boundary conditions, Hameiri

et al (1991) demonstrated that interchange instabilities are but special cases of

the ballooning instability where the mode does not perturb the equilibrium

magnetic field. Hameiri et al relates this work to previous discussions of

interchange instabilities (e.g. Cheng, 1985; Rogers and Sonnerup, 1986;



Southwood and Kivelson, 1987, 1989). Lee and Wolf (1992) examined various tail

equilibrium models using the classic MHD energy principle with a "hard"

ionosphere boundary condition and concluded that the plasma sheet would not be

significantly modified by ideal MHD ballooning. However, applying MHD to this

type of field geometry is not justified.

The MHD approximation requires that the plasma interact with the local

. electromagnetic fields, the wave frequency («) must be small compared with the

ion cyclotron frequency (Q), and the wavelength must be large compared to pL.

For quasi-mirror trapped particles, the spatial localization of the wave-plasma

interaction requires that a>>o>b, u>», and <od where wb is the bounce frequency (of

order vt/L, vt being the thermal velocity), w* being the diamagnetic drift

frequency (<i>*=kyiiy, where lc, is the wave number in the y-direction and u is the

diamagnetic drift velocity), and o>d is the magnetic gradient-curvature drift

frequency (o)d=kyvdy, where vd is defined in equation C.I).

In the plasma sheet, o>d satisfies the above frequency ordering outside the

midplane. However, at the midplane wd~k vtpL/Rc~(kJ-/e)(e/ic2)2Qn where fin is

the cyclotron frequency at the midplane. For the magnetotail e/K2~l and

kyL/e>l (in order for waves to fit within the tail). Thus, wd-fln at the midplane,

and the MHD localization requirements (Qxo and <i>>o>d) cannot be satisfied



simultaneously. Additionally, the frequency window Qn > o> > a>b is also closed which

can be seen by writing the inequality as l>o)/fin>pLmax/L where for a thin

plasma sheet pLmax/L = e/ic2~l. We note that stochasticity also invalidates

stability analyses derived from a /i-conserving gyrokinetic solution of the Vlasov

equation (such as Chen and Hasegawa, 1991 or Kruskal and Oberman, 1958).

Although the local « d at the midplane is large, the bounce averaged drift

frequency is smaller than Qn since the ions spend most of the time in the region

of weak field gradients. Thus, if we take <i>«wb, an ion will respond to the smaller

bounce averaged drift frequency instead of the large local one (Pellat, 1990).

This is an important point which will help us provide a new Vlasov kinetic

description which includes stochastic ions so that we can study low frequency

interchange/ballooning instabilities in the plasma sheet.

1.2 Organization and Major Results

Chapter 2 describes the field reversal magnetic equilibrium. Although the

kinetic theory developed in this dissertation is intended to be generally applicable

to any plasma that satisfies the requirements of being stochastic as described in

section 1.1, we must choose a specific equilibrium for numerical calculations. We

have chosen to use the quasi-parabolic equilibrium which is obtained from the

solution of the Ampere equation (section 2.2) for our particular choice of

7



equilibrium distribution function (section 2.1). The last section (2.3) in this

chapter is devoted to describing stochastic particle motion.

Chapter 3 is where we solve the Vlasov equation (to first order in o)/fa>b)

for stochastic particles. The theory we develop in this chapter makes no

distinction between ions and electrons and is applicable to both. However, in the

real magnetotail it is generally believed that only the ions are stochastic. Section

3.1 shows how the Vlasov equation reduces to the "method of characteristics"

solution for the reduced distribution function, which we call g. In section 3.2, we

solve the method of characteristics solution numerically. We compare solutions

for adiabatic and stochastic ions and discover that g has a solution for stochastic

ions which is nearly independent of initial ion pitch angle and gyrophase; and, in

general, we find that the numerical solution for g agrees quite well with the flux

tube volume average of our test function. We show that the time average

gradient-curvature drift velocity perpendicular to the plane of the magnetic field

line is given by the flux tube volume average drift velocity as opposed to the

usually case of bounce averaged drift velocity. Lastly, we show (numerically) that

stochasticity tends to isotropize the plasma.

Section 3.3 uses the information discovered in section 3.2 to form a

theoretical solution for the Vlasov equation which is essentially based upon a



mapping type of solution which uses the anzatz that the particle is scattered from

one magnetic moment to another, with uniform probability, during each midplane

crossing. Section 3.4 discusses some of the implications that these results might

have on the stability properties of a stochastic plasma.

In chapter 4, we begin to look at the collective behavior of a plasma whose

constitutive particles are undergoing stochastic motion. Specifically, we examine

the stability of such a plasma. Section 4.1 describes the construction of a

quadratic form built from the Ampere equation and the quasi-neutrality condition.

Section 4.2 shows how the quadratic form of section 4.1 can be mapped into an

equation similar to the Bernstein et al (1958) energy principle when certain

assumptions are made. In section 4.3, we minimize our stability equation and

show that the equation becomes the minimized Berstein el al (1958) energy

principle. We then compute the free energy released when the plasma makes the

transition from adiabatic to stochastic dynamics in section 4.4. Section 4.5

discusses the implications of our stability results.

Chapter 5 revisits the consequences of enforcing the quasi-neutrality

condition on a plasma. We show that this condition has never been handled

correctly in the literature when the bounce motion of particles is involved.

Correct treatment yields a global electrostatic potential which is constant along



the magnetic field line. Section 5.1 demonstrates this effect for the simplest case

of a pure electrostatic instability in the context of a multipole type magnetic field

geometry. We show that correct treatment gives rise to a convective type of

instability even in cases where the magnetic field has "good" average curvature.

Section 5.2 follows the arguments of section 5.1, by analogy, for the full

electromagnetic case. Section 5.3 describes how the stability results of chapter 4

are modified and gives the final stability result. In this section we prove that

symmetric interchange/ballooning type modes are stable in a magnetotail-like

configuration and we suggest how antisymmetric modes are likely to be stable as

well. By direct computation we show that the perturbations associated with the

global electrostatic potential are isothermal.

Chapter 6 concludes with a discussion/summary of our results and suggest

directions for future work. Appendix A has very useful formula for the field

aligned coordinates that are used throughout this dissertation. Appendix B is

basically an integral table. In appendix C, we give a very concise formula for the

local gradient-curvature drift velocity using the formula of appendix A; we also

derive the bounce average drift velocity and the stochastic average drift velocity.

Appendix D contains the derivation of the amplitude of the noise observed in the

reduced distribution that is pointed out in chapter 3. In appendix E, we give an

10



approximate formula for the bounce average gradient-curvature drift velocity for

the quasi-parabolic equilibrium. This result is used in section 4.3. Appendix F

comments on the effects of an equilibrium temperature gradient. Lastly, in

appendix G we list several fortran codes used for the numerical work discussed in

sections 2.3 and 3.2. The cgs system of units is used throughout.
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CHAPTER 2-MAGNETIC EQUILIBRIUM

2.1-The Harris Distribution Function

Most of the work presented in this dissertation is generally applicable to

any type of magnetic field reversal. However, occasional reference to a specific

equilibrium is necessary for explicit calculations and numerical work. So, before

we can discuss the stability of a stochastic plasma we must have a model for the

plasma equilibrium configuration (refer to figure 1 and appendix A for

coordinates).

We choose to work with a two dimensional equilibrium in which the

plasma is mainly at rest, the pressure nearly isotropic, and is in the presence of a

weak normal component of the magnetic field, Bz. The so-called Harris

distribution function satisfies these requirements (Harris, 1962),

TJ)

This distribution function allows the existence of an equilibrium current J"Q̂  and

reversal of the Bx component of the magnetic field. In this equation, c is the

speed of light, u • = (cTj/qj)31n(nj)/di|r is the macroscopic mean velocity in the y

direction, T: is the temperature, m- is the particle mass, and q- is the particle
J J J

charge for species j . From the form of our distribution function, it is clear that

12



the density of a species on a flux surface is given by n: = nQjexp(q:U :

2.2-Analytic Solution for Equilibrium Field

The Ampere equation with the Coulomb gauge is

J=«^

With the expression for the Harris distribution function we obtain a partial

differential equation for the equilibrium vector potential (we assume q; = Ze,

where -e is the electron charge)

ue CT' -Zue
y >

(2.3)

The quasi-neutrality condition, Znj=ne, yields the relation Zu -/Tj+u /Te=0.

This allows us to write Zuyi/T;=-uye/Te=(Zuyi/Ti-uye/Te)/2 = (Zuyi-uye)/(Ti+Te).

These relations permit us to put equation (2.3) into a more manageable form:

4

where we have made the definitions B0
2=87rn0e(Ti+Te) and B0L=2c(Tj+Te)/

(uye-ZUyi)e.

Using the substitution A^=LBoln(h) and the ordering assumption

d/dx~td/dz where e is a small quantity, we obtain an equation for h good to

13



second order in e

dz\hdz) a2
(2.5)

Let a(x) and J3(x) be two arbitrary functions. If we guess the solution form

h=ficosh(az), the differential equation for g becomes the algebraic equation

(a/3L)2=l. Thus, the solution for the vector potential is (Lembe'ge and Pellat,

1982)

(2-6)

for any choice of B(x). The choice of B(x) = exp(ex/L) makes this model tend

towards that of the parabolic equilibrium inside the range O^z/L<l; this is the so-

called quasi-parabolic equilibrium.

By taking the curl of this vector potential, we find that the magnetic field

components are

and

14



These expressions make the meaning of e more clear since we can see that

e=Bz(x,0)/BQ is the ratio of the magnetic field strength at the midplane to the

strength of the asymptotic magnetic field.

2.3-Paiticle Orbits

The motion of the charged particles is the basic ingredient for

understanding macroscopic plasma properties. Quantities such as density and

particle flux are determined by a distribution function. The distribution function

can intern be expressed in terms of constants of the motion which are linked to

the magnetic field topology. The motion of charges particles in magnetotail like

equilibria have been studied extensively. The first studies are usually attributed

to Speiser (1965 and 1967). He first identified a class of nonadiabatic orbits,

which are typically called Speiser orbits. These particle trajectories exhibit

adiabatic motion far from the midplane, then enter the midplane region and

oscillate in the z direction until some later time when the particle is ejected from

the midplane region. While near the midplane, the particle motion is a

combination of "meandering" motion (Sonnerup, 1971) and slower gyration about

the weak Bz field. These orbits do not conserve the so-called first adiabatic

15



invariant (magnetic moment) /j = mv±2/2B near the midplane region. Although,

this early research demonstrated that the action I2=(27r)"1^vzdz is approximately

conserved for each complete z oscillation.

More recently, Chen and Palmadesso (1986) show that the charge particle

dynamics are governed by a Hamiltonian which is nonintegrable. Using the

Poincare surface of section technique, they found that (for the parabolic

equilibrium) phase space is partitioned into disjoint regions of unbounded

stochastic, unbounded transient, and bounded integrable orbits. They show that

the system is a chaotic scattering system in the sense that orbits that are initially

arbitrarily close will exponentially diverge from each other in finite time.

Biichner and Zelenyi (1989) extend the work of Sonnerup (1971) by

applying an asymptotic matching technique to obtain the local variation in the

action, AIZ, due to nonadiabatic motion. They then use this quantity to model the

chaotic particle motion. They show that particle dynamics are controlled by the

curvature parameter K (recall that K is the square root of the ratio of the

minimum radius of curvature of the equilibrium magnetic field and the maximum

Larmor radius for a given energy). For K>1 we have the usual case of adiabatic

motion. For K<1 particle motion becomes stochastic due to deterministic chaos,

caused by resonances between overlapping harmonics of the bounce and gyro
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frequencies. They also show that for K<1 a new kind of partially adiabatic but

weakly chaotic motion appear. An exhaustive review article by J. Chen (1992)

summarizes this work and the work of many others. However we should point

out that the level of detail about single particle motion examined in many of these

articles is too extreme for what is necessary in this dissertation. It is enough to

understand that in the regime of strong chaos (0.1<K<0.7), a stochastic particle

has its magnetic moment scattered in an apparently random fashion during each

crossing of the midplane, but is still confined to a flux tube by the conservation of

total energy and conservation of the y-component of the canonical momentum

(see figure 2). According to Lui (1991), typical values of K for ions are 0.5-0.9

prior to plasma sheet disruptions.
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CHAPTER 3-SOLUTION OF THE VLASOV EQUATION FOR A STOCHASTIC

PLASMA

3.1-First Order Perturbation Theory

To be able to discuss the stability of a plasma, we must first understand

how the plasma responds to electromagnetic perturbations. The appropriate

equation describing this response is the Vlasov equation for the plasma

distribution function (for each species of particle)

pfEvxB\=O, (3-1)
dt m[ c dv

where E is the total electric field and B is the total magnetic field.

In the unperturbed state we have d/dt=0, no electric field (in our case)

and f=f0. During perturbations we obtain

f=f0+f1,B=B0+Bl,E=E1,

where the "0" subscript indicates equilibrium quantities and the "1" subscript

indicates (small) perturbations in the quantities. The linearized Vlasov equation

is

(3-3)
dt

Our stability problem involves solving this equation self consistently with the
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Maxwell equations for the case of stochastic plasma particle dynamics. We

choose to take the perturbations as being harmonic in time and in space

perpendicular to the field line (this is the "eikonal approximation," for discussion

see Hazeltine and Meiss, 1991 and related works), i.e.

f E B V ( ^ + U t ) (3-4)

and we shall omit this factor in most formulas.

It is convenient to write the perturbed parts of the electric and magnetic

field in terms of potentials

£ = -%-IM and g. =Vx£ (3-5)
c dt

where <f> and A are, respectively, the perturbing electrostatic and electromagnetic

potentials. Note that we do not carry the "1" subscript along for the potentials;

however, the potentials in (3.5) are understood to be perturbing parts only. The

form of our equilibrium distribution function allows us to write

With equations (3.5) and (3.6) the linearized Vlasov equation (3.3) becomes

(3.7)
dt "a£v" ~y'V" c dt) c
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where the total time derivative on the left hand side is shorthand for

dt dt dv
(3.8)

This equation can be simplified by use of the vector identity

vxVxA=V(vv4)-v-V/4 (3.9)

and the relation

^ • r dA BA
v-VA=—-—

dt dt
(3.10)

which, when inserted into equation (3.7), yield

dt BE dt
(3.11)

The following change of variables is useful for extracting out the total time

derivative:

(3.12)

where G is undetermined. Using this substitution and the harmonic dependence

of the perturbed fields (3.4), we obtain

—-=i
dt

(3.13)
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where w* = k u . We define the reduced distribution function, g, by the relation

G = (l + o)*/(i))g. By integrating (3.13) forward in time, we obtain the method of

characteristics solution to the Vlasov equation:

g(x)=-i

This integral is to be evaluated along the particle trajectory.

For adiabatic motion (dp/dt«0) and perturbation frequencies lower than

the cyclotron frequency, equation (3.13) is usually solved via the method of

gyrokinetics (Rutherford and Frieman, 1968; Bussac et al, 1970; Bussac, 1976;

Antonsen and Lane, 1980; Catto et al, 1981; Hazeltine and Meiss, 1991). This

method can tolerate perturbations that can have relatively short wavelengths

normal to the confining magnetic field and relatively long wavelengths parallel to

the magnetic field. The "rapid" variation across the magnetic field is usually

limited only by the finite size of the particle Larmor radius. The simplified

Vlasov description obtained resolves the full effects of the inhomogeneous

solution along the magnetic field while treating perpendicular variations via

geometric optics. The mathematical procedure of the gyrokinetic technique

involves a change of variables from the particle position to the position of the

guiding center, and then performing a gyrophase average to obtain the finite
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Larmor radius modifications.

For reference and comparison, we give the complete gyrokinetic solution

for adiabatic trapped particle motion of an isotropic plasma (see Chen and

Hasagawa, 1991 for the anisotropic case): With the frequency ordering fa)<o)b, it

is found that the perturbed part of the distribution function is given by (e.g.

Bussac, 1976; Pellat, 1990)

(3.15)

In (3.15), g contains the non-local wave-particle interaction. To first order in

&)/<ob, g is

8=e
W + O ) , J V.

I a o i I'

H- J (3.16)

where a = sign(vn) and

b>
(3.17)

where A=io>JJ0A|idl/c, S=ki|vi|sin(a-6)/fi, a=Arctan(kljr/lc?), and the overbars

in equation (3.16) stand for bounce averages.

Of course, our difficulty is that we must solve equation (3.13) or

equivalently (3.14) for the case of stochastic motion (dju/dt*O). However, the
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analytic solution we give in section 3.3 will follow the spirit of the gyrokinetic

method.

3.2-Numerical Evaluation of the Distribution Function

Making the time dependence of the perturbing potential explicit, the

solution of the Vlasov equation for the perturbed plasma distribution function is

given by equation (3.14)

•; I c I

where r(t) is the position of the particle at any time along the unperturbed

trajectory. To insure that the integral converges, the frequency, G>, is assumed to

have a positive imaginary part. Due to the stochastic violation of the first

adiabatic invariant, n, r(t) traces out a chaotic trajectory and has no closed form.

To integrate (3.18) numerically, we launch single ions from z=0 with a given

energy and sampled initial pitch angles and initial gyrophase; we define T = 0 at

the starting position and integrate forward in time: All lengths are scaled to

L=2Re = 1.28xl09 cm and all times are scaled to Qo
 1 = miC/q;B0 = 0.357 s, which

implies a velocity scale of LQ0=3.6xl09 cm/s. We take e =0.07. We choose the

test function <p to have the form # = 0aexp(ik y)cos(kl) and we take the perturbed

vector potential to be zero (see appendix F for specifics of the code).
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Figure 3 displays the numerical solution for g where we have chosen

<£ = cos(0.21), k =0, o = il.25xlO"5Q0 and we have launched the ion on the field line

labeled by the coordinates x = 11.74L and z=0. The figure shows the gyrophase

averaged value of g for adiabatic ions with K = 2 (top curve) and for stochastic

ions with K= 1/3 (bottom curve), as a function of initial pitch angle. The response

for the stochastic ions is reduced from the adiabatic response by about a factor of

three, and is largely independent of the initial pitch angle. We note that the

numerical result for the gyrophase averaged value of g for the stochastic ion,

0.343, is quite close to the flux tube volume average of <p, <<p> =(j<j>(\)dl/B)/

(Jdl/B) = 0.334, to within some noise. In the table below we give the numerical

solution for g as a function of K for six different initial pitch angles for the same

set of test parameters discussed above (postive pitch angles are tailward and

negative pitch angles are earthward). The table indicates that the flux tube

volume average is achieved for K<0 .7 .

Pitch Angle
45"
67.5"
30"
-45"
-67.5"
-30"
Average

K=l
0.91
0.92
0.88
0.91
0.92
0.86
).9O

K = 2 / 3
0.18
0.35
0.33
0.14
0.34
0.31
128

K=l/3
0.36
0.21
0.37
0.23
0.34
0.28
130

K=l/6
0.31
0.28
0.24
0.34
0.34
0.31
0.30

In general, we have observed that with <p=<p(l)exp(iky) (and kX<l) the
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numerically obtained gyrophase averaged value of g is very well approximated by

the formula,

4—•©
g « J B ® ( 3 . 1 9 )

dl

as long as the perturbation frequency is less than the typical ion bounce

frequency. This formula has been tested for Im(o>)~Re(a>) and Im(w)>Re((i)); the

limit Im(o>)<:Re(o>) could not be tested due to the long integration times required

for the exponent to cut off the integration in equation (3.18). Apparently, our

preliminary numerical analysis suggests that the main effect of stochasticity is to

replace the adiabatic Jdl/vii (bounce) average in (3.16) by the Jdjudl/vii (flux

tube) average.

Following up on this suggestion, we have computed (3.18) with the choice

0=0 and A1j;/c=l (to test the Bessel function behavior in equations 3.16-3.17)

with the frequency w=2.0xl0'6+i4.6xl0"5 and k =0.1. The numerical average for

the value of g in this case was 0.32xl0"4. The theoretical result obtained from

(3.16) and (3.17) with the change in averaging is 0.27xl0"4, again in good

agreement.

A numerical computation of the time average curvature drift velocity, for a
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K= 1/3 ion is shown in figure 4. In this figure, the particle is launched on the

same field line as that of figure 3. The numerically obtained time asymptotic

average of vd is -7.0xl0"4. This is very close to value predicted by appendix

equation (C.13) of <od>/k=-6.5xl0"4. We conclude from our numerical analysis

that the main effect of stochasticity is to replace the adiabatic Jdl/vii average by

the Jd/udl/vji average.

We have also computed the probability distribution of magnetic moments

for 361 different sets of initial conditions. We have recorded the occurrences of

each value of magnetic moment, /i, at z=0 for runs lasting about 100 average

bounce periods. Of these 70% are consistent with a uniform probability density

(i.e. P(/i)=const.) by the Kolmogorov-Smirnov test (Press et al, 1986) at a

significance level of a=0.01. This result will be used to justify an approximation

used in the model presented below.

3.3-Anafytical Model

We now develop an analytic formalism for calculating g and also explain

the origin and property of the noise displayed in figure 3. We assume a simple

model in which the pitch angle scattering takes place in a region of zero width at

z=0; thus, the particle follows an adiabatic trajectory to its bounce point and

back to z=0 where it is scattered again. Without a loss of generality, let time T
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be the present and let time tQ be the first time that the particle crossed z = 0.

Equation (3.18), with (p=<f>(\), A = 0, and kj_=0 becomes

t i<At t • C\ O(W

T 0

where we have used a low frequency assumption to take the exponential out of

the first integral and used the substitution t-»t-tQ in the second integral.

Assuming that the ion is moving toward the bounce point, we have

g(x)=e_ , „ « < • > *

where we have used dt=dl/ | Vj | in the first integral. (If the ion was moving

toward the midplane, the integral from 0 to 1 would instead be an integral from 0

to the bounce point, lb, plus the integral from lb to 1). Now, exp(ia>(to-T))«

l+iw/dl/vii. Expanding (3.21) and collecting terms to first order in w/o)b, we

obtain

The first term in this equation represents the response of the particle to its

bounce history, while the second term is the local response from the last midplane

crossing which will yield currents.
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The integral for gh can be broken into segments within which the particle

motion is adiabatic:

•' " 2i-o b''
'n

Here rbi is the bounce time for the 1th transit of the particle. Note that gh

depends on the present (time = r) value of \i and on all the past values of \i

acquired after each stochastic scattering that occurs while crossing the midplane

region. If we take w<(Tbn)"
1, the exponential is approximately constant on the

interval (tn,tn+1) and can be extracted from the integral. The remaining integral

is recognizable as half of the bounce average of #(1), i.e. (3.23) becomes

h f
»=0 J n=0

Note that tn depends on the previous values of n, but not on /Jn. The distribution

gh is a stochastic function of the /un's. However, the low frequency plasma

response should depend only on some average value of gh. Suppose that the joint

probability density P(JUO,/J1,...) represents the probability that a particle has had a

sequence of jun values. We can obtain a suitable average of gh by integrating

(3.24) over this distribution. We further assume that the probability of being
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scattered into a given /in is statistically independent of ^n.v The joint probability

density reduces to a product: P(^0,^1,...)=P(ju0)P(/i1)..., and the average of (3.24)

becomes

(3-25)

'1Performing the sum and expanding the exponent in the limit •<i)<Tb'
1, we obtain

dl

(326)

The numerical trajectory calculations (section 3.2) suggested that P(^) was a

uniform distribution. Assuming P(/i) = l/p<max for Os/i£^max (0 otherwise), we can

invert the d/u and dl integrals and perform the d/u integration (see equations B.2

and CIO). Equation (3.26) then reduces to

J B

i.e. the flux tube volume average of 0(1). Thus, ergodic mixing causes the ion to

respond to the flux tube volume averaged potential (if the frequency of the

perturbation is low enough to allow a good sampling of the flux tube; i.e.

29



w<r b > p = a)4Bn(2m/E)J5/dl/B<l).

The value of gh for an individual particle does differ from the above

average value, and these expected fluctuations result in the "noise" we see in

figure 3. The amplitude of this noise can be calculated from the standard

deviation 6g2= <g2>-<g>2; after a lengthy but straight forward calculation (see

appendix D) we obtain 6g~(W <wb>)15. Thus, <5g has the form of a Poisson type

noise. This theoretical estimate closely matches what is observed in the numerical

calculations (see figure 5).

Using the above solution method as a guide, we can now compute the full

electromagnetic Vlasov response for a stochastic plasma with finite kj_. First let

us express the particle position in terms of the position of the particle gyro-center

and the particle Larmor radius, i.e.

where the Larmor radius vector can be expressed in terms of the local gyrophase

angle (using appendix equation A. 13)

bxvt

Let the perpendicular wave vector be written as
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with t,=kj_cosa and klJr = kisina. We must compute the reduced distribution

function given by (equation 3.14)

g=-iu>le - <|)-—A.-—Ax \dt,

i \ c c T

where S=Ici-p = k i | v i | sin(a-6)/Q.

There are two additional complications involved in solving this equation.

The first is that the time integration is along the helical trajectory of the particle,

so if we wish to change the integral into an integration along the guiding center

(G.C.) motion, we must be careful to properly resolve the cyclotron motion. This

is possible when the cyclotron time scale and bounce time scale can be separated

(e.g. Q > a>b in our case). Second, since we are integrating along the bounce

motion of the particle, we must take care to properly account for the sign of VH.

This is taken care of through a careful use of integration by parts.

To resolve the cyclotron motion, we use the following relation:

particle G.C. 0

With appendix equations (A. 14) and (B.6), we find that the equation for g

becomes
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• C1+ i(<*t*k-K)

g=-ioildte x . ) •

c c U,
(3.33)

where the J's are Bessel functions of argument ki | v± \ IQ and the time integration

is now understood to be along the path of the gyro-center.

We deal will the parallel term separately through an integration by parts:

(3.34)

We endow o with a small imaginary part so as be able to set the t-*» limit of the

first term on the right hand side equal to zero. Making the definition

(3.35)

and using the fact that the time derivative of the guiding center position is the

magnetic gradient-curvature drift velocity we find

c " to <o

Therefore the solution for g is
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g 8 h , (3-37)

where

dte v,
C y 0)

(3.38)

with RQ being the present guiding center position. At this point, we can refer to

the solution given for the electrostatic case above for gh (equations 3.20-3.26).

Simply substitute <p->H (H being defined in 3.17) and

We obtain equation 3.16 with the change in averaging.

So, with the frequency ordering a> < o>b, we have solved the Vlasov equation

under the assumption of stochastic ion motion and developed the foundation for a

new kinetic theory for linear low frequency (o> < o>b) waves which is valid for K< 1

(Hurricane et al, 1994a). The essence of the solution is that for stochastic

particles all bounce averaged quantities in the adiabatic formalism (equations

3.15-3.17) are replaced by bounce and pitch angle averaged quantities (Hurricane

et al, 1994a), i.e. with Q being any quantity, v H being the projection of the velocity

along the magnetic field, and lb being the bounce point of an ion for a given

value of magnetic moment, n, we have
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— J dvij —

, (3.40)

o o vt

3.4-Discussion of Vlasov Solution

In this chapter, we have developed a proper kinetic description of low

frequency waves in magnetic field configurations in which ions are stochastic. By

choosing a simple test function and numerically evaluating the perturbed particle

distribution function, g, by integrating along characteristics, we demonstrated that

the effect of stochastic ion motion is to change the bounce averages which occur

for an adiabatic ion motion into the flux tube averages described in equation

(3.40). We developed an analytical approach for calculating g by averaging g over

the probability distribution of the sequence of magnetic moments that a single

stochastic ion would take on in the course of its motion.

Going from an adiabatic to stochastic plasma might, on intuitive grounds,

allow us to relax some of the requirements of a Kruskal-Oberman (more stable)

energy principle and replace it by an energy principle more closely resembling a

Bernstein et al type principle in spite of the fact that the stochastic plasma

response is non-local. This is expected directly from our results because the

stochasticity will maintain an isotropic pressure, at least in the linearized stability
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theory, and simultaneously the high mirror ratio implies a negligible heat flux.

These statements are verified in the next chapter.
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CHAPTER 4-STABILITY OF A STOCHASTIC PLASMA

4.1-The Kinetic Quadratic Form

With the expression for the perturbed plasma response function obtained

in chapter 3, one can obtain a kinetic variational form by combining f1 with an

equation whose variation is the Ampere equation and an equation whose

variation is the quasi-neutrality condition via the perturbed plasma current and

density. That is

\VA\2JA*\V*A\2=—J-A* and 2q/ifl'=0,

where the constitutive relations for the current and density perturbations are

7= S qU\%v and nr{d*yfv (4.2)

The total perturbed magnetic field energy is

r
8*

where the volume integral is over the entire plasma volume. (In these equations

quantities superscripted with a "*" stand for complex conjugate which is unrelated

to the subscript used in the diamagnetic drift frequency o>*.) For simplicity, we

will set the y component of the perturbed vector potential equal to zero (i.e.

A=0) in our calculation. This is actually a choice of gauge which will prevent us
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from having to deal with the complicated coupling between the particle and

diamagnetic drifts in the y direction and the y component of the magnetic vector

potential.

For the quasi-neutrality condition, we must compute

Jfy^ / ^£V (4.4)
2m2j fi/ | |

where we have dropped the species subscript. Notice that, in this case, the sum

over streaming and anti-streaming velocities serves to cancel out any part of fx

that is an odd function of a and will double the parts of fx that are even functions

of a. Thus, we can immediately write (from equations 3.15-3.17)

0)

where we have used the fact that f0 is nearly isotropic to write dfo/dE«-fo/T. The

gyrophase integral can be performed using equation (B.6) from appendix B; this

yields a Bessel function, Jo, of argument k i | vx | /Q and a factor of 2n:
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m

dl

I4>P
0)+0).

<•>

0)

Next we have the term involving the parallel current

(4.6)

o=+i,- m2 v.

Due to the VII in the integration, we see that the only part of fj that will

contribute to the integral is the part with odd parity in a. Thus,

:=—(SL) S [dydqdl(dEd\idB
2c(m) o=+i.-i* J

Jo . *x—A. o
T '

^H
0 !V|I (0+0) .

(4.8)

As in the calculation of the quasi-neutrality condition, the gyrophase integral

yields a 27iJ0. Equation (4.8) can be simplified further through judicious use of

integration by parts, i.e.

dl1 ( 0 ) 0 )

\H- =
(4.9)

l(x>J IV

where the second member of the integration by parts, that usually occurs, has

been set to zero since it is evaluated over a closed path. Therefore, our equation

becomes
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to
H\ (4-10)J

Lastly, we must compute the tjr current term

to to+torf

( 4 U )

As in the quasi-neutrality calculation, the part of fj that is odd in a sums to zero.

In this term, the gyrophase integration eliminates any contribution from the <f>

since the integral over the cosine is zero. The remaining gyrophase integration

gives a -2nU^kJk± (see appendix formula B.6). So, we obtain

c k

(4.12)

Summing all of these contributions yields

Iv.l k
i'+i x / y

(4.13)

If we define I=H-A.(o) + wd)/w then our variational form takes a very
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elegant form (Pellat, 1990):

Here Pellat's frequency ordering is appropriate for the plasma sheet, however the

assumed adiabatic motion is valid only for thick current sheets with K> 1. To this

point, we have not made any distinction between adiabatic and stochastic

dynamics; but by looking at (4.14), we can see that the only difference between

the variational form for adiabatic particles and that of stochastic particles occurs

in the last term of the equation (below we show that H is related to the

compressibility). We will also show that the adiabatic energy principle is always

more stable than that of the stochastic principle. Furthermore, by mapping the

perturbed vector potential to the MHD displacement vector, through the relation

we show how the kinetic quadratic form maps into the Bernstein et al (1958)

energy principle if we assume the frequency ordering o)>a)#,<o)d>, the wavelength

ordering kj_pL«l, and the vanishing of the parallel electric field (via <f> + k*O).

4.2-The Energy Principle for a Stochastic Plasma

Using the wavelength ordering kj_pL<l, we find that the Bessel functions in
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H simplify: J0«l and Jj«kj.| V_L| mc/2qB. We take the usual MHD assumption

# + A«0 which makes the parallel electric field vanish. With these assumptions, we

find the following simplified expressions for H and I:

0) J I I II /At /f\
17- £l_f•̂ *^>^ nnA J--\-i^lr A (4.10)
7 7 — — A J—""«/** tint* 1— A *—K^fl.. V '

w q q

By equating like components of equation (4.15) we obtain two relations between

the perturbed potentials and the MHD displacement vector (the third relation

obtained is a linear combination of these two),

~ - \ r (4.17)

For ease of comparison, we define two Bernstein et al like variables X and Y

X=Bli/ and Y=ikyly. (4.18)

Using equations (4.16)-(4.18), we obtain the following expression for the

term in curly brackets on the right hand side of equation (4.14):

w . w > a ) 2 ^ , (4.19)4%
[ (o )kyc q \ y )

where we have used the fact that (i>*e/Te+Zo)*j/Tj=0 to cancel terms like

G>*&> (X/k c) that are linear in frequency (to simplify notation, we have dropped

explicit complex variable notation but it is understood that square terms are to be
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read modulus squared and cross terms like XY are to be read as Re(XY ) where

Re stands for the real part; we correct the signs of terms where necessary). By

using the metrics defined in appendix A, one can rewrite the local gradient-

curvature drift frequency as o)d = -(k vi|mc/JBq)d(JBv|)/di|r (see appendix C for

derivation) and o)* = clep /qn where p -<5p/d\|r and n is the equilibrium density.

Placing these expressions for the drift frequencies into (4.19) yields

(4.20)

kyc qn\ q qB qJ

with

qB qJ dip q \ dty
(4.21)

For an approximately isotropic f0, the pressure is defined by

(4.22)

Thus, by performing the velocity space integration prescribed in (4.14), we find

6 w-
kydl

I'iA

(4.23)

(The full wave propagation equation obtained from 4.14 is (m;+me)o)2Jdydi|rdl
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[(X/B)2+(Y/kJ2]/B = 6W. We have concentrated on identifying the 6W since we

are interested in stability.) Practically speaking, the term involving the H in (4.23)

is difficult to compute for adiabatic dynamics, but for stochastic dynamics it is

rather easy. Therefore, at this point, we take the dynamics to be stochastic and

use the averaging anzatz of equation (3.40). To compute <H> we will need

integrals (B.1)-(B.3) from appendix B. From (4.21) then,

(4.24)

B

where we note that the argument of the flux tube volume average is just the

compressibility of the plasma with zero parallel displacement, i.e. XdlnJ/3i|r

+Y+dX/dty=V'Z±. Apparently, the only difference in the two energy principles

for adiabatic and stochastic dynamics occurs in the compiessibilky of the plasma.

We can now compute the velocity space integration of <H>2 using

equations (B.2) and (B.5) from appendix B:

5 £
(4.25)

where we have defined C=(/dl/B[XdlnJ/3i|r + Y+aX/diir])/(/dl/B) to be the flux

tube volume average compressibility. So, using this result in equation (4.23)
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allows us to identify an energy principle (Hurricane et al, 1994b)

6W=fdydi\j—dl\ 1
dl) \kydl) { di|r

(4.26)

It is remarkable to note that this is virtually identical to the 6W of Berstein et al

(1958) equation 6.16 (to within differences in the choice of units) with the

exception that we have no Z variable (i.e. no parallel fluid displacement) and the

compressibility appears under a flux tube volume average in our case.

4.3-Minimization of the Eneigy Principle

Now that we have seen that the stability theory for the adiabatic plasma

(equation 4.23) and that of the stochastic plasma differ (equation 4.26), it is

important to try to estimate the amount of free energy released when the plasma

makes the transition from adiabatic to stochastic dynamics. By use of the Schwarz

inequality it is easy to show that

(4.27)

(the Schwarz inequality has (Jfh)2<Jf2Jh2 for any two smooth functions f and g;

simply take h = (<fdl/ | VH | )** and f=(<fHdl/ | VH | )/h) so we expect that the

adiabatic 6W to always be more stable than the stochastic 6W for the same test
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function (Kulsrud, 1964). This is somewhat misleading though, since the minima

of the two energy principles will be given by different displacements.

For the sake of simplicity in making an explicit estimate, let us consider

the case of k -HO, as in Berstein et al (note that this is done so as to be able to

neglect the <3Y/dl term in the 6W, but it is not intended to be so large as to

violate the ordering kipL<l assumed earlier), for interchange/ballooning type

modes (i.e. d/dl«0). Looking at (4.26), we see that Y always occurs in

combination with dX/di|r, so we minimize (4.26) with respect to the joint function

Y=Y+dX/dt|r which yields

(4.28)
di|r B2 B2

where r=5/3 is the polytropic index. If we add XdlnJ/di|r to both sides of this

equation and integrate /dl/B, we obtain an equation for C,

l

B{ B2 j

(4.29)

where D=31nJ/di|r-47rp//B2 *s similarly defined in Bernstein et al (1958).

Equations (4.28) and (4.29) completely define Y in terms of X and we see that

Y+3X/ch|r~l/B2 for this case of stochastic motion. These two equations also
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provide an immediate minimization of the 6W by substitution into (4.26) which

yields (Hurricane et al, 1994b)

ip-
B

B
(4.30)

where the subscript s denotes "stochastic." This is exactly equation 6.24 of

Berstein et al. Thus, upon minimization, our stochastic 6W is exactly the same as

that of MHD even thought the unminimized equations differ in the way the

compressibility appears.

The reason for this is, for our case, the low frequency assumption erases

the Z contribution due to the bounce averaging that takes place in the plasma

response function. Additionally, the stochastic averaging turns the bounce

average into the flux tube average. Whereas, in the case of Bernstein et al, non-

zero Z is allowed, but the plasma compressibility is a flux function, i.e.

. So Berstein et al could-tf(tf-£) = 0 which implies

have written down our equation (4.26) if they would have used the fact that

is a flux function. This would have allowed them to minimize 6W in the simple

fashion we have demonstrated here.

For the quasi-parabolic equilibrium (see chapter 2), we can provide a semi-
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analytic minimization of the adiabatic 6W using the assumption of d/dl«0.

Minimizing equation (4.23) with respect to Y = Y+3X/di|r we obtain

;M=o, (4.31)
4i^ di|rj ' T{m)J |v,| '" q

dropping species subscripts. Breaking up H into X and Y dependent pieces gives

Tm2j |v,| ^_[_ d^T (4>32)

T{m)-> |v,| *v q kyc

By assuming B«BX we can provide semi-analytic equations for the bounce

averages in (4.32) (see appendix E for details):

) and j H - W - L ) , (4.33)

where the function W(x) can be computed explicitly in terms of known functions

(see appendix E). Using (4.33) we can define an operator, a, which simplifies our

writing of equation (4.32). Namely,

dl'

where F is the function being operated upon. Equation (4.32) now reads

(4.34)
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v"[B2+4nrpa(l,l)]Y+4Tzrp[a(l,Y)-a(l,l)Y]+4Tip/X+4nrp—a(l,X)=O, (4.35)
v'

where we have used

v " J B ow i (4-36)

LB0

B

with the last equality being true for our particular choice of equilibrium. Notice

that by adding and subtracting the term 47rrpa(l,l)Y, we have placed the integral

equation for Y = Y + dX/di|r into a recursive series solution form, since the second

member of the equation is of higher order than the first. So, to lowest order, the

minimizing solution for the adiabatic case is (Hurricane et al, 1994b)

d$ B2+4nTpa(l,l)

which is distinctly different than that of the stochastic case given by equations

(4.28) and (4.29). Here cc(l,l) is a logarithmically weak function in 1: e.g. using

the results from appendix E we obtain

(4.38)

Numerically we compute a(0,l) = 1.37 and a(L/e,l) = 1.01 assuming 6=0.1.
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Clearly, max{a(l,l)} =36/25 for any choice of e.

We can estimate the amount of free energy released when the plasma

makes the transition from adiabatic to stochastic dynamics using the minimization

results from above for the case of dX/dl«0. If we explore the marginal case of

p / +rpv / / / v / «0 , we have that 6W =0, so the difference 6W -6W is given by 6W

alone.

By neglecting the second term of equation (4.35), multiplying by Y/47T and

integrating over volume, we find

fdydty d[
B

Y—Y2+TpYa(l,Y)+p'XY+Tp—Ya(l,X)
4n '

=0. (4.39)

Subtracting this result from 6W defined by equation (4.23), we obtain

r^lpOtfV*2—+(?+—*)2I>a(U)
B 8i|r v '

-rpY2a(l,l)-Tp^-XYa(l,l)],
v

(4.40)

where we have reduced the term associated with H to an a function (the third

term in this equation). Further reduction yields

(4.41)

Equation (4.37) and the marginal condition yield the final result
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(4.42)
B~

which can be a large fraction of the total available (linearized) energy.

4.4-1 mplications cf Stability Result

In this chapter we have developed a proper stability theory for low

frequency waves in magnetic field configurations in which the plasma is stochastic.

As we anticipated in the previous chapter, we find that the effect of going from an

adiabatic to stochastic plasma relaxes some of the requirements of a Kruskal-

Oberman (more stable) energy principle and replaces it by an energy principle

resembling the Bernstein et al type principle in spite of the fact that the stochastic

plasma response is non-local.

This theory is consistent with several observations: according to Goertz and

Baumjohann (1991), the central plasma sheet has r«5/3 with considerable scatter;

and according to Lui (1991) immediately prior to disruption it is observed that

P±«P| (instead of the more usual pj. > p n). We have shown in chapter 3 and in

Hurricane et al (1994a) stochasticity has an isotropizing effect to within some

scatter and so is consistent with both of these observations. Lui (1991) has also

reported Kj-0.5-0.9 and Ke~4-10 during disruption which is precisely in the regime

of stochastic ion and adiabatic electron dynamics. Additionally, since the kernel
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of the energy integrations that occur in the 6W go as E5 e , the bulk of the

plasma contribution comes from particles with velocities near V5vlh. Thus, for our

analysis to apply, it is sufficient for these high energy particles to be in the

stochastic regime even if the thermal energy particles remain adiabatic.

Pseudobreakups of the type reported by Shepherd and Murphree (1991) might be

explained by stochastization caused by localized turbulence which bring the

magnetotail close to the adiabatic-stochastic threshold while suppressing a major

energy release.

It is important to consider the time scales involved. Typically, thermal ions

at 9 earth radii down the magnetotail have a bounce time of 40 seconds. It would

appear that this implies a time scale that is incompatible with disruption onset

(which are 10's of seconds), since a single ion would require several bounces to

make the JU average of equation (3.40). However, in a stochastic plasma the

distribution of ions with different /n's can make the averaging in about a quarter

bounce time (i.e., there exists a "detailed balance" between ions of different /J).

This fact places stochastic ion plasma modes in the regime of disruption onset.

The fact that the electrons are observed to remain in the adiabatic regime

during a disruption indicates that we have been somewhat dishonest in treating

them as stochastic in the derivation of the energy principle above. In reality, the
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true 6W will be a hybrid (albeit linear) combination of adiabatic electron and

stochastic ion pieces. This will mean that the true 6W will be more stable than

the result given here, the difference being that of the adiabatic electron

compressibility verses the stochastic electron compressibility. However, since

T|/Te«7 over two orders of magnitude (Baumjohann et al., 1989) the error made

by treating the electrons as stochastic is small.

More importantly, it is necessary to examine the assumption of vanishing of

the parallel electric field (via <f> + X=O). This assumption is incompatible with the

electron bounce motion. Correct treatment has been given for multipole type

fields (Pellat et al, 1994). A potential which is constant along the magnetic field

line is found. We expect a similar effect in the magnetotail, which will have

important consequences on magnetosphere-ionosphere coupling. These

statements will be explored in detail in the next chapter.
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CHAPTER 5-QUASI-NEUTRALITY AND THE EFFECT ON STABILITY

5.1-The Electrostatic Case

At this point, let us take a step backwards and examine the assumption of

quasi-neutrality. In magnetohydrodynamic theory, the satisfaction of charge

neutrality is implicitly assumed. In the kinetic picture, the Poisson equation

reduces to a local charge neutrality condition for long wavelength perturbations.

As we saw in chapter 4, the local charge neutrality constraint is converted into a

quadratic form by multiplying the charge neutrality equation by the perturbed

electrostatic potential and integrating over velocity space and volume. However,

for low frequency perturbations, the plasma responds to the bounce average of

the perturbing potentials as well as the spatially localized values of the potentials.

This suggests that localized charge density balance may not be satisfied by local

adjustment of the perturbing potentials.

In this chapter, we examine these statements further. It should be

understood that most of the results of this chapter are independent of the

question of adiabatic or stochastic dynamics. In this section in particular we

choose to re-examine low-frequency electrostatic trapped particle instabilities of

collisionless plasmas magnetically confined in a multipole type configuration. We

will make the connection with full electromagnetic instabilities in magnetotail like
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equilibria in section 5.2 and 5.3.

As in the previous chapters, our analysis is based upon the gyrokinetic

solution to the Vlasov equation (equations 3.15-3.17) which allows perturbations

perpendicular to the magnetic field to be on the order of the Larmor radius. If

we consider a pure electrostatic perturbation, the quasi-neutrality condition is

Sq-6nj«0 with 6n: = Jd3vfj:, i.e.

T

o+to

(0+0) • 0 -
-0 (5-1)

where we recall that q= is the charge of species j , T: is the temperature, m: is the

mass, FOj is the unperturbed distribution function, *=$(1) is the perturbing

electrostatic potential with a e1Cl>t time dependence, to*: is the diamagnetic drift

frequency, todj is the gradient-curvature drift frequency (w^—kiv^, vdj is the

gradient-curvature drift velocity), the J0:'s are Bessel functions of argument

bj=kj_Pj (p: is the Larmor radius), and the bar indicates a bounce average.

If we consider the long wavelength limit, the Bessel functions simplify

J0j«l-b:2/4. With the frequency ordering, o)b>o)>w*>6d eqn. (5.1) then becomes

or

(5.2)

where the terms linear in o"1 cancel between ions and electrons in our case. This
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quasi-neutrality condition is the only equation to be solved for stability in the pure

electrostatic case.

By multiplying the charge neutrality equation by the perturbed electrostatic

potential and integrating over the flux tube volume we obtain (Rosenbluth, 1968

and Rutherford et al, 1968)

(5-3)
CO

where we have defined the following operation for any quantity Q

LOr (5.4)

Taking b,=0 we have

{ ^ ! ] (5.5)
}

From the Schwarz inequality the denominator is £0. So, if the bounce average of

* is localized (in E,ju-space) in regions where on-w^O (bad curvature) such that

the numerator of (5.5) is positive, then we have an instability. The growth rate

has been estimated by using a highly localized trial function (Rosenbluth, 1968),

(5-6)
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From this one would conclude that if any particles have average unfavorable drift,

then a slow ballooning instability localized near the turning points of the particles

develops. So instability may occur even in systems which are shear stabilized or

possess average minimum-B (Rosenbluth, 1968).

Looking at (5.3) we see that for frequencies below the ion and electron

bounce frequencies, the plasma response to a perturbing electrostatic field

involves the particle bounce average of the electrostatic potential in addition to

the local values of the potential. Since the variation of the potential along a field

line is erased by particle bounce-averaging, the potentials cannot be adjusted

arbitrarily to achieve the local charge density balance. Also, in the limit of b-»0.

we see that the operator part ($-$) of the eigenfunction equation (5.2) has a

projection with zero eigenvalue. So, to be able to invert the equation for w, we

must first project out the part of the eigenfunction with zero eigenvalue.

Projecting out the part of the eigenfunction with zero eigenvalue can be

accomplished by insisting that the perturbing electrostatic potential must include a

part, $0, which is independent of distance along a field-line. If, in equation (5.2),

we take $=$0+6$, where 6$ = 6$(1) is an explicit function of the length along the

field line, we find
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or 4

Here *0 is not arbitrary, quasi-neutrality uniquely determines it. We can obtain

an expression for *0 by integrating over the flux-tube volume, /dl/B. This yields

(Pellat et al, 1994)

(0 CO

(5.8)

where we have used the fact that

lv|l
(5.9)

which is true for any 6$ and is obtained by the exchange of the volume and

velocity space integrals. Clearly, the electrostatic potential, $0' alters the

quadratic form variational principle, and thus can significantly change the stability

condition for the plasma. Physically $0 creates an electric field perpendicular to

the magnetic field line whose magnitude is independent of position along a given

field line. The result is a convective type of drift motion. After manipulation, the

quadratic form obtained from (5.2) with the inclusion of $0 is
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| P ^ ^ |0|I a>2 2 J ( 5 . 1 0 )
-/fc{fc26<I><8$}+
2

Inserting (5.8) into (5.10) and simplifying, we obtain the following

dispersion relation good to second order in the small quantity b

o>4{ -fr2} { |6$ | 2- | ft* |2} +o>2[{ a)

(5.11)
i — * J. i X

If we take the infinite wavelength limit, b: = 0 we obtain the eigenfrequency

(Pellat et al, 1994)

2 l i w
u =

The second term is the Rosenbluth term, first term is the modification due to the

$Q. It is interesting to note that equation (5.12) can be obtained directly from the

Rosenbluth result, equation (5.5), by taking $=$0+6$ and extremizing with

respect to $Q (one can show from the second derivative that s ign^o /d$0
2)=-

sign({o>*&)d})). If G>*G>d>0 (bad curvature) everywhere on the field line, then from

the Schwarz inequality
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{u),G>rf}. (5-13)

Thus, o)2<0 and we have an instability with growth rate given by (5.12) which is

smaller in magnitude than the growth rate predicted by the Rosenbluth term

alone.

For the most interesting case of good average curvature, {w*od} <0, we see

that the first term of (5.12) will be dominant and negative for a somewhat

delocalized 6* keeping in mind that {6d}~{A}wd (A being a small Larmor radius

parameter), i.e. in a multipole the average curvature is usually smaller than the

local one. So the case of good average curvature is destabilized! This is not

surprising if we compare our analysis with the finite R case: in a configuration

with modulation of the magnetic field curvature, the most unstable perturbations

have a constant and a periodic part chosen to maximize the contribution of the

bad curvature regions.

To help us better understand the physical meaning of *0, let us refer to the

simple quadrupole field line shown in figure 6. Let us take a 6$1? 6$2» 6$3, and

6$4 of Rosenbluth type (i.e. highly localized) where the subscripts denote the

location of perturbations on the field line. If we take 6$l=-6$2 and 6$3=-6*4,

we have no contribution for both trapped and circulating particles since the

bounce average 6$ is zero in both cases. If we take 6$1 = 6$2=-6*3=-<5*4, then

59



6$ = 0 for the circulating particles and 6$*0 for the trapped particles, but since

this corresponds to an antisymmetric mode with respect to the plane of the

conductors $o = O. Lastly, if we take 6$1 = 6$2
 = <5$3 = 6$4, then 6$*0 for both

trapped and circulating particles and $0*0. In this case, the $0 has the effect of

emphasizing the fact that barely trapped and barely circulating particles spend

most of their time in the region of bad curvature as well as corresponding to a

longer parallel wavelength and is consequently expeaed to be most unstable (note

that this case also has an enhanced growth rate since the variance of 6$ is smaller

than in the other cases). In this case the $0+6$ combination has the character of

a trapped ion and convective type mode.

Now, if we explore the limit opposite of the usual flute mode expansion,

that is

quantities like *>2(6*)2<|6*|2-|6$ |2

then from (5.11), we obtain the following expression for the growth rate

0)
2_ {<•> A ) 2{fr2} f !(«•»,

(5.15)

If we can consider the quantity in parenthesis to be small, then upon expanding

the square root, we recover equation (5.12) from the negative root of the
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equation and from the positive root we obtain

*.-££± (5.16)

which appears to be the classic MHD interchange result. Of course, this root is

valid only if the bounce ordering assumed at the beginning is maintained.

Now, if in equation (5.15) we look at the limit of wd-K), then we see that

the first term in the parenthesis is dominant. Thus,

which gives an instability independently of the sign of v" (v"~-{u>d}/ki); this

instability is a simple extension of the Rosenbluth result, apart from the

convective $0 part of the perturbation, as computed from (5.8).

In conclusion, we have shown, on the simple multipole example, that

trapped particle instabilities need to be revisited for a collisionless plasma. We

have shown that the operator part of the quasi-neutrality condition has an

eigenfunction with a projection of zero eigenvalue. By projecting out this

eigenfunction we obtain a better minimization of the variational equation, which

yields a growth rate which should be closer to the actual growth rate for the

electrostatic interchange instability. In the next section, we give the relevant
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modifications of the low frequency electromagnetic analysis of the stability of

magnetospheric configurations.

5.2-The Electromagnetic Case

Let us now proceed in the spirit of section 5.1, for the full electromagnetic

case. From the equations for the perturbed plasma distribution function (3.15)-

(3.17), the quasi-neutrality condition becomes

' '=0, (5.18)
0) (i)+0)d

where we have again used the gauge A=0. For simplicity and to make

connection with the work done in chapter 4, let us take the wavelength ordering

k±pL«l. In this limit, the Bessel functions simplify: J0«l and J1«ki|vi|mc/2qB.

The expression for H also simplifies in this limit

M (5.19)
q

Notice that the quantity E is identical to the simplified H defined in equation

(4.16) of chapter 4.

As in section 5.1, we take <j>dl/B of the quasi-neutrality equation to obtain
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=^(*+X+S)l=O, (5-20)

where the term o)«A./o) cancels between ions and electron under the bracket

operation which was defined in equation 5.4.

We make the explicit separation of the perturbing electrostatic potential:

<t>=<pQ+6<t> where 6</> is the part of the potential which varies along a field line and

0O is the part which is constant. It appears that we have some liberty in choosing

the form of 6<p. The obvious choice is 6<p + k = 0 which, as in MHD, makes the

parallel electric field vanish. With this choice equation 5.20 yields a simple

equation for <pQ:

where we have used {3}=-(2/3){CE/q}=-(C/47r)($dl/B)(Sqjnj)=0 with C being

the flux tube volume average compressibility defined in chapter 4. This equation

demonstrates the fact that we mast have a <p0 if we use the quasi-neutrality

condition; otherwise the equation is inconsistent.

Let us now examine the assumption of vanishing parallel electric field.

First, we recognize the fact that <£0 is of the same order as A. We can now
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estimate the size of 6<j> + A utilizing the local quasi-neutrality condition by

computing order by order. Taking the electron drift frequencies to be small

compared to the ion drift frequencies, we immediately find

In the limit of T;>Te (which is consistent with what is observed in the

magnetotail), we find that (6^+/)/A.<a)*jTe/fa>Tj at most. For all practical

purposes, 6<p + k=0 is a good assumption (for b=kj_pL~l and large curvature

effects this may not be the case).

5.3-Effects on the Energy Principle

As we mentioned in section 5.1, the existence of a <pQ implies the existence

of electric fields which are normal to the magnetic field line. These electric fields

cause E cross B type of convective motions. This potential also effects the

stability of the plasma as we demonstrated in the simple electrostatic case of

section 5.1. In this section, we explore the stability effects of <f>0 in the full

electromagnetic case using the result for <pQ from the previous section. We wish

to make a connection with the stochastic plasma energy principle of chapter 4; as

a result, explicit computations will involve the stochastic averaging procedure of

chapter 3. These stochastic averages are generally easier to compute than the
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bounce averages of adiabatic theory, however the essence of our comments

generally apply to both cases.

With the frequency ordering o)>w*,wd and the context of stochastic

dynamics equation (5.21) becomes (to lowest non-vanishing order)

{(u).-(co;)(g)}
<bn=&) . (5.23)

The expressions we need are equation (4.24) for <S> and equation (C.13) for

<w d >. These with appendix B formula (B.2) and (B.5), allow us to compute the

result of bracket operator

B

dl

Thus,

where C is the flux tube volume average compressibility defined in chapter 4.

Returning to the kinetic variational form (equation 4.14), we make the

substitution <p = <po-X, as opposed to the MHD assumption <p + X = O used before. It
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is easy to see that the effect of this modification on equations (4.19)-(4.23) is the

following replacement:

(5.27)

where we have had to retain the frequency dependent coefficient since <p0 is of

one order higher in frequency than H. Expanding the frequency coefficient and

retaining terms to second order we find

I—±-&-J^—£. (5.28)
0) W

2

Again taking the particle dynamics to be stochastic and applying the bracket

operation, we find

Applying equations (5.24)-(5.26) we find the surprising result

v"

In other words, we have shown that the MHD like 6W of equation (4.26) and the

minimization formula (equations 4.28-4.30) are wrong! Proper treatment of the

quasi-neutrality condition modifies the polytropic index of the plasma. The
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corrected formula are obtained by use of the substitution indicated by equation

(5.30). The corrected equation (4.30) is

f R ditl A l \ + PB4n{dl
B

B
B

(5.31)

where we have reintroduced the 1 dependence of X for the sake of completeness.

By the Schwarz inequality, the term in the large parentheses is positive if D is

positive everywhere, and negative if D is negative everywhere. Clearly, if X is

independent of 1, the entire 6WS is zero regardless of the pressure profile. In the

magnetotail p ^ O and D>0 so the second term is destabilizing and could make

6Ws<0 if the stabilizing contribution from dX/d\ is small enough.

The Euler equation for (5.31) is

Bd(l dX\ , „B—\ \=4np'l X- B

B

(5.32)

In general, this equation can be difficult to solve. However, the form of the

equation yields very useful information. In particular, if we integrate /dl/B from

the bottom foot of the field line to the top foot we find:
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IE] -(-—) =°- (5-33>
/ top foot ^ /bottom foot

This result is non-trivial. It shows that the only symmetric solution, for X(l),

admittable by the minimizing equation is X(l) = constant. In other words,

symmetric modes are, at best, marginal but never unstable! (Notice that we have

indirectly shown that the energy principle of Bernstein et al is stable to symmetric

modes for the case p/ +Tpv///\/ =0)

However, antisymmetric modes may be unstable. Without explicitly solving

the minimizing equation, a simply stability criteria can be obtained. First, note

that for antisymmetric modes 4>dlDX/B=0 (indeed, all bounce type quatities are

zero from the beginning for antisymmetric modes). From (5.31) we can make the

estimate

Unstable, (5-34)iJ B

B

where we have written kn~d/dl. There is some question as to whether or not

these antisymmetric modes can be unstable on near earth field lines; because it

appears that these modes require a long parallel wavelength to become unstable.

Observe that the maximal destabilizing contribution comes from the midplane
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region where the curvature is greatest. For antisymmetric modes, X = 0 at the

midplane and dX/d\*Q, so the largest part of the destabilizing curvature does not

contribute to the instability. To make up for this, it may require long integrations

into the low R regions of the field line to overcome the stabilizing contributions

from the field line bending term, dX/d\. There is also some question as to

whether it is proper to neglect the dY/dl stabilizing contribution by taking L,

large in the 6W of equation (4.26) for equilibria with high degrees of curvature.

Properly, all functions in the 6W are to be considered functions of the

orthogonal coordinate set (x.)MlO- However, the x-coordinate is a rather

unnatural coordinate for measuring the length along a field line since it hides

some curvature effects. So, we have chosen to write our equations in terms of the

1-coordinate. By doing so we must consider the following: in equation (4.26) the

<3Y/dl term can be rewritten in terms of Y and dX/dy, i.e.

(5.35)

The 1 coordinate is not orthogonal to i|r, so care must be taken when performing

this mixed partial derivative on X. If we write X=X(l,i|r) instead of X(x,i|f) then
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\6i|r/, dl dty V^J/ ^ ^

So, we see that

_ #X r (5.37)
a/ai|/ a/2-' a^ a/ a^

The quantity ain(JB)/ai|r~l/RB where R is the local radius of curvature. For

modes of X that are symmetric about the midplane region dX/dl=Q which

eliminates the large contribution from the 1/RB term in equation (5.37).

However, for modes antisymmetric about the midplane the 1/RB does contribute

and can be large for a tail-like equilibrium. Thus, for antisymmetric modes we

must include this stabilizing term which appears as

J-fl^f-J_fjL»f (5.38)
4n[kydl) 4w[k/tdl)

in the 6W given by equation (4.26). To be able to neglect this term we need

kJLe>l. Recall that to construct the Bernstein like 6W we needed to have

kipL<l to enable expansion of the Bessel functions. At the midplane this

condition reads kj_Le<K2. Qearly, these two conditions are incompatible unless

K is much larger than unity, i.e. strongly adiabatic! This means that, in the

stochastic regime with K 2 <1 , we must solve the complete Euler equation
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minimization to treat antisymmetric modes properly. For completeness we give

(but we do not solve) the complete set of Euler equations for (4.26) here:.

dl\Bdl

(5.39)

where the order of differentiation must be maintained when working in 1.

Another interesting consequence of equation (5.30) is the new form that

the flux tube volume average compressibility. From equation (4.29), we find

c=- B (5.40)

B

i.e. basically the curvature average of X. Let us take a step backwards and

express the actual perturbed fields in terms of X only. This is accomplished by

unfolding the Bernstein et al like variables defined in (4.17) and (4.18) and then

through the use of equations (3.5), (A.9), and (A. 11). We obtain the following

relations:

A - B

B )

• E -\B -
' 1* a.i. A - B (5.41)
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dt B
a
dy

B

f
B

-X
BB,

- c ^ * . (5.42)
dt dydl

and

dB, J_
B2

B -X

B
a/

(5.43)

where we have replaced the Fourier time and y dependence with partial

derivatives in those quantities. Equation (5.43) can be placed into a simpler form

by recognizing that the term in the second equation is simply dX/d%.

This allows us to interchange the partial derivates on the second term. Equation

(5.43) then becomes

dB,

~d7 dl
4np'
B

I*—- x
B

ax
di\f

(5.44)

Our writing of these equations makes it clear that it is the curvature that drives

the perturbed fields.

It is enlightening to compute several macroscopic "fluid" quantities in the

small kj.pL limit: the perturbed density, as computed from fj with stochastic
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dynamics and the inclusion of #0, is

6/1,= -
(0 CO+0)

CO (i) +\<tiL
(5.45)

Expanding the term in square brackets to linear order in l/o>, we find

0)
—

0) (0

(5.46)

For this case of stochastic dynamics the last two terms of this expression combine

to zero for each species. Thus, equation (5.45) reduces to

(5.47)
mj*j lr|l

The remaining double integral can be computed by use of equation (B.2) and

(B.5), the result being

Bd\idEf _

So, we find the perturbed density is given by

(5.48)

o)

B

B

(5.49)

where we have used the fact that (by combining equations 5.26 and 5.40)
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4 > 0 = - B (5.50)

B

Similarly, the perturbed pressure is computed from

^
co w+co

V—i0>
(5.51)

The term in square brackets simplifies in a way identical with equation (5.46); the

remaining double integral can be computed from (B.I) and (B.5)

(5.52)

Therefore, the final expression for the perturbed pressure is

w.

to
X- B

B

(5.53)

It is important to note that 6p-=Tj6nj since this implies that 6T: = 0 by use of the

relation 6pj=6(Tjnj)=Tj6nj+nj6Tj. In other words, these perturbations when

coupled with convective motions, are isotheimall With 6p = 6pi+6pe and by

comparing this expression for the perturbed pressure with equation (5.42) for the

perturbed parallel magnetic field, we see that 6p+B6Bii/47r=0 (6B11 =B
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Compare these expressions for the perturbed density and pressure with

those of MHD theory: In Lagrange variables, the MHD expressions are

6«=-«0V-f ; 6/>=-I>V-£. (5-54)

These expressions yield

bp-Tbn=no6T=(l-r)pf'l (5-55)

Since r=5/3, MHD has 6T*0.
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CHAPTER 6-CONCLUS1ON

Let us summarize the results presented in this dissertation. We have

developed a proper kinetic theory for stochastic particle motion for low frequency

modes. Using this new kinetic theory, we constructed a stability theory and found

that with MHD-like assumptions with regard to frequency, perpendicular

wavelengths, and parallel electric fields, we recover the Bernstein energy

principle. By direct computation we have proven that the a stochastic plasma is

always less stable than a corresponding adiabatic plasma.

We have shown that, for low frequency modes, consistency of the quasi-

neutrality condition demands a part of the electrostatic potential, <f>Q, that is

independent of length along a field line. In a simple example of a multipole type

field configuration undergoing purely electrostatic perturbations, we demonstrate

how this potential can destabilize this configuration even for good average

curvature. By the same arguments^ we constructed a <t>0 for the full

electromagnetic case and give the relevant modifications to the stability theory of

the stochastic plasma. With these modifications, we demonstrated that the

stability theory obtained takes on a form different from the one constructed with

MHD-like thinking. From the Euler equation for the new stability theory, we

have proven that symmetric modes are marginal, at best, but never unstable.
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Additionally, we present an argument that suggests that antisymmetric modes are

difficult to destabilize. We have also shown that the <p0 adjusts density and

pressure perturbations is such a way as to make them isothermal.

It is clear, that global electrostatic potential, 0O, is the convection potential

which maps along field lines from the magnetosphere to the ionosphere. Thus,

the ionosphere is not necessarily a node of the perturbing electrostatic potential

as is usually assumed. Instead a #0 will cause the ionosphere to respond

dynamically to magnetospheric motions (or visa versa). This also implies that the

magnetosphere-ionosphere system cannot adjust arbitrarily to any rate of

convection. The ionosphere must constantly try to match itself to the convection

potential imposed by the magnetosphere. This matching may be accomplished

through the parallel current and through the Ohm's law in the ionosphere, i.e.

where the subscript m stands for magnetosphere and i stands for ionosphere. To

accommodate the <p0 imposed by the magnetospheric plasma the ionosphere may

develop sheath like structures to be compatible. These sheaths may manifest

themselves as auroral arcs.

Our analysis indicates that, by itself, the magnetosphere is marginally stable

(at least to symmetric modes) for the case of stochastic ion dynamics. This points
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to the ionosphere as being the cork of the magnetospheric bottle. In the

frequency regime that we have computed in (<i>b>G> ><»>•> d>d), the <f>0 can choke the

convection essentially by line-tying the magnetosphere to the conducting

ionosphere. To be able to convect globally the system must jump time scales

(either G><G>* or o>b<<i>). This fits our present theoretical understanding in which

we observe slow convection on the large scale or fast bursty flows on the small

scale (Baumjohann et al, 1989). When line-tied the magnetospheric system is

forced to deform in place (in a Lagrangian sense) until the system breaks.

In this dissertation, we have strategically avoided certain issues. One issue

is that of the high frequency (o)-o)b) response. Recall, that one of our motivations

for studying low frequency perturbations was that it allows bounce averaging.

This bounce averaging smooths over the delta function like peak in the drift

frequency (caused by the high degree of curvature at the midplane). The bounce

average drift can then be well separated from the other frequencies. Preliminary

numerical work has shown that for stochastic ions in the high frequency regime,

the plasma response function is incoherent, i.e. it displays extremely sensitive

dependence upon frequency. This is probably due to stochastic resonances that

occur between G>, &)b, and wd during a quarter bounce period. However, even in

an adiabatic plasma o>d may also be large. This means that when solving the
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reduced Vlasov equation, i(<o + <i)d)g+v|idg/dl = iG)H, with formal solution

we will be required to use the method of stationary phase (steepest descents)

unless G> is much larger than the maximum value of <i>d which ranges into the ion

cyclotron regime. In any case, we expect a strong Landau damping behavior. It

appears that high frequency waves will damp in a strongly tail-like configuration

regardless of the particle dynamics.

Another, less important, issue has to do with the Lembege-Pellat

equilibrium (equation 2.6). We can compute the MHD stability criteria using

equation (4.36) and several of the relations between the diamagnetic drift velocity,

pressure, and pressure gradient given in chapter 2. The result is

^•i^-V^JLYi:.,! (6.3)
V c { zrJU J

The first two quantities are positive definite. However, r/2-l=-l/6. Apparently,

this equilibrium model is MHD unstable. We should point out that none of the

work presented dissertation critically depends upon a particular choice of

equilibrium model. Nevertheless, this is a curious result.

Research on substorm breakup/disruption of the near-earth plasma sheet
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and the coupling of the magnetosphere to the ionosphere via auroral arcs and

ionospheric currents is difficult and complex. The linear theory presented in this

dissertation will not result in a complete description of the substorm process.

However, this work does provide many useful tools for treating equilibrium

convection and stochastic particle dynamics.
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APPENDIX A

We choose to work in local field aligned coordinates defined by the. triad

of unit vectors

\B\ *

where y is the periodic coordinate (with metric h = l ) . The flux function, ijr, is

related to the magnetic field through the relation

From this definition, we see that i|r is simply the equilibrium vector potential. By

taking the magnitude of this equation, we obtain the metric coefficient for i|r, i.e.

h^ = 1/ | Vi|r | = 1/B. From (A.I), we see that the % coordinate must be related to

the magnetic field through the equation

where a is an undetermined function. Using Morse and Feshbach (1953), the

gradient operator in any orthogonal coordinate system may be found. In our case,

where h is the yet unknown metric for the % coordinate. By use of this equation
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in (A.3), we see that hx = l/aB.

Taking the curl of equation (A3) yields and equation for a, namely

By projecting out the y component of this equation and utilizing our expression

for the gradient operator we obtain

a

Hence,

* .i
x B

The Jacobian of the transformation is given by

With these metrics and the Jacobian, we have fully defined the transformation to

magnetic field aligned coordinates.

For completeness, we list a table of useful operators in this curvilinear

coordinate system (Morse and Feshbach, 1954): The element of length is

ds2=(di|r/B)2+(dy)2+(JBdx)2 (note that this implies dl=JBdx, where dl is the
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length along a field line). The volume element is d3r=Jdi|rdydx = di|rdydl/B.

Also,

ft . „ 3 , 3 b d
• ai|f dy JBdx

(A.9)

dy Jdx{B

By JB d%
a

(A.10)

(A.11)

dy2

where

(A.12)

(A.13)

In field aligned coordinates, it is natural to write the velocity of a particle

in terms of a local field aligned cylindrical coordinate system, i.e.

vx |(e (A.14)

We define the particle kinetic energy as E = Hrawn2+^B, where ^=mvj_2/2B is the

magnetic moment. The metrics of the velocity transformation (v n .v^v^

are given by
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dE w|v,| jae
dv

"\ 2m \i
(A.15)

The product of these three metrics gives the Jacobian of the transformation, so

the "volume" element in velocity space becomes

d\= B dEd\iddt (A.16)

where a=sign(vii).
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APPENDIX B

Here we provide a number of useful integral results:

Magnetic Moment Integrals:

W
2

m B

E/B

r d\i _
J Iv I
0 IV|I

EIB

where E = ijmv|| +nB is the energy.

Energy Integrals:

fEke~JdE=k\Tk+\ (kzO)

0

where k is an integer.
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Gym Integrals:

f e '["••**<• -*>ld(|) =2nJn(z)eina,

a-it

where Jn is a Bessel function of order n. (Integrals of this type can be

constructed through the use of the Jacobi-Anger identity.)

The calculation of jdl/B:

For the quasi-parabolic equilibrium (2.7), we can solve for z (explicitly),

X

Z i

— =e ^cosh"1^
(B.7)

where we have written «jf=A^ for the flux function. Substituting this equation for

z into the equation (2.8) for B (x,z) yields

by use of the trigonometric identity tanh2x = l-cosh"2x.

Now, since the differential equation for a field line is dl/B=dx/Bx = dz/Bz,

we obtain
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m«x

f dx

\

(B.9)

,1̂ -i

where xmax = i|f/LeB0 is defined by the point at which z = 0. Using the substitution

u=2(i|r/LB0-ex/L), we find

du (B.10)
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APPENDIX C

Using the coordinate transformation defined in appendix A we can obtain

a very compact expression for the magnetic curvature-gradient induced drift

velocity of the guiding center. We start with the standard expression for the drift

velocity (neglecting species subscripts)

B
(C.1)

In field aligned coordinates, the gradient part of the drift becomes (from A9)

B
(C2)

To simplify the calculation of the curvature part of the drift, we use the vector

identity

to show

b-fS=-bx(fxb).

We can now utilize the curl equation of appendix A (All) to obtain



(C5)

Combining the expressions for the gradient and curvature contributions to the

drift yields,

v^ac/Bvp ( C 6 )
d ytoJ 8i|r

where Q=qB/mc is the local cyclotron frequency.

This relation allow us to compute the bounce average drift velocity and the

stochastic flux tube average drift velocity:

The bounce average drift is

-=- 1 r dl _ .mcrdl
v,

The integration and differentiation can be inverted by noticing that dx=dl/JB

where % is the coordinate along the field line which is orthogonal to i|r. So,

JL ^ (C8)

where I2 is the second adiabatic invariant (bounce invariant, Northrop, 1963).

Similarly, we can compute the average drift for the stochastic case. Using

the results from above, we can immediately write
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(C9)

The /J and 1 integration can be inverted by use of the relation,

E
- B(Q

o o lvl o o lv|i

(CIO)

So, (C.9) becomes (using B.I)

dl 2
m B

(Gil)

where we have performed the n integration. Again using (CIO), we find that

(with B.2)

|v,| J J |v,
(C.12)

Thus,

(G13)
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APPENDIX D

The calculation of the noise in the reduced distribution function for

proceeds from the definition of standard deviation for any probabilistic process.

Namely,

where we are averaging upon the stochastic variable n. Computing the first term

in this expression is the most difficult:

For simplicity, we will perform the calculation including only the electric

potential. So, (D.2) becomes

(DL3)4
|v(/',um)|

Since this term is symmetric with respect to interchange of the index n and m

without a loss of generality, we can write

O CO DO m _ l « ,

S S =2 2 2 + S . (D-4)
n=0m=0 m=ln=O m=n=O

Let us compute the off-diagonal part of this sum first: from (D.3) the term in

angle brackets is
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dl

(D.5)

This equation can be simplified if we assume that the probability of sequence of

/J'S occurring is mutually independent; in which case we find

«=ln=O y |V((/,|J.> j I m=lB=o

The double sum can be performed; its resolution being

Expanding the exponentials and simplifying, we find that (D.7) becomes

92

(D.6)

So, to first order in coTb, the off-diagonal double sum becomes

> / f ^ L \ 2 a—-i, r ^ 2 * (D.7)

2 2r2»rm-n-l=2/.m-lSrn=_L2rm-l(1_rm)

m=ln=O m=l »=0 l - / " m = l (D8)

—i-f-J—L)
r(l-r)l i- r2 1-ri



m-1
2 2 (..>-

m=ln=O

2
G)2

udl
\ *\ '

2
(D.9)

where we note that the term in square brackets is <g>.

Thus,

«-o
( m o )

After performing the sum and expanding to first order in frequency, we obtain

dl
(D.11)

Therefore, the noise in the reduced distribution function g is

o It (D.12)
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APPENDIX E

In this appendix, we provide a useful approximation for the bounce average

drift frequency: The underlying assumption is B«BX where Bx is given in equation

B.8). From Leibniz rule and the fact that VH =0 at the particle bounce point, we

can write the bounce average gradient-curvature drift frequency as (from equation

C.8)

f O V.
fmJ-Ldl

kr , 3ilr

h

-h |V«

Now,

^li , - l_M_^. (E2)
m

So, defining Ij as the bounce integral in the numerator of (E.I) we obtain

Bx

(E3)

We make the substitution
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2 / - * - - . *

ul=e v °
(E4)

with di|f/5x«0 to find

L
t

i -A
-e °u.

(E5)

Thus,

( 0 ^ £
, _ _ 2 r n ~~LBou

zdu 2-^-— ^ f u
(E.6)

where 5 = (E/^B0)exp(-i|r/LB0). Similarly, we can write

-K

m (E7)

Therefore,

(E8)

where we have made the substitution x=u/£- In the text we refer to the ratio of

the two integrals as the function W(£). The integrals can be integrated exactly,
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the result being:

16Zzs/zSi-2a+Arctarl—}-a In

(E9)

where

(E10)

This intimidating function is well approximated by the following functional fit:

way- 0.8
l+0.182[ln(l+O]137

(El l )

Looking at the integral Ix we see that the bounce average of pB can be obtained

from the same procedure we used to find the bounce average drift frequency.

Simply make the replacement dB/di|r-»B in I r We find

(E12)
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APPENDIX F

Throughout this dissertation, we have implicitly assumed that the

equilibrium temperature is spatially uniform. This appendix examines the effects

an equilibrium temperature gradient: The Vlasov equation for the equilibrium

distribution function is (for each species)

-2-(?x5)-.^=0. (F.I)
me dv

Taking the spatial dependence of the equilibrium distribution function as fo=fo(i|;)

and utilizing equations (3.6) and (A. 14), we find

*|.-!»v,»A CM)
me dv c ¥ yT

where we have used the fact that f0 is nearly isotropic in the second relation.

With these relations, the Vlasov equation yields

cT^o (F.3)
y q 3*

for the macroscopic mean velocity (diamagnetic drift). Now, taking f0 to have a

typical Maxwellian form we find
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3 E _ — _. . _ _ . „ _

fJjHL)e - ^2.=^L+(K1)^}I

In the text, we have use the relation d>* = k u =ck p /qn where p =dp/dt|r.

From equation (F.4), we see that this is only correct if we have no equilibrium

temperature gradients. This begs the question: how does a temperature gradient

effect the results of chapter 4 and chapter 5? This question can be answered by

computing energy moments.

By use of equations (A. 16) and (B.2), we can write

for any function Q=Q(E) which depends upon energy only. Thus, the zeroth

energy moment of to* is

3 ainr

Using equation (B.5) for the energy integration, we find

The first energy moment is
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) 2 q
(F.7)

This is the type of moment that appears in chapters 4 and 5 and, curiously, we see

that the temperature gradient makes no difference in this case. In general, the

k energy moment is given by

dhw ., ,,. dlnT
— 3 - + ( K - 1 ) (F.8)
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APPENDIX G

This appendix has listings of some of the fortran codes used for the .

numerical work in chapter 2:

Here we list the core program for the particle pushing routine. Data may be

extracted from this routine for plotting, integration along the characteristics,

statistics, etc.

C This program simulates the dynamics of a single particle through

C a magnetosphere like B-field structure. Stability of this algorithm
C requires that the time step, dt, be less than 0.2 times the
C cyclotron frequency.
C The leapfrog method is used to solve the equation of motion.
C By Omar A. Hurricane, UCLA Dept. of Physics (Plasma Theory Group).

real*8 pi,mi,e,c,ro(3),rn(3),vo(3),vn(3),dr(3),v
real*8angle,dt,lambda,B0,wc,temp,ep
real*8 Bt(3),Rt(3,3)
integerM n,i,j,k
common /ep/ ep

C Define units
pi=3.141592653589793
mi=1848*9.1093897e-28 IMass of the ion in grams.
e=4.8032068e-10 .'Fundamental charge in esu's.
c=2.99792458e10 ISpeed of light (vacuum) in cm/s.

Q*************************************************************************

C Read Initial conditions from a file:
open (unit=10, file='MAGSIC.DAT')
rewind (10)
read (10, *)
read (10, *) lambda.dt ! Scale length (cm) and timestep (1/wc).
read (10, *) n ITotal number of iterations,

read (10, *) ep lEpsilon (Curvature ratio),
read (10, *) B0 IB-field (gauss),
read (10, *) ro(1),ro(3) .'Initial position of q (lambda)
read (10, *) v !Initial velocity magnitued (lambda*wc)
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read (10, *) angle (Launch angle w.r.t. x-axis (radians)
close (10)
wc=e*B0/(mi*c) ICyclotron Frequency.
vo(1)=v*dcos(angle) (Initial velocity along x.

vo(2)=0.0
vo(3)=v*dsin(angle) Hnitial velocity along z.

r*******************************************************<

Particle pusher:
do i=0,n

Bt(1) = Bx(ro(1),ro(3)) !Magnetic field components.
Bt(2)=0.0
Bt(3)=ep*(Bt(1)*ro(3) + 1.0)*dt/2.0 !Bz multiplied by dt/2.
Bt(1)=Bt(1)*dt/2.0 !Bx multiplied by dt/2.
temp= 1.0 + (Bt(1 )**2.0 + Bt(3)**2.0)
Rt(1,1) = 1.0+Bt(1)**2.0 IFind rotation matrix.
Rt(1,2) = Bt(3)
Rt(1,3) = Bt(1)*Bt(3)
Rt(2,1)=-Rt(1,2)
Rt(2,2) = 1.0
Rt(2,3) = Bt(1)
Rt(3,1) = Rt(1,3)
Rt(3,2)=-Rt(2,3)
Rt(3,3) = 1.0+Bt(3)**2.0
do j = 1,3 IVelocity Update.

vn(j)=0.0
dok=1,3

vn(j)=vn(j) + RtO,k)*vo(k)
end do
vn(j)=2.0*vn(j)/temp-vo(j)
dr(j)=vn(j)*dt
rn(j)=ro(j)+dr(j) ! Position update.
ro(j)=rn(j)

end do
doj=1,3

vo(j)=vn(j)
end do

end do
read (*,*)
end

*****

Magnetic Field Function
function Bx(x,z) INote: Bz=ep*(z*Bx+1)
real*8 x,z,f,ep
common /ep/ ep
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f=dexp(-ep*x)
Bx = -f*dtanh(f*z)
end

A typical input file for this program (MAGSIC.DAT) looks like:

Input file for particle pusher

1.280000000000000E+007 0.1000000000000000

250000

0.070000000000000E+000

3.000000000000000E-004

1.147000000000000E+001 0.000000000000000E + 000

1.470000000000000E-002

1.400000000000000E+000

A particle pusher based upon the Gear algorithm (Gear, 1971) was also used to

verify results from the leapfrog method. The Gear algorithm is especially good at

handling "stiff differential equations. In particular, we use the DLSODE solver

of Hindmarsh (1983) which is based upon Gear's backward difference scheme.

The modifications necessary to the above listing are:

C*****Additional v a r j a b | e C | e c | a r a t j o n s * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
real*8 tend.scalei, scale2.eps
real*8 atol(6),rtol,rwork(116),tout
real*8 y(6),t,tstep
integer*4 dummy
integer neq,iwork(20)
external fexjex

C*****Parameters for LSODE. Place immediately before particle pusher****
neq = 6
itol = 2
rtol = eps ."Relative tolerance-small # determined by user.
atol(1) = scalei !Absolute tolerances for each hyper-coordinate.
atol(2) = scalei (These are also small numbers to be set by user.
atol(3) = scalei
atol(4) = scale2
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atol(5) = scale2
atol(6) = scale2
itask = 1 (Algorithm switches,
istate = 1
iopt = 0
Irw = 116 !112formf=21, 116formf=10
liw = 20 !26 for mf=21, 20 for mf=10
mf = 10

C ****Gear algorithm based particle pusher********************************
C*****Swap this with the old particle p u sher******************************

tend=n*dt 'Time to stop.

t=O.OdO ITime = 0.
tstep=2*pi Maximum size of time step,
do while (t.le.tend)

y(1)=vo(1) Mnitial data.
y(2)=vo(2)
y(3)=vo(3)
y(4)=ro(1)
y(5)=ro(2)
y(6) = ro(3)
call lsode(fex,neq,y,t,tout,itol,rtol.atol,itask,istate,

1 iopt,rwork,lrw,iwork,liw,jex,mf)
tout=tout+tstep
vo(1)=y(i)
vo(2)=y(2)
vo(3)=y(3)
ro(i)=y(4)
ro(2)=y(5)
ro(3)=y(6)

end do

C*****Subroutines t 0 b e a c j d e d * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

SUBROUTINE jex(neq,x,y,ml,mu,dfdy,nrpd) Uacobian of ode system.

REAL*8 x,y(6),dfdy(6,6)
real*8 B1 ,B3,ep,f,temp,dB1dx,dB1dz,dB3dx,dB3dz
common /ep/ ep
Bi=Bx(y(4),y(6))
B3=ep*(y(6)*Bi + 1.0)
f=dexp(-ep*y(4))
temp=f**2*(1.0-(dtanh(f*y(6)))**2)
dB1 dx=-ep*(Bi -y(6)*temp)
dB1dz=-temp
dB3dx=ep*y(4)*dB1dx
dB3dz=ep*(y(4)*dB1dz+B1)
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dfdy(i,1)=0.0
dfdy(1,2) = B3
dfdy(1,3) = 0.0
dfdy(1,4)=y(2)*dB3dx
dfdy(1,5)=0.0
dfdy(1,6)=y(2)*dB3dz
dfdy(2,i) = -B3
dfdy(2,2)=0.0
dfdy(2,3)=Bi
dfdy(2,4) = y(3)*dB1dx-y(1)*dB3dx
dfdy(2,5)=0.0
dfdy(2,6)=y(3)*dB1dz-y(1)*dB3dz
dfdy(3,1)=0.0
dfdy(3,2)=-Bi
dfdy(3,3)=0.0
dfdy(3,4)=-y(2)*dB1dx
dfdy(3,5)=0.0
dfdy(3,6)=-y(2)*dBidz
dfdy(4,1) = i.o
dfdy(4,2)=o.O
dfdy(4,3)=0.0
dfdy(4,4)=0.0
dfdy(4,5) = i.O
dfdy(4,6)=0.0
dfdy(5,1)=0.0
dfdy(5,2)=0.0
dfdy(5,3) = 1.0
dfdy(5,4)=0.0
dfdy(5,5)=0.0
dfdy(5,6)=0.0
dfdy(6,i)=0.0
dfdy(6,2)=0.0
dfdy(6,3)=0.0
dfdy(6,4)=0.0
dfdy(6,5)=0.0
dfdy(6,6)=0.0
return
end

SUBROUTINE fex(n,x,y,dydx) !The ode system (Lorentz equation)
REAL*8 x,y(6),dydx(6)
real*8Bi,B3,ep
common /ep/ ep
B1=Bx(y(4),y(6))
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B3=ep*(y(6)*
dydx(1)=y<2)'

dydx(2)=y(3)<
dydx(3)=-y(2)
dydx(4)=y(i)
dydx(5)=y(2)
dydx(6)=y(3)
return

end

B1 + 1.0,
'B3
kB1-y(D
*B1

I
!y(1)=Vx

*B3 !y(2)=Vy
!y(3)=Vz
!y(4)=x
!y(5)=y
!y(6)=z

Numerical routines to compute ^dl/B of a test function:

C This program numerically integrates the expression
C for the flux tube average of phi(l) along the B-field lines
C for the Lembege-Pellat 2-D quasiparabolic field.
C
C Omar A. Hurricane, UCLA-Dept. of Physics
C Plasma Theory Group.
C
C Inputs are (xO,0.0)=the launch coord., epsilon, the total
C launch velocity, and the launch angle.
C All lengths are in the units of lambda=2*Re.
C
C Example: x=11.74, epsilon=0.07, k=0.2, and dx=0.001.
C
C

real*8 p,dx,sumb1 ,sumb2,pi,k,xo,zn,zo
real*8 ep,xO,ave,temp,ln,lo,dl
integer i
common /params/ ep.xO
common /k/ k
pi=3.141592653589793
write (*,*) 'Input the field line label xO, epsilon, and k:'
read (*,*) xO.ep.k
write (*,*) 'Input the desired step size in x (say 0.001):'
read (*,*) dx

C
sumb1=0.0
sumb2=0.0
lo=0.0
xo=x0
zo=0.0
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temp=1.0
do while (temp.gt.1.0D-8) Hntegrate until dl/B is negiigable.

p=xO-i*dx
zn=z(p)
dl=dx**2.0 + (zn-zo)**2.0
dl=dsqrt(dl)
ln=lo+dl
ave=0.5*(phi(lo) + phi(ln))
temp=0.5*(1/B(p,zn) + 1/B(p-dx,zo))
sumbi =sumb1 +temp*ave*dl
sumb2=sumb2+temp*dl

lo=ln

zo=zn

i=i+1

end do
write (*,*) 'Ave(phi) = ',sumb1/sumb2
end

function B(x,zz) ! Magnitude of B.
real*8 x,zz,temp
temp=Bx(x,zz)**2.0+Bz(x,zz)**2.0
B=dsqrt(temp)
return
end

function acosh(x) IGood only if x> = 1.
real*8 x
acosh=dlog(x+dsqrt(x**2.0-1.0))
return
end

function z(x) !z coord, as a function of x.
real*8 x,ep,temp,xO
common /params/ ep.xO
temp=dexp(ep*(xO-x))
temp=acosh(temp)
z=dexp(ep*x)*temp
return
end

function Bx(x,z) !x-component of B-field.
real*8 x,z,ep,xO,temp
common /params/ ep.xO
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temp=dexp(-ep*x)
Bx=-temp*dtanh(temp*z)
return
end

function Bz(x,z) !z-component of B-field.
real*8 x,z,ep,xO,temp
common /params/ ep,xO
temp=dexp(-ep*x)
Bz=-ep*temp*(z*dtanh(temp*z)-1 /temp)
return
end

function phi(l) 'Test function.
real*8 k,l
common IV.I k
phi=dcos(k*l)
return
end
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