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1 Introduction
Recently was demonstrated that for a given manifold <?,,„ which admits a Killing
tensor K^ we have two types of dual metrics [1]. In [2] a geometric duality
between a metric g"v and its Killing tensor K*" was disscused. The relation was
generalized to spinning spaces, but only at the expense of introducing torsion.
The physical interpretation of the dual metrics was not clarified [2]. On the
other hand the geometrical interpretation of Killing tensors was investigated
in [3]. In [1] geometric duality between g^ and a Killing tensor K^. In this
case the dual spinning space was constructed without introduction of torsion.
An interesting class of metrics with Killing-Yano tensor are Einstein's metrics
of D or N types in Petrov's clasiffication.

Taub-NUT geometry is involved in many modern studies in physics. For
example the Kaluza-Klein monopole of Gross and Perry [4] and of Sorkin [5]
was obtained by embedding the Taub-NUT gravitational instanton into five-
dimensional Kaluza-Klein theory. Remarkably, the same object has re-emerged
in the study of monopole scattering. In the long distance limit, neglecting radi-
ation, the relative motion of the BPS monopoles is described by the geodesies
of this space [6] [7]. The dynamics of well-separated monopoles is completely
soluble and has a Kepler type symmetry [8, 9, 10, 11]

On the other hand the geodesic motion of pseudo-classical spinning parti-
cles in Euclidian Taub-NUT were analised in [12].

Symmetries of extended Taub-NUT metrics recently were investigated in
[13] [14] [15]

The aim of this paper is to investigate generic and non-generic symmetries
of the dual metrics. In section one we present briefly some notions about
geometric duality. In section two we investigate the symmetries coresponding
to Taub-NUT dual metrics.

In Anexa 1 we present the graphics of the curvature in the case of two
pairs of dual metrics. In Anexa 2 we write down Christoffel symbols and the
scalar curvature for dual metrics. The calculus for all Taub-NUT metrics were
provided but due to their huge and complicated expressions we cannot write
them out in this paper. Nevertheless we present two quite interesting cases.

2 Geometric Duality
The importance of symmetries in the description of physical systems can hardly
be overestimated. In the case of dynamical systems in particular, continuous
symmetries determine the structure of the algebra of observables by Noether's
theorem, giving rise to constants of motion in classical mechanics and quantum
numbers labeling stationary states in quantum theory. In a geometrical set-
ting, symmetries are connected with isometries associated with Killing vectors
and, more generally, Killing tensors on the configurations space of the system.
An example is the motion of a point particle in a space with isometries [16],



which is a physicist's way of studying the geodesic structure of a manifold.
Contact with the algebraic approach is made through Lie-derivatives and their
commutators. In [16] such studies were extended to spinning space-times de-
scribed by supersymetric extensions of the geodesic motion, and in [17] it was
shown that this can give rise to interesting new types of supersymmetry as
well.

Let a space with metric <?„„ admits a Killing tensor field K^. A Killing
tensor is a symmetric tensor which satisfies the following relation:

DxKm, + DllKvX + DuKx» = V (1)

where D^... denote covariant derivatives. The equation of motion of a particle
on a geodesic is derived from the action

\g^x" (2)

The Hamiltonian has the form H = ^^p^p" The Poisson brackets are

{xp,?} = s; (3)

The equation of motion for a phase space function F(x,p) can be computed
from the Poisson brackets with the Hamiltonian

F={F,H} (4)

Prom the covariant components K^ of the Killing tensor one can construct a
constant of motion K,

K = i/wr • (5)
It can be easy verified that

{H,K} = Q (6)

We have two different ways to investigate the symmetries of the manifold.
First, we consider the metric g1*" and the Killing tensor IC" and second we
consider K"" like a metric and the Killing tensor g^". In this paper we will use
the duality which exist between g^ and K^ [1]. Killing's vectors equations in
the dual space have the following form [1]

X* = 0 (7)

where X<J a r e Killing vectors in dual spaces.
We suppose that metric g^ admits a Killing-Yano tensor f^.A Killing-

Yano tensor is an antisymmetric tensor [17] which satisfies the equations

Dxf^ + DJyx = 0 (8)

Hence the existence of a Killing Yano tensor of the bosonic manifold is
equivalent to the existence of a supersymmetry for the spinning particle with
supercharge

Qj = / a " l l ^ - ^ / / . t e V - W , {<3,<2/}=0. (9)



where H^x = /W1/;A and semicolon denotes covariant derivative. Then the
coresponding Killing-Yano equation in the dual space has the form

DJ»x •+ DJ,* + flDsKrx + 2flD,Kvr. + f^DsK^ = 0 (10)

where D represents the covariant derivative corresponding to g^.
The metric <?,,„ and the dual metric K^ have the same generic symmetries

if and only if
DgK^x'^O (11)

3 Generic and non-generic symmetries

The four-dimensional Taub-NUT metric depends on a parameter m which can
be positive or negative, depending on the application; for m > 0 it represents
a nonsinguiar solution of the self-dual Euclidean equation and as such is in-
terpreted as a gravitational instanton. The standard form of the line element

— \{dr2+ r2d62+r2 sin2

The Killing vectors for the metric (12) have the following form:

J5<«) = £(»)* 0^ 0 = 1 , . . . , 4 (13)

where

- | (14)

D{2) = - £
DW = _ C O S ( , ^ + s i n ( / ) C O t ^ - ! i ^ ^ (17)

which generates the U^ of A translations, commutes with other Killing
vectors.The remaining three vectors obey an 5)7(2) algebra with

=-D(A\ttc... (18)

In the Taub-NUT geometry four Killing-Yano tensors are know to exist [18].



In this case in 2-form notation the explicit expressions for the /; are [18].

/; = 4m(cfy!> + cos 6d<p) A </z; - tijk ( 1 + — j dxj A dxk (19)

Y = 4ro {dip + cos 9dtp) A dr + 4r (r + m) ( l + —) sin 6d& A <V (20)

A symmetric Killing tensor with respect to this metric is represented by
the quadratic form

dK2 = ( l + ̂ ) (dr* + ̂ ( r + m)2(d62 + sin28d<?2)\

Am2

w + ^ ) 2 ( 2 2 )

The inverse matrix of the covariant form from (22) gives the dual line
element

ds2 =

(23)

If we make the transformation for r to a new variable u using the relation

u = r e " (24)

we find that this metric is a particular form for an extended Taub-NUT
metric presented in [13, 14]:

ds2 = F(u)(du2 + u2(d62 + sin2 6dV
2)) + G(u)(di/> + cos Odtp2) (25)

where F(u) and G(u) satisfies a very interesting relation

G(u)F(u) = 4m2/(«) (26)

with f(u) having the expression

'<"*>= ( 1 7 ^ (27)

The metric has four Killing vectors like a extended Taub-NUT metric [13, 14,
15]. Using the techniques from [1] the properties of the metric were investi-
gated. Because F(re™) and G(^) have the following expression

F(re^) = /(re*) (l + ̂ ) (28)



and

After calculations we have obtained the following results: The dual metric
is not. a flat metric or confonnally flat. It has no Runge-Lenz vectors. The
metric do not have Killing-Yano tensors, but admit the same Killing vectors
like Taub-NUT. We are ready now to study the symmetries of all dual Taub-
NUT metrics

JK*. =
 2 ( 1 | " ' l W l i "l\~.tAjl i -2,/<]2 i Jl^n1

"' m
2

— —r-^r^dip + cos OdipY + — I 1 +
r(l +2?n/r) m \ r )

+4 (l + — \ (r x de)i(dxl> + cos Od<p) (30)

These conserved quantities define the dual line elements

*W = r? - ( 4 ftn)» ̂  0 + T ) r'{d1'2 + r2

yi+m/r) ( : o s M f 2mr [ +
(1 +2m/r) V »" /

+4m2 M + — J (r x dv)i{drl> + cosOrfy?)} (31)

After calculations we found that the dual metrics from (22) and (23) have
the same Killing vectors like Taub-NUT metric because relation (11) is identi-
cally satisfied. The coresponding metrics for i = 3 in (30) and (31) admit two
Killing vectors (14) and (15). For i = 1,2 we have only one Killing vector (II)
for the coresponding metrics from (30) and (31).

Non-generic symmetries are associated with the existence of Killing Yano
tensors For this reason we investigated the non-generic symmetries of dual
metrics (22) , (23), (30) and (31).

After tedious calculations we have obtained that all dual metrics have no
Killing-Yano tensors.Because the curvature is not zero for all dual metrics we
have no Runge-Lenz vector. Another important observation is that we cannot
construct a dual spinning space for dual Taub-NUT metric because there arc
no Killing-Yano tensors. Our result differs from that, of [2].



Anncxa 1

For the metric

ds2 = f 1 + — ) (dr2 + , m2r\2(de2 + sin2 Odv2)) + , 4"f . («W + cos Oil*)1

\ r / \ (r + m)2 ) l+2m/r

non-vanishing Christoffel components are

r1 - r'2 - -
1 1 1 ~ / , O v! L 1 2 — ,

r[r + imj r[r -f iii)\r -\- an)
inp 3 _ W p., _ 7?̂  COS(^) 4 _

1 3 ~ r ( r 2 + 3 r m + 2 m 2 ) ' 13 ~ r2 + 3 r m + 2 m 2 ' l4~

rm4
 3 (r2-2m2)cos(fl)

22 (r + ?n)3(r + 2m)' 23 sin(0)(r + 2m)2

4 _ 3cos2(g)r2 - r2 - 4sin2(<9)rm - 4m2

23 ~ 2sin(0)(r- " '"

fr2 -\- *2rTn A- m2^
_ _ 9 ^ - r 4 — 2 —p = . = cos(t>)(7-2 + 2 r m + ?n2)

24 sin(fl)(r + 2m)2 ' 24 sin(6)(r2 + 4rm + 4m2)

, _ rm3(r2rn + llr2mcos2{0) + 4rm2 + 8rm2 cos2(9) + 4m3-\-4r3cos2(9))
33 ~ r 6 + 9r 5m + 33r 4m 2 + 63r 3 m 3 + 66r2m4 + 36rm5 + 8m6)

2 _ r (3r + 4m)cos(0)sin(0) , _ rm3 cos(9)
33 ~~ (r + 2m) 2 ' 34 ~ ~ r3 + 6 r 2 m + 12rm2 + S?7i;)

r2 __ o ( r + m ) s 'n(fl) pi _ .
1 3 4 — •* I.. , r , . _ . 1 0 i L 4 4 — V

and the curvature is:

6m2 + 3rm + 2r2

r i =: —2
m ( r 3

For the metric

<̂ A'2 = fl + — ) (dr2 + ^C1" + "*)2(^2 + sm2 ^¥>2)) + ^ , ( ^ + cosV r / \ m2 / 1 + 2m/r

non-vanishing Christoffel coeficients are

+ 4mr + 2r2
p2

) ' 1 2p
2m)' 12 r(r2 + 3rm + 2m2)



3 m2 + 4rm + 2r2 „ _ cos(0)(3m + 2r)

4 _ m j _ r(r + m)(m2 + Arm + 2r2)
14 ~ r(r + 2m)' 22 ~ (r -f 2m)m2

r 3 _ cos(fl)(r4 + 6r3m + 13r2m2 + 12rm3 + 2m4)
23 ~ sin(6»)(r4 + 6r3m + 13r2m2 + 12rm3 + 4m4)

4 _ (cos2(6i) + l)(r4 + 6mr3 + 13r2m2 + 12rm3) + 4m4

23 ~ 2sin(0)(r4 + 6r3m + 13r2m2 + 12rm3 + 4m4)

r = _ 2 2^
24 sin(0)(r4 + 6r3m + 13r2m2 + 12rm3 + 4m4)

r4 = 2 "i4 c°s(^)
24 sin(^)(r-4 + 6r3m + 13r2m2 + 12rm3 + 4m4)

, r(2r5 sin2(9) + 14r4m sia2(g) + 37r3ma siaa(9) + 45r'm3 sia2(g) + 24rm" sin2(tf) + 4ms)
33 ~ m2(r3 + 6r2m + 12rm2 + 8m3)

2 _ r sin(g) cos(9)(r3 + 6r2m + 13rm2 + 12m3)
33 ~ ~8in(0)(r4 + 6r3m + 13r2m2 + 12rm3 + 4m4)

r i _ _. ™,3rcos(6)
34 r 3 + 6 r 2 m + 12rm2 + 8m 3

r 2 = 2 m4sm{6) m3r
34 r< + 6r3m + 13r2m2 + 12rm3 + 4m4 ' 44 (

< + 6r3m + 13r2m2 + 12rm3 + 4m4 ' 44 (r + 2m)3

and the curvature

„ n 6m3 + 21rm2 + 22r2m + 8r3

H = 2-2m5 + 9rm4 + 16r2m3 + 14m2r3 + 6r4m



Annexa 2

Figure 1: Ricciscalar plot for metric (22)

Figure 2: Ricciscalar plot for metric (23) (dual to (22)



4 Conclusions

In this paper wore investigated the generic and non-generic symmetries of dual
Taub-NUT metric. The scalar curvature of Taub-NUT metric is zero ,but the
coresponding dual metrics have non vanishing curvatures. The dual Taub-NUT
metrics have no Killing-Yano tensors. These properties tell us that we have
no Runge-Lenz vector for dual Taub-NUT metrics. The dual metrics A'1'" and
KIW have different topological properties. On the other hand the symmetries
of the dual Taub-NUT metrics depend drastically on their particular form.
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Симметрии дуальных метрик Тауб—НУТ

Исследована геометрическая дуальность для метрик, которые допускают
тензоры Киллинга. Особый случай возникает, когда многообразие имеет тензо-
ры Киллинга-Яно. В настоящей работе исследуются симметрии дуальных
метрик в частном случае метрики Тауб-НУТ. Проанализированы «специфи-
ческие» и «неспецифические» симметрии дуальной метрики Тауб-НУТ.

Работа выполнена в Лаборатории теоретической физики им. Н.Н.Боголю-
бова ОИЯИ.
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Baleanu D., Codoban S. E5-98-191
Symmetries of Taub-NUT Dual Metrics

Recently geometric duality was analyzed for a metric which admits Killing
tensors. An interesting example arises when the manifold has Killing-Yano tensors.
In this paper we investigate the symmetries of the dual metrics in the case of Taub-
NUT metric. Generic and non-generic symmetries of dual Taub-NUT metric are
analyzed.

The investigation has been performed at the Bogoliubov Laboratory
of Theoretical Physics, JINR.
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