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Abstract

Starting from a decomposition of the self-dual field in (2+1) di-
mensions, we build up an alternative quantum theory which consists
of a self-dual model coupled to a Maxwell-generalized Chern-Simons
theory. We discuss the fermion-boson equivalence of this quantum
theory by comparing it to the Thirring model. Using these results we
were able to compute the mass of the bosonized fermions up to third
order in ( — )• Some problems related to the number of poles of the
effective propagator are also addressed.



Recently, much attention has been given to the self-dual models in (2+1)
dimensions [l][2] because of its close connection with the Maxwell-Chern-
Simons theory [3]. Although, the constraint algebra and consequently the role
of the gauge invariance in these two models are in opposition (the Maxwell-
Chern-Simons theory is gauge invariant whereas the self-dual is not), we
can consider both models as being different gauge-fixed versions of a master
gauge theory[4]. From another point of view, it has been shown in alternative
ways that, embedding the second class self-dual constraints into first-class,
one can obtain a Maxwell-Chern-Simons theory [2] [4].

On the other hand, since the pioneer works of Niemi and Semenoff [5] and
Redlich [6], showing the possibility of elimination of the gauge non invari-
ance of the effective QED action in three dimensions under nontrivial gauge
transformations, by adding a parity-violating topological term, many au-
thors have devoted their research to the problem of how to obtain the parity
anomaly for models containing fermions and gauge fields in three dimensions
[7][8][9]. As a consequence, it has been possible to establish a fennion-boson
correspondence in a similar way to the context of the bosonization scheme
in two dimensional quantum field theories. One of the goals of this work is
to discuss problems related to the physical interpretation of the bosonized
Lagrangian density, which is unclear due to the necessary approximations,
in contrast with what happens to this kind of problem in two dimensions.

In the present work we shall introduce an alternative version of the ordi-
nary self-dual theory in three-dimensions, where the self-dual and Maxwell-
Chern-Simons fields are coupled. We <ilso establish here a mapping between
the massive Thirring model and electromagnetic Podolsky theory [10] with a
generalized Chern-Sirnons term [11], this is done by doing the regularization
of the fermionic determinant at one-loop level and for higher order of the
inverse of the fermion mass.

First of all, let us consider the ordinary three dimensional self-dual theory
[1] starting from the Lagrangian density

4 !£ = ^/M/* - ^ e""A/,&A, 0)
where using the decomposition

U—*aAli + betll,xd
>'B\ (2)



we arrive at the following Lagrangian density (here a and 6 are free parame-
ters)

£ G ^ A BdOB + abA" [ - -

(3)

where G';iI/ = c^5j, — dvB^. In the above Lagrangian density we notice the
presence of the generalized Chern-Simons term [11] and the coupling between
the self-dual field and the gauge one. Before going on, we remark that in the
limit (a = 1,6 = 0) one recovers the self-dual theory.

Now, let us define the following operators,

—dpdy
m m

^ r , da (4)

in a such way that the partition function correspondent to the Lagrangian
density (3) can be written

y p
density (3) can be written

(5)

In order to implement the bosonization scheme, i. e. fermion-boson cor-
respondence, we should extract the self-dual field from the partition function

p. By integrating over the field A^ we get the exponential term

where



Substituting the expressions (7) and (8) into the partition function (6) and
after the integration, we find

= ZGCS =

being M2 = (-^— ^ J and P/n/ = — (n^ ^ j • . The effective action in
the expression (9) contains the Maxwell-Podolsky theory [10] (first two terms)
and the generalized Chern-Simons one (last term) [11]. We remark that the
above expression permit to exclude a range of values for (a,b) parameters in
a such way that, in order to preserve positivity, we must have - — \ < m,
as can be verified from poles of the propagator [11].

On the other hand one could also to integrate over the B^ field, obtaining
after straightforward calculations the following effective partition function,

ZiX = / \dBu] exp < / d3xa2 \ — + ~A2.. tul,\A*duax > , (9)
7 [J [ 4 • 2 M m \)

which is very similar to the Maxwell-Chern-Simons theory, but with a non-
local field-strength term. In fact the above Lagrangian density could be
obtained directly from that of the self-dual model, apart from the massive
term for the vector field. For this one should introduce a non-local field
transformation, namely /M —> A^t^v\d

uAx. Afterwards, by introducing an
auxiliar field 9, and an anti symmetric symbol cM(/, one can also write down
a local non-explicitly covariant Lagrangian density

2 tVLV
 l A ! 2

M ^ 2m M" 2 **
Let us now consider the partition function of the massive Thirring model.

In order to obtain a fermion-boson correspondence between this model and
that appearing in the ZGCS expression, we begin with the following functional



Zth = | [ # ] [ ^ ' ] exp | - I d3x k (t7"^ + m) i> - (10)

which corresponds to the massive Thirring model. The self-interacting term
can be re-written as

= J{dAll]exp{-Jd3x ^LArA" + -2= (V-7^)^]] , (11)

which after substituting into expression (10) gives

Zth = J[di>][dj>] [dA»\ exp | - I d3x ^ j \
(12)

Now, by performing the integration over the fermionic fields, we find
the well known fermionic determinant of the Dirac operator, which can be
computed as an expression in inverse powers of the fermion mass

n

where for convenience we defined -$='y'tAll = ^''A^. The connection between
the Thining model and the generalized Chern-Simons theory must appear in
Sejj [Aft] when we treat the ultraviolet divergencies in the above expansion.
At one-loop level the vacuum polarization tensor needs regularization. The
effective action, in the momentum space is given by

Sefj [A,] = ~\ I J?lLJ?±sAlg(q)n'u'(p)Al,(p) + hot (14)

where hot stands for ' 'higher-order terms (n*"/or(q, k)) ' ', and we shall con-
sider only the contributions of the first term in equation (13).

The polarization tensor can be written as



IP J (2n) '
(15)

(A,-2 - m2) [(k + p)2 - m 2 ]
The integral above can be separated in two others where the first contains
an odd number of gamma matrices and the second one an even number. In
this way we write

= 2im
d3k

T T ) 3
(16)

and

H - - 2 fII
d3k P)t

-9 w.
(k • (k + p) + m2)

(k2 - m2) [(k + pf - m2]
(17)

where we have used the properties of the gamma matrices: Tr {")^YlP) =

-2% £"""; Tr{YYl"l") = 2(</'"/</p<7 - (fif° + g^g""). The computation
of the above integrals [12], implies two expressions where the first one gives
rise to a parity-violating term and the second to a parity-conserving one
which are respectively

Muu =

with A integer, and

An
pparcsinh 2m (18)

1 TTl
——arcsinh

2m

where we define D^(p) = (gflu —
found in the references [9] [13].

2m

p2. These results agree with that



Now by considering the Taylor expansion in the expressions (15)-(16) for
the limit ^ << 1 we get arcsinh(x) « x(l — ̂ -), substituting these results
in the effective action in the coordinate space, we arrive at

and also to

O6.A.+O
(20)
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Zth = / [ ^ J e x p ^ - / d x -/4MAM ± •—-A,, Gtiup dvAp\ >exp{-S"Gcs} ,

(22)
where,

/

I J O 2 / 1
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(23)

which corresponds, after a convenient tuning of parameters, to the effective
action which appears in the partition function Zgp given by equation (9). In
other words,

Zth = I [dA^] exp {-SSD [AJ - SGcs [A^]} , (24)

(21)
Therefore when we consider the expansion in inverse powers of the fermion
mass, higher derivative terms do appear. In the parity violating effective
action for instance, we have seen up to (^j) order the presence of the gen-
eralized Chern-Simons term [11]. On the other hand, up to (^j) order we
have identified the Maxwell-Podolsky [10][ll] terms in the parity conserving
effective action (18).

Then, the generating functional of the Thirring model can be written as



being SSD [A^] the effective action of the SD fields. Hence, we can conclude
that the Podolsky and generalized Chern-Simons terms are associated to
the bosonization of the massive Thirring model in three dimensions. In
fact, these terms appear when we consider the expansion of the vacuum
polarization tensor at one loop level, as a function of the inverse fermionic

( v 4

m) "

Here it is important to stress that by using the present calculations, one
is able to observe the behavior of the effective bosonic model associated to
the Thirring one, order by order in the ^ expansion [9]. In fact, when doing
that, one observes that at zeroth order there appear a massive particle with
mass ^ ^ [9], the following two orders in ^ , and for very large N, gives this
mass as ^3 '". Note the appearance of the dependence on the fermion mass
in the effective spin one massive excitation, in contrast with the previous
order approximation. This makes evident the non-perturbative character of
the mass. In fact, when one goes beyond the f̂ M order in the derivative
expansion, the number of poles of the effective propagator increase even for
a very large number of fermions (N —> oo). Remembering that the effective
theory should describe all the excitations of the original fermionic model,
one could expect to get a number of poles in the effective theory equal to
the original number of fermions. If this type of interpretation were valid,
these ' 'bosonized fermions ' ' would have different masses, whereas having
equal masses at the beginning of the bosonization process. In fact, it is very
important to take much care when interpreting physically the result of the so
called derivative expansion. It is quite common that this approximation hides
a branch cut in the propagator beyond the threshold of particle production,
so that the excitations appearing in that part of the propagator are unstable.

This in fact introduces an important question regarding the real physical
content of the bosonized theory. From our point of view, it is essential to
keep control of it, in order to have a good understanding of this kind of
bosonization procedure [9] [13].

The above calculations reveal that higher order derivative gauge theories
such as Podolsky and generalized Chern-Simons one, should be treated not
only from academic point of view but also as bosonized versions of the massive
Thirring model, when one consider the expansion in the inverse of fermionic
mass beyond to leading order.
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