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We have introduced an extended formulation of dynamics which
allows a clear distinction between temporal behavior of stable
systems on one hand, chaotic and unstable systems on the other. For
stable systems, the evolution is deterministic and time reversible.
For chaotic and unstable systems it is probabilistic and breaks time-
symmetry. The new formulation of dynamics incorporates the
second law of thermodynamics and leads therefore to a great
unification of physics. More precisely:

1) We found that unstable dynamical systems have new spectral
decompositions in extended functional spaces. These spectral
decompositions incorporate new characteristics of the time evolution
associated with irreversibility.

2) These new spectral decompositions can be in general obtained
iteratively through a well-defined algorithm.

3) Our method provides spectral decompositions of the time
evolutions operator in the Liouville space of density matrices or
distribution functions which cannot be implemented in the Hilbert
space (wave functions) or by trajectories.

In summary, we obtain an extension of classical and quantum
mechanics. This extension leads to the inclusion of irreversibility
into the framework of dynamics. Moreover, it also provides the
theoretical basis for probabilistic predictions and control methods for
complex systems, where the conventional deterministic predictions
and control methods do not work.
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A rigorous justification of our formulation requires an extension of
conventional functional analytic tools and has already stimulated
new directions in mathematics.

We summarize our work in four parts:

1. Chaotic systems ~ maps
2. Hamiltonian systems in classical and quantum mechanics
3. Transport processes in N-body systems
4. Quantum Zeno effect

(1) Chaotic systems — maps
[Hasegawa and Saphir (91—92b); Tasaki and Antoniou (91);
Hasegawa and Driebe (92-93b); Saphir and Hasegawa (92);
Antoniou and Tasaki (92--93b); Driebe, et al (93);
Tasaki, et al (93a-93b); Hasegawa and Lushcei (94); Hasegawa
(93)]

Chaotic maps are the prototypes of chaotic systems. In chaotic
maps, such as the Renyi (i.e. the Bernouilli map or the baker
transformation), nearby trajectories diverge exponentially (positive
Lyapounov exponents); therefore, as is well known, trajectories are
of limited interest and one has to go to a statistical description in
terms of distribution functions. The central problem is then the
construction of the spectral decomposition of the time-evolution
operator (the so-called Frobenius-Perron operator), which provides
full information about the time evolution of distribution functions.
In the conventional framework of the Hilbert space, the Frobenius-
Perron operator of an invertible map is unitary and, as a result, has a
spectrum on the unit circle, which has no characteristic time scales
corresponding to the decay of correlation functions. On the contrary,
in our complex spectral theory, the Frobenius-Perron operator is
extended to a generalized functional space, such as a rigged Hilbert
space, and admits a spectral decomposition that consists of decay
time scales of correlation functions, and thus, incorporates broken
time symmetry. In generalizing the functional spaces, one needs to



restrict distribution functions as well as observables to certain
classes of smooth functions. This representation is incompatible with
any trajectory description.

Complete complex spectral decompositions were obtained for the
Bernouilli map, the baker map, b-adic Renyi maps, b-adic baker
maps, the multi-Bernouilli map and the multi-baker map. The
Bernouilli and b-adic Renyi maps are similar to that used for
numerical random-number generation and are known to admit no
spectral decomposition in the Hilbert space. In contrast, their
complex spectral decompositions consist of isolated eigenvalues
corresponding to the decay of the correlation functions. The b-adic
transformation is a typical example of so-called Kolmogorov systems,
and its complex spectral decomposition has non-diagonalizable
Jordan blocks, in contrast to the diagonalizable Hilbert-space spectral
decomposition. The multi-Bernouilli map, as well as the multi-baker
map, is one of the simplest examples of deterministic systems with
diffusion, and its generalized left eigenstates have fractal nature.

The standard map, as a piecewise linear map with a fractal
invariant set (the first return map of the Lorentz gas, as well as
models of intermittency), was also studied, and interesting results
have been obtained. In the standard map, the diffusion process was
investigated for large coupling constant. In the piecewise linear map
with a fractal invariant set, singular invariant measures supported
by the invariant set have been obtained analytically, and their
ergodic properties were studied. This example provides a starting
point for a more quantitative treatment of fractal sets, such as
strange attractors.

(2) Hamiltonian systems in classical and quantum mechanics
[Prigogine and Petrosky (91-93); Petrosky and Prigogine (91a-
94); Antoniou (91); Hasegawa, et al (91); Prigogine, et al (91);
Prigogine (92a-93d); Prigogine (92a-94); Lee and Tasaki
(92); Petrosky, et al (92); Antoniou and Prigogine (93);



Passante, et al (93); Rosenberg and Petrosky (94)]
We turn now to Hamiltonian systems. As is well known since

Poincare, Hamiltonian systems are, in general, non-integrable; this is
because of the divergence difficulties due to small denominators in
the algorithm of constructing constants of motion. For classical
systems with a few degrees of freedom, the non-integrability leads
to complicated motion, characterized by a mixture of regular and
irregular trajectories, and even to chaos (homoclinic chaos).

Our research focuses mainly on non-integrable Hamiltonian
systems with a continuous spectrum, which we call large Poincare
systems (LPS). They are quite common in nature, since they involve
systems studied in kinetic theory, matter-radiation interaction,
scattering and interacting fields. The main interest is the time
evolution of distribution functions in classical mechanics, or density
matrices in quantum mechanics. The central problem is then the
spectral decomposition of their time-evolution operator (the
Liouville—von Neumann operator).

As mentioned, the non-integrability arises from small
denominators corresponding to resonances. For classical systems
with a few degrees of freedom, the role of small denominators has
been partly elucidated by the KAM theory (Kolmogorov, Arnold and
Moser); however, this theory has not solved the problem of
integration. Recently, it has been observed that this classification
applies also to quantum systems with continuous spectra. Namely,
one cannot, in general, construct a unitary transformation that
diagonalizes the total Hamiltonian through perturbation theory,
because of the appearance of small denominators in the construction
algorithm. For these systems, there exists, in general, no constructive
spectral theory.

In our complex spectral theory, the extension of the class of
permissible transformations through the enlargement of the
functional space eliminates the Poincare divergences and provides a



systematic perturbational method for constructing the spectral
decomposition of the Liouville—von Neumann operator. The method
is based on a classification of states, which is possible, in general,
only in the space of distribution functions in classical mechanics, or
density matrices in quantum mechanics. As a result, the Liouville—
von Neumann operator acquires a new spectral decomposition that is
"irreducible," i.e., which cannot be expressed in terms of trajectories
or wave functions. Generally, the new spectral decomposition has a
broken-time symmetry, since the spectrum of the Liouville operator
becomes complex. This permits us to study in detail the approach to
equilibrium, as well as problems of hydrodynamics.

For the Friedrichs model and potential scattering, the complete
complex spectral decompositions have been constructed explicitly.
The Friedrichs model describes a quantum mechanical system that
involves continuous and discrete eigenstates. As a result of the
continuum-discrete interaction, the discrete state becomes unstable.
This model is a prototype of the systems with unstable modes and
represents various systems, such as excited atomic or molecular
states in the electromagnetic field, unstable elementary particles, a-
decay, unstable vacuum in strong static electric field, Stark effect and
so forth. Our complex spectral decomposition has a broken-time
symmetry, and acquires meaning in the framework of the extended
Hilbert space in terms of upper or lower Hardy-class functions.

There is an interesting application of our approach, the application
to scattering. The scattering is already large Poincare systems (LPS).
We have to distinguish between "transient" and "persistent"
scattering (transient scattering is treated in quantum mechanics
through the so-called S-matrix approach). Transient two-body
potential scattering is well understood. In contrast, persistent
scattering leads to singularity in the distribution function (or density
matrix) and requires going out of the Hilbert space. Transient
scattering leads to invariants of motion which are destroyed in
persistent scattering. Moreover, this disappearance is described by



diffusive irreversible processes which could not be obtained neither
by trajectory dynamics (Newtonian) or quantum wave theory
(Schrodinger). Numerical simulations that we have performed have
led to results that are in complete agreement with our predictions.
This shows that we have to use our irreducible formulation of
classical dynamics or quantum mechanics when dealing with LPS.

Our method leads to a new formulation of the Liouville-von
Neumann eigenvalue problem. This problem has been solved for
persistent two-body scattering in complete agreement with
numerical simulation. The appearance of singularities is quite
general. These singularities appear in all problems of statistical
mechanics due to persistent interaction, where they are necessary
for the existence of reduced distribution functions in the
thermodynamic limit. It is for this type of distribution function that
we have to consider new solutions of the eigenvalue problem of the
Liouville--von Neumann operator that are not reducible to trajectory
dynamics or to wave functions in quantum mechanics. Statistical
mechanics forms the microscopic foundation of continuum mechanics.
We believe therefore that our method provides the microscopic basis
for the derivation of the basic equations for continuum mechanics
(such as hydrodynamics...).

For finite classical Hamiltonian systems, the chaotic region and the
regular one coexist, and a particle is trapped a long time at the
border between the chaotic region and regular one; therefore,
intermittency appears in the systems and for long times anomalous
diffusion dominates in comparison to normal diffusion. We have
extended our argument to some simple systems, such as the
Manneville-Pomeau map and others. For example, we have already
obtained an exact-power spectrum for the piecewise-linear version
of the Manneville-Pomeau map through our generalized spectral
resolution. In the case of intermittency and anomalous diffusion,
there appears a cut in the complex plane (instead of poles). Again
the agreement with experiment is excellent.



(3) Transport processes in N-bodv systems
[Driebe and Petrosky (92)]

We now briefly comment on irreversible processes in N-body
problems. Nonequilibrium statistical mechanics has led to the
construction of formal master equations that lead, in general, to
"non-Markovian" behavior (memory effects). The non-Markovian
behavior is due to the superposition of various time scales. Our new
spectral representation permits the disentangling of the various
contributions, as it recovers the subdynamics approach we
introduced some years ago. As an example, going beyond the
standard approach, we have studied the kinetics of the appearance of
spatial order in a Lorentz gas with soft interactions. There appear
distinct time scales that were not distinguished in the traditional
"non-Markovian" description.

(4) Quantum Zeno Effect
[Petrosky, Tasaki and Prigogine (91)]

In 1977, Misra and Sudarshan showed, based on the quantum
measurement theory, that an unstable particle will never be found to
decay when it is continuously observed. They called it the quantum
Zeno effect (or paradox). More generally the quantum Zeno effect is
associated to the inhibition of transitions by frequent measurements.
This possibility has attracted much interest over the last years.
Recently , Itano, Heinzen, Bollinger, and Wineland have reported that
they succeeded in observing the quantum Zeno effect. This would
indeed be an important step toward the understanding of the role of
the observer in quantum mechanics. However, we have proved, via
a detailed theoretical calculation, that their experimental result is
just the consequence of a succession of dynamical changes of the
wave function* and therefore need not be ascribed to any collapse of
the wave function* A similar conclusion was also obtained by
Ballentine [Phys. Rev. A 43 (1991) 5156]. Later IHBW have agreed



Ballentine [Phys. Rev. A 43 (1991) 5156]. Later IHBW have agreed
that one cannot conclude from their experiment that the Zeno effect
as the result of collapse of wave function was observed.

In conclusion, we want to emphasize the following point: our
approach allows the introduction of probability and irreversibility at
the fundamental dynamical level. It appears in this sense as the
continuation of Boltzmann's program started one century ago.

The traditional tools of classical dynamics such as trajectories,
become incompatible for chaotic systems or Poincare non-integrable
systems due to diverging small denominators. (This remains true for
quantum non-integrable systems). For this reason, we need
alternate tools such as probability distributions. In this way we can
integrate (on the statistical level) dynamical systems considered as
non-integrable. In our work, we concentrated on simple models to
test the methods we have introduced. We are now ready to start
further research on the behavior of matter under nonequilibrium
conditions for more realistic situations which we describe in the
proposal submitted for the period of 1994-1997.
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