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ABSTRACT

These proceedings present the lectures given at the tenth specialised course organised by

the CERN Accelerator School (CAS), the topic this time being 'Synchrotron Radiation and

Free-electron Lasers'. A similar course was already given at Chester, UK in 1989 and whose

proceedings were published as CERN 90-03. However, recent progress in this field has been

so rapid that it became urgent to present a revised version of the course. Starting with a review

of the characteristics of synchrotron radiation there follows introductory lectures on electron

dynamics in storage rings, beam insertion devices, and beam current and radiation brightness

limits. These themes are then developed with more detailed lectures on lattices and emittance,

wigglers and undulators, current limitations, beam lifetime and quality, diagnostics and beam

stability. Finally lectures are presented on linac and storage ring free-electron lasers.
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FOREWORD

The aim of the CERN Accelerator School to collect, preserve and disseminate the

knowledge accumulated in the world's accelerator laboratories applies not only to accelerators

and storage rings, but also to the related sub-systems, equipment and technologies. This wider

aim is being achieved by means of the specialised courses listed in the Table below. The latest

of these was on the topic of Synchrotron Radiation and Free-electron Lasers and was held at the

President Hotel, Grenoble, France, 22-27 April 1996, its proceedings forming the present

volume.

Synchrotron radiation has become one of the most valuable and useful scientific tools

with ever increasing applications for basic and applied research especially in the biotechnology,

chemical, material and pharmaceutical fields. This can be seen by the recent rapid increase in

the number of sources widely distributed around the world and in the intensity of the radiation

they produce. While initially synchrotron radiation was a by-product of high-energy

accelerators, the recent so-called third generation sources are specifically designed to produce

very intense photon beams by using low-emittance storage rings with high beam currents

together with insertion devices.

With such enormous progress in the design of sources and in their range of applications,

there was an urgent need to present an updated version of the course first presented in 1989.

Not forgetting the basic theory of synchrotron radiation and electron synchrotrons,

introductions are given to insertion devices and to the limitations to beam currents and radiation

brightness. These topics are then developed before turning to linac and storage-ring free-

electron lasers.

This course was only made possible by the generous support of several laboratories and

many individuals. In particular, the help and encouragement of the ESRF management and

staff, especially J.-L. Laclare, A. Ropert and T. Bouvet, was most invaluable. As always, the

support of the CERN management, the guidance of the CAS Advisory and Programme

Committees, and the attention to detail of the Local Organising Committee and the management

and staff of the President Hotel ensured that the course was held under optimum conditions.

Very special thanks must go to the lecturers at this course for the enormous task of preparing,

presenting and writing up their topics. Finally, the enthusiasm of the participants, coming from

so many parts of the world, was a convincing proof of the usefulness and success of this

course.

S. Turner, Editor
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CHARACTERISTICS OF SYNCHROTRON RADIATION

A. Hofmann,
CERN, Geneva, Switzerland

Abstract
A qualitative discussion of synchrotron radiation is used first to obtain approx-
imate expressions for the main properties such as opening angle, spectrum and
polarization. Then the field of a moving charge is derived from the basic equa-
tion of electrodynamics, resulting in the Lienard-Wiechert equation. From the
latter the radiated power is calculated for transverse and longitudinal accelera-
tion. The most important application of the Lienard-Wiechert equation is the
case of a charge moving uniformly on a circular orbit. The emitted radiation
is called synchrotron radiation. Its properties, opening angle spectral density,
polarization and photon distribution, are derived and discussed. Finally, a brief
treatment of undulator and short magnet radiation is given in view of beam
diagnostics application.

1 QUALITATIVE TREATMENT OF SYNCHROTRON RADIATION

1.1 Opening angle
We consider an electron moving in the laboratory frame Fon a circular orbit of

radius Remitting synchrotron radiation, Fig. 1. To estimate the opening angle of the
radiation we go into a frame F' which moves at one instant with the same velocity, v = (3c,
as the electron. In this frame the trajectory of the electron has the form of a cycloid
with a cusp where the electron undergoes an acceleration in the —x' direction. Like
any accelerated charge it will emit radiation which is in this frame F' approximately
uniformly distributed. Going now back to the laboratory frame F , by applying a Lorentz
transformation, this radiation will be peaked forward. A photon emitted along the x'-axis
in the moving frame .F'will appear at an angle 1/7 in the laboratory frame F. The
typical opening angle of synchrotron radiation is therefore expected to be of the order of
I/7. For ultra-relativistic particles 7 » 1 the radiation is confined to very small angles
around the direction of the electron motion.

1.2 Typical frequency of the synchrotron radiation spectrum
Next we try to estimate the typical frequency of the emitted synchrotron radiation

spectrum and consider an electron going through a long magnet where it emits radiation
which reaches an observer P, Fig. 2. We ask ourselves how long the pulse of radiation will
last. Due to the small opening angle this observer will see the light for a rather short time
only. The radiation seen first is emitted at the point A, where the electron trajectory has
an angle of 1/7 with respect to the direction towards the observer, and the last time at
point A' where this angle is —1/7. The length of the radiation pulse seen by the observer
is just the difference in travel time between the electron and the photon in going from
point A to point A'

A+ + + - 2P 2psin(l/7)
/A l t



, F1

Figure 1: Opening angle of synchrotron radiation emitted by the moving source

For the ultra-relativistic case we consider here, 7 » 1, we can expand the trigonometric
function

672/ jc \'<

where we used the approximation

1-0= "~R

67s

1 + 0 27,2'

The typical frequency is approximately

2TT

At
3-7TC73

~2P~

The typical frequency is proportional to 73, a factor 72 is due to the difference in velocity
between electron and photon and a factor of 7 is caused by the difference in trajectory
length of the two particles in the magnet.

We consider now the radiation emitted in a short magnet having a length L < 2p/^.
An observer will receive the radiation emitted during the whole passage of the electron
through this magnet, Fig. 3. The duration of the received pulse is now determined by the
length L of the deflecting magnet. Again, the length of the radiated pulse is given by the
difference in traveling time between the electron and photon going through the magnet

L L L(l - 0)
Ai s m = -z =

2c 7
2 '

and the typical frequency is

This frequency contains only a factor j 2 since the difference in trajectory length is small
if the magnet is sufficiently short.

An undulator is an interesting source of synchrotron radiation. It consists of a
spatially periodic magnetic field with period length Au in which the particle moves on
a sinusoidal orbit, Fig. 4. Each of the periods represents a source of radiation. These
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Figure 2: Typical frequency of the spectrum emitted in long magnets
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storage ring

observer

Figure 5: Elliptic polarization

contributions emitted towards an observer at an angle 9 will interfere with each other.
We get maximum intensity at a wavelength A for which the contributions from different
undulator periods are in phase. The time difference AT between the arrival of adjacent
contributions is

AT — — ^uC0S^ — -^"(i - P )

For a relativistic particle the angle 9, where radiation of reasonable intensity can be
observed, is small; 6 « 1/7. We can approximate cos 9 « 1 — 92/2.

The frequency for which we get constructive interference is just UJ = 2-n/AT.

Harmonics of this frequency might also be emitted.

1.3 Polarization
Since the acceleration of the electron is radial we expect the emitted radiation to be

mostly polarized such that the electric field Elies in the median plane. This should be
exact as long as the radiation is also observed in the (usually horizontal) median plane.
For observations at a finite vertical angle a certain amount of circular polarization is
expected as indicated in Fig. 5.



P observer

Figure 6: Particle trajectory and radiation geometry

2 POTENTIALS AND FIELDS OF A MOVING CHARGE

2.1 Relevant motion
We treat now the synchrotron radiation in a quantitative way. We follow basically

the methods used in references [1, 2, 3, 4, 5] and repeat some of the derivations given
in a previous paper [6]. The calculation of the potentials and fields of a moving charge
is, unfortunately, rather formal involving lengthy derivations. However, the underlying
physics is quite simple and is based on the fact that the radiation observed at a time t
at a location rphas to be emitted by a particle at a location Rat an earlier time t'. The
time difference t — t' between the emission and observation of the radiation is simply the
time this radiation takes to cover the spatial distance r between these two events.

This situation is illustrated in Fig. 6. An observer P whose location is given by the
vector rp observes the radiation field E(t) at the time t. This radiation was emitted at
an earlier time t' by a moving charge q whose position is given by the vector R(t'). The
distance between the point of emission and the observer is given by the vector r, with
absolute value r, which fulfills the relation

R(t') + r(f) = rp. (1)

The time difference between emission and observation is the time it takes the light to
travel the distance r

C

This relation between the two times looks very simple. However, in most applications it
is rather difficult to evaluate since the distance r(t') itself depends on £'.

The motion of the charge q and its velocity v are given by

The distance r between the particle and observer, its absolute value r and the unit vector
n pointing towards the observer are

r(t') , r(f) = |r(OI and n(f) = ^



In all our applications the observer does not move, rp=constant, and differentiating (1)
gives

dt>
To get the time derivative of r(t') we write

dr ld(r2) dr dr
dt' 2 df df ' d*'

From this we get the important relation between the increments of the time tat the
observer and the time t' of emission

* = (l + £1?) ^ = (1 " " • fltf- (2)

Usually we are concerned with the radiation emitted by a relativistic particle in the
forward direction in which case two photons received by the observer within a very small
time interval At have been emitted within a much longer time interval At' = Ai/(1—n-/3).

2.2 Potentials of a moving charge (retarded potentials)
Our goal is to calculate the electric and magnetic fields E(t) and B(i) of the radiation

received by an observer. These fields can by obtained from the scalar and vector potentials
V and A through

B = no curl A = |io[VxA]
•r-, T T r 9 A _ _ . dA
E = - d V V VtiO = V V n o .

at at

We use here the Lorentz convention W + CQV = 0.
For the case of a stationary charge and current distribution with charge density

r}(x,y,z) = r}(R) and velocity v(R), the resulting electrostatic potential V is simply
given by Coulomb's law and the vector potential A by a similar expression

47reo

where r is the distance between the individual charges and the observer. If the charge
distribution is not stationary, the density r)(t') and velocity v become functions of time.
In carrying out the above integration we have to evaluate the charge density at the earlier
time t' such that the potential created by the charges reaches the observer at the time t,
i.e. t' — t — r(t')/c. The resulting potential V is called the retarded potential.

The integration

represents a thin sphere of radius r collapsing with the speed of light c towards the
observer P counting all the charges on its way, Fig. 7. In this process the charges which
move towards the observer are counted over a longer time and contribute more to the
potential V(t) and, vice versa, charges moving away from P contribute less.



= cdt'

charges

Figure 7: Collapsing sphere representing the integration over charges

Ar = c At'

Figure 8: Contribution of a moving charge to the potential



Let us now consider a single charge of finite radius b and see for how long it con-
tributes to the potential V(t) at the observer, Fig. 8. First, we take the charge to be at
rest and get for this time of contribution

A ' - 2b

c

Next we assume that the charge moves with velocity v which has the component vr ~
v • n in the direction towards P. The time of contribution is now

Af - _ H L - 2b - 2b

c — vr c — n • v c(l — n • p)

The ratio between the times of contribution for the moving and the stationary charge is

At'v 1
A4 ~ l - n - / 3

which is independent of the radius b. We can let b go to zero and obtain for the electric
potential of a moving point charge

V(t') = I = -±- ( 1 ^
k ; 47re0r(t') (1 - n(tf) • 0(f)) 47re0 \r (1 - n • (3))ret '

The index 'ret.' indicates that the expression in the parenthesis has to be evaluated at
the time t' in order to get the potential at the later time t — t' + r(t')/c. In the same way
we obtain from (3) the vector potential A of a moving charge

4TT \r (1 - n • f3) Jret_

These quantities V(£) and A(£) are the retarded potentials of a moving charge and are
also called Lienard-Wiechert potentials.

2.3 The fields of a moving charge
We obtained the potentials of a moving charge

from which we will now calculate the electric and magnetic fields using

<9A
E = - W - iiQ— , B = /zo curl A = /a0 [V x A]. (4)

The difficulty in carrying out this operation lies in the fact that the above relation between
potentials and fields requires differentiation with respect to the time tand the position
rp of the observer. Any change At or Arp in these coordinates will change the time t' the
radiation was emitted through the relation t = t' + r(t')/c and will change in turn also
the quantities r(f),R(t') and n(f)in a rather complicated way.



B

Figure 9: Calculating the derivation with respect to the time t

We start with the derivative with respect to tand consider two events (photons)
A and B occurring at the observer P separated in time by At. These two photons have
to be emitted at different times t' and, because the charge is moving, also at different
locations A' and B', Fig. 9. The time differences At and At'are related by

At = At + -^
c at

as we showed before (2). This gives for the time derivative

dA __ d£dA 1 dA
~ ~ ~di~dFdt - n dt''

We calculate first the derivative with respect to t' of the expression r — r • j3 appearing in
the denominator of the potentials

This gives for the derivative of the vector potential A with respect to the observer time t

dA
dt

22.
Air

1 -c(n • /3) + c/32 -r

r4 1 — n ret.

Sorting this expression according to powers of r gives

8A
dt

qc_
4?r

n
( 1 - n

(5)
ret

Next we calculate the gradient which is the change of an expression for a small
change in rp, i.e. of the position of the observer. We compare now two observers A and B
separated by an infinitesimally small amount Arp in space and consider two photons ar-
riving each at the same time t at the respective observers, Fig. 10. The vector r undergoes
a change Arwhen comparing the observer A to the observer B. One contribution Ari is
directly caused by the change Arp, namely Ari = Arp, the other one Ar2 = At'dv/dt' is
due to the difference At' in time of emission for the two photons such that they arrive in
the same time t at the respective observer A or B. Using dr/dt' = —j3c we have

Ar = Arp - c/3At' and Ar = n • Ar = n • Arp - c(n • /3)At'.
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Figure 10: Calculation of the gradient

Since the two photons arrive at the same time at their respective observers the difference
At' in time of emission is given simply by the difference Ar in the traveling distances

which gives

Ar = -cAt'

-cAt1 = n • Arp - c(n • (3) At' or At' = —
n- Ar,

(6)

For the expression r — r • j3 appearing in the denominator of the potentials we get

A(r - r • (3) = Ar - Ar • j3 - r • A/3 = -cAt' - f Arp + -r-.At' j (3 - r-J--At'.

\ dt I ot

Using (6) gives

n 02n (r • /3)nA(r -r-f3) = c(l-n./3);Arp-1 - I 1 - / 3 " l - n - / 5

Comparing this with the equation

A(r — r • (3) = grad(r — r • /3) • Arp

we can write

L - /32)n - c(l - n • (3)/3 + r(n • /3)n
grad(r — r • (3) =

The gradient of the scalar potential

c(l-n

(r - r ) r e t .

becomes

grad V = —
q grad(r — r • (3) —q

r 2 ( l — n • /3)2 47reeo r 2 ( l - n • /3)3

ret.
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This together with the time derivative of the vector potential (5) gives us for the electric
field of a moving charge

9A q fc(l-02)(n-(3) , (n • /3)(n - 0) + (1 - n • P)fc\
E(i ) = - grad V-fM)-xr = ~A —571 Jav? '

dt 4TTC€ \ r 2 ( l n / 3 ) 3
dt 4TTC€0 \ r2(l-n-/3)3 r(l-n-/3)3 Jret

Using the expression for the triple vector product

[A x [B x C]] = (A • C)B - (A • B)C

we get
. [" x [(n - / 3 ) x/3]] \

r 2 ( l -n- /3) 3 cr(l - n •/3)3 I " ^
/ rei.

Going through the corresponding calculation for the magnetic field B(i) results in the
relation

^ . (8)

The expressions obtained for E(i) and B(t) are called Lienard-Wiechert fields.

2.4 Discussion
The equations for the electric and magnetic fields of a moving point charge have to

be discussed to appreciate their properties.
The fields E and B are perpendicular to each other.
For a stationary charge f3 = (3 = Owe get Coulomb's law

^ on
E = =• = const.

4

For a charge moving with constant velocity /3 - 0; /3 = (0,0,0) — const, we get

• 0)

This is an unusual expression for the electric field of a charge moving with constant
velocity since it refers to the position of the charge at the time t' the field was emitted to
be observed at the later time t = t'+r(t')/c. It is worthwhile to discuss it in some detail to
appreciate some of the properties of the retarded potentials. The situation is illustrated
in Fig. 11. For simplicity we put the origin of the coordinate system to position R(i') of
the charge at the time t'. The electric field emitted at this location travels to the point
P covering the distance r = c(t — t') where it is observed at the time t. This position
is given by the vector rp = rn. During the same time the charge q travels the distance
(3c(t - t') = fir and arrives at the point A given by the vector r^ = (3c(t - tf) = r(3.
The vector pointing from the position A of the charge at the time t of observation to the
position P is given by TA,P = r(n — J3). Comparing this with the direction of the observed
electric field E given by (9) we find that the vector rAjP is parallel to this direction of the
electric field. In other words the field direction is as if it originated from the position A of
the charge at the time t of observation. The situation of a charge moving with constant
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r a = r 0 A

Figure 11: Field of a uniformly moving charge

velocity can be reduced to an electrostatic case by a Lorentz transformation into a frame
in which the charge is at rest. From this fact we can deduce that the uniformly moving
charge does not radiate any energy.

The general expression (7) for the field has two terms, one being proportional to
1/r2 and the other, to 1/r. At large distances the second term will dominate and we can
neglect the first one. The remaining field is often called the far field and is given by

q ( f n x [ ( n - j 8 ) x
E>far-field(t) =

— n
ret.

For this far field the electric field E and because of (8) also the magnetic field Bare
perpendicular to the direction of the unit vector n pointing from the charge to the observer.
We will from now on concentrate on this "far field" which is also called radiation field
and omit the corresponding index. This is fine as long as we use the field to discuss
the polarization properties and to calculated the radiation power. It should however be
pointed out that the 'far-field' alone does not satisfy Maxwell's equations.

2.5 The power radiated by the particle
The power flux of this field is determined by the Poynting vector S

S = —[E x B] = — [E x [n x E]] = — (E2n - (n • E)E) .

For the far field we have (n • E) = Oand therefore S = E2n/(fj,oc) This is the Energy
passing through a unit area per unit time t of observation. To get the power P radiated
by the particle we have to consider the energy W emitted by the charge per unit time t' of
emission

P = ̂ L = / ( n • S)^r2dn = / 5(1 - n • f3)r2dtl,
at J at J

where 5 = |S|is the absolute value of the Poynting vector and fiis the solid angle. To
calculate the power distribution we use a coordinate system (x, y, z) in which the particle
is momentarily at the origin moving in the z—direction and we also use the angles $ and
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<f> of the corresponding spherical coordinate system. The unit vector n pointing from the
particle to the observer and the normalized velocity vector 0 are

n = (sin 9 cos </), sin 6 sin <j>, cos 6) and 0 = /3 (0,0,1).

We take now the case with the acceleration perpendicular to the velocity and pointing
in the —x direction. This corresponds to the case of synchrotron radiation emitted by
a particle going through a magnetic field B pointing in the y direction resulting in a
curvature

1 _ eB
p PyrriQC

The normalized acceleration is
82c

/3 = ^ (-1,0,0).

The distribution of the power radiated by the particle is

_ <?2[nx {{n-0)x0]f _ crprnpc2/?4 ({I - ffcosfl)2 - (1 - (52)sin26cos24>\
dQ, ~ (47r)2eoc(l - n • /?)5 ~ 4?rp2 \ ( l - /?cos0)5 ) '

(10)
where we assumed a particle having the elementary charge q = eand introduced the
classical radius.

_ e2 _ 2.81810~15 m for electrons
r° ~ 47re0m0c

2 ~ 1.53510"18m for protons '

Integrating (10) over the solid angle gives the total power radiated by the particle
2r0cm0c

2
/g

474 2romoc/?r7 2cr0pn7 2 r 0 c e ^ 7 B
0 T ~ 3p2 3c 3m0c

2 ~ 3m0c
2 ' ( '

where we used the relation between the time derivative pt of the momentum and the
transverse acceleration

PT = moC0T7.

For the ultra-relativistic case j3 s» 1, 7 >̂ 1 the radiation is peaked forward confined to a
cone of opening angle 6 ~ 1/7 and we get approximately

dPT 2cromoc
276 / 1 + 27

202(1 - 2cos2 0) + 7
4 0 4 \ , _ 2rocmoc

274 . o.
I n " TTP2 { a + 72*2)5 J and PoT w 3p2 • (12)

It is interesting to also investigate the case where the acceleration is longitudinal, i.e. in
the direction of the particle velocity, although this is of no practical importance. We get
for the power distribution

n x [n x 0}f rQmQ(?Pl sin2 6
(47r)2e0c ( l - n - / 3 ) 5 ~ 4TTC ( 1 - / ? C O S 0 ) 5 '

The power is not emitted in the forward direction $ = 0 but symmetrically around it with
a typical angle of order I/7 with respect to this direction. For the total power we find

2romoc
2/?276 2cr0p

2
L

= -5 5-, (13)
3c 3m0c

2
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where we used the relation between the time derivative of the momentum and the longi-
tudinal acceleration which is different from the transverse case

PL = ( ) 7

Comparing (13) with (11) we find that for the same absolute value of the time derivative of
the momentum, i.e. the same force, the radiated power is smaller by 72 for a longitudinal
force than for a transverse one. This is the main reason why linear colliders are, above a
certain beam energy, advantageous compared to storage rings for colliding electrons and
positrons.

2.6 Fourier transform of the radiation field

We calculated the electric and magnetic radiation fields emitted by a moving charge
at the time f and observed at the time t

[nx[(n-/3)x/3]]\ _ [n x E]
r(l - n • 0)3 I ' W " c '

/ ret.

(14)

As we said before, the difficulty to evaluate these fields lies in the fact that the expressions
involving the particle motion have to be evaluated at the earlier time t' which has, in
general, a rather complicated relation to the time t of observation. For this reason it is in
many cases easier to calculate directly the Fourier transform E of the electric field

This integration involves the time t since we are interested in the spectrum of the radiation
as seen by the observer. We can however make a formal transformation of the integration
variable into the time t' = t — r{t')/c and get

'C)dt'. (15)

We omitted in the above equation the index 'ret' since the integration variable is anyway
the time t' at which the expressions are evaluated. We take now the ultra-relativistic case
7 >̂ 1 which has the emitted radiation concentrated within a small opening angle of order
1/7 -C 1. The observer sees radiation originating only from a small part of the trajectory
of length Al ~ 2p/7, where pis the radius of curvature as indicated on Fig. 2. In this
case the vector r pointing from the particle to the observer will change little as long as
the radiation is observed from a large distance r » 2p/7. We neglect the variation of r
in the triple vector product but not in the exponent as will be explained later. We can
integrate (15) in parts

with
[n x [n x j3}} dU __ [n * [(n - 0) x /3]]

l - n - / 3 ' ~dH ~ ( l - n - / 3 ) 2

V = e-Mt'-r(t')/c) dV_ = x _ n _ p.-iuif
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radiation

Figure 12: Geometry used to describe the synchrotron radiation

which gives

[n x [n x j3\) ju(t'-r(t')/c)
l - n / 3

+ iu f°° [n x [n x 0\] e-*«(*'-r(t')/c)df'l .
J—oo J

(16)

In many practical cases the first term on the right hand side of (16) can be neglected since
it contains the values of the expression at t' = ±oo which are not 'seen' by the observer.
We arrive at the expression for the Fourier transformed radiation field

[" [n x [n x /3]] e-Mt>-r(t')/c)dt> (17)

which is an easier equation to deal with than (14) giving the field in time domain. However,
we should remember the frequency domain expression (17) is less accurate than (14). The
Fourier transformed magnetic field B is still related to the electric field by

B(u,) =
[n x E(w)]

3 RADIATION FROM A CHARGE MOVING ON A CIRCULAR ORBIT
3.1 The Fourier transformed electric field of the radiation

We consider now the radiation emitted by a charge which moves momentarily with
a constant, ultra-relativistic velocity on a circular trajectory of bending radius p. This is
just the case of ordinary synchrotron radiation emitted by a charged particle in a bending
magnet where the curvature is

qB qBc1.

p

We assume a geometry as indicated in Fig. 12 and choose the origin of the coordinate
system to be at the location of the particle at t' = 0. The position Rand the normalized
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velocity /3 are
R(t') = p ((1 - cos(w0*')) . 0, sin(wof))

= 0{sm{uot') ,0, cos(w0f)) (18)
= 0wo (cos(wot') ,0, -sin(wof))

where we introduced the angular velocity wo = 0c/p of the particle. We chose the
observation point P to lie in the yz-plane. This is no restriction since we assumed a
circular motion with constant speed 0c which is symmetric with respect to the angle <j).
The vector pointing from the origin to the observer makes an angle ip with respect to
the :c,2-plane of the particle motion. We assume again observation from a large distance
r » 2p/7 and consider the vector rto be constant over the short time during which
radiation is emitted which can be observed at P. We have for the unit vector nand for
the vector product appearing in (17)

n = (0, sin?/), cos ip)

[n x [n x f3]] = 0 ^-sm(u0t'),cosijjsmipcos(uot'),-sm2ipcos(u!ot')^ .

Since we assumed the ultra-relativistic case 7 >̂ 1 the vertical opening angle of the
radiation is very small ^ < 1 and only a small part of the trajectory A0 = io0t' <C 1
contributes to the radiation observed at P. We can therefore approximate the vector
product by

[n x [n x 0\] « 0 {~utr, ip, 0)

and the term in the exponent by

C C C C 27^ Dp2

We are not interested in the constant rp/c which represents just the traveling time of the
light to go from the coordinate origin to the observer and introduce

(19)

This expression has a term of order i'3 included since the first order term is divided
by 72and can become very small. With these approximations we get for the Fourier
transformed electric field vector

where we assume now a particle with elementary charge q = e. It should be noted that
this expression gives the radiation field as a function of the frequency u measured by the
observer. The earlier time t' represents here a convenient variable of integration. We can
split the field into the components in the xand y direction and express the exponential
with trigonometric functions and make use of the symmetries involved

Ey(u>) =
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We bring these expressions into a more standard form by a substitution

and introduce the critical frequency uc

3c7
3

47rV^7re0cr \UJC2) J-oo \ \ 4 w c /

These integrals are expressions for the Airy function M(v) and its derivative

^ rco / t^\ dAifu) 1 f°° ( t^\
A-Kv) ~ 7T~ / c o s \vt + —•) dt and Ai'(u) = — - — = —-— / v sin ( vt + — I dt

2?T J-OO \ o J dV 2~K J-oo \ 6 J
which are closely related to the modified Bessel functions of fractional order 2/3 and 1/3

1 /a" (2xW\ , . . , , . 1 x .. (2x^
—./ — « i / 3 a n d Ai I T ) = ^-Kn/o I

The Airy function and its derivative are further discussed in the Appendix. Using these
expressions we get for the two field components of the radiation emitted by a charge
moving uniformly on a circular trajectory with relativistic speed

or expressed in Bessel functions

We will now discuss some of the properties of the radiation field given by (22). We
have the two field components Ex{u) and Ey{uS) which correspond usually to the horizontal
and vertical polarization directions. The horizontal component Ex(u) is symmetric in the
angle -0 while the vertical component Ey{u) is anti symmetric with respect to this angle.
Going from above to below the median plane will change the sign of the vertical field
Ey(io). It will therefore vanish on the plane of the particle trajectory. This is, of course,
directly evident from the above equations (22).

The fact that the expression for the vertical field Ey(u) has an imaginary factor in
front while this factor is real for the horizontal component indicates that the two fields
are 90° out of phase for a given frequency u>. There is therefore some circular polarization
present which changes sign when going through the median plane and vanishes on this
plane itself where the polarization is purely horizontal.
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3.2 The synchrotron radiation field in time domain
The radiation field emitted by a charge moving on a circular orbit can also be given

in time domain. We use the Lienard-Wiechert expression (14)

a ( fn x [(n - /3) x 0]]
4irc€0 \ r ( l - n • /3)3

ret.

From the expressions (18) for the unit vector, the velocity and its derivative we get for
the triple vector product

= (3<JJQ (— cos(ujQt') + 0cosip, cos tp sin ip sin(uot'), sin2 ip sin(uot')j

and using the ultra-relativistic approximation

(fnx[(n-«xy3]]) ^ H ' ^ -
\L 'J/ret

For the expression in the denominator of (23) we get

1 - n • 0 = 1 - 0 cos,/, cos(u»f) « 1 + 7

Approximating also r « rp we get for the radiation field

E(t) = ^QT4 (-(1 + 7 V - (7^) 2 ) , 7^(7^0, 0)
U 7re0crp (1 +f^2 + frUof)rf '

This expression still contains the emission time f which should be replaced by the obser-
vation time tp. The two time scales are related by (19)

which we have to solve for t'. Multiplying this equation with 73o;o, where OJQ = c/p, and
using the critical frequency UJC = 373o>o/2 we can write this relation in a more compact
form

(•yujot')3 + 3(1 + j2ip2)'yujot' — 4u>ctp = 0. (25)

The discriminant of this cubic equation is

D = (1 + 7 V ) 3 + (2uctp)
2 = (1 + 7V)3(1 + w2) > 0

with
2<jjctv

W = 7" 7T

Since D > 0 there exists one real solution of (25) which we obtain using the standard
method of solving cubic equations

t' =
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Figure 13: Horizontal radiation field versus observation time for 7$ = 0, 0.5, 1.0

We use the relation

Arcsinhw = In (w + y/l + w2) ;, ±w + Vl + w2 = e
±ATCSmhw

and get within our third oder approximation of the relation between the time scales

^ = 2sinh((l/3)Arcsinhw).

With this we get for the radiation field in time domain (24)

Ex(tp) = -
(1 — 4 sinh2 ( | Arcsinhui))

7re0crp

A

2(1 + 4sinh (|Arcsinhw))3

sinh(|Arcsinhw))

- 4sinh2(5Arcsinhty))3

These two field components are shown in Figs. 13 and 14. The observer receives a pulse
which is symmetric in time for the horizontal field and antisymmetric for the vertical
component. The width of the pulse is longer at larger observation angles tp. The horizontal
field Ex{tp) has a maximum at tp — 0. For ip = 0 it passes through zero at tp = l/uc. The
integral over the field pulse vanishes which is consistent with the fact that the radiation
spectrum has no dc-component.

3.3 The spectral angular power distribution of the radiation
We calculate now the power radiated per unit solid angle by the particle moving on

a circular orbit. As was pointed out in subsection 2.5 the power received by the observer
per unit solid angle is

dPobserver _ dW _ 2 _ T2E2

~ dtdn ~ [ n " )r "
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Figure 14: Vertical radiation field versus observation time for 7# = 0,5, 1.0

while the power radiated by the particle is

dP _ d?W _ d2W dt
dSl ~ dt'dtt ~ dtdtt dt'

( 1 - n

The difference between the power observed and the power emitted by the particle is
just a manifestation of the fact that the energy is received in a compressed time At =
At'(l — n -(3). We calculate first the received power P ^ . which could directly be obtained
from (22) if the field E(t) were given. We calculated the Fourier transformed fields (22)
and will use it now to calculate the spectral distribution of the power. The observer
P receives a short flash of radiation which determines the form of the spectrum. We
calculate the total energy W received during a single traversal of the particle

W
1 Mff yoo

= — / E(t)
Hoc JO J-<X>

2r2dQdt.

The field E(t) can be obtained from the Fourier transformed field E(u)

which gives

2-KfXoC
f00 f°° r
—oo J—oo J — o

Using the integral representation of the Dirac 6-functions

/ eiatdt =
J—oo

we get

W = — dtt /
fJ,QC J J—OO J—C
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Since E(t) is a real function its Fourier transform and its conjugate have the symmetry
relation E(u) = E*(—u) and we get for the above integral

From this we obtain the spectral angular distribution of the radiated energy in one traver-
sal, i.e. in one flash of radiation

SW 2r2 E(u)\
dttdw- HOC • {Ib)

The factor 2 on the right hand side indicates that the spectral energy density is taken
at positive frequencies only, contrary to the field which is taken at positive and negative
frequencies. This is common practice since power can be measured directly but the sign
of the frequency cannot be observed during such measurements. The field, however, is
rarely accessible to direct measurements. If the particle circulates on a closed circular orbit
of radius pwith revolution frequency ĉo = /3c/p « c/p the observer receives c/27rpsuch
flashes per second from the particle and an average spectral angular power density

2r2 E(u) n

(27)

This expression (27) gives the average received power which is also the power radiated by
the particle.

We use now (22) for the field components to calculate the square of the total field
and use the index V for the horizontal and V for the vertical polarization component

= Ex{u)2 + Ey(uf

e272

2TT

E(u)
=2^,2

(28)

with

*<»••> - K
(29)

or

- V



22

Figure 15: Spectral angular power density for the two polarization modes

Expressing the factors in the above equation (28) by the total radiated power Po (12) and
the critical frequency uc (21)

7
Po =

we get for the angular spectral power density (27)

d2P

(30)

We will see later that
/•2TT r

Jo

= 1.

We discuss now this angular spectral power distribution. It is determine by the two
functions Fa(u,ip) and Fw{u,ip) which are plotted in Fig. 15 against the normalized
vertical angle jtp and against the logarithm of the normalized frequency w/uc. The
function Fa referring to the horizontal polarization has a maximum in the median plane
while Fw, giving the vertical polarization, vanishes there. Both components increase slowly
with frequency reaching a maximum close to uc and decay quickly thereafter. The vertical
opening angle decreases with frequency.

3.3.1 Behavior at low frequencies
We assume now that the frequency w of the observed spectrum is much smaller than

the critical frequency u < uc. In this case the argument of the Airy-function is small
except for large angles of observation where 72?/>2 gets very large. We make, therefore, a
small error by replacing (1 + 72^2) by 72^2in (29). Using the expression for the critical
frequency and the total power (30) we get
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and the total power distribution becomes

d2P 2romoc2 / u \ 2 / 3
 k.,i(/ u \2 /3 ,2\ ,2 ( w \^Z -2(1 w \2 /3 2Y

dVtdu irp \2UQJ \\2UOJ J \2uoJ \\^oj ) '

This expression does not contain 7 indicating that for a given curvature the properties
of the synchrotron radiation emitted at small frequencies u> <g. u>c are independent of the
particle energy. This approximation can be applied to the case of beam diagnostics with
synchrotron radiation. The radiation is used to form an image of the electron beam cross
section to measure its dimensions. For technical reasons this is carried out with visible
light while the critical frequency lies in the far ultra-violet or X-ray region justifying the
approximation w«a) c .

At extremely low frequencies, lying in the range of micro-waves, the cut-off frequency
of the beam surroundings will limit the emitted radiation. Furthermore some of the
approximations used here are no longer valid in this region.

3.4 The spectral power density
For many applications one does not resolve the distribution of the radiation with

respect to the vertical angle ip and one is only interested in the spectral density of the
radiation. We integrate the spectral angular power distribution (29) over the angle ip

The integrals are obtained from (48) and (49) by setting a = b= (3o;/4o;c)
2//3

louc [ z 3 Jo J

_^)_I+fA i(z')<fe ;
z 3 Jo

s.[Z] =

U) 27a;

Ul

with z =

or, expressed in Bessel functions

WCJ

^Ai'(z) 1 rz ... .. , ,
- 2 — ^ -T+ Ai(z')dz'

z 0 Jo

(32)

K5/3(z')dz'
U!c

K5/3(z')dz' - K2/z (—)

The functions S(U/UJC), S^ufUf.) and S^u/ujc) which give the spectral power density of
the total radiation and its horizontal and vertical polarization components are shown in
Fig. 16. At the critical frequency ue = Zcy3/2p these functions have the following values

5(1) = 0.4040 , 5CT(1) = 0.3554 , 5^(1) = 0.0487.
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Figure 16: Normalized power spectrum

Using the approximations of the Airy function for small arguments (44) we get
normalized spectral power density at low frequencies u> <C UJC expressed here with the
revolution frequency UJQ

27 22 /3

SA^
16T(l/3) \UJ,

UJ \ V 3 / UJ
—) =0.999931—

J \UC

\U)CJ

si±

V3

2 2 / 3

4T(l/3) \u

At these low frequencies 3/4 of the radiation is horizontally and 1/4 is vertically polar-
ized. Using the above equations, the expressions (30) for the total power and the critical
frequency and the revolution frequency UJO = c/p we can give the spectral power density
at low frequencies UJ <^. uc

13 2 / 3 rpmpc2 / UJ \ V3

P Vwp/
dPa __ 332/3 rprnpc2 /u
du ~ 6r(l/3) p Wo

dPn

dw

which is independent of 7 as expected from (31).

We can also get the spectral power density at very high frequencies UJ > uic by using
the approximations (45) for the Airy functions

27^2UJ

UJ

Sl±

_^ \ 31

oc
& "' [ + 72 (UJ/UJC) 2

3503

27v/2

27^2
^e-.

24 4848

72 (UJ/UJC)

55
1 + _„ , .

10151

2 •
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Figure 17: The normalized power spectrum after integration from 0 to uc

At very high frequencies the spectral power density decreases exponentially multiplied by
a fractional power in frequency. Since the vertical polarization disappears with a higher
power the radiation will become more and more horizontally polarized. It should be
mentioned that the above expressions are good approximations only for frequencies which
are many times larger than the critical frequency.

Sometimes the total power radiated below (or above) a certain frequency is of in-
terest. The corresponding expressions are obtained by integrating over the normalized
spectral power densities using the integrals (55,56)

- S (HL
LOC

- 3zAi(z) -
12

Ai(z')dz>,

d{u/ue) = - -
7 32r2 21 . . . . 21 + 3z3 /•<*> . . . , . , ,

- TzAi(z) / Ai(z')dz',
O O JzO

SJ — ) d(u/uc)
o \UJCJ

/ Ai(zf)dz',
Jz

wlth z = fc

8

- f*Ai(*) -

This integrated spectrum is shown in Fig. 17 for the total radiation.

If we carry the integration over all frequencies we get the total normalized power

7 r S (£) d { / ) \r s (^) d(W/Wc)=i, r sc ( - ) d(W/Wc)=
7-, r So (£.

Jo \UJCJ Jo \oJc/ o Jo \OJC

Of the total radiated power a fraction 7/8 is horizontally polarized and a fraction
1/8 is vertically polarized. If we integrate the normalized spectral power density to the
critical frequency

we get

2p

f1
 S (-) d(u/uc) = 0.50 , f1 Sa (-) d(u/ue) = 0.42 , / ' Sa (—) d(u/uc) = 0.08.

Jo \uicj Jo \OJCJ Jo \UJCJ

The critical frequency uc thus divides the total spectral power into two equal parts.
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3.5 Angular distribution
Next we discuss the angular distribution of the radiation. It can of course be ob-

tained from the general spectral angular distribution (29) by fixing the frequency u. This
is done for three different frequencies in Fig. 18. The vertical polarization component
vanishes in the median plane ip — 0 and increases with the angle ip to a maximum and de-
creases again. The horizontal polarization (a-mode) has a maximum in the median plane
and decreases with increasing angle. As we already know from qualitative arguments, the
angular distribution has a typical width of I /7.

At very low frequencies we find the angular distribution from the expression (31)
we derived before. It is plotted in Fig. 19 for the two polarization modes and the total
radiation

We now calculate the rms opening angle of the radiation. The averaged square of
the product between the angle and the Lorentz factor is

2 2

[1 a)
2 22 =

The integrals are obtained from (50) and (51) by setting a = b = (3u>/4u)c)
2/3

2R2\ - -Y *' ~ 4

-3¥M - fz°° Ai(z')dz'
(33)

- J™ Ai{z>)dz>

The rms. opening angles for the two polarization modes alone and for the total radiation
are obtained from the square roots of the above expressions

= \/<72^>, lA-rms = x / W ) ,

At the low frequency end of the spectrum w < wc we can find an approximate
expression for the opening angles by using the expressions (31) and applying the integrals
(48,49,50,51) with a = 0 and b = (u/2uQ)2/3

\

\

\

12 -

1/3

12 -Ai'(O)
! * ) / = 1.0143

J
= 0.5497 f - |

1/3

12 -Ai'(0yu>
&)* = 0.8282 ( i ^

Next we investigate the angular distribution of the total radiation and integrate the
spectral angular distribution (29) over the frequency u>. This integration is obtained from
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Figure 18: Angular distribution at different frequencies
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Figure 19: Vertical distribution of synchrotron radiation at low frequencies

(54) by calling p = 3w/4u/c and b = 1 + 7202.

dP P07

U>c 7 1 +

and

= p

The first and second terms in the square brackets correspond to the horizontal (cr-mode)
and vertical (7r-mode) polarization respectively.

3.6 Photon distribution
So far we calculated and discussed synchrotron radiation as electromagnetic fields

and corresponding power distributions. We know, however, that this radiation is emitted
in quanta (photons) with energy e = Two, with h = h/2n where h = 6.6262 • 10~34 Js, is
Planck's constant. If h photons of energy e are emitted per second, the power carried by
them is P = he. By introducing the critical photon energy ec = Tujcwe can relate the
spectral angular power density to the spectral angular photon flux

d?P P o 7 / r , / ,x . r, ,d2h
dflde/e

This gives the number of photons radiated per second and per unit solid angle into a
relative photon energy band width Ae/e. Integrating this over the solid angle gives the
photon spectrum

de/e hdw eo

The form of the spectrum related to the relative band width is the same as the one of the
power spectrum shown in Fig. 16. Sometimes the spectrum related to the absolute band
width is more relevant

dn Po7Mr) + M i } (34)
de (i)
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Figure 20: Normalized photon spectrum

The function S(e/ec)/(e/ec) which determines the absolute photon spectrum is shown in
Fig. 20.

By integrating (34) over all photon energies we get the number h of photons radiated
by an electron per second

- (t)
(i)

d(e/ec).

Using the expressions (32) and the integrals (59,60) we get, for the total number of photons
per second, and the partition into the two polarization modes

n = 8 60 ' "" 8

From this we get the average photon energies

Po
>= — =n 45

P, 773
na 36

8

nn 9

(35)

For calculating the effect of quantum excitation one needs the variance < e2 > of the
photon energy. It is obtained in the same way using the integrals (61,62)

>= 276' • < 4 >= tf
2

Coming back to the number of photons radiated per unit time (35) we express the power
Po and the critical energy ec by (30)

D 2rocmoc274

2p

where UQ = c/p is the revolution frequency and ay is the fine structure constant

e2 1
af = 2che0 137.036
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and obtain for the number of photons radiated per second

In one revolution a single electron radiates the following number of photons

n/rev. = -7=70/ = O.O6627.
v3

4 UNDULATOR RADIATION

4.1 The undulator radiation field
An undulator is a spatially periodic magnetic structure designed to produce quasi-

monochromatic radiation from relativistic particles. It has become and important radi-
ation source for many experiments. The nature and properties of this device is treated
extensively in lectures [7] at this school. We give here only a short summary in view of
the lecture on beam diagnostics [8].

We consider a plane harmonic undulator with period length Xu; Fig. 21. It has in
the median plane (y = 0) a magnetic field of the form

B{z) = Bv{z) = Bo cos{kuz)

with ku = 2n/Xu. If the field is not too strong the trajectory of a particle going along the
axis is of the form

x(z) = acos(A;uz) , a =

and
ax . eB0 K

Vsm(M ^
Vosm(M , ^0 r •

Here, we introduced the undulator parameter

K =
 eB° = 1%i)Q

TTlQCku

which gives the ratio between the maximum deflecting angle V0 and the natural opening
angle of the radiation I/7. For the case K < 1 the emitted light is deflected by angle
ipo smaller than the natural opening angle. An observer will receive a weakly modulated
field which is quasi-monochromatic. However, for K > 1 the deflection is larger than the
natural opening angle and the observer will receive strongly modulated light containing
harmonics of the basic modulation frequency.

We calculate now the radiation emitted by an ultra-relativistic charge e going along
the axis through an undulator with Nu periods of length Xu and parameter K shown in
Fig. 21. The 'far-field' is given by the Lienard-Wiechert equation (14)

( 3 6 )

ret.
The unit vector n = r / r appearing in the above equation points from the charge to the
observer. If he is located at a distance rp from the undulator center much larger than
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Figure 21: Geometry of undulator radiation

its length Lu = NUXU we can neglect the variation of r and the unit vector during the
traversal of the particle in the above vector product but not in the relation between the
two time scales. We have for 7 » 1

n (sin6 cos(j>, sin6sin<f>, cos 6) « (6 cos 0,0sin 0,1 — 62/2).

Furthermore, we treat only the case of weak field undulator K < 1 and make the corre-
sponding approximations for the particle motion

with a =

x = acos(kuz) « acos(kul3ct') — acos(Qut') , z
eB0 K

ct'

and Q,u = ku(3c

or

7

J3 = ( -
7

Using these expressions and the classical particle radius r$ we get for (36)

(1 - 7202cos(20),
(37)

where we omit the vanishing ^-component. Finally we would like to express the field as
a function of the time t of the observer instead of the time t' of emission. According to
Fig. 12 the two time scales are related by

Developing the expression for the distance r between particle and observer in terms of the
distance rp between the undulator center and the observer for 7 » 1, 9 <C 1 and rp » Lu

- 2rp/3ccos6 « rp (1 - ^
V r

2rP
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leads to

We get for the phase Qut' in (37)

Slyt' = kuCt' = kuC— 5—t = U}Xt.
1 + ~fZ

2 7 2

With the frequency u>\ and wave number k seen by the observer

2-y2 27 2

w = n k k

we get for the observed radiation field

^ c o s ( 2 0 ) 7
2$* sm(2<j>))

- krp)

krp)

with
> _ 3 (

rp

For a fixed distance rp to the observer it is convenient define a time tp which does not
contain the uninteresting phase factor urp/c

r 1 + 7202

tp = t = ———t' giving ujtp = kuct'. (38)
c 27^ '

The radiation emitted by the undulator represents a wave with a frequency ux which is on
the axis 272 times larger than the frequency Qu = kuc of the particle motion. It decreases
with larger observation angle 8. Since the two field components Ex and Ey are in phase
the radiation is linearly polarized in a direction which depends on the coordinates 8 and
<fi of the observer.

The spectrum of the emitted radiation is obtained from the Fourier transform of the
field

Ff,A = _ L /
\Z2TV J

The limits of the integral corresponds to the emission times t' — —Lu/2fic and t' = Lu/2(3c
when the particle enters or exits the undulator

/ 2 ^ ( t ) cos(utp)dtr

E
7r I (wi -u)

Next we assume that the undulator has many periods Nu >̂ 1. In this case the first term
in the bracket of the above equation has a maximum at u> = u>i while the second term is
much smaller and can be neglected

, 4r0cg07 [1 1O cos(20), 7
2^2 sin(2fl] TTNU sin
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4.2 The angular spectral power density of undulator radiation
The angular spectral energy distribution of undulator radiation is obtained from the

general treatment carried out earlier (26)

dW 2rl\E{u)\2

dQdui

With the expression (39) for E(u) we get

d2Wu _ 2r0e
2c2B2NuXu^ [(1 + 7

2fl2cos(27r))2

%m0c
2

^

Using the length of the undulator Lu = NUXU and integrating over the frequency u>
and solid angle gives the total radiated energy

_ 2rQe2c2{B2)Lul
2 2r0e

2c2 2

3m0c2 3(m0c2)3

where (B2) = BQ/2 the variance of the field. The average power emitted during the
passage through the undulator is related to this energy by Pu = Wuc/Lu which can be
used to convert the above expression into a angular spectral power distribution. We see
that from (11) that for the same (B2) the radiated power is the same for the undulator
as for a long magnet.

We can now express the spectral angular power distribution of a weak undulator in
a more convenient form

fN(Au).

The two functions F w and Fua give the contributions of the two polarization modes

3( l -7 2 0 2 cos (20) ) 2 3(72fl2sin(20))2

*UM) = Ft(ed>) = -( 1 + 7 ^ 2 ) 5 > u<t>(,d)

The function f^(Au) gives the spectral distribution at a given angle 6 which depends on
the number Nu of undulator periods

with 1

This function is normalized and approaches the Dirac delta function for a large number
Nu of periods

/ fN(Au>)duj = 1 , JN{AU) -> 6(Au) for Nu -> oo.
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Figure 22: Angular distribution of undulator radiation for the two polarization modes

In this latter case the radiation is monochromatic at each observation angle 8 with the
frequency

Integrating over Ato gives the angular distribution of the emitted power

^ = Prf(Flt,(O,<t>) + F1Jt
dQ

It is shown in Fig. 22 for the two polarization modes and in Fig. 23 in form of cuts through
the x-plane (<f> = 0) and the y-plane (<fi = TT/2).

4.3 The spectral power density
Integrating over the solid angle gives the spectral power density. For a very large

Nu of undulator periods it is of the form

du>

3PU u

3PU u

du

1 _ U_ 3 / U N 2 '

2 ~ cu10 2

2 \UIQ
(40)

which is shown in Fig. 24 for the two polarization modes and the total radiation. For a
finite number of periods the sharp edge at u> = U)\Q will be smoothed out.
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Figure 23: Cuts through the angular distribution of undulator radiation at <p = 0 and

3.5
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0.0 0.5 (w/wio) 1-0

Figure 24: Normalized spectral power density S = (dP'/'PQ)/\du/
tion

of undulator radia-
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4.4 Strong field undulators
Most undulators operate with a parameter K > 1, [9, 6]. In this case higher har-

monics m are produced and the above treatment is only an approximation for the lowest
mode m = 1. The even modes have no radiation along the axis 6 = 0 and are of limited
interest for diagnostics. For the odd modes we have the relation between frequency and
angle, in the approximation of a large period number

_ u ^ 7 2 _ k>mo .,, _ mkuc

With increasing K the frequency of each mode m is reduced. This fact is often used to
tune the undulator spectrum.

4.5 Short magnets — generalized undulators
We consider now a magnet which is sufficiently short and weak that the deflection

it produces for the beam stays within an angle smaller than 1/7. We assume that the
particle trajectory lies in the x, z-plane and follows closely the ^-axis and give the magnetic
field in the form

By = By(z).

Within this approximation and using the geometry shown in Fig. 21 the particle trajectory
is determined by

1 eBc 1 d2x $
p moc27 c2 dt'2 c

We use the Lienard-Wiechert expression for the radiation field

_
v ; 47re0 \ cr(l - n ()

\ / ret.

and take only the lowest order of the field strength

n = (0cos0,0sin0, l -0 2 / 2 )
(3 = (0,0,0)
/3 = 0,0,0)

to get
4rocri

Here we made the substitution z = Pet' « ct' since the field seen by the particle at the
time t' is relevant. We express this field in the time t = t' + r/c or tp = t — rp/c of the
observer using the relation (38)

to get
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We get this field in frequency domain [10]

rp

Y2 \

Using the substitutions

leads to ivtp = ksmz and to

~ 2ro7 [1 -

This expression contains the spacial Fourier transform of the magnetic field

B(ksm) =

The radiation observed at frequency u> and angle 9 is determined by the Fourier component
B(ksm) of the magnetic field. We get now for the radiation in frequency domain

2ro7 [1 — 7202cos(2</>),-, „ ^^x^^Ji
•z B

rp

It is interesting to consider the inverse Fourier transform of the field B{z)

By(z) = - L [°° By(ksm)eik-Zdksm

which represents a decomposition of the By(z) into infinitely long undulator fields of wave
numbers n n

2n l + 7 ^ 2

^ - A ^ " 2c7
2 W" ( 4 2 )

The above expression for E M is nothing else than the undulator radiation of each such
component.

The angular spectral energy distribution is obtained from the relation

dW2 £

giving

d2W 2r0ce2(m0c27)2 [(1 - 7202 cos(2(^))2 + (7
202 sin(2</»))s

7r(moC2)3 (1 -

This expression gives the radiation from a general magnet provided that the deflection is
weak and nowhere exceeds an angle of I/7.
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4.6 An undulator emitting radiation with a Gaussian angular distribution
We saw before that an undulator with an abrupt termination of the magnetic field

at ±Lu/2 is unphysical and leads to some problems when calculating the variance of the
opening angle and of the Fraunhofer diffraction. We investigate now an undulator which
is modulated by a Lorentz distribution [11] having a magnetic field B(z) and

_,, , „ cos(kuz) Knmncku cos(kuz)
U\z) - -DOT-—

e l + (z/z0)
2'

We assume that this undulator has many periods Nu within its characteristic length 2z0

such that kuzo = nNu » 1. The total energy radiated by an electron is

_ 2r0e2c2(m0c2
7)2 j°° ()2 _ 2r0e2c2(m0c2

7)2 KZ0B , 2fc
u ~ 3(m0c2)3 . / - o « r ( * J d * ~ 3(m0c2)3 4 ^ i + e [

6m0c2

with K = eBo/(mocku). We treat this undulator as a short magnet and apply the
formalism developed in section 4.5. We filter out the frequency component u>io from the
radiation

which is given by the spacial Fourier component at (42)

The Fourier transform of the magnetic field at this wave number is

B = ^

Using (41) we get for the radiation field

cos(2<j>),

7P
V2lrromoc

2iKokuZQ

rpec

where have used 72^2 <C 1 for Nu » 1 and are left with the horizontal polarization mode
only. From this field and the relation (26) we obtain emitted angular spectral energy
distribution

"
dUCUjJ IT

The radiation from this Lorentz modulated undulator, filtered at CJIO, has a Gaussian
angular distribution with rms values for the polar angle 6 and the two Cartesian angles
x' and y'

6rms = > >
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Figure 25: The Airy function Ai(z), its derivative Ai'(x) and its integral JQ Ai(x')dx'
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APPENDIX
PROPERTIES OF THE AIRY FUNCTIONS A N D THEIR RELATION TO
BESSEL FUNCTIONS We expressed the electric field of the synchrotron radiation
with the Airy function and its derivative which can be denned by the integrals

. . , , 1 [°° ,uz dkiix) 1 r°° . .uz

k\(x) = — / cos (— + xu)du , Ai (x) = — — ^ = - — / usin (-— + xu)du.
Z7T J-oo 6 aX Z7T J-oo 3

Detailed treatment of these functions can be found in the standard mathematical liter-
ature [12], we summarize here only the properties most relevant for the application to
synchrotron radiation. For positive arguments the Airy function is rather smooth, as
shown in Fig. 25, and satisfies the differential equation

Ai"{x) - xAi(x) = 0. (43)

For x = 0 the value of the functions are

Ai(0) = ¥»Tm - °'35503 Ai'(0) = W
For small positive arguments we can use a power expansion as an approximation for the
Airy functions

Ai(x) « Ai(O) [l + ^ x 3 + i—-x6....j + Ai'(O) fa; + —x4 + —-x7....]

Ai'(x) « Ai(O) f—x2 + —x 5 . . . . ] + Ai'(O) [l + — xz + —-x6....l (44)

/ A i(rr-\rlf ~ A \((W \ V J T-4 J_ ~ 7 I A iVfl^ 'T2 -1- ^ -X- <r^

/ Al^XjaX ~ Al^UJ X t .X -t- I , . . . t A l ^ U J L .X -f _.X -1- X .... .
•/O L "*: i! J LZ1 0! o! J

For large positive values of the argument the functions decrease exponentially

e~z N 5 385
72z 2

7 455

roo

I Ai(x)cfa
Jz

e~z r. 41 _9241

2
with z = - x 3 / 2 » 1.

For later applications we need a few integrals involving Airy functions most of which
were already given in [6].

First, we calculate the integral of the Airy function itself over all positive arguments

sin(w3/3 + xu)
All

o

We get for the upper limit

/ > 0 O
A . / v , 1 f°° sin(tt3/3 + xu)

/ Ai(x)dx = — / —-— -du
Jo 2-n J-oo u

oo

1 f°° sin(u3/3 + u(x -»• oo) , 1 f°° sm(xu) 1
— / —^—* i >-du ~ — / —-—'-du = - , and
2-KJ-OO U 2ft J-OO U 2
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Bin(tia/3) _ 1 1 / » sin(tts/3) 3 _ 1
u ~ 2^3 7-00 u»/3 ( 7 } " 6

for the lower limit which gives
/•oo 1

/ Ai(x)dx = - . (46)
Jo 3

For the spectral power density we need some integrals of the square of the Airy
functions with the argument x = a + by2. Using

2 roo /-oo ^3 ^3
Ai (x) = —T / / cos(— + xt) cos(— + xs)dsdt

Ait* J-oo J-oo o 3

and substituting s + t — u and s — t = v gives

A •>, x i f°° f°° r /W3 w 2 , ,u3 w2 s i , ,^ z \x> = TS~2 / / \cos(—+ —- + xu) + cos{— + —+ xv)\dudv.
lbiT* J-ac J-ool 12 4 1/ 4 J

The expression under the integral is symmetric in u and v, furthermore both terms in
the square bracket give the same value after integration

1 f00 f°° U UV

Ai {x) = TT^ / COS(T77 +
2TTZ JO JO Iz

4

We replace now a; = a + by2 and integrate over y

2 roo /-oo /•oo ^ 3

/ / / (
roo 2 roo /-oo /•oo ^ 3 ^2

/ Ai2(a + by2)dy = —^ / / / cos(— + u(a + — + by2))dudvdy.
Jo Air Jo Jo Jo lz 4

Substituting v = 2rcos <f),y = ^^^^.dvdy = 2rdffi and integrating over 0 from 0 to
TT/2 gives

f°° o 1 Z"00 /"°° ix^
/ A i ( a + 6 y ) d y = 7=/ / cos(— + u(a + r2))rdrdu.

Jo 2ity/b Jo Jo 12

Making a further substitution r2 = w and u = 22^3u' gives

/ Ai2(a + by2)dy = T \ \ cos(^- + u'22/3(a + w))du'dw,
Jo inyb Jo Jo o

roo 9^/3 roo
/ Ai2(a + by2)dy = —= \ M{22'z{a + w))dw.
Jo 4v b Jo

Calling 22/3(a + w) = z' and 22/3a = z leads to the final form of our integral

f Ai> + 6 ^ = j ^ j f Ai(2')^' = ̂ [ I - ^ A I M ^ ] , (47)

where the integral (46) over the Airy function has been used. Using the same method as
above and applying (43) we can calculate the integral

f
(48)
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Differentiating (47) twice with respect to a and using (43) gives

[Ai'\a + by2) + (a + btf)A?{a + by2)} = --Jj

which can be combined with (47) and (48) to give the integral

f Ai'2(°+** - ITS h 3 ^ - 1 + f A i ( 2 'H • (49)

Using the same method as for the derivation of (48) we get two integrals that we
will use for the calculation of the rms. opening angle of the radiation

Differentiating (47) once with respect to a and once with respect to b gives

^°° y2 [Ai!\a + by2) + (a + by2)Ai2(a + by2)} dy = _ L _ A i ( * )

combining this with (48) and (50) leads to

/; ^ < « + * » ) * - ̂  [ ^ + ^ + f ]
Setting a = 0 in (47) gives

The integral appearing on the right hand side can easily be obtained from

f°° 1
/ = / Ai(gx)dx - —

Jo og

by differentiating it twice with respect to g

d2l f°° f°° 2
•j-z = / x2Ai"(gx)dx = / gx3Ai(gx)dx = —,
ag* Jo Jo og

setting g = 1 gives

Differentiating this twice with respect to b leads to the expression

y* [Af(by2) + by2ki2{by2)} dy = j ^ . (52)

We need one more integral which is derived the same way as (47)
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Combining this with (52) gives

Substituting y3 = p in the last two integrals gives

(54)

For the integrated power spectrum we need the expression which can be obtained
by integration in parts

and

* zA\\z)dz = zAi(z)\z
0 - f" Ai(z)dz = zAi{z) - f" Ai(z)dz

Jo Jo

/ z2 / Ai{z')dz'dz = ^- / Ai{z)dz + / ^rAi
JO Jz 6 Jz Jo o

= Z- M(z)d
6 Jz

(55)

1 IZ

U z2Ai"(z)dz
o Jo

-

z2 A\(z')dz'dz=Z-\
Jo Jz 6 Jz

For integrating over the photon spectrum we need

f°° Ai'(z) , roo /-oo [ (

Jo yjZ JO JO

U Ai(z)dz\. (56)
I Jo J

Jz Jo Jo Jz

1 fOO /*OO y \ C O S l XJbZ

= — / du dz wsin(w3/3) —7=-^
7T Jo Jo [ V ' Jz

The integral over z can be found in reference [13]

ucos (M M

r
Jo Jz 0 Jz V 2u

(57)

x '
which gives

f°° ̂ 0-dz = —i= f°° \jusin (V/3) + wcos (u3/Z)} du.Jo Jz J2n Jo L v ' / \ ' /}

With the substitution u3 = 3v this can be brought into the form (58)

r°° Ai'(z) __ 1 r°°
o Jz JEn Jo

sm v cos v
Jv Jv _

dv = ~ . (59)

The following integral appears also when integrating over the photon spectrum and can
be integrated in parts as (56) and brought to the form (59)

/ • oo roo 1
(60)
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Using the same method we can derive the two integrals needed for the variance of
the photon energy

/„ j
and

The Airy functions are closely related to the modified Bessel functions of the second
kind K\j% and K2/3

1 Ix 2xz/2 1 x 2x
Ai(x) = t^K^E—) and Ai'(x) = - ± ^ 2 / 3 ( ^ - ) . (63)

Which of the functions are used to express the properties of ordinary synchrotron radiation
is only a matter of preference. We use here the Airy functions for derivations but give the
important results also in Bessel functions. The functions Ai(rc), Ai'(x) and f£ Ai(x')dx'
are tabulated in [12].
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INTRODUCTION TO DYNAMICS OF ELECTRONS IN RINGS IN
THE PRESENCE OF RADIATION

L.Z. Rivkin
Paul Scherrer Institute, Villigen, Switzerland

Abstract
Introduction to some basic ideas behind the workings of the present day
electron storage rings with the emphasis on how the radiation process
shapes the equilibrium properties of the electron beam.

1 . INTRODUCTION
In the course of the past fifty years close to a hundred storage rings have been built

around the world, first as instruments for the study of high energy particle physics, and, lately,
in ever increasing numbers, as sources of synchrotron radiation. These devices are designed to
store high current beams of electrons for periods of time (beam lifetime) that are typically greater
than 10 hours. The electrons are ultrarelativistic, travelling with velocities very close to the
speed of light, their trajectories bent into a closed path, thus covering in 10 hours the distance of
the order of the diameter of the solar system.

Magnetic fields are used for bending the trajectories of the particles, as well as for
focusing them to stay close to the ideal orbit. These linear magnetic fields, produced in dipole
and quadrupole magnets determine the single particle behaviour in the storage ring in linear
approximation. In general, particles execute transverse betatron oscillations around the ideal
orbit.

The electron beam contains particles with energies that differ from the design ring energy.
These off-momentum particles have a new ideal orbit that depends on the momentum deviation
and is described by the dispersion function. They execute betatron oscillations around this new
momentum-dependent closed orbit.

The first order optics exhibits severe chromatic aberrations (chromaticity). Non-linear
fields are introduced via sextupole magnets to correct the chromaticity. The present generation
of the synchrotron light sources uses very strong focusing lattices, and these non-linear fields
lead to limitations on the size of the stable region around the ideal orbit, or limited dynamic
aperture.

The dynamics of electrons in rings [1] is furthermore determined by the process of
radiation. Steady loss of energy to synchrotron radiation and its replacement in the RF cavities
results in synchrotron oscillations, where the particle energy oscillates around the design ring
energy.

Moreover, this process leads to the damping of both betatron and synchrotron oscillation
amplitudes. On the other hand, particle oscillations are excited due to the quantum nature of
emitted radiation (quantum fluctuations). The balance between these two competing processes
results in equilibrium beam distributions, with corresponding equilibrium beam sizes
(equilibrium emittances).

2 . RADIATION EFFECTS IN ELECTRON STORAGE RINGS
The most important features can be summarised as follows:

• Electrons steadily lose energy to synchrotron radiation, a small portion of the electron
energy each turn. Moreover, to a good approximation, the loss occurs along a tangent to
the electron trajectory, resulting in a reduction of both transverse and longitudinal
components of the momentum.
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• This loss is compensated in the RF cavities, but only the longitudinal component of the
momentum is increased. This leads to steady reduction of the transverse component of
the momentum, or to damping of betatron oscillations.

• Because the energy loss depends on the particle energy (it is proportional to E2),
synchrotron oscillations are also damped.

• On the other hand, synchrotron radiation is emitted in quanta (photons), leading to
statistical fluctuations in the energy loss. These produce random excitation of betatron
and synchrotron oscillations.

• The balance between the damping and the quantum fluctuations results in an equilibrium
distribution of particles in the beam. It determines the equilibrium values of the beam
emittance, energy spread and bunch length.

2.1 Energy loss due to synchrotron radiation
Charged particles radiate when they are deflected in the magnetic field [2, 3] (transverse

acceleration). In the ultra-relativistic case, when the electron speed is very close to the speed of
light, P = c, most of the radiation is emitted in the forward direction [2] and is concentrated in a
cone with an opening angle of 1/y, where y is the electron's Lorentz factor. That is to say, it is
emitted along the tangent to the electron trajectory (since for a typical case of a few GeV
electron, y ~ 1000, the photon emission angles are within a milliradian of the tangent to the
trajectory).

The power emitted by a particle is proportional to the square of its energy E and to the
square of the magnetic field B:

PocE2B2

and in terms of Lorentz factor y and the local bending radius p can be written as follows:

where a is the fine-structure constant and the Plank's constant is given in a convenient
conversion constant:

and hc = 197 • 10"15Mev • m

The emitted power is a very steep function of both the particle energy and particle mass, being
proportional to the fourth power of y. For the case of electrons, it is more common to use the
following notation for the emitted power

cCy £4 , r _4n re _ <? oco 1 0-5r m
P S R - 2 * r - ^ W h e r e C T - 3 K 2 ) 3 - 8 - 8 5 8 1 0 [

The amount of energy lost by an on-momentum particle that is following the ideal orbit plays an
important role in the discussion below. Integrating the above expression around the machine:

The non-zero contributions to the integral above come from the curved parts of the ideal orbit
(in the straight parts the bending radius is infinite), and, furthermore, assuming the same
constant bending radius in all dipoles, we obtain for the energy loss per turn:

E or, in terms of y, U0 = ^ ^
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3 . SYNCHROTRON OSCILLATIONS

3.1 Phase stability
The radiation losses are compensated in accelerating cavities that utilise time-dependent

radio frequency fields, the RF system. The frequency is chosen so that it is an integer multiple
of the revolution frequency. This integer is called a harmonic number, h

In other words, the length of the design orbit is an integer number of the RF wavelengths,
and a particle that follows the design orbit remains phase locked with respect to the RF.

A so-called synchronous particle gains each turn just the right amount of energy from the
RF cavities

URF = eVRF=U0

and will therefore be able to maintain the design energy. There are two phases with opposite RF
voltage slopes for which the conditions above are satisfied. Only one of them provides stable
equilibrium against small deviations in phase or arrival time at the cavity.

Let us consider what happens to a particle that arrives at the RF ahead of the synchronous
one. For the case illustrated in the sketch below (where the horizontal axis represents time delay
x with respect to the synchronous particle)

VRF

U,

• it will gain too much energy from the RF
• because its energy will be greater than the design energy, the magnetic field will not be

strong enough to keep it on the design orbit, its trajectory will have greater average radius of
curvature, thus requiring more time to complete the next turn

• it will come back to the RF cavity closer in time to the synchronous particle

Similarly, for a particle that arrives behind the synchronous one
• it will gain too little energy from the RF
• because its energy will be smaller than the design energy, the magnetic field will be too

strong to keep it on the design orbit, its trajectory will have smaller average radius of
curvature, thus requiring less time to complete the next turn

• it will come back to the RF cavity catching up with the synchronous particle

Particles with small deviations in phase are attracted towards the synchronous particle.
Exactly the opposite happens around the phase with the opposite slope of the RF voltage. The
points of stable phase thus provide h equidistant places around the machine circumference,
separated by the RF wavelength, where bunches of electrons can be stored.

3.2 The time it takes to go around — momentum compaction factor
The time it takes a particle to go around the ring once obviously depends on the orbit

length L and on the particle velocity. An off-energy particle will have different velocity and will
follow an orbit of different length.
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High energy electrons travel with speed very close to the speed of light, their velocity changes
very little with energy. From relativity you may recall that

d\ _ 1 dE _. Av__l_ s

where 8 is the relative energy deviation with respect to the design energy. In fact, the orbit
length change in most cases turns out to be greater than the velocity change. A funny thing
happens to a relativistic electron on the way around the ring: in spite of higher energy (and
higher speed) it takes longer to go around.

Let us now look at the change in orbit length with the particle's energy. As was already
mentioned before, the length of a small portion of the trajectory that lies in the horizontal plane:

depends on the horizontal deviation. This deviation can be written in two parts, the betatron
oscillation and the energy dependent deviation. To first order the betatron oscillation does not
change the orbit length, since its average displacement from the design orbit is zero. On the
other hand, the energy dependent displacement generally has the same sign all around the ring.
As a result, the orbit length of a particle with a relative energy deviation 8 is

and, recalling the definition of the dispersion function, we can write the change in orbit length
for an off-momentum particle as

AL = 8 • i —rrds

The relative change in length of the off-momentum orbit is proportional to the energy deviation.
The constant of proportionality is called the momentum compaction factor a, a constant that
only depends on the properties of the magnetic guide field and is independent of energy:

a = 44L]4^ = a • 8 where a = 44 —riL L] p(s)

Coming back to the expression for the change in revolution time with particle energy, we can
re-write it in the following way:

AT _ AL Av _ ( M 8

The term in parenthesis is called phase-slip factor, describing the change in particle arrival time
at the RF cavities. For a certain design ring energy, so-called transition energy, this factor can
become zero, corresponding to the isochronous mode of operation: all particles take the same
time to complete one turn, independent of their energy. Writing the momentum compaction
factor in terms of transition energy, the phase-slip factor is:

•n = (\ - -V) where a = \
Vttr I ) hr

All the high energy electron storage rings operate above transition energy, i.e. y » yti . This
regime, above transition, corresponds to the situation already mentioned above: higher energy
electrons take longer time to complete one turn.
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3.3 Damping of synchrotron or energy — time oscillations
The radiation loss and its compensation by the RF system, coupled with the dependence

of the revolution time on particle energy deviation cause particles to execute energy-time
oscillations, or so-called synchrotron oscillations. Let us now write down what happens to a
particle in one turn:

• energy gain from the RF system:
the synchronous particle gains exactly Uo ; a particle that arrives at the RF cavities with a time
delay x with respect to the synchronous one, receives the amount of energy that is proportional
to the slope of the RF voltage (we consider here only small time delays, assuming that we are
working in the linear part of the RF voltage waveform)

URF = eVRF(T) = U0 + eVRF-% where VRF

• energy loss:
every turn the particle loses on the average Uo; but recall that the radiation loss depends on the
particle energy (proportional to the energy squared), so depending on the energy deviation e,

^rod ~ Uo + U' • E where U';

Let us delay for the moment the evaluation of the radiation loss derivative with energy. For now
we will simply treat it as a constant in our derivation of the equation of motion for synchrotron
oscillations.

• energy balance:
we can now write down the amount by which the particle energy changes during one turn

Ae = {U0 + eVRF-x)-{U0+U'-e)

and since this change occurs during a time interval equal to the revolution period To, we can
turn this difference equation into a differential equation describing the time evolution of the
particle energy:

• time lag with respect to the synchronous particle:
similarly, from the above discussion on the momentum compaction factor, we can write down
the differential equation for the other variable, describing the change with time in the particle's
phase lag with respect to the RF. For a given particle energy deviation e,

dx _ n . s _ n £
dt Eo

• synchrotron oscillations:
combining the two differential equations above, we can eliminate one of the variables obtaining
a second-order differential equation for the evolution of the energy deviation in time:

a harmonic oscillator equation describing synchrotron oscillations with the frequency

In fact, it is a damped harmonic oscillator, with a velocity-like term and a damping decrement
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and since the damping occurs on a much slower scale than the synchrotron oscillations, the
solution is a harmonic oscillation with an initial amplitude £0 that damps exponentially with the
corresponding decrement

e(f) = e0e-^fcos {at + 6e)

Similarly, we can write a damped harmonic oscillator equation describing the evolution of
the time lag with respect to the synchronous particle. The solution again would be a harmonic
oscillation with an exponentially decreasing amplitude:

The amplitudes and phases of the two solutions are of course closely related. At any instant:

The motion can be pictured in the phase space of these two conjugate variables {e,t} as an
ellipse or, in suitably normalised co-ordinates, as a circle

• synchrotron oscillations: phase space and RF buckets
The global picture is illustrated below. The RF accelerating voltage waveform is shown

with two possible times of arrival or phases that provide exactly the average loss per turn. One
of them is stable against small phase deviations, the other is unstable, as discussed above. This
could be clearly seen from the plot of the "potential energy" function that corresponds to the
"restoring force" seen by an out-of-phase particle sees due to the longitudinal dynamics.

In fact, the stable phase (stable fixed point in longitudinal phase space) corresponds to the
minimum of a potential well. Particles with small oscillation amplitudes execute stable
synchrotron oscillations in this well, their phase space portraits are ellipses, just like in the case
of a harmonic oscillator. The height and the width of the ellipse correspond to the maximum
energy and phase deviation of the oscillating particle. Similar to the harmonic oscillator picture,
one can speak of the oscillation energy, proportional to the square of the oscillation amplitude.

There is a critical value of the oscillation amplitude, or oscillation energy, beyond which
the particle motion becomes unbounded; it corresponds to the height of the potential-well barrier
that can be seen in the middle plot. This energy level defines a separatrix in the phase space: a
trajectory that encloses the region of stable synchrotron oscillation motion, shown as a bold
curve in the phase space plot at the bottom. This area is usually referred to as the RF bucket,
and its right edge corresponds to the unstable phase (unstable fixed point). There are h RF
buckets around the ring, spaced by the RF wavelength, that can hold bunches of particles.

The height of the bucket corresponds to the maximum particle energy deviation that can be
stored. It describes the RF limited energy acceptance of the storage ring.
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• damping of synchrotron oscillations: qualitative picture
The above phase-space portraits of synchrotron oscillations are snapshots taken over time

spans that are short compared to the damping time scale. Over a longer time period the
amplitude of the oscillations, i.e. the size of the ellipse decreases exponentially and the phase
space trajectory is an inward spiral that maintains the aspect ratio of the above snapshots.

Synchrotron oscillations are damped due to the fact that the energy loss per turn is a
quadratic function of the particle's energy. While in the upper half of the ellipse, the particle's
energy deviation is positive and its losses per turn are greater than the amount it receives from
the RF system, its energy deviation tends to decrease. In the lower part of the ellipse, its energy
deviation is negative and its losses per turn are smaller than the amount it receives from the RF,
again leading to a decrease in the energy deviation.

4 . DAMPING OF BETATRON OSCILLATIONS

4.1 Qualitative picture
The steady loss of energy to synchrotron radiation is compensated in the RF cavities,

where the particle receives each turn the average amount of energy lost.
Average energy loss. Every turn the electron loses a small portion of its energy,

Uo ~ 10"3 of Eo, in the form of synchrotron radiation, so that after one turn, on the average, its
energy becomes:

Since the radiation is emitted along the tangent to the trajectory, only the amplitude of its
momentum changes.

After one turn both the transverse and longitudinal components of the momentum vector are
reduced by the same fraction:

The transverse component of the momentum vector corresponds to the energy of the betatron
oscillation (proportional to the square of the oscillation amplitude). Therefore, the amplitude of
the betatron oscillation is reduced by a small amount every turn.

Eo) " - - — " \ " 2£n
A? = A g U - ^ | or A^Aol l -

Energy gain in the RF cavities. In the RF cavities only the longitudinal component
of the momentum is increased by the amount corresponding to the average energy loss per turn.
Over many turns, the energy of the particle is maintained at the design value.
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Exponential damping of the betatron oscillations amplitudes. The relative
change in the betatron amplitude that occurs every turn, i.e. every revolution time To, is:

M _ ^o
A IE

Thus the amplitudes are damped exponentially with the following damping decrement:

A = Aoe~r where \ = J*
2ET0

Recall that the longitudinal damping time is a factor of two shorter. Typical damping time
corresponds simply to the number of turns it would take to lose the amount of energy equal to
the particle energy. The damping times are very fast, with values on the order of 10 ms.

Since the loss per turn, or radiation power are proportional to the fourth power of energy,
the damping time is inversely proportional to the cube of the particle energy, a rather steep
energy dependence. In storage rings where the particles are injected at an energy substantially
lower than the design energy (e.g. LEP: 20 GeV), the damping times at injection can be very
long indeed. In order to improve the stability of the beam at these low energies, measures are
taken to shorten the damping times, e.g. at LEP by introducing wiggler magnets to increase the
amount of loss per turn.

4.2 Comparison with adiabatic damping
It is interesting to compare the radiation damping to the adiabatic damping, e.g. in a linear

accelerator. During the acceleration along the linac the longitudinal component of the momentum
steadily increases, while the transverse momentum remains constant. Correspondingly, the
slope of the particle's trajectory, being the ratio of transverse to longitudinal component of the
momentum, decreases inversely proportional to the particle energy.

In a circular machine the particle returns every turn to the RF cavities, where similarly to
the linac case, the slope of its trajectory is reduced. Every turn it radiates about the same amount
of energy it has gained from the RF, but since the radiation is emitted tangentially to the
trajectory, its slope remains unperturbed in the process. Thus the resulting damping of
transverse oscillations occurs while the energy of the particle remains on the average the same.

4 .3 Damping partition numbers. Robinson theorem
For particles that emit synchrotron radiation the dynamics is characterised by the damping

of particle oscillations in all the three degrees of freedom. The corresponding damping times are
of the same order, as we have seen from the qualitative picture above.

In fact, the total amount of damping (Robinson theorem [4, 5]), i.e. the sum of the
damping times depends only on the particle energy and the emitted synchrotron radiation power:
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where we have introduced the usual notation of damping partition numbers that show how the
total amount of damping in the system is distributed among the three degrees of freedom. So far
we have seen the case of (1,1,2) and their sum is, according to the Robinson theorem, a
constant.

5 . ADJUSTMENT OF DAMPING RATES
The partition numbers can differ from the above values, while their sum remains a

constant. In fact, under certain circumstances, the motion can become "anti-damped", i.e. the
damping time can become negative, leading to an exponential growth of the oscillations
amplitudes. In order to understand this situation we have to refine the simplified qualitative
picture presented above.

Let us recall that the energy loss is proportional to the product of energy and the magnetic
field squared:

Both the magnetic field and the particle energy can take values that are different from the design
ones, while the particle executes transverse or longitudinal oscillations.

Let us first consider betatron oscillations. Following a betatron oscillation trajectory,
a particle sees magnetic fields that differ from the design values (e.g. traversing the quadrupole
magnets off-axis, the particle sees a dipole magnetic field). Nevertheless, because the average
particle displacement as it travels around the ring is zero, to first order in particle displacement,
there is no contribution to the energy loss. There is, of course, a non-zero term that is quadratic
in displacement, but in our linearised analysis it can be neglected.

The situation is quite different for the case of synchrotron oscillations. A particle
with an energy deviation follows a closed orbit that is defined by the off-energy or dispersion
function, which typically has the same sign around the ring. The magnetic fields it sees differ
from the design ones, and there is a non-zero contribution to the energy loss that is linear in
particle displacement, that in turn is proportional to the energy deviation. In addition, because of
the quadratic energy dependence, the energy loss also contains a term linear in energy deviation.

Evaluating the loss per turn to first order in energy deviation we recall that the synchrotron
oscillations occur on a time scale that is much longer than the revolution time. The particle then
follows a trajectory around the ring that is defined by the dispersion function, and we can write:

Urad=U0 + U'-d, where U' = ̂  = Q (2 + <D)

where we have introduced a new constant, (D — an integral of the dispersion function and the
magnetic guide field functions, i.e. bending radius and gradient around the ring.

ds
V2

This constant is independent of the particle energy, and only deviates substantially from zero
when a particle encounters combined function elements, i.e. where the product of the field
gradient and the curvature is non-zero.

The synchrotron oscillations damping time, taking into account this analysis, becomes
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and a similar analysis of the horizontal betatron oscillations shows that the damping time in that
case is:

Correspondingly, the damping partition numbers can be written as follows:

Jx=\-0, J£=2+<D, Jx + Je=3

For the storage rings built in one plane (horizontal) the vertical dispersion function is zero and
the vertical partition number remains unchanged.

The amount of damping can be repartitioned between the horizontal and energy-time
oscillations by altering the value of the <D constant [6]. This can be achieved by either using
combined function magnetic elements in the lattice, or by introducing a special combined
function wiggler magnet (so-called Robinson wiggler). Values of horizontal partition number as
high as 2.5 have been obtained that way. Values of <D > 1 lead to anti-damping of horizontal
betatron oscillations, while for <D < -2 the synchrotron oscillations become unstable.

6 . QUANTUM FLUCTUATIONS — EQUILIBRIUM BEAM SIZES
If the radiation damping were the whole story, in a matter of seconds the size of the

injected beam would shrink to microscopic dimensions. This would result in several problems
that would make the construction and operation of electron storage rings utterly impractical. It
suffices to mention the coherent synchrotron radiation production.

Typically, an ensemble of emitting electrons radiates incoherently, i.e. there is no definite
phase relationship between the individual emitters. The total power is simply obtained by adding
the individual emitters' power; it is linearly proportional to the number of electrons.

In a bunch of electrons that is small compared to the wavelength of the emitted
synchrotron radiation the particles emit electromagnetic waves that are in phase, i.e. at a point of
observation that is far away from the source the electric filed vectors add. The total radiation
power from N particles is then proportional to the square of their number! The corresponding
increase in power required from the RF system to compensate for the losses would be
unreasonably high.

6 .1 Quantum nature of synchrotron radiation
In fact, the beam does not shrink to microscopic size, rather the effect of damping is

counterbalanced by a kind of heating that is connected to the quantum nature of emission of
radiation.

The synchrotron radiation is emitted as photons, the typical photon energy, corresponding
to the critical frequency, being:

and the number of photons emitted per second can be roughly approximated by dividing the
total emitted power by the typical photon energy.

S R - 4 a 1
uc ~ 9 a c P

c
The photon emission is a stochastic process, and in any time interval the expected number of
photons emitted has a statistical uncertainty:

N±/N, N
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For example, the amount of energy loss in one turn fluctuates around the expected value
U0=N-uc, where N = N-To, the typical spread being

6.2 Equilibrium energy spread and bunch length
Over large time intervals the RF system maintains the average particle energy at the design

value. Due to quantum fluctuations, i.e. statistical fluctuations in the number of photons
emitted, the particle energy will be different from the design value, exciting energy-time
oscillations. Eventually, the two competing processes of radiation damping and quantum
fluctuations will strike a balance, resulting in a finite value of the energy spread. We can make a
reasonable estimate of the steady state value of the energy spread by evaluating the typical
energy deviation during a time period equal to the damping time (a characteristic time scale for
this process):

Since the damping time is the ratio of the particle energy to the radiation power, i.e. "the time it
takes to radiate all the energy away", the expected energy spread is approximately equal to the
geometric mean of the particle energy and the typical photon energy:

The relative energy spread is then approximately written as

— ~ 7 — » Xc = 4 • 10"13m — the electron Compton wavelength.
Eo v P

The bending radius in the electron storage rings scales typically as square of the design energy,
thus the relative energy spread is approximately the same in all the rings, roughly equal to 10°.

A more detailed calculation gives the following result for the equilibrium relative energy
spread in a storage ring:

wh,re C, = ̂ T ? - S ^ 3 = 1.468-10-'[^]

The energies of electrons in a bunch at equilibrium have a Gaussian distribution with a
standard deviation equal to the above energy spread. A synchronous electron with an energy
deviation equal to the above standard deviation, after a quarter of the period of synchrotron
oscillation, will have zero energy deviation (see the discussion of synchrotron oscillations
above), however it will be displaced from the synchronous particle in time by

_ a

The distribution of electrons in time along the bunch is closely related to the distribution in
energies, and for small bunch currents is also a Gaussian with an above standard deviation. The
equilibrium bunch length (expressed in time units) and its energy spread are given by the above
expressions.

6.3 Excitation of horizontal betatron oscillations
Let us now turn to the case of transverse oscillations, where a similar source of heating

due to statistical fluctuations in the emission rate of photons ensures that the transverse beam
size does not shrink to microscopic dimensions. We first look at a qualitative picture of how
horizontal betatron oscillations get excited in the process of emission of photons.
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After an electron emits a photon, its energy is decreased and its new reference orbit will be
determined by the dispersion function around the ring

xref=Db

where 8 is the relative energy deviation. Since the emission is instantaneous and occurs along a
tangent to the electron trajectory, neither the displacement nor the slope are affected. Moreover,
because the reference orbit is shifted due to the change in energy, the electron starts to oscillate
around this new reference orbit with an amplitude

This situation is analogous to that of a pendulum at equilibrium, with its suspension point
suddenly shifted sideways, while the pendulum itself remains at rest. After that the pendulum
starts to oscillate around its new equilibrium (see the sketch below)

The emission of photons is a random process, so we have again a random walk, now in
horizontal displacement. How far the particle will wander away from the ideal orbit is kept in
check by the radiation damping. The balance will be achieved on a time scale of a horizontal
damping time and, typically, the particle will have an equilibrium horizontal deviation of

since the horizontal damping time is a factor of two longer than the longitudinal one. The
equilibrium horizontal beam size is on the order of 1 mm, as the dispersion is typically on the
order of 1 m.

Let us take a closer look at the amplitudes of the oscillations resulting from the emission
of a photon. Horizontal displacement and slope can be written in terms of a betatron oscillation
part and an energy dependent part (proportional to the dispersion function):

X — Xa + X£ = Jtp + D • 8

Neither position nor slope can change in the process of emission of a photon (the emission is
quasi-instantaneous and occurs along a tangent to the trajectory). Clearly, the energy of the
particle is reduced by the amount equal to the photon energy, i.e. the energy dependent
contribution to the displacement must change. Therefore, the betatron oscillation contribution to
the displacement must be equal and opposite to the energy contribution, as the total
displacement remains constant. After the photon emission particle starts a betatron oscillation
around the new closed orbit (determined by the dispersion function). The initial conditions read:

X R = - i
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Recall the form of the betatron oscillation and the corresponding amplitude, or Courant-Snyder
invariant:

*p = asfficos <|)( s) where a2 = yxp + 2ax^x'^-¥^x'^

If, for simplicity's sake, we assume that before radiating a photon the particle was on the design
trajectory, after emitting a photon that results in a relative particle energy change of 5, the
amplitude of the betatron oscillation will be:

a2 = § 2 • (yD2 + 2aDD' + pD'2) = 82 •

where we have introduced the #" function that is very similar to the Courant-Snyder invariant,
with displacement and slope of the trajectory replaced by the dispersion and its slope. It is a
function of position around the ring, and its shape in the bending magnets (i.e. where the
radiation occurs) determines the magnitude of the effect of quantum fluctuations on the beam
size.

6.4 Equilibrium transverse beam size
A detailed calculation of the quantum fluctuations and damping effects yields the

following result for the equilibrium beam emittance in the electron storage ring:

"T-—x P ~
where angular brackets denote an average value of Jfin the bending magnets and where

C =AL. hc^ = 1-468 -10-6[-m-

The equilibrium beam size is linearly proportional to the ring energy. In the rings where the
electrons are ramped in energy (e.g. LEP), the vacuum chamber dimensions must take this into
account. The shape of the ^/function in the bends is optimised to obtain the desired value of the
equilibrium emittance. The dependence of the emittance on the horizontal partition number can
also be used to modify the emittance.

In almost all storage rings there is no bending of particles in the vertical plane; the design
value of vertical dispersion is zero. Therefore, the process of photon emission would not excite
vertical betatron oscillations and the vertical beam size would be very quickly damped to a very
small value. Here we have to recall an important approximation we have made: the photons are
emitted into a cone with an opening angle of 1/y, i.e. not exactly along the tangent to the
particle's trajectory. The slope of the particle trajectory will therefore be changed by a small
amount due to the recoil during the process of photon emission. This will excite a small
amplitude vertical betatron oscillation. Again we have a source of heating due to quantum
fluctuations. It can be shown that due to this finite opening angle effect the equilibrium vertical
beam size is still very small [1,7].

In reality, the vertical beam size is dominated by coupling effects: motion in the horizontal
plane is coupled to the vertical plane. Thus horizontal betatron oscillations excited by quantum
fluctuations get coupled to vertical betatron oscillations. Misalignments (roll) in dipole and
quadrupole magnets as well as vertical closed orbit offsets in sextupole magnets are the main
sources of coupling. In addition, the spurious vertical dispersion function in the dipole magnets
that results from coupling of the horizontal dispersion in rotated quadrupoles and offset
sextupoles provides another source of heating due to quantum fluctuations.

6.5 Summary of the stored beam properties
The equilibrium stored beam properties, determined by the process of synchrotron

radiation, can be expressed in terms of so-called synchrotron radiation integrals [8]. These are
integrals of the guide field functions (bending radius p(s), quadrupole strength k(s))and of
functions of Twiss parameters, taken around the entire ring. They are evaluated by most of the
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optics codes (e.g. MAD [9]). A brief summary of the main results for the case of a storage ring
built in one (horizontal) plane is given here. It involves five radiation integrals defined below:

Radiation integrals:

' l = (

7,=c

ds

ds

w

Momentum compaction factor:

Energy loss per turn:

Un = 4=CV4

Damping parameter:

Damping times and partition numbers:

>, JX=\-(D, Jy=\

i = ?r where
J j

2ET0

Equilibrium energy spread:

= 1.468
LGeV:

Equilibrium emittance:
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INTRODUCTION TO INSERTION DEVICES

K. Wille
University of Dortmund, Germany

Abstract
Synchrotron radiation with extremely high brilliance is emitted by
wiggler and undulator magnets, so called "insertion devices". They
produce a periodically alternating field at the beam axis with well
defined period length. The relativistic electron motion through the
magnet is calculated. Because of the periodic transverse particle
oscillation the resulting spontaneous radiation is mainly coherent with
small width of spectral lines.

1. INTRODUCTION
At the very beginning the synchrotron radiation emitted by an electron beam passing

through a bending magnet has been used for experiments. It is spread out over a wide
horizontal fan as shown in Fig. 1. Since the probes are normally small, only a small fraction
of the radiation is usable. Most of it is lost. In addition, the horizontal resolution is rather
poor.

electron beam radiation fan

bending magnet

\
probe

electron beam

Fig. 1 Synchrotron radiation emitted by a bending magnet

Much better beam quality and significantly higher brilliance is provided by wiggler and
undulator magnets (W/U magnets) [1] installed in special straight sections in electron storage
rings. These types of magnets often are summarized under the name "insertion devices". The
general arrangement of such magnets is sketched in Fig. 2. It consists of a sequence of short
bending magnets of constant length. Along the beam axis the resulting field can be described
in good approximation by a sine curve with the period length X,u. The overall bending angle of
this device vanishes. Therefore, sufficiently long straight sections are required in modern
storage rings for synchrotron radiation to install the W/U magnets.

The design principal of wiggler magnets is basically the same as of undulator magnets.
The difference comes from the field strength. Wigglers provide a strong field resulting in a
wide horizontal opening angle of the emitted radiation. The wide photon spectrum is very
similar to that of a bending magnet. The opposite are undulators with rather weak fields and
correspondingly small opening angles of synchrotron light. In this case the photons can
interfere and the emitted radiation is mainly coherent with a wavelength determined by the
period length of the undulator and the beam energy. The intensity of this coherent radiation is
by orders of magnitude higher than achieved from simple bending magnets.
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magnet poles

Fig. 2 General layout of a wiggler or undulator magnet

The synchrotron radiation from electron storage rings of the 3rd generation is
essentially produced by wiggler and undulator magnets. A larger number of straight sections
provide sufficient space for the insertion devices. The bending magnets only guide the beam
along the circular orbit. The general layout of a modem synchrotron light source is sketched
in Fig. 3. Some examples of third generation machines are listed in Table 1. More detailed
informations are presented in [2].

undulator
beam

wiggler
beam

Fig. 3 General layout of a modem synchrotron light source of the 3rd generation
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Table 1
List of some typical synchrotron light sources with insertion devices

Location

Grenoble, France

Argonne, USA

Berkeley, USA

Trieste, Italy

Dortmund, Germany

Berlin, Germany

Ring

ESRF

APS

ALS

ELETTRA

DELTA

BESSY n

Energy [GeV]

6.0

7.0

1.5

1.5-2.0

1.5

1.5-2.0

2. WIGGLER AND UNDULATOR FIELD
Wiggler and undulator magnets (WAJ-magnets) produce in good approximation along

the beam axis a periodic field with the scalar potential

= /(z)cos 2%— \ = f(z)cos(kus). (1)

Here a scalar potential is applied rather than a vector potential since in the interesting
area around the beam no electrical current occurs. According to Fig. 2 s is the coordinate
along the beam axis and z in the vertical direction. It is assumed that the magnet is unlimited
in the horizontal (x coordinate) direction, providing a constant magnetic field along this
coordinate. The vertical function/(z) can be evaluated using Laplace equation

Taking (1) gives

-/(«)*.'-0

with the solution

f(z) = Asinh(kuz).

Substitution of (4) into the potential equation (1) yields

9(5, z) = A smh(kuz)cos(kus).

(2)

(3)

(4)

(5)

For the particle motion inside a W/U-magnet only the vertical field is important. We
can derive it simply from the potential by

dz
1— = kuAcosh(kuz)cos(kus). (6)

The unknown constant A can be estimated with an acceptable accuracy applying the
strength of the poletip field B{) as defined in Fig. 4.

According to equation (6) the poletip field at z = g/2 (g = gap height) is

) = (V)
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1v - i pole

i

JL
g/2

Xu/4 T

Fig. 4 Definition of the poletip field in a W/U-magnet

and the constant A becomes

COSh 7E-

(8)

With this result the W/U-field around the electron beam can finally be written in the form

Bz(s,z) = B cosh(kuz) cos(kus) (9)

with the peak field at the beam axis

B =

cosh 7
A,.

(10)

From this expression one can see that the peak field decreases very rapidly with
increasing gap height g. This effect is also shown in Fig. 5.

1.2

Bo 0.8

0.6

0.4

0.2

0

\

\

\

**---—-
0 0.5 1 1.5 2

Q/XU

Fig. 5 Relative peak field at the beam axis as a function of the ratio g/\

As a consequence of this behavior the gap height of a W/U-magnet has to be
substantially smaller than the period length Xu. This leads to very small gaps if short W/U-
periods are required. The field calculation presented here is only a simple analytic
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approximation, it is helpful for basic investigations. For an accurate design including tight
tolerances more sophisticated methods and numerical calculations are required [1, 3, 4].

A.., coils

iron yoke

Fig. 6 Principal design of an electromagnetic wiggler or undulator

The very first W/U-magnets have been built with conventional iron yokes excited by
magnet coils as shown in Fig. 6. The field strength can easily be changed by changing the
current. This technique is used for period lengths not smaller than \ ~ 25 cm. For smaller
periods the current density in the coils exceeds reasonable values. In this case one can take
superconductive coils, but because of the cryostat and the expensive liquid helium technique
the costs are disproportionate.

Therefore, another type of W/U-magnets has been developed utilizing small pieces of
permanent magnets arranged as sketched in Fig. 7.

•i' *• J

- * * • -

- x

t
I

u

Hii
-9

permanent magnets

Fig. 7 W/U-magnet built with permanent magnets. The arrows indicate the orientation of the
magnetic flux.

Since the flux density in the magnet pieces is constant, one can only vary the field
strength at the beam axis by opening or closing the gap mechanically. The field changes
according to equation (10). The poletip field has values which depend on the material used.
For instance, samarium-cobalt (SmCo5) provides flux densities about B ~ 0.9 - 1.0 T. If
higher fields up to 2 T are required, one can built hybrid magnets (Fig. 8). They consist of
poles made by soft iron and pieces of permanent magnets in between. The total flux of the
magnet pieces is concentrated in the iron poles resulting in poletip fields about B{) = 2T.
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iron

permanent magnets

Fig. 8 Sketch of a hybrid magnet with iron poles exited by permanent magnet pieces

As mentioned above, the W/U-magnets are installed in straight sections of the storage
ring. Thus, the total bending angle of the entire device must vanish (Fig. 9).

Ay Au
4 4,

trajectory ^

S N S N S- N s- N N s
half
pole

Fig. 9 Matching condition for the beam orbit over a W/U-magnet

This leads directly to the following matching condition:

J BJs)ds =
W/U

It is satisfied if

si=0 and ^2=

(H)

(12)

Very often this condition is realized by adding a magnet pole of half the length of a
normal pole at the entrance and the exit of the magnet. The beam oscillation is then
asymmetric with respect to the beam axis (Fig. 9). If symmetric oscillation is required, i.e. for
free electron lasers, more sophisticated conditions can be applied.
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3. EQUATION OF MOTION IN W/U-MAGNETS

3.1 The coupled set of equations of motion
Inside a W/U-magnet with the field B the Lorentz force

F = p=myv = evxB (13)

acts on the relativistic electron with the mass my and the charge e. In the following we will
only discuss the particle motion in the horizontal x-s-plane. The vertical motion is normally
negligible. With this simplification we can write the field of the W/U-magnet and the particle
velocity v in the form

and o (14)

Inserting (14) into (13) directly provides

v =
my

/ , , n \

-vxB, (15)

We again neglect the vertical particle motion and can finally write the result in the form
of a coupled set of equations:

(16)

3.2 First-order solution of the equations of motion
Since Bz(s) is a nonlinear function of the position s in the magnet (see eq. (9)), there

exists no simple analytic solution. The longitudinal velocity vs, however, is significantly
larger than the horizontal component vx. This fact allows us to write

and s - VJ = P c = const. (17)

Under these conditions, only the first equation of (16) is of interest and we get the
relation

e QceB
x = -s BAs) = cos(kus).

my my

(18)

In storage rings it is often more convenient to describe the particle motion as a function
of place s instead of time t. For transformation we use

x = x'$ C and x = x"$2c2

and get from equation (18) the first order expression of the particle motion

x" = — e~— cos(kus) = —e—— cos 2n^- \.

(19)

(20)
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It can be easily solved by integration. Since the electrons in storage rings for synchrotron
radiation have extremely relativistic velocities, we can set p = 1 and obtain

, X eB .
*'(*) = —* sm(kus)

2nmyc (21)

x(s) =
4iz2myc

cos(kus).

The first equation gives the angle of the particle trajectory in a W/U-magnet with respect to
the orbit (Fig. 10).

trajectory

Fig. 10 Particle trajectory in a W/U-magnet

The maximum value of the trajectory angle is achieved at the crossing points with the
orbit. It is

x> = 0 = (22)

Now we define the dimensionless wiggler or undulator parameter

and can write the maximum trajectory angle in the form

Especially for K = 1 the angle becomes

(23)

(24)

(25)

which is identical to the natural opening angle of the synchrotron radiation cone. This relation
suggests now the following differentiation between wiggler and undulator magnets:

Undulator if K <\ i.e. © „ < -
Y

Wiggler if K>\ i.e. 0 W > -
Y

(26)

For very large K the horizontal opening angle of the radiation is correspondingly large
and no interference of the photons takes place. The photon energy covers a dipole-like broad
spectrum. For very small K the radiation from all undulator periods overlaps and strong
interference effects occur, resulting in rather sharp coherent spectral lines.
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3.3 Second-order solution of the equations of motion
With the simple first-order solution we can't describe for instance the Doppler effect

observed in wiggler and undulator radiation. Therefore, we have to take additional conditions
into account. But we are still not going to look for a general solution of the coupled set of
equations of motions (16).

The longitudinal velocity s causes, because of the Lorentz force, a transverse
oscillation x(t), as described by equation (21). The resulting transverse velocity again causes a
small longitudinal oscillation, which superimposes with the longitudinal velocity s. The
longitudinal velocity is actually not really constant. Thus, we can describe the particle motion
in the form

s(t) = (s) + As(t) (27)

with the average velocity (i) and the longitudinal oscillation As(s). As shown in Fig. 11 the
constant particle velocity pc can be written as

Pc

Fig. 11 Addition of the particle velocity

(pc)2=i2+i2.

With

(28)

(29)

we find

(30)

Since 1/y2 « 1 and x « c we can expand the root. The longitudinal has therefore the
expression

s(t) = c
2i r c2 -c 2?

(31)

Taking the formula (21) and (23) gives

,, . K . . .

Y

With the transformations

x = Pcx', s = pc? and cau = ku$c

we get the time-dependent transverse velocity

(32)

(33)
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i ( f ) = [Jc—sin((OaO- (34)
Y

We insert this relation into equation (31) and convert the sine function according to

sin200 = - ( l - cos (2x) ) . (35)

The longitudinal velocity becomes

•^-f-(l-cos(2co1,r) . (36)

It has the required form of equation (27) with the average velocity

W T ~ 2 7 L 1 + ^ n } (37)

and the time-dependent velocity oscillation

c&2K2

As(t)= *~ cos(2cou0- (38)
4y

For extremely relativistic particles we set p = 1. This condition is fulfilled in almost all
storage rings for synchrotron radiation. The relative velocity of the particle along the
undulator axis is

p-.ffl..-^

Thus, we can write the transverse and longitudinal particle velocity in the form

., N cK . , xx(t) = —sin(GV)
Y

(40)

The trajectory can finally be found simply by integrating these equations using the
arbitrary initial conditions JC(O) = 0 and 5(0) = 0:

X(t) = —

(4D

It is very impressive to observe the particle motion in the coordinate system /f, which
travels along the undulator axis with the constant velocity P\ rather than in the laboratory
system K. With the Lorentz transformations

x=x and s* =y(s-$t) (42)

we find the trajectory functions in the moving system K*
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x*(t) = ——cos(coBr)

K (43)

In this system the trajectory has a shape like an "8" as shown in Fig. 12. For very small
values of the undulator parameter K only the transverse motion dominates. The "8" is very
narrow. For larger K the longitudinal amplitude grows quadratically, whereas the transverse
amplitude is proportional to K. The growing longitudinal motion causes a Doppler effect of
the emitted radiation.

m

5 -

c

0 -

-5 -

t
[fX \jL- K=0.5

w

A
s

—,—,—,—,—
-5 0 .5 5

10 m
Fig. 12 Particle trajectory in an undulator magnet observed in the moving system

4. UNDULATOR RADIATION
The sinusodial particle motion in an undulator causes coherent radiation in the

laboratory system K with the frequency

(44)

For very small undulator parameters K « 1 we can neglect the longitudinal oscillation
A s(t) and find in the moving system if the monochromatic radiation with the frequency

CO* , = Y * Q C45)
^ ^ Tad i ract * V /

Y* is the relative energy of the particle in K". We transform this radiation from the moving
system into the laboratory system. Here, we take a photon with the momentum p emitted
under the angle 0() with respect to the undulator axis (Fig. 13).
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Fig. 13 Photon with the momentum p emitted in the laboratory system

The energy and the momentum of the photon are

£ = ftco and p = —

and the 4-momentum becomes
1EIc\ I Elc

px = psinQ0

P, 0

V P. ,

The transformation into the moving system K" yields

(46)

(47)

E I c

P,

/ *
y

o o -pi
0 1 0 0
0 0 1 0

- P Y o o Y*

Elc

n©
0

(48)

Considering equation (46), the resulting photon energy becomes

E* „ £ R . . r» - * ̂ C0'
c c c

With E' = ft. a>*racl we get

(l-p*cos0o). (49)

(50)

From this equation we directly derive the frequency transformation of the relativistic
Doppler effect

rad
 Y*(l-P*cos0o)'

Using equations (44) and (45) we have

a.'rad = K _
rod l-p*cos0f l 1-P*cos0o '

(52)
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The wavelength of the coherent undulator radiation emitted in the laboratory system
under an angle 0() becomes

(53)

We replace now the average velocity P* by the expression (39). Since the angle
0O ~ 1/y is very small, we can expand the cosine function in terms of 0() as
cos 0O ~ 1 - 0 Q / 2 and get the good approximation

1 - 1 - i+
K2

2y2 (54)

(el I + K>
\ 2 + If

From this relation we finally get the very important coherence condition for the
undulator radiation:

(55)

For many experiments with synchrotron radiation the width of the spectrum lines
emitted from an undulator is an important parameter. Because of the limited length of the
magnet

K = (56)

the radiation has the time duration

"rud (57)

where Na is the number of periods. In Fig. 14 the emitted wave pulse from an undulator is
sketched.

undulator

so-Lu /2

wave
so+Lu /2

Fig. 14 Wave pulse emitted by a single electron passing through an undulator
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The field strength of this undulator radiation can be expressed by

0

if --<t<+-

, , T
if / > —

" 2

(58)

The resulting continuos spectrum follows from the Fourier transformation of the wave
function:

1 *°°
A(co) = - f = = - J u((am(!,

+r/2

2a

With

A co = co - (DmJ and = 27tiVu

the amplitude of the partial wave is

sin Aco

a

TCiV,
Aco

corail

and the intensity (see Fig. 15)

/(A co)

sin itNu
Aco

Aco

CO,,,,,

spontaneous
undulator
radiation

Fig. 15 Spectrum of the spontaneous undulator radiation

(59)

(60)

(61)

(62)
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The full width half maximum (FWHM) of the spectral line can be found satisfying the
condition

sinx with
Aco

The solution is x = 1.392 and we get

2A(0 2x

COrad

0.886 1

N,, " N,,

(63)

(64)

The resolution of the undulator radiation is simply determined by the number of
undulator periods. High resolution requires a sufficient large number Nu. Normally one can
not observe these sharp spectral lines. There are higher harmonics and a" frequency shift due
to Doppler effect. A typical undulator spectrum is shown in Fig. 16.

dco
1.

doppler
effect

center of mass frame

laboratory frame

2.

CO

Fig. 16 A typical undulator spectrum
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INTRODUCTION TO CURRENT AND BRIGHTNESS LIMITS

V.P. Suller
CLRC, Daresbury Laboratory, Daresbury, United Kingdom

Abstract
Fundamental features of the measurement and description of beam
current in synchrotron radiation sources are presented and examples
given for a range of different accelerators. From a simple treatment of
the electric field surrounding a moving charge the concept of the
impedance of beam vacuum chamber is introduced. The interaction of
the beam current with this impedance is described, as are some
mechanisms which can lead to current limitations. The brightness of a
source of synchrotron radiation is defined and worked examples are
given for the ESRF. Brightness limits are briefly described in outline.

1 . INTRODUCTION
Current and brightness limits are potentially serious concerns for synchrotron light

sources because in effect they can impose a limit on the usefulness of the source and the
experimental science programmes they can cover. As will be seen, the expression for
brightness contains the beam current so any limit in current automatically limits the brightness.

We will present some very simple ideas relating to beam current in electron storage rings
and give an impression of the magnitudes involved by taking some examples from a range of
different storage rings. Using simple expressions it will be demonstrated how the electro-
magnetic fields associated with beam currents can significantly interact with the structures
surrounding the beam to produce effects which can limit the current. Then the basic equations
for the brightness of synchrotron light will be stated and the factors which may limit the
brightness will be explained. The brightness of two different types of source will be evaluated
(for ESRF dipoles and undulators) to illustrate these factors.

2 . BEAM CURRENT MEASUREMENT AND TYPICAL VALUES
The beam current in an accelerator is defined in the same way as a normal electric current,

that is, the rate at which charge passes a fixed point. It can be measured by two different
techniques, as shown in Fig. 1. Notice that the two methods will give greatly differing results
for the same number of particles (see below).

Particles Particles

Transformer

Faraday cijp

Ejected beam , . .
' ' jy\ Ammeter

(a) (b)

Fig. 1

(a) DC current transformer (this measures the magnetic field produced by the current) [1]
(b) Faraday cup (this measures the total beam charge and needs the beam to be ejected) [2]
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If there are iV Particles of charge q moving with velocity v in a circular accelerator of
circumference 2KR, the current transformer will indicate a circulating beam current 70

Nqv7 ° ^
If we restrict our view to synchrotron radiation sources with electrons at relativistic

(v = c) velocity this expression becomes

_. Nee

where e is the electronic charge and/0 is the orbit frequency.
Note that if the same beam were ejected into a Faraday Cup it would indicate

where/rep is the repetition rate of the accelerator.

*fc /rep

This ratio is typically a very large number since/0 is usually MHz and/^ is Hz, so that in
the example of the ISIS [3] spallation source accelerator where a high current of 800 MeV
protons is ejected at 50 Hz, the Faraday cup indicates an average current of 200 pA whereas a
current transformer would show 6 A for the circulating beam current.

The circulating beam current is determined both by the number of electrons and by the
circumference, as is seen in these examples:-

HELIOS [4]
ESRF [5]
LEP [6]

2nR(m)
9.6
844

26.7 103

70(mA)

300
200

6 (8x 3A)

N

6.0 10'°
3.5 1012

3.3 1012

The small circumference of HELIOS produces a relatively high current with few
electrons, whilst even the large number of electrons in the large circumference of LEP does not
produce a big current.

The beam current transformer measures the average current as if the electrons were
uniformly spread around the circumference. In reality they are in a bunch train imposed by the
Radio Frequency accelerating system. The harmonic number h is the maximum number of
bunches around the circumference.

The bunches typically have a gaussian structure in time, as shown in Fig. 2, where the
length of the bunches is often described by the full width at half maximum (fwhrn) of the peak.
This may be conveniently expressed in terms of a fraction k of the period of the RF [7]

fwhm = 2.36at = k—
/rf

Normally k will have a value between 0.01 and 0.1, depending on the storage ring
design.



79

From the well known properties of gaussians we can relate the peak current 7pk to the
average 70

At

Current
( i ) .1

\'K"fwhm —W W—

Time(t)

Fig. 2 Time structure of the bunches

With the value for k in storage rings typically being between 0.1 and 0.01 it can be easily
seen that the peak current can be 10 to 100 times higher man the average current. Even higher
peak currents are produced when electron storage rings operate, as is often the case, with the
beam current concentrated in a single (or few) bunches. The current transformer will still
register a reading 1^ as though the electrons are spread around the circumference, but the peak
current is increasedby a factor of the harmonic number h because now:

^0(sb)

/o

7pk = 0.94/* '(Ksb)

Consider these examples of peak currents in storage rings operated in single or few bunch
mode, from which it can be seen that peak currents can easily reach values of hundreds of
amperes.

SRS 8]
ESRF [9]
LEP[10]

Im)(mA)

100
10
3 /4

k

0.11
0.03
0.025

/ .
3.1 106

3.5 105

1.1 104

h

160
992

31360

N

2.0 10"
1.8 10"
4.3 10"

U (A)
136
310
885

It is not surprising that the electro-magnetic fields associated with these very high peak
currents can produce effects which destabilise the electron bunches and produce current
limitations.

3 . FOURIER COMPONENTS OF THE BEAM CURRENT
Consider the time structure of the beam current in more detail. The train of bunches in the

beam current, as shown in Fig. 2, can be expressed as a fourier series:

= -f + 2,n = 1
 an cosnco? + =i K sin neat
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To allow the coefficients of this series to be estimated by inspection, a simplifying
assumption can be made that the bunches are rectangular in time with length Jk//rf and height Jpk
and by setting the origin of the time axis at the centre of a bunch, all the coefficients bB are zero.
The interval between bunches l//is (yet) an unspecified number of rf periods.

The coefficients of the series are evaluated as

an =— U(t)cosn(ot.d(Git)
7T »71

o

and describe the amplitudes of the different frequencies present in the beam current. We
evaluate a0 with n = 0 thus

fl0«-/pk27C/ —
n /rf

and <2</2 gives the expected amplitude for the steady component of the beam current.
The question "Which value of n gives a zero for the coefficient an?" can be answered

approximately by inspecting the product of the beam current function and the cosine term in the
integral. It will give an indication of the highest frequency component present. The coefficient
will be zero when

knco = n
2/rf

The value off is determined by the interbunch spacing and we can consider two limiting
situations.

In multibunch f-ftt
In singlebunch f-fo

But in both these cases the actual frequency nfat which the coefficient goes to zero is the
same, namely

The beam current spectrum is therefore a series extending to at least 10 to 100 times the
radio frequency. In multibunch the series (« = Ilk) is at intervals of/rf but in singlebunch there
are many more harmonics (n = h/k), at intervals of the orbit frequency/0.

Some limitations of beam current and brightness arise from the interaction between the
components of this spectrum and the accelerator environment in which the beam current
circulates.

4 . FIELDS OF RELATIVISTIC ELECTRONS
Consider the fields surrounding an electron. If the electron is stationary there is only a

uniformly symmetric electric field shown in Fig. 3. At a radius r the magnitude of the electric
field can quickly be calculated using Gauss' Law

<l> E.ds = — EQ is the permittivity of free space
J £o
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Fig. 3 Electric field surrounding a stationary electron

The integral is made over the surface of a sphere at radius r, thus

EAnr2 = —

E = ———
47t£0 r2

If the electron is moving relativistically with respect to an observer the electric field suffers a
relativistic contraction along the line of motion. For an electron moving with velocity Pc with

y = y 1 - p2 the electric field seen by the observer at rest is as shown in Fig. 4.

velocity = |3c

Fig. 4 Electric field of a relativistic electron

The x direction is along the axis of the electron's motion, while the y direction is
perpendicular to it. The general expressions for the electric field components are [11]

ycosG e

ysin6

If these expressions are examined for two extreme values of 6
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Along the axis of motion at 8 = 0

£y-0,

• Within a small angle to the normal to the axis of motion at 0 =
2 Y

y e „ 1 e
-y ~ 2 3 / 2 ' "x - 23/2 •

Because Y has a large value for relativistic electrons, it can be seen that the only significant

field component is within ±—of the normal to the electron motion. Thus the electric field is

1
concentrated into a disc of angular thickness + — at right angles to the electron's motion as

shown in Fig. 5

velocity = pc

Fig. 5 The electric field of a relativistic electron is
concentrated into a disc at right angles to the velocity

Using this concept of the field concentrated into a disc we can quickly confirm
(approximately) the result above by using Gauss' Law over the edge of the disc

&Eds~Ey2n.— = —
J y Y e0

Ew = (compare to the exact treatment above).

The moving charge also appears as a current i to the stationary observer. If we consider
2r

this current to be the passage of charge e in the time — which the disc edge takes to pass the
yc

observer, then

._ eye

*~~7
Using Amperes law for the magnetic field surrounding a current
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<j> Bdl = \iQi \i0 is the permeability of free space

B ^ e c
4nr2

Since eono = -~-, we have the expected relation between the magnetic and electric fields;
c

B = Elc

5 . EFFECTS DUE TO THE VACUUM CHAMBER WALLS
It has been shown that a relativistic electron has its electric field concentrated into a disc.

When the electron is moving within the conducting vacuum chamber of an accelerator the disc
must terminate at the chamber wall on an opposite sign image charge moving along with the
electron.

If the walls are not perfectly conducting the image charge will dissipate energy in the
walls; this is a resistive wall effect. However, the energy dissipation is usually negligible. For
example, a 1000-m circumference accelerator with a vacuum chamber made of stainless steel
would have a resistance of about 1 £1 Applying Ohm's Law to a 300 mA image current
flowing in this resistance gives a dissipation of only 0.1 W. The high frequency components
of the beam current see a higher resistance due to the skin effect but again the dissipation is
usually not important.

The resistive loss in the chamber walls can be pictured as a longitudinal drag force on an
electron bunch and as such does not cause any stability problems for the bunch. If the bunch is
not aligned transversely with the axis of the vacuum chamber the transverse assymmetry of the
electric field disc can be expected to produce a transverse force component and this can lead to
an instability. This is called the transverse resistive wall instability [12].

In addition to resistance the vacuum chamber walls can show other [13] electrical
impedance properties, that is, capacitance or inductance. These arise from changes in the
geometrical shape of the vacuum chamber, as seen by the fields surrounding the beam. As the
beam moves at relativistic velocity from a region with one shape of the chamber to another,
both the fields and the image currents become distorted and can even be left in these shape
changes 'ringing' behind the beam. These residual fields can then interact with the tail of the
bunch, or with beam bunches which pass later (even with the same bunch on a later orbit), and
are the principal reason for the existence of beam current and brightness limitations.

Even though the capacitances and inductances resulting from shape changes in the
vacuum chamber are quite small (a 10-mm step in a 100-mm diameter pipe contributes an
inductance of order 0.01 |iH [14]) it must be remembered that the peak current in the bunch
may exceed hundreds of amperes. In the chamber impedance such a bunch can produce fields
equivalent to hundreds of volts and this is sufficient to affect the stability of the bunches.

When the field from the head of a bunch affects the tail of the same bunch this is called a
single-bunch effect. [15]

When the field of a bunch affects later bunches this is called a multibunch effect [15].
The observable effects may be:

1. Bunch position oscillations (transverse or longitudinal)

2. Bunch shape oscillations ( " " )

3. Bunch size changes ( " )



84

All these effects, which originate in the electromagnetic fields generated by the beam in
the vacuum chamber, may be described by a general impedance function [13]. This is usually
expressed as an impedance containing two different contributions:

I. A broadband impedance (hence low <2-factor) representing the total effect of the
wall resistance (including skin effects) together with capacitive and inductive terms
arising from all the geometrical effects of dimension changes, branches, tees, slots,
etc.

II. Several (perhaps many) narrow band (hence high Q-iactor) impedances due to
resonant structures in the chamber such as RF cavities.

The broadband resonator impedance is a shunt arrangement shown in Fig. 6 representing
the longitudinal chamber impedance Z,t.

R

Fig. 6 Components of the broadband longitudinal chamber impedance,

The most useful formula used is:
R

Zu =
CO

© res.

LC

Remembering that the beam spectrum extends up to many times the RF, and that at a
frequency of several GHz most vacuum chambers start to propagate like a waveguide, it is to be
expected that G)res will be in the GHz region.

To obtain a suitably broadband response over this range Q must be of the order ~1 .
For Q = 1, Zj, has the following Real and Imaginary Parts, as shown in Fig. 7.
The important impedance parameter in single bunch instabilities is

ZIT , €0
——, where n = —
n 0)o

This effectively normalises between accelerators of different circumference. For modern
light source accelerators which need to operate with good beam quality at several hundred mA it
is generally accepted that the magnitude [16]

^ - < 1 Q
n
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-0.5

Real part

Fig. 7 Real and Imaginary components of the broadband impedance

Z T TExamples of measured —— in light sources:

SRS1 .8±0 .6Q [8]
ALS 0.2 ft [17]
LEP 0.25-0.5 ft [18]

It is intuitively apparent that a beam moving off centre down the vacuum chamber will
generate different fields than a beam which is centred. This must imply that there is a
transverse component Zx to the chamber impedance, although it is closely related to the
longitudinal impedance ZQ.

The generally used approximate relationship between them is [19]:

where R is the accelerator average radius and b is the radius of the vacuum chamber aperture.
Note that the dimensions of Zx are ft/m.

The mathematical treatment of instabilities is well beyond the scope of this paper. The
concepts which have already been introduced, however, can be appreciated for the role that they
play in the behaviour of instabilities.

An expression for the growth rate of some coordinate of a theoretical test Particle within
the beam can be derived [19], which is related to the beam current and the chamber impedance.
An instability will not necessarily develop on all occasions because there are often damping
mechanisms (by synchrotron radiation emission [20] or by Landau damping [21], for example)
which stifle the instability because the damping rate exceeds the growth rate. But since the
growth rate is related to the beam current, above some threshold current the instability will
grow. Even then the growth may stabilise at a new equilibrium because of frequency shifts
with amplitude and Landau damping.

Thus below the instability threshold current the beam will exhibit its theoretical
dimensions, whereas above the threshold the beam may grow to an increased size, or oscillate,
or suffer an intensity reduction until it restabilises below the threshold. All these behaviours are
obviously important to users of synchrotron radiation facilities.

6. BRIGHTNESS OF A SYNCHROTRON RADIATION SOURCE
The usefulness of a synchrotron radiation source may be judged by an experimenter

primarily in terms of how many photons per second can be directed onto the sample. The
relevant factors which influence this are the emission properties of the source and the
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acceptance parameters of the beamline, the optics, the detectors and the sample itself. Ideally
there should be a good match between the emission and the acceptance.

The long established radiometric parameter which describes this emission property of a
source of radiation is called the Brightness, although the term Radiance or Illuminance may
sometimes be used [22]. Brightness is defined as the radiated flux per unit area of the source
and per unit solid angle of emission.

Brightness =
d4F

dxdzdBdy
photons/sec/mnrVmrVO. 1 %bandwidth

where F is the radiated photon flux in a narrow 0.1% bandwidth, over which it can be assumed
that the flux does not vary. The coordinates are as defined in Fig. 8.

beam cross section

orbit

Fig. 8 Coordinates used in defining source properties

Notice that Brightness, as defined above, in Europe is sometimes referred to as Brilliance
[23], with an accompanying incorrect use of the term brightness for the Spectral Flux Intensity.
The author prefers to avoid Confusion by using the established radiometric definitions as given
above, which is also the practice in the USA.

If F is integrated over all wavelengths a simple expression gives the total power in the
synchrotron radiation spectrum:-

R(m)

where E is the electron energy, 70 the beam current (average) and R the bending radius.

Examples:

HELIOS [24]
SRS [25]
ESRF [26]
LEP [10]

£(GeV)
0.7
2.0
6.0

50.0

h (A)
0.3
0.3
0.2

0.006

*(m)
0.52
5.55
23.3
3096

Power (kW)
12.3
76.5
985
1072

The synchrotron radiation spectrum is described with reference to a characteristic (often called
'critical') wavelength Xc, or photon energy ec

= 5.59/?(m) = 18.6

~ £3(GeV) ~

£c(keV) =
12.39

where B is the bending magnetic field.
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Examples:

BESSY-I [27]
HELIOS [28]
SRS [25]
ESRF [29]
LEP [30]

£(GeV)

0.8
0.7
2.0
6.0
50.0

R(m)

1.78
0.52
5.55
23.3
3096

BCD
1.5
4.5
1.2

0.86
0.054

MA)
19.4
8.5
3.9

0.60
0.14

ec(keV)

0.64
1.5
3.2

20.7
88.5

When the radiation at a given wavelength is integrated over all angles of vertical emission
the resultant Spectral Flux Density is given by

13^ = 2.46 1013/0(A)£(GeV)(
at)

photons/sec/mr/0.1% bandwidth

where G\ [31] is a numerical factor which essentially governs the shape of the spectrum.

Note that source Brightness as defined above is a function whose value depends on the
source density distribution and on the observation angle. It is often more convenient to use, as
a figure of merit, an average brightness which for dipole sources is defined [32]:

dF

Average Brightness =
2.36ax2.36az2.36a^

where dF/dQ is the vertically integrated flux, 2.36ax is the fwhm of the horizontal electron
beam size, 2.36cz is the fwhm of the vertical electron beam size, and 2.36a' is the fwhm of the
photon emission angle in the vertical plane. The latter is a combination of the electron beam
vertical divergence and the photon emission angle thus

ol2+0.4l 1
z ""\Kjr

As an example let us calculate the Average Brightness of a dipole magnet in the ESRF [23]

General data

£ = 6GeV

70= 200 mA

ex= 4 10'9 m.rads

E Z = 4 10'"m.rads
o F = 10"3

Source point data

P x = 1 . 0 m

p\ = 25.0 m

TI = 0.03 m

Electron beam data

ox = 0.07 mm

az = 0.032 mm

ax '= 0.0013 mr

At X = Xe

Xc = 0.6 A

aY
y = 0.055 mr

dF
— = 2.46 1013 0.2 6 0.65 at X = kc

= 1.9 1013 photons/sec/mr/0.1% band

Dipole Average Brightness =
1.91013

2.363 0.07 0.032 0.055

= 1.2 1016 photons/sec/mmVmrVO.l^e band.
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The brightness performance of an undulator is calculated slightly differently. The flux in
the central cone of an undulator FB at a specified wavelength is averaged over the emission
angle of that cone to give the Average On-axis Brightness. Because of the usually very small
source size and divergence in an undulator diffraction effects must be taken into account [33].

Average On-axis Brightness =
2364ayxa

l
yxcyzG

/
yz

photons/sec/mm2/mr2/0.1% band

^ are the photon sourcewhere a^, a^ are the photon source sizes in both planes and a.
divergence in both planes, taking into account diffraction effects.

1 nr-

4TC

* ; =

where L - undulator length, A.u = undulator period.
The standard expression for the radiation produced in the n* harmonic in an undulator is

— u

where the deflection parameter k = 93.4 A,u(m)B0(Tesla) and the flux in the central cone is [34]

Fn= 1.43 1014 — /o0n(fc)photons/sec/O.l% bandwidth

where

and/n is a numerical factor, related to k [35].
As an example let us calculate the On-axis Brightness of an ESRF undulator [36]

General data

Xu = 46 mm

iV=36
L= 1.66 m

7=1.17 104

Source point data

p\ = 0.5 m

p\ = 4.0 m

Tl = 0.04m

Electron beam data

ax = 0.06 mm

ox' = 0.12mr

GZ = 0.013 mm

a/ = 0.003 mr

Photon data
oY= 0.0016 mm
cY' = 0.012 mr

c^ = 0.06 mm

0^ = 0.12™-

a^ = 0.013 mm
cj = 0.012 mr

Consider k = 1, then the wavelength of the fundamental is

4610"3 (, , Q OI 1 + — 1 = 2.
2(1.17104) ^ 2

m

Fn = 1.43 1014 36 0.2 - 0 . 3 7
2
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= 5.71014photons/sec/0.1%band

5 71014

On-axis Brightness =
2.364 0.06 0.013 0.120.012

= 1.6 1019 photons/sec/mm2/mr2/0.1% band .

7 . BRIGHTNESS LIMITATIONS
It has been shown that the brightness of a synchrotron radiation source depends on the

beam current and the cross sectional dimensions of the beam itself. Both these quantities may
be degraded by effects arising from the impedance behaviour of the beam vacuum chamber; the
beam may be limited to a threshold current; or above it the beam dimensions may increase. The
end result is to limit the brightness properties of the source.

These are what might be called technological limitations, which may be overcome by
appropriate designs to ensure a suitably low impedance. Alternatively, feedback systems may
be employed to counteract specific instabilities.

But as the technological design of synchrotron sources moves steadily towards the
achievement of yet smaller beam dimensions, the ultimate limit will then be reached when, no
matter how small the beam is, diffraction effects predominate. Until that happy day for
experimentalists is reached, there remains much to be done by accelerator theorists, scientists
and technicians.
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LATTICES AND EMITTANCES

A. Ropert
ESRF, Grenoble, France

Abstract
The new generation of synchrotron light sources is characterised by an extremely
high brilliance synchrotron radiation achieved in low-emittance storage rings
specially designed to accommodate insertion devices. The basic principles guiding
the minimisation of the emittance are recalled. The magnet lattice configurations that
are currently studied as candidates for these storage rings (DFA, TBA, FODO...)
are described and the problems associated with these low-emittance lattices and the
required strong focusing discussed. Finally the effects of insertion devices on beam
dynamics as well as on emittances and energy spread are recalled.

1 . FROM HIGH BRILLIANCE TO LOW EMITTANCE
High-brilliance synchrotron radiation can be obtained by utilising insertion devices in low-

emittance storage rings. A small beam emittance is also very important for storage ring based
FELs where additional requirements must also be fulfilled. In this lecture, emphasis will be
placed on storage-ring lattices specially designed to maximise the brilliance and achieve the full
potential from insertion devices.

Brilliance of X-rays has increased by many orders of magnitude since the advent of
synchrotron radiation sources as shown in Fig. 1.

23-

22 H

2 1 .

20.

19-

1 8 •

1 7 1
16-

15.1

14.

13.

12.

11.

10.

9 .

7 .

6

Diffraction limit & 200 mA • Q

ESRF forthcoming 2nd upgrade ^m

present ESRFftfltr 1st upgrtdt) ^ | |

3rd generation I

ESRF original target — • •

/

2nd generation of /
synchrotron "X /
light sources /

1st generation -^___^ /

T
X-ray /
tubes x /

m
, , ,

1850 1900 1950 2000

Fig. 1 Increase of brilliance over the last decades

The photon flux is an important source characteristic. Nevertheless, for a number of
experiments in which the beam is focused at the sample, the true figure of merit is the spectral
brilliance B (called, in short, brilliance) which is defined as the photon flux per unit solid angle
and per unit source area, emitted in a relative bandwidth. Brilliance may be expressed as:
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with:
Ox<JxOy<Jy

—f(E,gap) (1)

/ = beam intensity
E= machine energy
a, <J'= photon beam size and divergence (x stands for the horizontal plane and y for the
vertical plane)
Brilliance is generally quoted in units of:

photons per second

(mrad)2 (mm)2 0.1% bandwidth

It can be seen from Eq. (1) that the brilliance is inversely proportional to the product of
transverse photon beam sizes and divergences resulting from the convolution of two
contributions:

i) the electron beam emittances

°Ex,y =

*,y

x<y
£E

x (2)

where f3E are the betatron functions

ii) the photon beam emittance associated with the single electron emission £R —A

(3)

where / is the wavelength of the radiation and L the undulator length.
The total photon beam sizes and divergences are given by:

ax,y = *
(4)

Figure 2 illustrates the sharing of the two contributions in the case of the ESRF for two
different values of the vertical emittance. The smaller the emittance of the electron beam, the
higher the brilliance of the produced radiation. As soon as the brilliance is no longer dictated by
the emittances of the electron beam, a better matching of the electron beam with respect to the
photon beam must also be achieved. This calls for a high flexibility of the lattice design,
enabling the /3 functions to be varied in a large range.

Most existing rings have emittances of 100 nanometer-radians. The new generation of
rings (third generation light sources) under early operation or in the construction or design stage
has design values between 5 and 10 nanometer-radians. Yet the maximum level of brilliance is
reached only at the so-called diffraction limit when the beam emittance is about equal to a
fraction of the wavelength of the radiation. This sets the scale for the ideally desirable beam
emittance as shown in Table 1.

Table 1
Diffraction limit emittances

Source type

Hard X-ray

vuv

Energy (GeV)

6

2

A. (A)
0.88

78

£c(keV)

14

1.6

ER (nm.rad)

0.014

0.2
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0.4 nm electron beam emittan e

photon beam emittance

microns)

slgma' (mlcrorad) I

-60 -40

diffraction limit

0.04 electron beam emittance

slgma (microns)

40

photon beam emittance -6

-10

Fig. 2 Effective photon-beam emittances

2 . LOW-EMITTANCE LATTICES

2.1 Equilibrium emittance
The particle beam emittance in an electron storage ring is determined by an equilibrium

between quantum excitation that causes individual particles to oscillate transversally and
damping of the betatron oscillations.

In an undistorted machine, radiation is produced mainly in the normal bending magnets.
As a particle emits a photon, it loses energy and this results in a sudden change of its
equilibrium orbit which causes a corresponding increase of the betatron oscillation amplitude
about the new equilibrium orbit (Fig. 3). This process of continuous increase of the beam
emittance is compensated by the damping provided by the RF accelerating system which
restores the energy lost by synchrotron radiation only in the longitudinal direction.

The resulting horizontal equilibrium emittance is given by the expression [1]:

0 h<M9l>
where < > means the average around the storage ring and with:

p = bending radius

7= total energy in me2 units
Jx is the horizontal damping partition number

(5)
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C =
55 h

= 3.841(T13m
32V3 2mnc

and H is the Courant-Snyder dispersion invariant which is specified by the properties of the
guide field. It is given by:

where <xx, (3X, yx are the Twiss coefficients and r\, 7]' are the dispersion function and first
derivative respectively.

after

Fig. 3 Effect of energy loss on betatron oscillations

For an isomagnetic guide field (p = po = Constant in magnets, p = °o elsewhere), Eq. (5)
becomes:

P = •
fc*o

Caf<H>mag

JxPo

where <H>mag
l& *he average of H taken only in the magnets. That is:

-j[yx7]2 +2ax7iT}'+pxri2]ds

(7)

(8)

In the vertical plane, there is radiation damping but ideally no dispersion and hence no
quantum excitation, so that in a perfect machine the vertical emittance is zero. The vertical
emittance is determined only by coupling between the horizontal and vertical planes due to
magnet imperfections and misalignments. The coupling is generally expressed by a constant K
which describes the sharing of the natural emittance er between the two planes:

•*o
£x =

(9)

K

where e and £, are the effective emittances. Typically the natural coupling is of the order of a
few %. It can be controlled by means of skew quadrupoles. Correction algorithms are usually
applied to reduce the initial figure and increase the brilliance. As an example, the ESRF is
routinely operated with a 0.4 % coupling, as compared to the design 10 % value.
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2.2 Minimisation of emittance
From Eq. (7), it is clear that minimisation of emittance, assuming in a first approach Jx to

be constant, is achieved by the minimisation of the dispersion invariant function. This means
that in the bending magnets, where the photons are emitted, the dispersion function 77 must be
low and the /3 function optimised.

For a single magnet with length L and bending radius p , the integral for deriving the
average value of H is given by:

(10)

Knowing the optical functions at the entrance of the bending magnet (referred by the
index 0) and their transfer through the magnet, / can easily be analytically developed. A
simplified expression is obtained by approximating the resulting expression to second order in
Up. One gets:

«(7o»7o

ccQL2 yolf
4 20

(ID

Optimum values of the optical functions at the beginning of the magnet can then be
derived from Eq. (11), in order to achieve the minimum emittance. Figure 4 shows how the
emittance changes with variations of <XQ and fi0 away from their optimum in the particular case
of zero dispersion at one end of the magnet.

e/c.opt

. . . .

€.00

4.00

2.00

!
ia I \
i I \

\\\V
/ /

/

/ / / .

/ / /

1.00 i.«o opt

Fig. 4 Beam emittance as a function of initial betatron values

To minimise eY , one can also take into account the variation of J. The horizontal

partition number is given by [2]:

(12)
mag

where the magnetic field index is defined by: n = ———
B dx
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In a machine with separated functions (i.e. zero field gradient in the dipoles), the quantity
Jx is approximately equal to 1. Jx can be made larger by introducing vertical focusing in the
dipoles but its maximum value is limited by the rule:

Ui = Jx + Jy + J£ = 4 (13)

which means, in the particular case of no vertical bend, Jx + J£= 3, hence Jx < 3. In practice
the maximum tolerable value is Jx < 2, which results potentially in an emittance reduction of a
factor two.

Another possible way to achieve very low emittances is to install damping wigglers in
dispersion-free straight sections. For instance, this method would reduce the emittance in PEP
by almost one order of magnitude [3] with a total length of installed wiggler magnets of 200 m.
This method is applicable to any storage ring but since the damping effect scales proportionally
with the bending radius of the ring magnets, it is more efficient in large machines.

3 . LATTICE TYPES

3.1 Generalities
The basic structure of low-emittance lattices consists of straight sections designed for the

installation of insertion devices separated by arc sections. In the arcs, the focusing is chosen so
as to minimise the chromatic invariant. Minima for H can be found for various types of lattices,
involving proper choices for r\x, fix, and their derivatives in the bending magnet.

A variety of types of lattices are available to design low emittance lattices. They can be
divided into two classes:
i) structures without bending magnets in the dispersive section: double focusing achromat

(DFA) commonly known as the Chasman-Green lattice [4], expanded Chasman-Green,
empty FODO, triplet achromat lattice (TAL).
The double focusing achromat lattice has been used for the NSLS rings in Brookhaven
[5]. SUPERACO [6] is already operated with an expanded Chasman-Green structure.
The expanded Chasman-Green structure is the basis of the conceptual designs of several
third generation synchrotron radiation sources in operation : ESRF [7], APS [8],
ELETTRA [9] or under construction or design stage: SPRING8 [10], BESSY2 [11],
SOLEIL [12]. The triplet achromat lattice was used in ACO at Orsay [13]; it has the
advantage of requiring the shortest circumference.

ii) structures with additional bending magnets in the dispersive region: triplet bend achromat
(TBA), FODO.
Triple bend structures are utilised in both the ALADDIN [14] and BESSY [15]
synchrotron radiation sources. ALADDIN is a machine optimised primarily to use
radiation from the dipole magnet and does not provide zero dispersion in the long straight
sections. In the BESSY structure, significant focusing in the vertical plane is provided by
the edge focusing of the dipoles. This focusing is necessary in order to limit the
amplitude of the vertical beta function.
The triple bend achromat lattice is the logical extension of the DFA. Adding a third
bending magnet within the arc section allows extra flexibility. This type of lattice is run at
ALS [16], SRRC [17], PLS [18]. It is also proposed for the DIAMOND project [19].
The FODO lattice is the most commonly used lattice for high energy physics storage rings

because of its very compact structure. In contrast to the other types of lattices, the FODO does
not naturally provide a space for insertion devices; special lattice sections must be introduced to
achieve dispersion-free insertions. The damping rings at Stanford [20] and the SXRL storage
ring [21] are good examples of the use of this structure.
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3.2 The double focusing achromat
The double focusing achromat lattice or basic Chasman-Green represents the most

compact of the structures used in low emittance storage rings. The basic scheme uses two
dipole magnets with a focusing quadrupole between them (Fig. 5). The strength of the
quadrupole is adjusted so that the dispersion generated by the first dipole is cancelled by
passing through the second dipole.

symmatry
point

dispersion

ACHROMAT

Fig. 5 Basic DFA structure

In this form, the structure is rather inflexible since the quadrupole does not provide
focusing in both planes. Therefore, defocusing quadrupoles can be added upstream and
downstream of the focusing quadrupole to restore focusing in both planes and to provide more
flexibility in the adjustment of transverse dimensions (i.e. the ESRF with four quadrupoles or
ELETTRA with three quadrupoles). This is the so-called expanded Chasman-Green achromat.
The optical functions of these two lattices are shown in Figs. 6 and 7.

The emittance of a lattice built up of such cells has been computed by various authors [22,
23]. If the dispersion and its derivative are zero at the entrance of the bending magnet, the
emittance is given by:

£ = L \ (14)

where (3Q, y0, aQ are the Twiss parameters at the entrance of the bending magnet, L is the length

of the magnet and 6 is the bending angle.
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Fig. 6 ESRF lattice functions
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Fig. 7 ELETTRA lattice functions

The emittance can be minimised by a proper adjustment of the optical parameters at the
entrance of the bending magnet. The minimum value is achieved when the minimum of the
horizontal beta function within the dipole occurs at a distance s = 3/8 L from the beginning of
the magnet and the value of the minimum betatron function is :

'8V5
It yields an emittance of:

4VI5

(15)

(16)

It is difficult to reach the minimum emittance because the very low (3 value in the bending
magnet (fimitl = 19 cm for L = 2 m) generates unacceptably high J3 values in the focusing
structure outside the bending magnet and leads to large chromaticities. Therefore, actual lattices
result from a compromise with the needs of chromaticity correction and a more realistic estimate
would be to increase the emittance by a factor two to three over the ideal minimum value.

The advantage of the DFA structure is to provide a large dispersion between the two
bending magnets. As a consequence, sextupole strengths required for chromaticity correction,
which are inversely proportional to the dispersion, are reduced. This is the reason why the
expanded Chasman-Green is more suitable for large rings where the dispersion in the achromat
becomes small. On the other hand, a clear disadvantage of such lattices is the fixed phase
advance across the achromat which is approximately n. This places severe constraints on the
horizontal betatron tune and limits the flexibility of the lattice since the {5 values in the insertions
are coupled to the choice of tune.

Given the fact that the emittance is determined by the balance between radiation excitation
and damping, it is possible to decrease the amplitude of the excitation by changing the
distribution of the dispersion and optical functions inside the bending magnets [24]. Figure 8
schematically shows how this can be achieved by breaking the double achromatic condition.
The hatched area indicates the relative magnitude of the excitation which can be made smaller in
the non- achromatic case. Running a DBA with a distributed dispersion is now being applied
on several machines. In the ESRF case, this strategy enabled almost a factor of 2 to be gained
on the horizontal emittance from 7 nanometer-radians down to 4 nanometer-radians.
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Fig. 8 Comparison of the doubly- and non-achromatic condition

3.3 Triplet achromat lattice
This lattice can be made very compact since there are no quadrupoles in the insertion

straight sections, as shown in Fig. 9.
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.dispersion

ACHROMAT

Fig. 9 Basic TAL structure
Using the same derivation as in the previous section, one can express the minimum

emittance of the lattice in the form:

'opt

using the optimum value of fi in the middle of an insertion section of length 2 L; given by:

I) =2
LJ,opt

1 Li AfL:
- + —+ - —
5 L 3\L

(17)

(18)

The main disadvantage of the lattice is that the emittance depends on the value of the
horizontal betatron function in the insertion region. Figure 10 shows the ACO lattice functions
as an example of a triplet achromat structure.
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Fig. 10 ACO lattice functions

3.4 Triple-bend achromat
A unit cell of the basic TBA lattice with one horizontally focusing quadrupole in-between

the bending magnets is shown in Fig. 11. The addition of an extra bending magnet within the
achromat gives more flexibility for adjusting the phase advance across the achromat. The phase
advance can be varied from 7t to 2% by changing the positions of the achromat quadrupoles
and/or the length of the central magnet compared to the outer magnets [25]. A more practical
way to obtain a "movable" quadrupole with fixed magnet geometry is to include a second family
of quadrupoles in the achromat.

symmetry
point

dlsparslon

ACHROMAT

Fig. 11 Basic TBA structure
The emittance of the TBA lattice is obtained by summing the values of the driving integral

= 1 Hds over the two types of magnets. It can be expressed in the following form:

_ 4Caf
20n

(19)

Pi P0
where the index 0 refers to the outer magnet (radius p 0 and deflection angle 0O) and the index 1
to the inner magnet.

Assuming equal bending magnet deflection, the minimum emittance is given by:

C x " " 7 T 36VT5
(20)



101

It is obtained for /3 values in the outer bending magnets identical to those of the double
focusing achromat structure and for fix = L /Vl5 in the inner magnet. Even lower emittance
values can be obtained by optimising the bending angle distribution. The optimum yields a
structure in which the centre deflection angle is 1.5 times larger than the outer deflection angle.

To control the vertical beta function in the bending magnets, vertical focusing can be
introduced either in the form of lumped quadrupoles adjacent to the bending magnet or by
introducing a gradient into the bending magnet fields, as proposed in [26]. This also changes
the damping partition numbers in such a way as to reduce the emittance. Such a solution with
combined function magnets has been adopted in the ALS design (Fig. 12).

OPTICAL FUNCTIONS

0. 000 4. 00

Fig. 12 ALS lattice functions

However, to keep the emittance small, the dispersion in the inner magnet must be reduced
to small values which leads to large correcting sextupoles. When compared to the case of a
double focusing achromat lattice with comparable emittance, these sextupoles need to be about
two or three times stronger. Such structures are more suitable for small rings where the
deflection angle per bending magnet, and correspondingly the dispersion, is larger.

3.5 FODO structures
As used in storage rings constructed for high energy physics, a FODO lattice consists of a

sequence of alternating focusing and defocusing quadrupoles separated by bending magnets.
The emittance of a regular FODO structure scales as [27]:

(21)

where F (fi^ is a function of the betatron phase advance per cell \ic. The variation ofF(fic)
is plotted inFig. 13. The minimum is reached at about \ic - 135° and is rather flat in the range
100° <fic < 160°. The large phase advance required to achieve a small emittance implies very
strong focusing.
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Fig. 13 Emittance behaviour as a function of the betatron phase per half cell

The FODO achromat is composed of a regular FODO structure followed by a dispersion
suppresser, as shown in Fig. 14. The overall emittance is produced by the contribution from
the nominal FODO cell bending magnets and the dispersion suppresser bending magnet. It can
be expressed as [28]:

(22)

Po P

where no is the number of FODO half cells per achromat and 6 = L/p.

dlsparslon

suppressor

Fig. 14 Basic FODO achromat

Once the cell geometry and the phase advance are chosen, the emittance can be minimised
by optimising the length of the dispersion suppresser magnet and the bending angle
distribution. Figure 15 (taken from [28]) shows the variation of emittance with these
parameters.

The FODO has the advantage of large flexibility. Also, since the average betatron
function is reduced, the vacuum requirements can be relaxed. On the other hand, it is
characterised by an extremely dense packing of magnetic elements which could lead to layout
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Fig. 15 Variation of emittance with length of dispersion suppresser

and engineering problems. Also it suffers from intrinsic problems similar to those of the triplet
bend achromat, because of the small dispersion which is required to achieve a low emittance
and leads to large sextupole strengths. The lattice functions of a FODO type structure are given
in Fig. 16.

1 * . •

k

\
\

m
ft n ftw

A

AII
i

A
V

Kmm

i

nil
• • t i l !•.« • •.« 41. t

Fig. 16 Lattice functions of a FODO type structure

3.6 RACETRACK lattices
The lattices presented in the previous sections are built-up from identical cells and are

characterised by a high degree of symmetry. However, the increasing demand for very long
straight sections to accommodate FELs or long undulators has led to designing RACETRACK
lattices. Such designs are being considered for a number of projects [29]. They raise a number
of challenging issues due to the breaking of the symmetry of the lattice, the limited range of
optical functions, and the need to match these long straight sections to the rest of the lattice
whilst keeping a sufficient dynamic aperture. Different technical solutions are proposed: regular
cells with missing bending magnets (SPRING8), normal cells replaced by RACETRACK ones
and extra quadrupoles to match P values (SOLEIL / DIAMOND). This is sketched in
Figure 17.

3.7 Comparison of lattice performances
It can be seen from the previous sections that the beam emittance of all these lattices scales

as E2(P where E is the beam energy and 6 the bending angle. This means that, in order to
achieve a low emittance, the bending angle must be decreased and a large number of cells is
needed. In order to make a comparison of the various types of lattices, it is useful to rewrite the
emittance in the following form:
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Fig. 17 A few RACETRACK schemes

F{jix,lattice) (23)

where Nd is the number of bending magnets and E the beam energy (expressed in GeV).

Table 2 lists the minimum values of F which are achievable for the various lattices and
gives an example of each lattice case. F is varying over a range of roughly a factor ten from the
FODO lattice down to the DFA lattice. But because of the cubic dependence on Nd, even a
factor ten can be compensated by a factor of about two in Nd. Thus, to get the same emittance
with a FODO, one has to double the number of bending magnets in the ring. Design
considerations imply in most cases that the emittance is larger than the minimum value.

Table 2
Minimum values of F

DFA

TAL

TBA

FODO(***)

*min

2.35 10-5

2.45 10-5(*)

1.83 10-5

4.52 10-4

Examples

ESRF

ACO

ALSO**)

Energy (GeV)

6

0.536

1.5

Nd

64

8

36

F

5.02 10-5

1.14 10-4

(*) to be multiplied by (p/L )op t

(**) with gradient in the dipoles
(***) regular cells without dispersion suppresser
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The emittance is an important issue when choosing a lattice. However criteria for
evaluation of lattices include other considerations, such as chromatic correction and dynamic
aperture, sensitivity to errors, flexibility, beam lifetime.... Some of these problems will be
discussed in Section 4.

3.8 Future directions for low emittance lattices
The next generation of lattices will aim at being diffraction limited. In order to achieve

this requirement, several ideas can be explored:
i) extrapolation of present designs. As discussed in Section 3.7, present lattices are
characterised by a large number of cells to obtain a low emittance. Further increase of the
machine size [30] could provide the required gain (Table 3).

Table 3
Scaling of existing machines

Source type

Hard X-ray (ESRF)

Hard X-ray

VUV

Energy (GeV)

6

6

2

Circumf.
(m)

850

1700

850

e (nm.rad)

4

0.5

0.2

ii) design of new models. Several concepts have been proposed [31], [32]. They are
based on the design of regular cells for the minimisation of emittance, followed by
matching sections and straight sections for insertion devices. An example of such design
achieving an emittance of 0.5 nanometer-radians for a 3-GeV, 400-m-long machine is
shown in Fig. 18.
However, the most challenging issue for these future machines lies more in intrinsic

limitations such as intrabeam scattering [33], which could spoil the emittances well before the
diffraction limit is reached, rather than in the design of a super low emittance lattice.

-BctaX BeUZ -10'Disp.X

Length [m]

Fig. 18 "Multiple-Bend Achromat"

4. PROBLEMS ASSOCIATED WITH LOW-EMITTANCE LATTICES

4.1 Chromaticity correction and dynamic aperture
Achieving such low emittances means that the storage ring will be highly sensitive to non-

linear effects. One of the main problems raised is the correction of chromaticity. The
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chromaticity is the tune shift experienced by individual particles due to momentum errors Ap/p.
It is defined as:

fer-^->w^w* (24)
where Kx is the quadrupole gradient.

The strong focusing required to obtain a low emittance implies strong gradients and also
large values of betatron functions so that the chromaticity tends to be large. Typical values are
of the order of -50 to -100. This results in large tune spreads within the beam (in the ESRF
case for instance, %x = -114, %y = -35 which leads to OVx = -0.12, av = -0.04 for (J^p/p =

1.10"3). As a consequence, large momentum excursions enhanced by quantum fluctuations or
Touschek scattering push the tunes of particles to nearby resonances, resulting in a beam loss or
a limited lifetime. In addition, to prevent instabilities (such as the resistive wall instability in
multibunch mode or the so-called "head-tail" effect in single bunch mode), the chromaticity
must be corrected to zero or adjusted to a slightly positive value. This is performed by means
of sextupoles located in the dispersive region. The momentum error produces an orbit shift
which generates a quadrupole field at each sextupole location so that the correcting effect is
given by:

^S=-^jPx,y(s)rj(s)m(s)ds (25)

where m(s) is the sextupole gradient.
As a matter of fact, these sextupoles need to be very strong since the dispersion generated

by the bending magnets is rather small in all lattices. Unfortunately, these sextupoles introduce
various kinds of chromatic and geometric aberrations, such as betatron-amplitude-dependent
and momentum-dependent tune shifts, change of the betatron functions and dispersion with
momentum. These aberrations limit the maximum stable amplitudes of oscillations. The
dynamic aperture, defined as the boundary of stable motion in the x-y plane, may be
considerably smaller than the physical aperture. Therefore, the issue is to ensure that the
motion remains bounded for a time long enough with respect to time scales of interest (damping
times, synchrotron periods, i.e. typically several hundred of turns).

Adequate dynamic aperture is an important figure of merit. The transverse aperture must
be large enough to accommodate the oscillations of the injected beam and Coulomb scattered
particles. Without this, the injection efficiency would be very poor and the beam lifetime very
short. A large chromatic aperture is required to improve the lifetime due to Touschek and
bremsstrahlung effects. General guidelines can be put forward in terms of rms beam size cr.
For quantum lifetime considerations, 6<7 is the usual figure. Injection requires about 20<7.
Ultimately the designer goal is aiming at obtaining 100<x For the ESRF, these requirements
correspond to ±2.4 mm, ±8 mm, ±40 mm in high-/? straight sections where ox = 0.4 mm.

In order to obtain reasonably large dynamic apertures and minimise all detrimental effects,
complicated arrangements of sextupoles have to be found for each lattice. The common strategy
consists in using two sextupole families in the dispersive part for chromaticity correction and
rninimisation of the tune dependence on energy. Their location results from a compromise
between the maximum decoupling of the horizontal and the vertical planes and the best
efficiency (i.e. maximum /J and t] values). As shown in Fig. 19, this usually gives a small
dynamic aperture. Therefore, additional sextupoles located in the dispersion-free straight
sections have to be used to minimise the driving terms of third-order resonances, amplitude-
dependent tune shifts and enlarge the dynamic aperture [34]. With regard to dynamic aperture,
all lattices can be brought to comparable performance as shown in Fig. 20 for the ESRF.

The dynamic aperture is usually experimentally approached by closing a scraper jaw and
measuring the corresponding lifetime evolution. The beneficial effects of harmonic sextupoles
are highlighted in Fig. 21 [35].
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Fig. 19 Effects of sextupoles on the dynamic aperture
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Fig. 20 Dynamic aperture of CG, TBA, FODO lattices for the ESRF
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4.2 Sensitivity to errors
Common to all low-emittance lattices is a strong sensitivity to errors that may affect

machine performance and have a significant impact on practical design. After having
established a lattice that gives adequate dynamic aperture, it is essential to check the sensitivity
to errors of all kinds (magnet construction imperfections generating systematic and random field
errors, magnet misalignments, effects of insertion devices). Unacceptable distortions of the
linear optics, reduction of dynamic aperture, beam emittance blow-up or even unstable
machines could be generated. The severity of this problem is illustrated in Fig. 22 which
shows that a significant reduction of dynamic aperture is induced by very small quadrupole
positioning errors (in that case the effects of a misalignment of 0.025 mm have been computed
for different sample machines).
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Fig. 22 Effects of quadrupole positioning errors on ESRF dynamic aperture

4.2.1 Closed-orbit distortions
Given the strong focusing required to achieve low emittances, the amplification of

quadrupole misalignments is very large and is the dominant contribution to closed-orbit
distortions. The sensitivity of a given lattice can be quantified via the magnitude of the
amplification factor. This quantity is the ratio of the rms orbit at the observation point to the
rms amplitude of the error. Typical values stand between 50 and 100. As an example, Fig. 23
shows the distribution of the rms orbit distortions for all errors at the ALS. As a consequence,
state-of-the-art alignment and construction capabilities (1/10 mm positioning errors for
quadrupoles and sextupoles, tilts of magnetic elements of a few 10"4 rad) are required.
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Fig. 23 Predicted rms orbit distortions produced by 20 sets of random errors at the ALS
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Since a quite perfect closed orbit (i.e. 0.1 to 0.2 mm rms residual distortions) is necessary
to achieve correct performance, a large number of beam position monitors with an accuracy of
0.1 to 0.2 mm and sophisticated closed orbit correction schemes, including dynamic feedback
systems to control beam stability, must be implemented. Figure 24 shows the residual closed
orbit achieved at ELETTRA [35] by a global correction using the most effective corrector and
bump methods. At the ESRF, rms orbits in the 80 (xm range are routinely obtained with a SVD
correction scheme [36].

Fig. 24 Closed orbit after correction at ELETTRA

4.2.2 Focusing errors
These are mainly induced by random gradient errors in quadrupoles and horizontal

mispositioning of sextupoles. They result in:
i) the excitation of resonances and stop-bands, limiting the allowed region in the tune

diagram and resulting in a reduction of the lifetime

a modulation of /3-functions, thus spoiling the horizontal emittance
a reduction of the dynamic aperture (Fig. 25)

ii)
iii)

ESRF
<DGUGL>=1E-3

0.03 T
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Fig. 25 Dynamic aperture reduction with random gradient errors

As a consequence, tolerances on quadrupole gradients in the 1.0 10~3 range are generally
required, which implies tight mechanical tolerances on bore radius and pole assembly, accurate
magnetic measurements, and sorting procedures before installation in the ring. In addition, the
correction of quadrupolar resonances proves to be very valuable for optimising machine
performance. At least one pair of correctors per resonance is needed. Figure 26 illustrates the
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beneficial effects of the correction of the half-integer stop-bands close to the tune in the ESRF
case, with the subsequent enlargement of the longitudinal acceptance which in turn contributes
to the increase of lifetime. This feature is of prime importance for low energy machines for
which the Touschek effects, linked to an insufficient acceptance in energy, plays a major role.

MM 36.10 36.15 36.20 36JS 36J0 3&3S 35.40 M.45 » . »

Fig. 26 Chromatic tune variation around a few ESRF working points

4.2.3 Emittances
Low emittances are one of the main figures of merit of the third generation of synchrotron

light sources. However the achievement of the expected emittances can be spoilt by many
factors.
i) Blow up of the horizontal emittance due to the proximity of quadrupolar resonances

and/or an imperfect closed orbit. Around integer values of vx, the emittance is sensitive
to both closed orbit errors and focusing errors, whilst, around half integer values of vx,
the effect of closed orbit errors is negligible. The influence of these two sources is shown
for the ESRF in Figs. 27 and 28.
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Fig. 27 Emittance evolution versus tune
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ii) The vertical emittance, which is null in an ideal machine, is generated by several sources

of imperfections in a real machine: radiation in the presence of spurious vertical dispersion
due to dipole and quadrupole rotation errors or closed orbit in quadrupoles and
sextupoles, coupling of horizontal and vertical betatron oscillations due to skew
quadrupole field errors. As already mentioned in Section 2.1, the vertical emittance is
generally characterised via the coupling:

K = ^- (27)
£x

Most target specifications aim at a natural figure of 10 % which could be decreased below
1 % after correction. The correction strategy consists in powering skew quadrupoles to correct
the coupling resonances close to the working point and/or the spurious vertical dispersion, then
in deducing the beam emittances from beam size measurements by imaging the radiation.
Depending on the lattice, the influence of the spurious dispersion on the emittance is more or
less important as shown in Eq. 27 and Fig. 29 [35].
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4.2.4 Intrabeam scattering
Multiple Coulomb scattering within the bunches causes emittance growth in both

transverse and longitudinal spaces. The addition of small emittances and high currents in a
small bunch volume tends to increase the mechanism. As shown in Fig. 30, the induced
emittance blow-up could annihilate the trends towards diffraction limited emittances.
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Fig. 30 CBS emittance blow-up when running the ESRF at low energy

4.3 Small momentum compaction
The achievement of a low horizontal emittance is obtained by minimising the radial

dispersion of trajectories with energy at locations where particles radiate, thus leading to small
orbit-length deviations as a function of energy deviation and therefore a momentum compaction
factor cci, as indicated in Eq. (28):

dL dp 1 ? 770), ,nn^
— = a, — a, = — \ -^^ds (28)

Typical values are:

a - 3 . 0 10"4 for APS, ESRF

a ~ 1.5 10"3 for ALS, ELETTRA

Equation (29) shows that, the smaller a;, the shorter the bunch length
case, the zero-current bunch length is of the order of 15 ps.

In the ESRF

(29)

where R is the machine radius, vs the synchrotron tune and a^ the energy spread.

~E

However, some adverse effects have to be taken into account [37], [38], [39]. When ocj,
becomes very small, non-linear contributions become important and can affect the longitudinal
stability. In particular the <X2 term (see Eq. (30)) must be compensated.

(30)

Also, the wake field induced by the interaction of the bunch with the impedance of the
vacuum chamber has a strong defocusing effect on the bunch which lengthens with increasing
current. The production of intense and short bunches (in the picosecond range) looks therefore
questionable for future storage rings.
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4.4 Orbit stability
Orbit stability has more severe requirements than for other accelerator applications

because of the very small vertical beam size at the source point (a typical figure is ay< 100 \im
at undulator locations). Any change of the beam position with time will lead to an enlargement
of the source and a macroscopic emittance growth, as sketched in Fig. 31. To avoid spoiling
the source emittance, the beam centre of mass must be kept within a few \im and a few 1/10
(irad all around the machine.

time varying
closed orbit .

effective size of the source

Fig. 31 Macroscopic emittance growth
The tolerances on the stability of the beam position concern both the long-term stability,

therefore deal with ground settlement, and the short-term motion induced by vibrations
transmitted through the ground [40].

As already pointed out, the closed orbit is extremely sensitive to quadrupole centre
displacements. Therefore, the buildings, infrastructure, slab and magnet supports must be
carefully designed to minimise transmission of vibrations to the magnetic elements. The
standard closed-orbit position monitors are not able to guarantee the required stability.
Therefore, it is necessary to use feedback systems based on the detection of the photon beam
and local steering magnets.

5 . EFFECTS OF INSERTION DEVICES ON THE BEAM

5.1 Introduction
With the advent of the new generation of all-ID machines, the development of insertion

devices has been growing exponentially over the last few years (for instance, there are more
insertion devices operated at the ESRF than installed around the world before 1990).
Therefore, it is essential to thoroughly investigate how seriously will the particle motion be
influenced by these additional elements.

The electron beam properties can be affected by insertion devices because these devices
are intrinsically non-linear and will also provide focusing in one or both transverse planes, thus
destroying the periodicity of the lattice and causing distortion of the particle motion. The
perturbations induced by the presence of insertion devices may be divided into two groups.
Firstly there are effects due to the magnetic field of the device which do not depend on radiation
emission. They result in distortion of the linear optics, tune shifts, excitation of resonances,
and reduction of the dynamic aperture. There are also effects due to the additional radiation
emitted by the beam in the insertion device. The radiation damping and quantum excitation
processes can be affected, causing changes in the emittance and energy spread of the beam.

These effects are produced mainly by wigglers and to a lesser extent by undulators.
Some of them can be used to advantage, for instance to reduce the emittance far below that
obtainable with other known methods. However, most of the effects are detrimental to machine
performance and must be compensated. This minimisation implies some consequences on the
machine design.
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5.2 Matching to insertion requirements
Before installing insertion devices in a ring, the question of determining the values of the

fi functions that maximise the performance of the devices has to be considered. Generally the
choice of /? is a compromise between the machine and users' requirements. If one concentrates
on the machine side, small (3 values are preferable for the following reasons:
i) minimisation of closed orbit displacements when varying the gap;
ii) minimisation of the volume occupied by the beam in the straight sections, allowing

therefore to further decrease the insertion device gap without detrimental effects on the
lifetime as illustrated in Fig. 32.

iii) maximizing the brilliance with matching the electron beam emittances to the photon beam.
The users' requirements are somewhat mixed. In the undulator straight section, one

generally wants to minimise the inhomogeneous broadening which occurs mainly through the
angular spread. Ideally one would like to have:

Px,y>ex>y*f (30)
where A is the radiation wavelength and L/p is the length of the undulator. This corresponds to
rather large B values. For wigglers, the figure of merit is the obtention of maximum brilliance.
This calls for low values of B.
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Fig. 32 Comparison of lifetime versus gap for two By values

In any case, lattice flexibility is an extremely important issue. A high periodicity
configuration (with intermediate B values in all straight sections) is probably easier for the
designer to achieve. However, the lattice should be able to accommodate a variable number of
undulators and wigglers and provide B adjustment capability.

5.3 Magnetic-field effects
The basic requirement of an insertion device is that, after passing through it, the beam

should return to its nominal orbit. If this is not the case, a closed orbit will be set up, giving
beam displacements around the machine and thus perturbing other beam lines. To first order,
this requirement is fulfilled by making the field distribution symmetrical about the midpoint of
the device and by adjusting the integrated field length to zero. Taking the ESRF as an example,
maintaining the closed orbit rms deviation below 1/10 of the beam size would require that the
integral of the vertical (horizontal) magnetic field along the axis of propagation be smaller than
8 1(>S T.m (4 10'5 T.m) for a single insertion device. Very precise magnetic field measurements
are necessary to fulfil these specifications. The alternative solution is to provide independent
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adjustment of the integral of the field by end coils. These tight tolerances can be fulfilled in
practice as shown in Fig. 33 [41] where the closed orbit distortions induced by ESRF ID gap
closing are interpreted in terms of rms size or divergence growth normalised to the electron
beam size or divergence.

1 . 4
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Fig. 33 Closed-orbit distortions induced by IDs

5.4 Linear and non-linear effects on beam dynamics

5.4.1 Equations of motion
Assuming a sinusoidal field variation, the analytical treatment of the effects of insertion

devices on beam dynamics has been developed [42, 43]. We recall here the main steps of the
procedure based on the use of Hamiltonian formalism.

The components of the insertion device magnetic field used for the derivation of equations
of motion are as follows:

Bx=—Br
X i I

By = (31)

k i \
= BQ cosh(^;c)sinh(fc.yy)sin(fcz)

ky

with

(32)

where X is the period length of the insertion device and Bo is its magnetic field. The parameter
kx measures the transverse variation of the field due to the limited pole width or curved pole
faces. Here x is the horizontal direction, y the vertical one and z is the beam direction. The
above formula which keep only the first harmonics of the field variation in the z-direction,
satisfy the Maxwell equations. A more accurate field treatment would be required for large
deviations from the axis.

The Hamiltonian of the motion can be written in the following form:

+ [Px - Ax sm(kz)f + [py-Ay sin(fe)]2 J (33)H = i

where

Ax =—
kp

(34)
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Ay--—

and p is the radius of curvature in the field Bo-
After a canonical transformation to change to betatron variables, the Hamiltonian is

averaged over a period of the insertion device and the hyperbolic functions are expanded to
fourth order in x and v. One gets:

The equations of motion can then be derived and written as:

2k2p

( 3 7 )

As shown by the equations of motion, there is a linear effect which is equivalent to that
of a horizontally and vertically focusing quadrupole whose strengths are given by:

Ko =-[-££•] (38)
Qx-y i{pk)

There is also a non-linear part whose major effect comes from an octupole-like term. The
dependence of the focusing strength on B2I& exhibited by Eqs. (36) and (37) shows that these
effects are more severe for high-field wigglers in low energy machines. Since undulators
usually have low fields, their linear effect should be smaller.

For insertion devices built with plane pole faces, i.e. kx - 0, the focusing effect is present
in the vertical plane only, having its source in the edge focusing of the magnet. Also the non-
linear term vanishes, apart from a fourth-order term which is oscillating over one period of the
device. By shaping the pole pieces of the magnets, vertical focusing can be transferred to the
horizontal plane. However, we shall restrict the following discussion to the case kx = 0.

5.4.2 Linear optics distortions

The vertical tune shift and the distortions of the /? functions can be estimated from the
standard perturbation theory. Making some simplifying approximations, one gets:

where LJD is the insertion device length and py the average vertical lattice function. It has to be
noted that the tune shift depends on the total length of the device and not on the period length.
For devices of the same length, the tune shift is proportional to the square of the magnetic field.
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Thus, high-field devices are expected to present stronger linear distortions than those with
lower fields and shorter periods. This is illustrated in Fig. 34.

0.05-

0.00-9

Wiggler Field CD

Fig. 34 Tune shifts induced by the 5 T SCW at SRS [44]
A consequence of this change in tune is a shift of the working point which might

approach intrinsic resonances and be troublesome. From Eq. (39), one sees that the tune shift
is directly proportional to the vertical /3 value at the insertion device. Hence the tune shift can be
minimised by locating wigglers in a straight section where the vertical /J is small. It was
mentioned previously that it is preferable to have high j3 for undulators. Therefore the lattice
should be able to accommodate these two different kinds of insertion straight sections.

The distortions of the ft functions are given by:

(40)

Table 4 gives some numerical examples computed for various machines. An example of /?-
functions modulation is shown in Fig. 35 [45].

Table 4
Linear optics distortions generated by insertion devices

Machine

VEPP-3

VEPP-2M

SUPERACO

ALS

ELETTRA

SRS

PF

ESRF

APS

Energy
(GeV)

0.35

0.7

0.8

1.5

2

2

2.5

6

7

Type of
device

U

W

U
w
u
w
u
w
u
w
u
w
u
u

B(T)

0.6

8

0.49
5
1.15
5
1.2
5
0.33
1.5
0.45
1.25
0.63
0.65

Lro(m)

7

0.6

3.2

1.96
4.8
3
5.5

1

3.18
3.63
2
6
5

A (cm)

10

12

12.8

14
9

30
5.5

10

10
6
10
5.5

2.2

/Jy(m)

5
1

4.8

4
4

2.6
2.6

7.3
4.8

12.8
12.8
3.5
13

10

Avy

0.35

0.5

0.04

0.35
0.042

0.15
0.035

0.05
0.005

0.052
0.005

0.001
0.003

0.0015

-

-

-

390

80

20

41
4

1.3
1.8
-
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As seen from Table 4, the linear effects are negligible for high energy machines. On the
other hand, for wigglers in low energy machines, it is evident that such strong distortions lead
to a large increase of the half-integer resonance stop-band and reduce the available tune space
for machine operation. Compensation schemes for these focusing effects will be described in
the next section.

It has also to be mentioned that this j8-beat around the ring will change the vertical beam
size. At some positions the size will increase and at others it will decrease. However the
vertical emittance is not changed by this effect.

A(3t/j3z3
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Fig. 35 Comparison of the j3-beat induced by undulators at SUPERACO
(B = 0.3 T for SU6 and B = 0.5 T for SU7)

5.4.3 Matching techniques
In order to compensate fully for the focusing effects of the insertion devices, six

parameters (ccx, Px, 0Cy, Py, A/J.x, Afiy) in the insertion straight section should be matched to
the values existing in the bare lattice. This would require the adjustment of six independent
parameters. Several strategies can be envisaged to perform the compensation:
i) eliminate the j5-beat outside the insertions by rematching the insertion device into the

lattice with a pair of quadrupoles at each end of the straight section. The simplest way
consists in tuning a quadrupole doublet to obtain zero /J slope at the symmetry point
(known as the "a matching"). A more elaborate compensation [46] can be performed by
tuning the vertical B function in the insertion device to its characteristic value given by
P = pl2

ii)

After readjusting the /? values, the tunes still deviate from their original values; therefore,
in a second step, the quadrupoles of all achromats can be used to recover the original tune
values. For machines having triplets in the insertion straight sections, since only two
quadrupoles are required for the matching, the third quadrupole can be adjusted so that the
sum of the tune changes in both planes is minimised.
another correction method adopted at the Photon Factory storage ring [47] consists in a
simultaneous correction of the tune shifts and distortions of the j3 functions. To perform
the correction, an adequate set of quadrupoles in the ring is selected (in principle all the
quadrupoles in the ring can be used but, in practice, only a few of them are efficient) and
retuned. The quadrupole strengths are determined by the least square method so as to
minimise the distortions. In the Photon Factory case, priority is given to the
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compensation of tune shifts which is a more stringent requirement than the correction of
P's for machine operation. However distortions of betatron functions can be reduced
from 40% to less than 5%.
However, whatever the rematching procedure, in most cases the change in quadrupole
strengths could be rather large (more than 10% of the nominal values). In addition the
quadrupoles should be individually powered to take care of the different types of insertion
devices in the various straight sections.

5.4.4 Effects on dynamic aperture
One of the major detrimental aspects of the installation of insertion devices is the resulting

reduction of dynamic aperture. There are two effects of the insertion device that cause this
deterioration:

i) introduction of non-linearities leading to enhancement of the amplitude-dependent tune
shifts and distortion of phase space. It can be seen from the Hamiltonian given in Eq. (35) that,
due to the non-linear field components, resonances can occur at integer values of 3 vx,
vx + 2vy, 4 vx, 4 vy and 2 vx + 2 vy (if kx * 0). Analytical calculations of the amplitude-
dependent tune shifts, stop-band widths and island widths have been performed [51]. The non-
linear tune shifts (at half physical aperture) have been computed in Table 5 for some insertion
devices. From these results, it can be expected that the non-linear fields will produce significant
effects at large betatron amplitudes, more especially for low energy machines. These effects are
also illustrated in Fig. 36 [48] and in Fig. 37 [45].

Table 5
Non-linear tune shifts

Energy (GeV)

Av

LBL U9.0

1.5
0.005

BNL-VUV
wiggler

0.75

0.007

SPEAR
54 poles

3
< 0.001

FRASCATI
undulator

0.6
0.01

APS

7
0.0007

(mm)
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Fig. 36 Vertical phase space trajectories showing the distortion of phase space
and occurrence of islands
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z(mm)
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Fig. 37 Variation of the vertical aperture as a function of tune
for the SU7 undulator at SUPERACO

ii) reduction of the machine periodicity. Although the matching techniques previously
mentioned tend to reduce the linear perturbation, the insertion device introduces a change in
betatron phase advance through the lattice which leads to breaking of the superperiodicity for
the sextupole distribution and to the excitation of additional sextupole resonances. In principle,
these betatron phase distortions could be compensated locally by utilising four pairs of
quadrupoles located symmetrically about the device. Beyond the fact that mis technique is
space demanding, it is effective only if there are no sextupoles in the matching section, which
limits its application in most cases.

The effects on the dynamic aperture can be investigated by tracking particles through the
lattice elements and the insertion device field described above. In codes such as RACETRACK
[49] or BETA [50], the insertion device is sliced into several segments per period with the non-
linear terms averaged over each slice and applied as kicks.

Figure 38 shows the resulting reduction of dynamic aperture for two of the typical ALS
devices [51]. For the ESRF [7], the effects of one undulator and of fifteen identical undulators
on the dynamic aperture are plotted in Fig. 39. Again, it turns out that high energy machines
are less affected than low energy ones; this is mainly due to the fact that the non-linear terms
scale as p~2. One can also conclude that the reduction of dynamic aperture could be more
pronounced with undulators (which usually have shorter periods) than with wigglers, since the
non-linearities increase in an inversely proportional way with the square of the period length.

When more insertion devices are included, the dynamic aperture shrinks further. This is
illustrated for a high energy machine in Fig. 39 and for a low energy machine [9] in Fig. 40.
Although the observed reduction in dynamic aperture appears to be alarming, it should be
noticed that in most cases the dynamic aperture is still greater than the physical aperture. To
ease the situation, one could think of scenarios reducing the effects by opening up the gap
during injection when the aperture requirements are more stringent. This issue is one of the
challenging problems confronting the next generation of all-insertion device synchrotron
radiation sources.
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5.5 Radiation effects

5.5.1 Energy loss
The primary effect of the additional quantum excitation in the insertion devices is to

increase the beam energy loss. The immediate consequence is that the r.f. system must have
the capability of compensating for this increased energy loss. Table 6 shows that this effect is
quite significant. Using the formula giving the energy loss in an isomagnetic guide field [1]:

E4

—
Po

(41)

with po the bending radius, E the energy and Cy - 8.85 10'5 m (GeV)"3, one can express the
total energy loss in the presence of insertion devices as:

= Ur 22xpo{p
(42)

where LJD is the total length of insertion devices and p is the radius of curvature in the field Bo
of the insertion device. Notice that the factor 1/2 comes from the definition of p which differs
from the usual "average" radius of curvature by a factor ^2.

Table 6
Energy loss due to synchrotron radiation

ELETTRA

ESRF

Energy loss in dipoles
U0 (MeV)

0.258

4.75

Energy loss in IDs
Uo (MeV)

0.326

1.5

5.5.2 Effects on emittance and momentum spread
The additional radiation produced in the insertion device will tend to increase the quantum

fluctuations and lower the damping time. Depending on the value of the dispersion at the
insertion device location (including the self-generated dispersion), one or the other effect will
tend to dominate.

The emittance and energy spread in the bare machine can be expressed in terms of the
Synchrotron Radiation Integrals [52]. One gets:

1

U-U u-u
with

(43)

(44)

H

The introduction of insertion devices will contribute extra terms to these integrals and
hence change the beam emittance and energy spread, according to:
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TID

1 + 1+-

e =
1+

jID TID

1+-
JID

9 7°

TID
(45)

where the index 0 indicates the contribution of the storage ring without insertion devices and the
index ID the contribution from insertion devices alone.

The calculations of the insertion device integrals are performed, assuming a sinusoidal
variation of the field along the axis of propagation z, for an insertion device characterised by N
periods of wavelength X and bending radius p. The 14 and 15 terms correspond to additional
contributions arising from a non-vanishing dispersion function in the straight sections. The 14
adds directly to I4. For is, the combination is more complicated; when the self-generated
dispersion from the insertion device is negligible, 15 will be the dominant term.

XN 4XN
(46)

TID-

rID
5

3X3N

f 3 3 1
15K 16 J

AD _
4 "

<Y>LID
9X3

407i4p5
T

<cc>L[D
<P>Li

ID

where < > stands for the average of a, ft, y in the device of length LJD and the index 0 refers to
the entrance of the device.

The emittance behaviour can be rewritten in a simplified way, due to the fact that the I4
contribution from the insertion device is usually small and the third term in I5 is the dominant
part. Furthermore, we will assume that the I4 contribution of the bare machine can be neglected
when compared to I2. We get now:

1 + "ID

e =e°-

P .

4 L
2n:p0 \_ p (47)

The insertion device radiation always contributes to the damping term in the denominator
of Eq. (47). The change in the horizontal emittance depends on the relative values of the
chromatic invariant. Since the dispersion generated by undulators is usually very small,
quantum excitation will be much smaller than the damping effect and the cancellation of energy
damping by the increase in quantum fluctuations would occur at high fields. Therefore for all
cases of interest, there is a reduction of emittance due to the inclusion of undulators. On the
other hand, in low energy machines containing high field wigglers, the self-generated
dispersion is dominant and leads to an increase in emittance which could be prohibitive. These
conclusions are illustrated in Fig. 41 which shows the emittance behaviour as a function of the
insertion device field in two storage rings for typical sets of insertion devices:
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ESRF 8 wigglers (A = 10cm, N = 20, nominal field Bo = 1-25 T)
16 undulators (A = 5.5cm, N = 100, nominal field Bo = 0.63 T)

ELETTRA 3 wigglers (A = 50cm, N = 10, nominal field Bo = 5.0 T)
10 undulators (A = 5.5cm, N = 100, nominal field Bo = 0.5 T)

The situation might deteriorate if the dispersion function has a non-zero value in the
insertion device straight section due, for instance, to an imperfect closed orbit correction. In
that case, quantum excitation takes over and leads to an increase in emittance.
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Fig. 41 Effects of insertion devices on emittance

The effect on the energy spread is similar to the effect on the beam emittance. The change
in the energy spread depends on the ratio of the magnetic field in the insertion device to that in
the bending magnets. Except for low fields, there is an increase in the beam energy spread as
shown in Fig. 42 for the same insertion devices, which can cause serious stability and
acceptance problems if the energy spread is allowed to increase too much. Again the effect is
more pronounced for wigglers than for undulators.

The effects of wigglers can even serve to reduce the emittance. From Eq. (47) one can
derive the condition under which the beam emittance is unperturbed or reduced:

A2<5.87109
Ee

(48)

with E the beam energy (in GeV) and B the insertion device field (in T)
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The period of the device 1 must not exceed the value determined by Eq. (48) in order to
obtain a reduced emittance. The installation of appropriate damping wigglers was proposed
recently at PEP [3]. It would require the use of wigglers with a maximum field of 1.26 T and a
period length of 12 cm. The resulting theoretical emittance is shown in Fig. 43 as a function of
the total installed wiggler length.

50 100 150
Total length of damping wigglers (m)

Fig. 43 PEP emittance as a function of the total wiggler length
Similar results could be obtained for the new synchrotron light sources under construction

like the ESRF or the APS. Using the proposed insertion devices for the ESRF (for instance
sixteen wigglers, 2 m in length and with a 2 T field), an emittance reduction by a factor of about
two could be achieved.

This method is applicable to any storage ring. However, since the damping effect scales
proportionally with the bending radius of the ring magnets, it is easier to reduce the emittance
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with damping wigglers in large storage rings than in small ones. Such a method of reducing the
emittance looks promising; but some adverse effects (heat load due to the intense radiation, r.f.
system capability..) have still to be solved. Obviously, the space required for installing these
devices creates sever constraints. The success of the emittance reduction also depends on
further investigations on the effects on dynamic aperture, the limitations due to non-zero
dispersion at the wiggler location, Touschek effect and intrabeam scattering.

6 . CONCLUSIONS
Lattice design for synchrotron light sources has followed the dramatic evolution of

performances of these machines. A few years ago, it was feared that the lattices proposed for
third generation light sources would be oversensitive and very difficult to commission. Since
then, several sources have been commissioned with their design lattice and have reached or
even gone beyond their target performances. Many others, with different lattices, are in the
process of being tested or are in the construction phase. The next problem to address to
designers is that of diffraction limited lattices.
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INSERTION DEVICES: UNDULATORS AND WIGGLERS

Richard P. Walker
Sincrotrone Trieste, Italy

Abstract
The main features of the design and performance of insertion devices
are discussed, including the radiation characteristics, magnetic design
aspects, and performance optimisation for both standard devices and
those producing circularly polarized radiation. The special requirements
of undulators used for free-electron lasers are also considered.

1 . INTRODUCTION

Undulators and wigglers are magnetic devices producing a spatially periodic field
variation that cause a charged particle beam, usually electrons or positrons, to emit
electromagnetic radiation with special properties. They are also commonly called "insertion
devices", particularly in the context of storage rings, since they can be installed and operated
more or less independently of the operation of the ring itself. A large number of insertion
devices are in operation in synchrotron radiation facilities world-wide providing radiation with
enhanced features compared to that from the bending magnets: higher photon energies, higher
flux and brightness, and different polarization characteristics. Periodic magnets of this type are
also at the heart of devices which generate coherent radiation, called free-electron lasers (FELs).

Although insertion devices have only been regularly employed as sources of synchrotron
radiation in storage rings for less than two decades, their history goes back much further. The
first discussion of the use of artificial periodic structures for the generation of microwaves using
energetic charged particles was made 50 years ago [1]. A little later, Motz independently
proposed that a periodic magnetic structure, which he termed an "undulator" (Fig. 1), could be
used to generate quasi-monochromatic electromagnetic radiation from microwaves up to hard
X-rays using electron beams with energies in the 1 MeV to 1 GeV range [2]. The initial interest
in these ideas was as a source of intense coherent microwave radiation using a tightly bunched
electron beam, and experiments were later carried out [3] in which radiation with a wavelength
around 1.9 mm was produced using a 3-5 MeV beam; visible light was also observed when
using a 100 MeV beam. Similar experiments were also carried out in the Soviet Union [4].
Little further progress was made at that time however because of the difficulties of producing
electron beams with the required characteristics to produce coherent radiation as well as the lack
of higher energy beams for producing shorter wavelength radiation. In related work to that of
Motz, Phillips in 1957 devised a device called a ubitron which uses an undulator and a low
energy electron beam to achieve amplification of microwave radiation [5]. The relativistic
analogue of this proposed by Madey in 1971 [6] became known as a "free-electron laser" and
was first demonstrated in 1976.

1*1 L5J lUl Hi
Beam

Fl R Fl H
Schematic arrangement of undulalor magnets.

Fig. 1 Origins of the undulator: from the first page of Motz's article [2]
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The possibilities for using undulators in high energy synchrotrons and storage rings as a
source of intense, quasi-monochromatic VUV, XUV and X-ray radiation was discussed by
several authors in the late 60's and early 70's [7-10]. The first experimental investigations of
the properties of undulator radiation at higher energies were carried out in the Soviet Union,
using various synchrotrons. The first studies in 1971 used an extracted 3.6 GeV beam from the
Arus synchrotron at Erevan to generate X-rays [11]. Subsequently in 1977-79 undulators were
installed in the Pakhra (Lebedev Institute, Moscow) [12] and Sirius (Tomsk Polytechnical
Institute) [13] synchrotrons. At the same time a large amount of theoretical work was carried
out. The first complete and accessible analysis of the spectral/angular distribution in both planar
and helical devices was given in Ref. [14]. In the West, the first detailed study of the radiation
properties of the helical undulator was made by Kincaid [15]. The first undulators to be
installed in storage rings were at the VEPP-3 ring at INP, Novosibirsk in 1979 [16] (for PEL
experiments) closely followed by SSRL, Stanford in 1980 [17] (for generation of synchrotron
radiation).

The use of periodic magnets in a regime in which interference effects can be neglected is
also of interest. In this case the resulting spectrum at high photon energies is smooth, similar to
that of a bending magnet, however the radiation intensity can be much higher as a result of the
increased number of emitting poles, and higher magnetic field which generates radiation with a
higher critical energy. The development of these devices, generally called "wigglers", went on
in parallel to that of undulators, see for example Refs. [18,19]. The idea was an extension of
the concept in which a single high field pole generates a harder spectrum than the usual bending
magnets. The first device of this kind, called a "wavelength shifter", was built for the Tantalus
storage ring in 1971 [20]. The first "multipole wiggler" devices were electromagnetic. For
example, a 1.8 T, 5-pole device was installed at SSRL in 1979 [21], followed by a similar
device on ADONE [22]. Since then permanent magnet devices have been developed with many
more poles, for example the 55-pole device installed at SSRL in 1983 [23]. Superconducting
technology has also been applied in order to reach higher field strengths. For example, a 3.5 T
device was installed on VEPP3 in 1979 [24], and a 5 T wiggler on the SRS in 1982 [25].
Superconducting wigglers are currently operating in several synchrotron radiation facilities:
SRS (England), DCI and ESRF (France), UVSOR and Photon Factory (Japan) and NSLS
Xray Ring (USA).

Another reason for installing insertion devices in electron rings is to deliberately change
the electron beam properties such as damping times, energy spread, and emittance. A periodic
device with a gradient field was first described by Robinson in 1958 [26] and later used to
convert the C.E.A. from a synchrotron to a storage ring [27]. The use of standard wiggler
magnets to change beam sizes and polarization times was discussed in Ref. [28]. The effect of
insertion devices on beam properties was discussed in detail in another CERN Accelerator
School Proceedings [29] and so will not be repeated here.

In this report we consider the main features of the design and performance of insertion
devices, including the radiation characteristics, magnetic design aspects, and performance
optimisation. Both standard devices and those producing circularly polarized radiation are
treated and the special requirements of undulators used for free-electron lasers are also
examined. For further details the reader can refer to the many Conference and Workshop
Proceedings [18,30-35], text books [36-42], Proceedings of Schools [43-45] and review
articles [46-56].

2 . BASIC FEATURES OF THE RADIATION FROM STANDARD
INSERTION DEVICES

2.1 Electron motion

In order to understand the properties of the radiation emitted in insertion devices we must
begin by firstly calculating the electron motion. We consider a standard device (Fig. 2) as one
with median plane symmetry which produces a sinusoidal vertical field component along the
magnet axis: By = Bo sin(fe), where k = 2K/XO and XQ is the insertion device period length.
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Fig. 2 Schematic of planar undulator and coordinate system

In this analysis we can ignore any transverse (x) variation in the field. The simplified equation
of motion is then as follows:

ym
z = —{xBy)

ym y (1)

The first equation can be integrated directly to give:

and hence

. _ eBo cos(fe)
ym k

J3X = x/c = —cos(fc) (2)

where the dimensionless undulator or deflection parameter is defined as follows:

The horizontal motion of the electron causes the electron velocity along the z axis to vary
also, since the electron energy, and hence total speed remain unaltered:

P2
x+p2=p2 (= constant)

Inserting Eq. (2) into the above we obtain:
K2 K2

4/ Ay'
cos2fe

The average velocity along the z-axis is thus:

Ii
Ay2 si-

1 K2

2y2 Ay2

We will only consider cases in which Kjy«\ and so we can write to a good approximation
that z = pet and kz = Qt where Q = 2TCPC/X0 . We have then:

zr
x = —c cos(QO

r
which can be integrated directly to give:

Ay
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x = sin(QO
4r2 2D.

sin(2Qf)

In most cases the actual motion of the particle is quite small: for example, a realistic device
with a 50 mm period and K = 2 in a 2 GeV ring has a maximum deflection angle (*') of
0.5 mrad and oscillation amplitude of 4 |i.m. The z-motion is even smaller with an amplitude of
only 2.6 A. Although the modulation in the z-motion is relatively small, it is significant in terms
of the emitted wavelength (the fundamental has a wavelength of 49 A in this example) and so
has an important effect on the radiation characteristics, as will be seen later.

2 .2 Interference

The radiation properties from an insertion device can most simply be understood in terms
of an interference of" wavefronts emitted by the same electron at different points in the magnet
(see Fig. 3). In the time it takes the electron to move through one period length from point A to
an equivalent point B (Xojfic) the wavefront from A has advanced by a distance Xojf5 and
hence is ahead of the radiation emitted at point B by a distance d where:

and where 9 is the angle of emission with respect to the electron beam axis. When this distance
is equal to an integral number, n, of radiation wavelengths there is constructive interference of
the radiation from successive poles:

(3)

Fig. 3 Interference in an undulator

Inserting the expression for the average electron velocity:

1 = 1
2f+ Af

results in the following interference condition:

(4)

where n = \, 2, 3 ..etc. is the harmonic number. From this we can obtain the following
expressions for the radiation wavelength and photon energy in practical units:
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A[A] = 1 3 0 5 . 6 - ^ - - f l + — +y2d2) and g[eV] = 9.498 n

The interference condition tells us immediately several important facts about the radiation
from insertion devices:
• The fundamental wavelength of the radiation is very much shorter than the period length

of the device, because of the large y2 term (for electrons, y = 1957 E [GeV])
• The wavelength of the harmonics can be varied either by changing the electron beam

energy (y) or the insertion device field strength, and hence K value.
• The wavelength varies with observation angle. Overall therefore the spectrum covers a

wide range of wavelength. However, if the range of observation angles is restricted using
a "pinhole" aperture, the spectrum will show a series of lines at harmonic frequencies.
The interference model can supply further information about the spread in wavelength and

angles as follows. If the insertion device consists of N periods in a length L the condition for
constructive interference over the entire length becomes:

= - Lcos0 = nNX (5)

Now we ask at what value of wavelength (A') the interference becomes destructive. This is
obtained when there is one complete extra wavelength of wavefront separation, i.e. 2n phase
advance, over the length of the device:

= - I c o s 0 = nAtt' + A' (6)

Subtracting Eqs. (5) and (6) yields the range of wavelengths at fixed angle ft

AA_ 1

A ~ nN

Similarly, changing angle 6 at fixed wavelength results in destructive interference when:

Lcos0 nAa + A (7)

Subtracting Eqs. (7) and (5) gives A(02) = 2 A/L. In the special case of radiation with the on-
axis wavelength (i.e. 0=0) the width therefore becomes:

iN

The cone of radiation at this wavelength can therefore be significantly smaller in opening angle
compared to that of conventional synchrotron radiation (~ My), a first indication of the high
brightness of such sources.

2.2 Electron rest frame

Another model that gives a simple understanding of the properties of undulator radiation
is to consider the_electron motion in the frame that moves with the electron's average velocity
along the axis, fie. The electron sees the undulator approaching with relativistic factor y
where:
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The undulator period appears Lorentz contracted with period length Xo/ y. In the moving frame
the electron is therefore caused to oscillate with this wavelength, emitting a dipole radiation
pattern. The transformation to the lab. frame involves a relativistic Doppler shift:

i = xf - J3 cos o)=-^ba+r2e2)

Inserting the expression above for y gives the same expression for the wavelength, Eq. (4).
In the moving frame the z oscillation amplitude is multiplied by a factor y and so the ratio

between the oscillation amplitudes in the two planes is given as follows:

z' amplitude _

x' amplitude ~
Y K
7fH~~ ~ 8(1 + K1/!)1'2

Thus, when K is small the oscillation is almost purely simple harmonic motion in the x-
direction and as a result the radiation consists of a single harmonic. As K increases however
the electron performs a "figure-of-eight" motion in the x'-z' plane (see Fig. 4) implying an
increased emission at higher harmonic frequencies. Calculating the power emitted in the dipole
mode [57] and comparing it to the total power emitted one obtains the ratio:

power in the fundamental _ 1

total power ~ (1 + K2/2)m

which shows that the relative power in the fundamental decreases rapidly with increasing K
value.

I

3
O -

— 1
— 1

z' [rel. units]

Fig. 4 Figure-of-eight motion in the frame of reference moving with the electron's average
velocity, normalized to the same x' amplitude, for K = 0.1 (inner), 0.5, 1.0, 10.0 (outer)

2.3 Electric field

Another way of deducing some of the characteristics of the radiation is to consider in a
qualitative way the electric field emitted by the electron. We imagine the electron moving on an
oscillating trajectory with a maximum angular excursion of K/y while emitting radiation into a
cone with the typical opening angle of synchrotron radiation, ~ 1/7. It is reasonable to suppose
therefore that for K < 1 an observer "sees" a continuous sinusoidal emission from the device.
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Correspondingly the radiation spectrum, which is the Fourier Transform of the electric field,
consists of a single harmonic (see Fig. 5). At large K on the other hand the observer only
detects radiation near the peaks in the trajectory, corresponding to the position of the magnet
poles. In this case the electric field is strongly peaked and so the radiation spectrum contains a
large number of harmonics.

K« 1

K - I

JL

r\ A A

t I

Fig. 5 Schematic diagram showing the electric field and
corresponding radiation spectrum in devices with various K values

We can also deduce from this picture the spectral width of the harmonics, as follows. The
observed signal can be considered a continuous periodic signal multiplied by a "top-hat"
function i.e. a function that is equal to unity within the range ±2/T0, i.e. ± JV/2 u, where u, is
fundamental frequency, and zero outside. According to the convolution theorem the Fourier
Transform is the transform of the continuous signal convoluted with the transform for the top-
hat function. The former consists of a series of lines at the harmonic frequencies, while the
latter is a sine function (sin(iV^l)/v1)/^U1) with a width in frequency that is inversely
proportional to the length of the impulse: Av = \jT0 = vJN. After convolution each line has
this same width, and so the relative width becomes Av/v = 1/nN, in agreement with the result
of section 2.1.

2.4 The high K limit

It is evident from the above that the number of harmonics in the spectrum increases as a
function of the K value. The number can be estimated by comparing the equation for the
wavelength of the harmonics, Eq. (4), with that of the critical wavelength for conventional
synchrotron radiation corresponding to the peak field amplitude [58]:

2 -
c~

The harmonic number corresponding to a given wavelength is then as follows:

=

Table 1
Harmonic numbers giving a wavelength equal to the critical wavelength (A = Ac)

as a function of K

K
1
2
3
5
10
20

n
1
5
12
51
383
3015
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We can get an idea of the number of harmonics in the spectrum by calculating the
harmonic number corresponding to the critical wavelength, X = AC. Table 1 shows that the
number increases very rapidly with the K value. Since the harmonics are equally spaced in
frequency (©,,2©,,3©,,4©,...) at high harmonic numbers they are relatively closer together
(ACQ/Q) = l/n) making it easier for the interference structure to become smoothed-out, resulting
in a spectrum similar to that of a bending magnet. Interference effects will always remain
however around the fundamental and low order harmonics. Thus, a device with relatively large
K value (K > 5) can exhibit both strong interference effects near the fundamental as well as a
quasi-smooth spectrum at high harmonic numbers. The degree of smoothing that occurs will be
discussed in more detail in Section 3.7.

A note on nomenclature:
In the context of synchrotron radiation sources devices with low K values are

traditionally called "undulators" while those with high K values are generally called "multipole
wigglers" or simply "wigglers". It should be clear from the descriptions above however that
there is no fundamental distinction between them. Unfortunately there is no universal agreement
over nomenclature, which is further confused by the fact that magnets employed in free-electron
lasers are often (particularly in the USA) called "wigglers", rather than the more historically
accurate term "undulators".

3 . RADIATION FROM INSERTION DEVICES: DETAILED ANALYSIS

3.1 Spectral/angular distribution

The energy radiated by a single electron during one passage through an undulator, per unit
solid angle (dQ), per unit frequency interval (dco) is given by the Fourier Transform of the
electric field seen by the observer [59]:

2

dcodQ. An*
\RE(t) l(Ot dt (8)

The electric field seen by the observer at time t is related to the electron acceleration at the earlier
emission time, conventionally referred to as the "retarded time", tKt, as follows:

Aneoc M,
(9)

ret.

where n = (sin0cos0, sin 6 sin 0, cos0) is the unit vector from the point of emission to the
observer (see Fig. 6). The observer and emission times are related by: t = tret + K/c where R is
the distance between the emission and observer points, and hence:

Fig. 6 Geometry for the analysis of undulator radiation
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d2l e2c

(47teo)47C2 I WA{(n-jS)AJ

(1-n-B)3 dt

ret.

(10)

In cases in which the observer is not very far from the source, the observation angle h must be
considered to be a variable in the equation above, leading to additional "near-field" effects [60].
For most cases however it is possible to consider only the "far-field" case with h constant. In
this case we can write R = Ro - h0 • r and hence, ignoring a constant phase term:

from which it also follows that

dt

dt (ID
ret.

At this point we make a brief aside to examine the effect of the difference between the
emission and observer time on the electric field distribution. Figure 7 (left) shows the calculated
electric field for insertion devices with various K values. As already anticipated in section 2.3,
the field is essentially sinusoidal for small K values and becomes sharply peaked for large K
values. This is even more evident when expressed in terms of the observer time, as shown in
Fig. 7 (right). Here the time axis has been normalized to a unit time period because of the large
difference between the three cases. At small K the pattern remains sinusoidal, but at large K it
becomes extremely sharply peaked. The reason for this behaviour is the varying "time
compression" factor [43], Eq. (11), relating the emission and observer times, which for small
angles between the direction of motion and the angle of observation can be expressed as:

dtret. _ 2y2

dt

Thus, for small K and for large K in the region of the poles when the angle 6 is close to zero,
the time scales are compressed by the large factor 2y2 . For most of the trajectory however in
the case of large K the factor is much smaller since the electrons are not travelling in the
direction of observation. On an absolute scale therefore the electric field emission close to the
peaks remains the same as in Fig. 7 (left). The difference in Fig. 7 (right) is due to the much
longer time between the peaks (in terms of the observer time) for large K than for small K,
which is reflected in the longer wavelength of the radiation.

1.0

- 0 . 5 •

-1.0

[rel. units]

Fig. 7 Electric field calculated using Eq. (9) for one period in an undulator (Xo =0.1 m,
E = 2 GeV) expressed in terms of the emission or retarded time (left) and observer time

(right), normalized to the same time period
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Returning to the calculation of the spectral and angular distributions, the result expressed
in terms of the emitter time is then as follows:

d2l

doodQ. (4K£0)4K c J d-n-i

eico{t-h-rlc) dt (12)

where from now on it is also to be understood that n = n0. This equation, or the more general
Eq. (10), can be used directly for numerical calculation: having specified the magnetic field of
the device, the electron motion (r,/?,/?) can be computed and then the integration above can be
performed.

A further simplification can generally be made, by integrating the above expression by
parts, after which one obtains [59]:

d2l

dcodQ {4K£0)4n2c
(13)

In the case of a periodic magnet the integral for each period is the same, apart from a
phase factor and hence we can write:

d2l e2CO2

dcodQ (4K£0)4K2C

kjlfic

-XJ2pc

[ + ei5+ei2S+ei3S+ ....<

where the phase increase between one period and the next is given by:

¥cos0
= 0) \T — )

_ (K__
{fie )

which can be expressed in terms of the fundamental frequency, using Eq. (4), as follows:

8 =

The geometric series of phase factors can be simplified as follows:

2 sin2N5/2 sin2

eiS + ...J{
') sin2 6/2 sin2 K 0)/G)\

(14)

This function, sometimes called the "grating function" in analogy with diffraction from a grating
or crystal, represents the interference between successive periods [61,62], and selects a narrow
range of frequencies and angles near the harmonics, i.e. 6) = nct)1(0), as shown in Fig. 8
(left). The lineshape for each harmonic is the same which we can express as follows,
normalized to unit amplitude:

KiVA^Mce))^5 1".^^^1 1^ (15)

where Aco = co-n(Qx(d). For reasonably large values of iV (> 10) the shape becomes
independent of iV and can be expressed in terms of a single variable NAco/co^), as shown in
Fig. 8 (right).
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Fig. 8 Undulator radiation interference functions: left - Eq. (14) with N=10, right - Eq. (15)

The remaining part of the integral is a more smoothly varying function and so need only
be evaluated at the harmonic frequencies, and thus becomes a function only of observation
angle, n, and harmonic number. As in the case of Eq. (12) the integration can of course be
carried out numerically, in which case any form of magnetic field distribution can be used. One
can also proceed analytically in the case of a pure sinusoidal motion [14, 63] (see Appendix).
The result can be expressed in the following form:

d2l =e2
7
2N2

dcodQ. (4K£O)C
(16)

The function Fn(K,6,<p) is smoothly varying in the vertical plane, but is an oscillatory
function with n peaks in the horizontal plane, as shown in Fig. 9. The complex structure in the
horizontal plane arises from the interference of the emission from the two poles within each
period [64].

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
ye yd

Fig. 9 Angular flux density function in the horizontal (left) and
vertical (right) planes for the case K = 1

On-axis the expression simplifies to the following:

d2l =N2e2r

dcodQ. (4xeo)t

where:

2K2

Fn(K) = and Z =
nK1
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It is interesting to note that if we neglect the longitudinal oscillation, i.e. Z = 0, the result
would be only a single harmonic on-axis, n = 1. We can say therefore that the higher harmonics
on-axis arise as a direct result of the z-motion, whose amplitude increases as K increases.
Figure 10 shows the on-axis angular flux density function Fn(K), which again indicates that
the higher harmonics become more important as K increases.
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Fig. 10 On-axis angular flux density function

The expression above gives the energy radiated (Joules) by the passage of a single
electron through the undulator. Multiplying by the number of electrons passing per second,
Ih/e, where lb is the average beam current (Amps), gives the radiated power (Watts). It is
more usual however to express the intensity in terms of the photon flux, the number of photons
per second, h: dividing by the photon energy fico gives the photon flux per unit bandwidth, or
alternatively dividing by fi gives the photon flux per unit relative bandwidth. Finally we obtain
in practical units of photons/s/mrad2/0.1% bandwidth:

d2n

dco/oo dQ.
0=0

3.2 Total flux

It is also of interest to know how much total flux is available at a given wavelength. We
can obtain an approximate expression by assuming that the intensity variation off-axis is
determined only by the lineshape function, Eq. (15), which is a function of both frequency and
angle:

where the "detuning parameter" Aa)/<y1(O) = (co-n6)1(O))/fi)1(O) is the difference between the
frequency and the on-axis value. Integrating over angle we obtain:

0 0

We obtain therefore in practical units of photons/s/0.1% bandwidth:

dh

dco/co
= 1.431 1014 N Qn{K)f{NA(Q 1(0^0)) Ib (18)
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where Qn(K) = (l + K2/2)Fn(K)/n. The flux function Qn{K) and the detuning function
/(iVAfa/a),(0)) are shown in Fig. 11. It can be seen that for zero detuning (i.e. (O = con(O))
the flux is very close to half of the usually quoted result. Nearly twice as much flux can be
obtained however by a small detuning to lower frequency by approximately Aco/^ (0) = -l/N.

p
2.23 1013 E[GeV] lh

Fig. 11 Undulator flux function (left) and flux as a function of detuning (right)

It is interesting to compare these results with that of a simple bending magnet source. The
peak bending magnet angular flux density is given approximately by 1.95 1013 E^GeV] Ib, in the
same units as above. The ratio between the undulator and the peak bending magnet angular flux
density is therefore 8.9 iV2 Fn{K). For example, the angular flux density of an undulator with
50 periods and K=\ exceeds that of a bending magnet by nearly 4 orders of magnitude. The
peak bending magnet flux, integrated over all vertical angles, is given approximately by

13 per mrad horizontal. The ratio in this case is therefore

K2/2)/nE[GeV]. The same undulator as above in a 2 GeV ring gives
approximately an order of magnitude higher flux on its first harmonic than the maximum flux
per mrad from a bending magnet source. We can begin to appreciate therefore not only the
higher flux, but particularly the much higher brightness of the undulator source compared to a
bending magnet.

3.3 Brightness and the effect of electron beam emittance

We start by considering the effect of the electron beam divergence on the angular flux
density. In general a numerical approach is required in order to carry out the 2-dimensional
convolution of the complex angular distribution of the radiation with the Gaussian electron
beam. We can however derive an approximate result by considering that the radiation also has a
Gaussian distribution. Figure 12 (left) shows the approximate form of the angular distribution
of the radiation as determined by the lineshape function, for zero detuning and for a detuning of
Ao)/6)5(0) = -l/N. It is clear that a Gaussian approximation is only valid at zero-detuning, and
even then is not very accurate. The dashed line shows a Gaussian approximation for the zero-
detuning case with standard deviation, a'R = ̂ fX/2L. The significance of this value is that it
gives the correct ratio between integrated flux and peak angular flux density:

dn/(dco/co)
— ~ — ; i

d2h/(dco/co)dCl\ _
2 X

= K—

_

Using the Gaussian approximation above the effective divergences of the source become
simply:

' — 1ST'2 .'2
7
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Fig. 12 Intensity as a function of angle (left) and position (right).
Solid lines - zero detuning, dashed lines - detuning of Aft)/ft), (0) = -1/N,

dot-dashed lines - Gaussian approximations for zero detuning (see text)

where <JX, ay are the rms angular divergences of the electron beam. The total flux remains
constant and so we can write the expression for the modified on-axis angular flux density
including electron beam divergence as follows:

d2h

dco/(O dQ,

dn/(dco/co)

0=0

The radiation brightness includes not only the angular divergence of the source but also
the emitting source size. The standard unit of measurement is thus photons/s/mm2/mrad2/0.1%
bandwidth. The most simple view of how the size of the source comes about, is to consider
projecting the angular cone of the radiation to the centre of the undulator. We might expect
therefore a spatial distribution at the centre of size GR ~ G'R L/2, and hence with the above
expression for &R, we obtain aR ~ -yJlA.L/4. The correct approach however is to integrate the
wave amplitudes, in the same way as one calculates diffraction from an aperture. The spatial
distribution is thus given by:

7(r) =
0 0

Carrying out this calculation with the angular distribution given by Eq. (15) results in the
functions shown in Fig. 12 (right). The zero-detuning case can be approximated well by a
Gaussian with standard deviation aR = V2/lL/2^, i.e. very similar to the simple result above.
The effective source sizes are then given by the convolution with the electron beam dimensions,
cr., cr , i.e.:

Combining the information about source size with the angular flux density allows us to
estimate the brightness, as follows:

B =
dh/jdco/O))
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The limiting cases of the above equation are:
i/ <JR > axy ana oR > oxy. At long wavelength and with small electron beam dimensions

and divergences the natural radiation dimensions dominate; this is often referred to as the
"diffraction limit",

ii/ <JR < axy and a'R < o'xy. At the other extreme case the brightness is dominated by the
electron beam emittance, and we can write in the usual case (insertion device at a
symmetry point with zero dispersion) B= Flux/47t2£xey, where sx = Ox<fx, £y = oy<?y

are the electron beam emittances in the two planes.
Both extremes are indicated in Fig. 13 which shows the variation of the denominator in the
above expression, LxIty'Lxlly, as a function of photon energy using the parameters of
ELETTRA as representative of "third-generation" synchrotron radiation facilities, compared to
the result for a zero emittance electron beam. At low photon energies therefore the radiation is
close to being diffraction limited, while at high energies the electron beam emittance is clearly
the limiting factor.

10"

10"

N electron beam
limit

diffraction limit

10' 10* 10°
Photon Energy [eV]

10"

Fig. 13 Product of photon beam emittances in the case of ELETTRA

It must be remembered that for various reasons the expression for the brightness is only
an approximation. It has already been shown that away from the condition of zero-detuning, the
angular distribution function becomes strongly non-Gaussian, as shown in Fig. 12 (left).
Under these conditions it is difficult to arrive at a sensible definition of the effective standard
deviation which gives the correct convolution with the electron beam divergence. The
calculation of the source size also should take into account the effect of detuning. A further
problem is that, as already noted, no account is taken of the off-axis angular distribution
function Fn(K,d,(j)) which can have a significant effect on the overall angular distribution
particularly when n is large and N is small. Finally, another potentially important effect is not
included, namely the electron beam energy spread. A better approximation can therefore be
made by making a numerical calculation of the on-axis angular flux density (see section 3.6),
including the true angular distribution function and the effects of emittance and energy spread,
and then applying an approximate calculation of the source size, i.e. defining the brightness as:

B =
_ d2h/(dco/Q))dQ.

To go beyond these approximate treatments requires a more fundamental definition of the
brightness in terms of the electric field distribution [65] which however is outside the scope of
the present discussion.

3.4 Coherence

The degree of coherence of the radiation beam is an increasingly important parameter for
various synchrotron radiation experiments. Basically, there are two measures of coherence -
temporal (or longitudinal) coherence and spatial (or transverse) coherence. Temporal coherence
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determines the extent to which two parts of a beam, one delayed with respect to the other, can
mutually interfere. Spatial coherence on the other hand determines the extent to which two
spatially separated (but not delayed) parts can interfere. Temporal coherence is determined by
the degree of monochromaticity of the radiation, and is described by the longitudinal coherence
length over which waves of different wavelength remain in phase:

* 2 AX

In most cases this is determined by the monochromator bandwidth, which is usually
considerably smaller than the linewidth of the undulator radiation.

26d

Fig. 14 Definition of spatial coherence in terms of phase-space area

Spatial coherence is determined by the phase-space area of the source. Simple geometry is
sufficient to show that only waves which are emitted from an area with half-size d and half
angle 9 where 2d9 < A/4 are in phase, and hence coherent (Fig. 14). It follows therefore from
the definitions above that the amount of spatially coherent flux is directly proportional to the
brightness. The minimum obtainable product of size and divergence is defined by the
Uncertainty Principle and is represented by the fundamental (Gaussian) mode of a laser
resonator, for which aR &R = kjAn. Such a beam has therefore complete spatial coherence.
According to the definitions above, undulator radiation, in the absence of electron beam
emittance, has a product of approximately aRc'R-=-'kj2K. The radiation is nevertheless
completely spatial coherent, since it is a single radiation pattern from a single electron. Partial
coherence results only when a summation is taken over many electrons in an electron beam. We
can therefore write that the coherent flux is given approximately as follows:

coh.
-a A

and hence also that the fraction of coherent flux is:

co, =

A more detailed treatment of brightness and coherence aspects can be found in Refs. [45, 65].

3.5 Power and power density

The instantaneous power radiated per unit solid angle in the direction h by a single
electron in arbitrary motion in a magnetic field (i.e. with no acceleration) is given as follows
[66]:
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dP
(4%EO)4KC

After integrating over the length of the insertion device to get the energy radiated per unit solid
angle, and multiplying by Ibje to get the power radiated by a beam of electrons in the insertion
device, the result can be expressed in the following form in practical units [67]:

dP
—[W/mrad2] = 13.44 10"3 E?GeV]Ibj + (v2y+(v2

yy
D5 dz (19)

where vx(z) = y((5x - 6X), vy(z) = y(Py -9y), D = 1 + v] + v2
y and where the prime indicates

the derivative with respect to z.
In the case of a plane sinusoidal device vx = Ksince - ydx and vy = -y6y, where

a = lnzjX0. After some simplification the result becomes:

dP

dQ.
[W/mrad2] = 13.44 10'

it

jcos2a 4(yOx-Ksina)2

D5 da

where D = 1 + (yd )2 + (A!"sin a-ydx)
2. This can be expressed in the following form:

= 10.84 E*GeV] Bo NIb G(K)fK(dx,6y)

where G(K) =
+ K2)112 and

>X-Kcosay da, as obtained by Kim [68].

Fig. 15 The function G(K)

The function G(K) is illustrated in Fig. 15 and is close to unity for K > 1. The function
fK(6x,6y) has a peak value of unity on-axis and is shown in Fig. 16 in the horizontal and
vertical planes for various K values. It can be seen that in the vertical plane the angular
distribution is insensitive to the value of K and in the limit K —» » is equal to that of a bending
magnet. For large K in the horizontal plane the distribution becomes semi-circular, since the
power density is proportional to the field at the corresponding tangent point: at an angle
dx=(K/y)cos(kz) the field at the tangent point is B = Bosin(kz) and hence
(B/Bo)

2+(y6x/K)2 = l.
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Fig. 16 Power density as a function of angle in the horizontal (left) and vertical (right) planes

The instantaneous rate of total power emitted by a single electron is given by the Lienard
result (1898) [59]:

3 47t£op
2

where p is the radius of curvature of the trajectory. Integrating over the insertion device length
and converting to practical units we obtain:

(20)

in which B is the magnitude of the magnetic field, irrespective of its direction. For an insertion
device of length L with sinusoidal field amplitude BQ we have then:

Ptot[W] = 6 3 3 . 2 ^ 2 ^ 7 ,

Table 2
Total power Ptm (kW) and peak power density d*P/d£l (kW/mrad2) for typical undulator

and multipole wiggler parameters in storage rings of various energies;
insertion device length = 3 m, beam current = 200 mA.

£(GeV)
0.8
2.0
6.0

Xo = 0.05 m,B0 = 0.5 T

PK,
0.06
0.38
3.4

d2P/dQ.
0.03
1.0

84.3

Ao = 0.15 m, Bo= 1.6 T

P»,
0.62
3.9

35.0

d2P/dQ
0.03
1.1

89.9

Table 2 gives the power and power density emitted by a "typical" undulator and wiggler in rings
of three different energies. It can be seen that the numbers increase rapidly with energy,
particularly for the power density (-£"*). Multipole wigglers can emit significantly more total
power than undulators (for the same length), however the peak power densities are similar
because of the approximate inverse scaling of field strength with period length. Handling the
very high power and power densities requires special designs for beamline components. Care
must also be taken to prevent damage to the electron beam vacuum chamber in the event of
beam mis-steering. Automatic interlock systems are therefore required to detect any unwanted
electron beam movement and to dump the beam within a sufficiently short time interval.



147

3.6 Practical computation of radiation spectra

Various computer programs have been written that can calculate the spectral and angular
distribution of undulator radiation using a number of different approaches:
M Direct numerical integration of Eqs. (10), (12) or (13) e.g. [69-71]
ii/ Calculation of the electric field in the time domain using Eq. (9) followed by Fourier

Transformation to obtain the radiation spectrum e.g. [72,73]
iii/ Use of the analytic approximations for a pure sinusoidal field involving series of Bessel

functions (see Appendix) e.g. [74, 75]
iv/ Other techniques e.g. [76-78]
Methods i/ and ii/ are applicable to the case of a real magnetic field and also for the near-field
case, whereas method ml assumes an ideal sinusoidal magnetic field in the far-field case. The
effect of electron beam emittance can be included either by numerical convolution or by Monte-
Carlo methods. Each type of code has its particular advantages and disadvantages. Method iii/
for example is useful for a rapid calculation of the main effects of angular acceptance and
electron beam effects, whereas i/ and ii/ are usually more time consuming but provide more
detailed information on the effects of magnetic field errors etc. Methods i/ and iii/ can calculate
also the angular distributions at a given frequency, which is not possible with method ii/. Some
special techniques have been developed for the cases where the K value is large [76,77]. Here
we will not discuss further the various numerical approaches, but rather present some results
using one code [75] that illustrate the main features of the effects of angular acceptance and
electron beam emittance and energy spread.

Figure 17 shows an example of the effect of electron beam emittance on the on-axis
spectrum for an undulator installed on ELETTRA. It can be seen that with the nominal
emittances there is a relatively small effect on the first harmonic (17% reduction), but this is
much larger on the 1 lth harmonic (factor of 4 reduction). The effect of a ten-fold increase in
emittance is also shown, which is sufficient to reduce the first harmonic by a factor of 3. Figure
18 illustrates the effect of electron beam energy spread, with zero emittance. The nominal
energy spread gives rise to a negligible reduction in peak intensity on the first harmonic, but
quite significant reduction (factor of 4) on the 1 lth harmonic. It should be noted that the effect
of emittance is not symmetric, broadening the lineshape mainly on the long wavelength side, in
accordance with Eq. (4), whereas the effect of energy spread is symmetric.

98 1078

Fig. 17 Effect of electron beam emittance on the 1st (left) and 1 lth (right) harmonics
for an undulator in ELETTRA; E = 2 GeV, Ao = 56 mm, JV = 81, K = 3.45

E 0.5 -

1078

Fig. 18 Effect of electron beam energy spread on the 1st (left) and 11th (right) harmonics
for an undulator in ELETTRA; parameters as Fig. 17



148

Finally, Fig. 19 (left) shows the effect of the size of the acceptance, both with and without
electron beam emittance and energy spread included. As the pinhole size increases the peak flux
increases up to a maximum value, whereas the line continues to widen. The calculated first
harmonic on-axis photon energy is 97.6 eV and it can be seen that the flux at this energy is
roughly one half of the maximum value which occurs with a detuning Ae/e of approximately
l/N, which in this case corresponds to about 1.2 eV, in agreement with the observations made
in section 3.2. The same calculation is shown also for the 5th harmonic. In this case a smaller
pinhole is needed to collect the same fraction of flux due to the smaller angular divergence of the
source. With a large acceptance an extra peak appears in the spectrum due to the intensity
maxima that occur off-axis in the horizontal plane, as shown in Fig. 9.

2.0

5 1-5

0.0

lUinglo

3mm x 3mm/ ' ^ s ^

',*— 2nunx2mm.,'7
T l - ^ '

l\~

nm^ljidn \,

450 460 470
()

480 490

Fig. 19 Effect of "pinhole" size on the 1st (left) and 5th (right) harmonics
for an undulator in ELETTRA; parameters as Fig. 17, distance from source 10 m

3.7 Wiggler regime

In this section we return in more detail to the question of when the interference effects
which characterize an undulator spectrum become sufficiently "smoothed out" that the result is
what may be termed the "wiggler" mode of operation. Generally this requires that there are a
sufficient number of harmonics in the spectrum (K > 5) and that the frequency is not too close
to the fundamental (n> 10). The possible effects that can help to smooth out the spectrum are
as follows:
• wavelength acceptance: the relative spacing of the harmonics is Ao/o) = \jn and so if the

wavelength acceptance exceeds this value then the harmonics become smoothed out.
• angular acceptance: if the angular acceptance is sufficiently large the n +1 'th harmonic

off-axis can reach the wavelength of the n'th harmonic on-axis. It is easy to show that

this occurs when y262 > (1 + K2/2)/n.
• electron beam divergence: the same effect as the above occurs if the electron beam

divergence becomes too large.
• electron beam energy spread: since the change in frequency is related to the electron

energy by Aco/to = 2AE/E, it follows that the spectrum is smoothed if AE/E > l/2n.
• magnetic field errors: random errors in the magnetic field distribution lead to an imperfect

constructive interference, particularly for higher harmonics, which can also contribute to
the transition between undulator and wiggler characteristics.

In most cases the bandpass of the monochromator is too small to have a significant effect, and
the most dominant is the angular acceptance, followed by electron beam divergence and energy
spread and magnetic field errors. It should be noted that the effects of angular acceptance and
beam divergence are both much bigger in a higher energy ring whereas the other effects are
energy independent.

The resulting spectrum of a high K-device is therefore quite complex and can be described
in terms of three regions:
• the fundamental and first few harmonics where there are strong interference effects
• the high photon energy region where the spectrum is essentially smooth
• an intermediate zone where the spectrum is modulated.
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As an example Fig. 20 shows a calculated spectrum for a device with a relatively large K value
but with a small angular acceptance. At sufficiently high photon energies the spectrum becomes
smooth and the intensity equals 2N times that of a bending magnet - shown by the solid line in
the figure.
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E = 2 GeV, Xo = 8 cm, K = 6.5, N = 19,

pinhole 2 mm x 2 mm @ 15 m

10'
10' 10*
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10"

Fig. 20 Calculated spectrum for a high K device in ELETTRA

In the absence of interference effects the radiation spectrum can be calculated as for a
bending magnet but with a critical energy that varies with the angle of emission in the horizontal
plane:

The brightness can be approximated by the following expression [79]:

dn/ddx
B =

a2

where dh/ddx is the total flux per unit horizontal angle, integrated over the vertical angle,
andcr^ is the vertical opening of the radiation, as for a bending magnet source; a is the
amplitude of the sinusoidal motion (=KX0/27ty). The above expression assumes that the
magnet length is not too great (L < Afix, L < 4fiy), as well as a relatively small amplitude of
motion (a < ox) and electron beam divergence (&y < o'R/2), otherwise a summation must be
made over every pole. The brightness of a wiggler is usually several orders of magnitude less
than that of an undulator (see 5.2). To obtain significant flux the radiation is usually collected
over a wide range of angles, which results in an increased effective source size which also
needs to be considered in the beamline optics design. Further details of the geometrical
properties of the radiation from multipole wiggler sources is given in Refs. [80,81].

4 . INSERTION DEVICE TECHNOLOGY: INTRODUCTION

4.1 Electromagnets
coil

J (NI) ampere-tums

Q

Fig. 21 Schematic of an electromagnetic undulator
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To a first approximation an electromagnetic insertion device can be thought of as a series
of dipole magnets. We can therefore estimate the field strength by applying Ampere's Law to a
circuit as for a simple dipole magnet (see for example Ref. [82]):

where (NI) is the number of Ampere-turns per coil. Using the definition of K this can be re-
written as follows:

(NI) _ 4260

It can be seen therefore that in order to maintain a particular value of K, the number of Ampere-
turns must increase rapidly as the ratio of period to gap decreases. There is a problem however
to reach small period lengths even if the gap can be reduced correspondingly, since the space
available for the coils decreases and hence the current density rapidly becomes too big for
conventional (i.e. non superconducting) coils.

The above discussion assumed that the field is constant in the vertical direction, however
this is not in general a good approximation since a sinusoidal field variation along the axis
implies a variation of the field in the vertical direction in order to satisfy Maxwell's Equations.
Using a 2D approximation i.e. no variation in the x-direction, the field can be written as
follows:

By = ^Bncosh(nky) cos(nfe)
n=\

OO

Bz = ^ Bn sinh(nky) sin(nfe)
7 2 = 1

Assuming a geometry with pole lengths equal to one-quarter of a period length, and that the Bz

field component at the height of the poles (y = g/2) is either zero at the poles or ± 8/n0 (A7)//lo

at the coils (from Ampere's Law) allows the coefficients Bn to be determined [83].
Comparisons with numerical calculations show that two terms in the series are sufficient to give
accurate results and hence one obtains [84]:

= 32n.(NI)[ cosh(fcy) cosh(3fo) 1
y V2?rA [sinh(kg/2) 3sinh(3%/2)J }

cosh(fcy)
[sinh(kg/2) 3sinh(3%/2)J

From this can be derived the following expression for the ratio between the field on-axis (Bo)
and at the pole (Bp), shown in Fig. 22 (left):

Bp cosh(kg/2) 1 - (tanh(A:g/2)/3tanh(3 kg/2))

The number of Ampere-turns required for a given K value can be expressed as follows:

^ = 1.18 103 sinhdfc/2) [ l - Smk8/2) V
K y*i>^ 3sinh(3Jk#/2)J

which is shown in Fig. 22 (right) compared to the result for a simple dipole, Eq. (21).
In conclusion, it can be seen that for period-to-gap ratios greater than about 4 the magnet

poles can be considered independent. At smaller values the field on-axis reduces and the
excitation required increases significantly compared to the simple dipole model. As a rule-of-
thumb a ratio X0/g>2 is needed to obtain significant magnetic field on-axis, with not too high
an excitation.
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Fig. 22 Ratio of field on axis to the field at the pole-tip (left) and number of Ampere-turns
required (right) as a function of period/gap ratio in an electromagnet

4.2 Permanent magnets

The use of permanent magnets for undulator and wiggler construction dates back to the
very first undulator described by Motz in 1953 [3]. Permanent magnets were also employed in
the ubitron developed by Phillips in the late 50's and early 60's [5]. Subsequently pioneering
work on the development of permanent magnet undulators and their implementation in storage
rings was carried out in the late 1970's and early 80's at INP, Novosibirsk (USSR) [16,85,86]
and LBL, Berkeley (USA) [17,87,88]. The two schemes most commonly used are the "pure
permanent magnet" and the "hybrid" schemes shown in Fig. 23.

1- i- i~
Iron Potts

\

MagnftSloda Magn« Blocks

Fig. 23 Schematic diagrams of the "pure-permanent magnet" (left)
and "hybrid" (right) types of insertion device

The two types of permanent magnet material in common use are samarium cobalt (SmCos
or Sn^Con) and the more recently developed neodymium-iron-boron (NdFeB). The latter is
the usual choice since it has a higher remanent field strength (1.1-1.3 T, compared to 0.9-1.0 T
for SmCo) as well as a lower cost. The main disadvantages are that it has less radiation
resistance and also a larger variation with temperature (0.1 \%°Ol compared to 0.04% °C'1 for
SmCo). Figure 24 shows a typical de-magnetization curve for such hard permanent magnet
materials. Manufacturer's tables usually quote the following 3 quantities: the remanent field (Br)
where H=0, the coercive force ( ^ 0 H C ,B) where the induction becomes zero and the intrinsic
coercive force (jioHc,j) where the magnetization becomes zero. A large value of M.0Hc,j is an
advantage to avoid demagnetization of the pieces during assembly. If it necessary to take
demagnetization effects into account, manufacturers can supply permanent magnet blocks that
have been thermally and/or magnetically stabilized - heated to a higher temperature, or subjected
to a higher reverse magnetic field than the blocks will experience during assembly or operation.
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Fig. 24 De-magnetization curve of a permanent magnet

The slope of the curve in the linear region ((1=B/(IOH) is typically 1.05-1.06. The fact that
this is close to unity has important consequences [87,89]. Unit permeability implies constant
magnetization and so the equivalent charges p = V • M and equivalent currents / = V x M are
zero except at the permanent magnet block surfaces. The material therefore behaves like vacuum
surrounded by charge or current sheets, hence the expression "charge (or current) sheet
equivalent material" or CSEM. This fact means that the field from different pieces can be
superimposed linearly. It also leads to a simple calculation of the fields in the case of simple
geometries, in the absence of ferromagnetic material. It is interesting to note that the equivalent
current is very large, 8 kA per cm of the block dimension for a 1 T remanent field, which
explains why permanent magnets are so efficient in generating magnet field. Another advantage
is the fact that, unlike electromagnets, the field remains the same if all of the dimensions are
scaled. For the most part the small effects due to the non-unit permeability can be neglected. At
the level of detail however, this is no longer true; some of the small effects that can arise due to
non-linear superposition in pure permanent magnet systems are discussed in Ref. [90].

The field achievable in a 2D approximation from a pure permanent magnet geometry can
be calculated analytically [87] and is given as follows:

B 2BrSjn(KlMl{l_e-2^)e-^
{njM)

where M is the number of blocks per period in each array, usually 4 as shown in Fig. 23, and
h is the block height.

In the hybrid case the field cannot be calculated analytically. Instead the following type of
empirical relationship is often used to estimate the achievable field amplitude, based on a series
of 2D field calculations with optimized pole and magnet dimensions:

(24)

In the above, the values appropriate to SmCos material with Br = 0.9 T have been found to be:
a = 3.33, £ = 5.47, c = 1.8 [88] whereas for NdFeB with Br = 1.1 T the values are
a = 3.44, £ = 5.08, c = 1.54 [91]. The validity of the above expression is usually quoted as
.07 < g/X0 < 0.7, giving a peak field of 2.3 T (SmCo5) or 2.4 T (NdFeB) for g/X0 = 0.07.
Sometimes the above expression is multiplied by a factor 0.95 to account for 3D effects, non-
optimized dimensions etc.

4.3 Performance comparison

Figure 25 compares the performance of electromagnet, pure permanent magnet (PPM)
and hybrid designs, using the above formulae in the case of a 20 mm gap. The maximum
field strength achievable is limited in the case of the electromagnet and hybrid designs by steel
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Fig. 25 Comparison of performance of electromagnetic (EMAG), pure permanent magnet
(PPM) and hybrid (HYB) insertion devices

EMAG - Eq. (22) with rectangular coils of area Ao/8 x Xo/A with J=10 A/mm2

PPM-Eq. (23) with M = 4, h = A0/2, Br = l.2T.
HYB - Eq. (24) with a = 3.27, b = 5.08, c = 1.54

saturation, not included in the formulae, and in the case of the PPM by the remanent field of the
material. It is clear that the electromagnet is only competitive in the case of long period lengths,
or if a reduced field strength is acceptable. For fields in excess of about 0.6 T the hybrid design
exceeds the PPM performance. However, in the undulator regime, K < 5, the performance of
the PPM and hybrid types are very similar.

5 . INSERTION DEVICE PERFORMANCE LIMITS AND PARAMETER
OPTIMIZATION

5.1 Undulator performance limits

Following the previous general discussions of the properties of the radiation emission
(Section 3) and the magnetic performance of various insertion device types (Section 4) we will
now put these two together to examine what determines the practical performance limits and
how the main parameters are chosen in a number of practical cases, based on the more usual
choice of permanent magnet rather than electromagnet technology. To do this it will be
sufficient to use simple formulae for the radiation flux, Eq. (18), and magnet performance, Eqs.
(23) and (24), since they are generally sufficiently accurate to enable the main parameters to be
determined on the basis of the required photon energy tuning range. In practise, the next stage
would be to revise the parameters after carrying out a detailed magnet design.

We note first of all that optimization of the brightness and flux at a given photon energy
are equivalent since the ratio between brightness and flux involves factors depending only on
photon energy, electron beam emittance and undulator length which are fixed quantities. Given
the magnet period and gap, we can therefore calculate the field amplitude using either Eq. (23)
or (24), and hence K and the flux per unit length of undulator as follows:

Flux [photons / s / 0.1%bandwidth / m / A] = 1.43 1014

Xon

The photon energy can also be expressed in terms of known quantities as follows:

_e_ i 2 ] _ _ 9.498 n

E A,
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We can therefore plot one quantity against another i.e. photon flux as a function of normalized
photon energy, for different magnet periods and gaps. Figure 26 (left) shows the resulting
curves of both fixed gap (variable period) and fixed period (variable gap), assuming in this case
a pure permanent magnet geometry, Eq. (23) with Br = 1.2 T and h = Ao/2. Figure 25 shows
that in the present range there is little difference between the performance of the two permanent
magnet configurations. From the dashed curves in Fig. 26 (left) (fixed gap) it is clear that at any
photon energy the smallest gap always gives the highest flux, especially at the highest photon
energies where flux is critically dependent on magnet gap. The solid curves (fixed period) show
the tuning curves achievable in a practical case with fixed period length. It can be seen that
longer periods give a wider tunability, because of the larger K value, whereas the short periods
which are required to reach the highest photon energies result in much reduced tunability.

The results above refer only to the fundamental (n = 1) of the radiation. Higher harmonics
can however be used in order to extend the tuning range. This is illustrated in Fig. 26 (right),
where the tuning curves for the 1st, 3rd and 5th harmonics are shown for various period
lengths, with a minimum gap of 20 mm. Longer periods and hence larger K values result in an
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Fig. 26 Undulator flux as a function of normalized photon energy;
left - first harmonic as a function of gap and period

right - first, third and fifth harmonics as a function of period, gap = 20 mm

overlap of the harmonics, allowing a wide tuning range to be covered. As the period and hence
K value reduces so also does the overlap of the harmonics, eventually leaving a gap between
them. For a "reasonable" overlap between the 1st and 3rd harmonics a K value > 2.2 is
required, which also guarantees overlap of the successive harmonics. If one is willing to give
up some tunability in favour of reaching higher photon energies, a K value > 1.3 is a
reasonable choice, since it allows tuning through the 3rd, 5th and successive harmonics. Figure
26 illustrates the fact that there is an optimum range of photon energies that can be covered with
a machine of a given energy, and with a given minimum gap. At low photon energies the
limitation is the large K value and hence the high radiation power density, whereas at high
photon energies the limitation is the rapidly reducing flux. Table 3 indicates what might be
considered the optimum range of photon energies for 3 "standard" machine energies, 0.8 GeV
(e.g. SuperACO), 2 GeV (e.g. ELETTRA) and 6 GeV (e.g. ESRF). It can be seen that
although there is significant overlap between the ranges, the different machines are nevertheless
optimized for different spectral regions, namely the VUV, Soft X-ray and X-ray ranges
respectively.

Table 3
"Optimum" photon energy ranges as a function of

storage ring energy, based on a minimum undulator gap of 20 mm

Ring Energy (GeV)
0.8
2.0
6.0

Photon energy range
6eV-450eV

40 eV - 2.8 keV
360eV-25keV
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It should be emphasized that the "optimum" photon energy ranges shown in the Table are
only indicative. For example, as we have already seen, the performance is strongly determined
by the minimum gap that can be allowed. Special insertion devices can also be built with even
smaller gaps to extend the performance at higher energy. The lower photon energy limit is also
rather arbitrary, and depends in practise on the acceptable power loading. Overall however it
remains true mat undulator performance is one of the most important factors determining the
choice of energy for a synchrotron radiation facility, and that this is essentially limited (at the
high photon energy limit) by the minimum gap that can be allowed for successful machine
operation.

5.2 Undulator parameter optimization

As a practical example we will consider the design of undulators for a 1.5 GeV ring based
on a minimum gap of 20 mm; the principles involved however remain valid for any other choice
of parameters. Figure 27 shows the flux and brightness achievable from a range of different
undulators, together with that from a multipole wiggler and a bending magnet for comparison.
In the latter cases the flux is integrated vertically, and per mrad of horizontal angle. Although
the multipole wiggler can provide a reasonably high flux, clearly the brightness is several orders
of magnitude inferior to that of an undulator. The parameters of the devices are given in Table 4
which includes also the total power and peak power density of the radiation.

10 10' 10° 10'
Photon Energy [eV]

10° 10* 10*
Photon Energy feVl

10°

Fig. 27 Flux (left) and brightness (right) for various sources in a 1.5 GeV ring:
U - 1st (solid), 3rd (dashed) and 5th (dotted) harmonics; W - multipole wiggler;

BM - bending magnet. (£=1.5 GeV, Jb = 0.4 A, ex=10r* m rad, ey = 10"9 m rad,
px = 5 m, py = 2 m, ID length = 3 m, BM field = 1.2 T)

Table 4
Parameters of various undulators shown in Fig. 27; peak power density units W/mrad2

Ao(mm)
39
26
18.5
48
72
100
150
200

g(mm)
20
10
5
20
20
>20
>20
>20

BO(J)
0.38
0.57
0.81
0.51
0.78
0.47
0.25
0.11

K
1.40
1.40
1.40
2.29
5.26
4.40
3.50
2.56

247
554
1120
443
1029
379
107
21

d2P/dQ
615
1381
2787
686
702
309
109
29

As stated in the Section above, at the low photon energy end of the spectrum the radiation
power density can become a limiting factor. Figure 28 (a) shows a selection of different devices
all with a fundamental of 20 eV. As the period length increases the power and power density
decrease rapidly, as shown in Table 4, whereas the flux decreases more slowly. The choice
therefore is a compromise between power, flux and tuning range.



156

In the medium and high energy parts of the spectrum the choice of undulator parameters is
often dictated by the required tuning range rather than simply the energy of the fundamental.
For example, Fig. 28 (b) shows the performance for 3 undulators with similar period lengths in
the range 43-48 mm. The device which gives the peak flux at 200 eV for example has a period
of 43 mm, however in this case the K value is too small (1.8) to allow a continuous coverage
between the fundamental and 3rd harmonic at 600 eV. A slightly larger period length of 46 mm
(K=2.1) or 48 mm (#=2.3) results in only a small reduction in flux at 200 eV but provides a
much wider tuning range.

At the high energy extreme the performance reduces rapidly, even if higher harmonics are
used, as shown in Fig. 28 (c). A lower gap is clearly advantageous in this case, and the figure
shows the result for a 5 mm and 10 mm gap. In each case the period has been adjusted to
maintain a K value of 1.4 which allows tunability from the 3rd harmonic upwards. Table 4
gives the parameters for these devices.

10"

: X =72 mm
°100 555=

S 1015 I 150
o
to

1 10"

o
J3

^ 1 0 ' 3

3

10"
101

Photon Energy [eV]

C
18

200 400 600 800 1000
Photon Energy [eV]

2000 4000 6000 8000 10000
Photon Energy [eV]

Fig. 28 Undulator performance in low, medium and high energy spectral regions,
(a) Xo = 72 - 200 mm; (b) Xo = 43 mm (dotted), 46 mm (dashed) and 48 mm (solid);
(c) undulators optimized for gaps of 5 mm (Xo - 18.5 mm), 10 mm (Xo = 26.2 mm)

and 20 mm (Ao - 39.2 mm). Ring parameters as Fig. 27.

6 . INSERTION DEVICE TECHNOLOGY: DETAILED MAGNETIC DESIGN

6.1 Detailed magnetic design: periodic part

Having first established the main parameters of the device on the basis of the required
characteristics of the radiation (Section 5) the next step in the design process is generally to
carry out the detailed design, which usually starts with the periodic part of the structure. In the
case of the pure permanent magnet case 3D analytic formulae exist for the field due to a



157

parallelepiped block in the approximation of unit permeability, which is generally a sufficiently
good approximation. Adding the field from a sufficient number of blocks then allows the field
in the centre of the device to be calculated. Many laboratories have codes which will perform
these calculations, e.g. Ref. [92].

Using such a program it is then a relatively simple matter to optimize the remaining
parameters, namely the magnet height and width, see Fig. 29. The space between the blocks is
usually sufficiently small to have a negligible effect. Fig. 30 (left) shows the variation of field
amplitude with block height for various block widths in one particular case. To reach
sufficiently close to the maximum achievable value a height of 26 mm i.e. h = Xo/2 was
chosen. A width of 85 mm was chosen, not because of the field strength - for which a width of
about 40 mm would be sufficient - but in order to give a satisfactory field homogeneity. The
transverse field variation is shown in Fig. 30 (right).

Space

^ IB ^

Fig. 29 Parameters to be optimized for pure-permanent magnet (left)
and hybrid (right) structures

10 4 0 50 60 0.99020 30
Height [mm] x [mm]

Fig. 30 Left - variation of field amplitude with block height for various block widths; dotted
line - infinite width. Right - relative field variation with transverse position for various block

widths (block height = 28 mm). Period = 56 mm, gap = 20 mm, space = 0, Br = 1.2 T

In the case of the hybrid design the situation is more complicated since there are more
parameters to optimize, as shown in Fig. 29, and more criteria to satisfy: achieving the required
field and field homogeneity with a minimum volume of permanent magnet material, whilst
avoiding excessive saturation in the iron and regions of reverse field in the permanent magnet
material. Some account has to be taken of three dimensional effects. A possible solution is
therefore to use a 3D code; several commercial ones are available such as AMPERES,
FLUX3D, MAFIA, MAXWELL and OPERA-3D. Such codes are however generally quite
expensive and require a period of training before reliable results can be obtained. An alternative
is to use a combination of a 2D code, which includes the effect of saturation in the iron, and 3D
approximations valid for infinite (i [93,94].

By making use of symmetry only l/8th of a complete period needs to be modelled; Figure
31 shows part of the field distribution in one case, together with the detailed region near the
pole surface. A choice that has to be made is to use standard magnet steel, with a saturation
magnetization of about 2.1 T, or iron-cobalt steel which has a significantly higher saturation of
about 2.4 T. The latter is more costly but can lead to a smaller pole width and a reduction in the



158

volume of permanent magnet material and hence can be cost effective. In the hybrid design it is
important that the permanent magnet is larger than the pole in order to reduce flux leakage [95].

Alternative geometries to the basic one discussed above that can lead to an enhanced field
strength, but with an increase in complexity and cost, are the wedged-pole geometry [96], and
the inclusion of side-magnets [97], as shown in Fig. 32.

A factor that has to be taken into account particularly in the hybrid design is the fact that
the field can vary significantly from a pure sinusoid, containing a large 3rd harmonic
component. The effect is to change the fundamental photon energy, and also the radiation
opening angle.

OM-

Fig. 31 Magnetic flux lines in a hybrid device; right - complete model of l/8th period,
left - detail of the pole-tip region

Fig. 32 Alternative hybrid designs; left - with wedged poles, right - with side magnets

6.2 Detailed magnetic design: ends

In order that the insertion device does not affect the storage ring closed orbit requires that
there is no net change in transverse position or angle of the beam. In the horizontal plane for
example the final angle and position at the end of the device (z = L/2) are given as follows:

L/2

ymc
\By(z)dz =
J y

L/2 z

x{LI2) = — \ dz \BJz')dz'
ymc J J y
ymc —oo —oo
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which are often referred to as the first and second field integrals respectively. It is convenient to
refer to the position of the beam projected back to the centre of the device ( 8 ) , rather than at the
end, as shown in Fig. 33. After integrating the second expression by parts and re-arranging one
obtains the following result:

8 = x(L/2)-x'(L/2)- = — -
2 ymc _J

L/2
JBy(z)zdz

-L/2 0 L/2

Fig. 33 Projection of electron beam exit conditions to the centre of the insertion device

We can now examine the requirement for no net change in angle (<p) or position (8 ) of
the beam. In the usual case the magnet design is symmetric with respect to the centre of the
device. According to the above equation we have then by symmetry 5 = 0. The correct angular
condition (j) = 0 is obtained by appropriate adjustment of the end-poles as illustrated in Fig. 34
(left). An alternative configuration is anti-symmetric with respect to the centre. In this case by
symmetry <j) = 0, and the condition 8 = 0 is obtained by correct adjustment of the end-poles, as
illustrated in Fig. 34 (right). In the case that the magnet consists of a series of equal strength
central poles with a special end-pole at either end, then the required condition can be met in the
case of the symmetric configuration by arranging that the end-poles have one half of the field
integral of the centre poles. In the anti-symmetric case however no such simple result exists; the
relative strength required for the end-poles depends on the number of poles in the magnet (M)

as follows: ( M - | ) / ( M - 1 ) .

-400 -400

Fig. 34 Electron trajectories in insertion devices with symmetric (left)
or anti-symmetric (right) field distributions
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It can be seen from Fig. 34 that even when the magnet is perfectly compensated in angle
and position the axis about which the electron beam oscillates is offset from the straight through
direction either in position (symmetric case) or angle (anti-symmetric case). Such an offset is
not generally a problem, but can be in certain applications. To overcome this requires a more
sophisticated entrance and exit configuration involving more than one end-pole. Considering an
arrangement of equally spaced poles, the simplest arrangement employs two reduced-strength
end-poles with a sequence of 1/4, -3/4, 1 ... as shown in Fig 35. It is clear that the same
configuration can be applied to either the symmetric or anti-symmetric cases. For sequences
involving three end-poles a variety of solutions are possible, which can be expressed as
follows: x, -(2x + 1/4), (x + 3/4), -1 .

" 1
-p

c

-2

1

1

1 i

+1/4

\

1 !

1 1

t3/4!/

\ /v

A
i

0 1 2 3 4 5 6 7 8 9 10
2 farb. unitsl

Fig. 35 Sequence of magnet poles (dotted line) resulting in no offset between the
electron trajectory (solid line) and the magnet axis.

Implementation of the various end-pole sequences described above is straightforward in
the case of the pure pennanent magnet configuration because of the applicability of linear
superposition. As a consequence of this, the field integral due to a single block depends linearly
on the block length. A great advantage is the fact that apart from small effects due to non-unit
permeability and magnetization errors the device remains compensated at all gaps. In the
symmetric case overall compensation can be achieved simply by terminating with a half-block,
as shown in the Fig. 36 (a). Some other schemes are shown (b-e) that give no offset of the
oscillation axis using either half-sized blocks (b, c) or 1/4 and 3/4 sized blocks (d) [98].

a HthU - I t
t t

Fig. 36 Various end-sequences for the pure-permanent magnet structure
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In the case of the hybrid construction no simple geometrical arrangement exists for the
termination. Even after adjusting permanent magnet or pole dimensions to achieve
compensation there still generally exists a significant variation of the field integrals with gap that
needs to be overcome with an active system such as a coil [99] or rotating permanent magnet
block [100], as shown in Fig. 37. Recently, there has been some success in developing a
geometry that reduces the variation of field integral with gap, with the hope of eliminating
completely the correction system. In one case empirical adjustments were made to the strength
of the end magnets and the height of the next to last pole [101]. In another case 3D computer
runs were made to optimize the end geometry [102]. Interestingly, in both cases the resulting
solution produces close to no offset between the magnet and the oscillation axes.

o < rou
Fig. 37 Termination schemes for hybrid insertion devices using coils (left)

and rotating magnets (right)
6.3 Magnetic field errors

Magnetic field errors arise due to variations in the dimensions and shape of the magnets
and poles, variations in gap etc., as well as variations in magnetization strength and angle from
block to block and inhomogeneity. The effects of such errors are two-fold: unwanted effects on
the electron beam and deterioration of the quality of the emitted radiation. In the former case, the
effects are due to the non-zero first and second field integrals along the beam axis, which
produces a change in the closed orbit, as well as the transverse variation of these quantities. The
transverse variation of the first field integral errors can be expressed in terms of multipole
components which cause changes in focusing properties, i.e. changes in tune values and
betatron functions (quadrupole errors), variations in coupling (skew-quadrupole errors) as well
as non-linear beam dynamics effects (sextupole, octupole errors etc.). Effects on the radiation
spectrum on the other hand depend on the details of the field distribution and hence electron
trajectory. Effects arise due to both the deflection of the electron beam away from the nominal
axis, as well as errors in the phase of the radiation. The latter cause a loss of constructive
interference causing reduced angular flux density and brightness, particularly on the higher
harmonics.

Initial work on the effects of field errors on the emitted radiation [103] attempted to
characterize the effect in terms of the variation in field amplitude from pole to pole, which was
assumed to be a random quantity. It was shown later however that the intensity is not well
correlated with this quantity [104], but is well correlated to the radiation phase error [105]. The
phase can be calculated simply from the magnetic field distribution as follows:

-¥[£•£ dz

where the angle x' is given by Eq. (2). In practise the phase is calculated at each magnet pole
and the linear variation subtracted, to remove the % increase in phase between each pole and also
to take account of any small changes in the radiation wavelength from the nominal value [64,
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106]. The rms value of the phase variation (<70) is then calculated. Simulations show that the
relative intensity of the n'th harmonic (Rn) agrees well with the simple formula [64]:

In order to combat field errors therefore requires a sufficiently precise mechanical
construction as well as some method for overcoming the effect of magnetization errors. For the
latter various techniques have been adopted. The first consists of measuring the individual
permanent magnet blocks and then arranging them in the structure in such a way as to optimize
the field quality. Sorting procedures of this kind are most widely applied to the pure permanent
magnet case where linear superposition can be used. Various ways of characterizing the blocks
have been tried based on measurement of either total magnetization strength, field integrals or
field maps. The most common sorting procedure is based on the "simulated annealing"
algorithm [107] although "genetic algorithms" have also been used [108]. Once the magnet has
been constructed and measured, the remaining errors can be overcome by swapping blocks, or
more commonly by "shimming" i.e. placing thin ferromagnetic sheets on the magnet surfaces
(see Fig. 38). Shimming was first applied to hybrid devices to correct pole-to-pole field
strength error [109] and subsequently as a means of correcting multipole errors [110,111] and
then also radiation phase errors [112-116]. As a result of these developments, as well as better
magnetic measurement techniques [117], recent insertion devices have been free from the
multipole errors observed in some earlier devices and have also far exceeded expectations in
terms of the radiation performance. When the present "third generation" of synchrotron
radiation sources were planned it was thought that field errors would preclude use of harmonics
higher than about the 5'th. Now, with the correction techniques described above, the undulator
spectrum can be almost perfect up to much higher harmonic numbers so that the limiting factor
is no longer the undulator quality but that of the electron beam itself (emittance and energy
spread).

V-shims H-shim
V-sliims H-shim

Fig. 38 Method of magnetic shimming to improve the magnetic field quality

7 . INSERTION DEVICES FOR CIRCULARLY POLARIZED RADIATION

7.1 Introduction

There is an increasing interest in using circularly polarized radiation over a broad photon
energy range for a wide range of experiments such as Circular Dichroism (CD) - which
measures the difference in absorption between right- and left-handed polarized light, Magnetic
Circular Dichroism (MCD) - the difference in absorption depending on the relative alignment of
the magnetic field and the polarization directions in magnetic materials, and Circular Intensity
Differential Scattering (CIDS) - the difference in scattering of right- and left-handed polarized
radiation. Conventional insertion devices produce only linearly polarized radiation and so
special types have been developed to generate circularly, or in general elliptically, polarized
radiation. In this section we first introduce the concept and a basic description of the
polarization, before considering the polarization properties of insertion devices.
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The polarization of a radiation beam is determined by the phase relationship between the
components of the Electric field [118]. For example given the horizontal component
Ex = Ex0 cos (cot) and the vertical component E = E cos (cot + <f>), it can be seen that there are

in general three independent parameters, Exo, Eyo, and <p. When 0 = 0 the radiation is linearly

polarized, in a direction defined by the amplitudes Em and Eyo; when <j> = 90° and
yo; Ex = E we

have circularly polarized radiation. Such a description is not however of much practical use
since none of these parameters are directly measurable, and in general we have to consider a
superposition of different waves, not just a single monochromatic wave. A more useful
description in terms of directly measurable quantities was introduced by G.G. Stokes in 1852,
involving the following parameters:

S2 ~ hs* ~ 7-45°

5j is the difference in intensity transmitted by a linearly polarized filter oriented in the horizontal
(x) and vertical (y) directions, 52 is the difference in intensity for the components polarized at
± 45° with respect to the x-y axes and i'3 is the difference in intensity of right- and left-handed
circularly polarized components. The total intensity is So. Since only three independent
parameters are needed it follows that there is some relationship between the above, and this is:

The above description is true for a single monochromatic wave. In general there is a summation
of waves from different source points in the insertion device as well as due to the range of
wavelengths, the angular acceptance and the effect of electron beam emittance and energy
spread. The effect of the summation is that the radiation can be divided into a polarized and an
un-polarized part. For the polarized part the same decomposition into the three polarization
states can be made, and so it follows that:

where S4 is the intensity of the unpolarized radiation. Dividing through by the total intensity we
obtain:

where Pl = Sl /So etc. The overall degree, or fraction, of polarization is therefore

•\jPf + Pl + P3
2 and the fraction of unpolarized radiation is P4. The quantities P,, P2 and P3 are

known as the polarization rates for the particular component.
The intensity of the radiation at a given frequency that is polarized in a given direction u is

calculated by modifying Eq. (8) as follows:

d2l

dco dQ An1 (25)

The directions corresponding to the various polarization states are given below:

Polarization component
linear, x-direction
linear, v-direction
linear, 45° to x-y
linear, -45° to x-y
right circular
left circular

Direction vector, u
(1,0,0)
(-1,0,0)
(U,0)A/2
(l,-l ,0W2
(U,0)/V2
(l,-i,0)/V2

Radiation amplitude
Ay

Ay
(Ax + AV)V2
(Av - AyW2
(AY + iAy W2
(Av-iAyW2
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In the above we also show the amplitude of the radiation polarized in the given direction in
terms of the horizontal and vertical components, which are in general complex quantities. The
intensities can then be expressed as follows:

'* =

IR = [\A

- AxA*y

; -A*xAy)] IL= [|A2

-A*xAy]/2

+ i{AxA*y-A*xAy^f2

(26)

Finally, we can express the Stokes parameters in terms of the radiation amplitudes as follows:

^ — A A -i- A A
° 0 ~~ ̂ X^X T /Iy/1;y

c A A A A
^1 - AxAx "yAy

S2=A*xAy + AxA*

S3 =i(A*xAy-AxA*)

7.2 Bending magnet and conventional insertion devices

In order to understand the polarization properties of bending magnet and insertion device
sources we will examine the electric field of the radiation, which according to Eq. (9) is
proportional to the electron acceleration. To a first approximation we have the following
relationships:

Ex~px-expz
(27)

where 6X, 6yare the angles of emission with respect to the x, y axes (Fig. 6). In a bending

magnet which bends in the horizontal plane $y=0 and hence the vertical electric field
component only exists for emission out of the orbit plane 6y * 0. It follows directly from the
direction of acceleration that Ex (~ fix) is symmetric with respect to the tangent point whereas
Ey (~ 6yPz) is anti-symmetric, as shown schematically in Fig. 39. Figure 40 shows the pattern
traced out by the electric field for the particular case dy = l/y. The circular motion of the electric
field vector indicates the presence of circularly polarized radiation. In fact as the angle 6
increases the fraction of circular polarization rate increases while the linear polarization
decreases, as shown in Fig. 41. For angles below the orbit plane (6y < 0) the vertical electric
field component changes sign and hence the direction of circular polarization reverses.

Fig. 39 Schematic diagram of radiation emission in a bending magnet: direction of electron
acceleration (left), and electric field components as a function of time (right)
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Fig. 40 Calculated electric field components, normalized to (Ex)max , for a bending magnet
source with B= 1 T at a vertical angle yd -1; arrows indicate the direction of rotation

2.0

Fig. 41 Stokes parameters (left) and relative polarization rates (right)
as a function of vertical angle for bending magnet radiation,

at a wavelength corresponding to the critical wavelength (A = Ac)

In terms of the radiation amplitudes, the symmetry of the electric field components implies
that Ax is real whereas Ay is imaginary, which implies directly from Eqs. (26) that S2 = 0. The
Stokes parameters can therefore be written in this case as follows:

S2=0

We now consider what happens in the case of a conventional insertion device. Figure 42
shows one period of such a device and it can be seen that at the second pole J3X and hence Ex

changes sign, whereas j3z and hence Ey remain the same, as indicated schematically. Figure 43
also shows the calculated electric field variation for a particular case and it can be seen that the
direction of rotation reverses, indicating a cancellation of the circularly polarized component. In
other words, 53 has the opposite sign for the second pole compared to the first; summing the
intensities of the two poles then results in 53 = 0. All radiation that is not linearly polarized is
therefore unpolarized (Fig. 44).

Ik
Fig. 42 Schematic diagram of radiation emission in an insertion device: direction of electron

acceleration (left), and electric field components as a function of time (right)
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Fig. 43 As Fig. 40 for an insertion device; dashed line K = 1, solid line # = , Ao = 0.1 m
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Fig. 44 As Fig. 41 for insertion device radiation (neglecting interference effects)

In the analysis above we have simply summed the radiation intensities from the positive
and negative poles, neglecting the effect of interference, a procedure that is valid only in the
limit of large K and large harmonic number (i.e. the wiggler case). To include the effect of
interference we must examine the radiation amplitudes. Defining t = 0 at the centre of the two
poles, we can write the amplitude as follows:

JEeicot -icoAt JEe1

l'st. pole

l(Ot dt + eiaAt JEe1

2'nd. pole

icot dt

where 2A?is the (observer) time difference between the first and second poles. Taking now the
x- and y-components, recalling the sign change for the Ex component, we obtain:

Ax=Axo{e-i(t> -ei*) = -2i

Ay = iAyoie-' e1*) = 2iAyOcos<p

where Axo, Ayo are the real amplitudes for a single pole emission and <j) = o)At. We see
therefore that both components are imaginary, from which it follows directly from Eqs. (26)
that in general S2 * 0 and 53 = 0. The polarization is therefore always linear, however the
direction of polarization changes in a complicated way >as a function of angle and harmonic
number [119]. Averaging the intensities over frequency (i.e. <p) we return to the wiggler case

with (S2) = 0.
In order to obtain circularly polarized, or variably polarized, radiation therefore requires a

special type of insertion device. In the following sections we consider the many types that have
been developed over the years (see also Ref. [53]). The majority are helical or elliptical devices,
with combined horizontal and vertical field components. The horizontal field component
introduces a vertical acceleration and hence vertical electric field component even when the
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radiation is viewed on axis. Another type is the asymmetric wiggler: in this case there is no
horizontal field component, however the cancellation of the circularly polarized component that
occurs off-axis in a conventional device is avoided by making the field strengths of the positive
and negative poles unequal. A third type is the crossed-undulator: in this case circular
polarization is generated by the interference of the radiation emitted in successive horizontal and
vertically polarized undulators.

7.3 Helical/elliptical devices

7.3.1 Magnetic configurations

Many different schemes have been put forward that can generate helical or elliptical field
distributions, using both electromagnets and permanent magnets in various configurations -
either with a helical geometry, a combination of separate horizontal and vertical devices, or with
an open-sided (planar) structure - and as result, with either fixed or variable polarization.

The classical method of producing a pure helical field is the "bifilar helix" (Fig. 45, left): a
conductor is wound on a cylindrical former with diameter gand with a pitch Ao forming a
helical coil. A second winding is then added in between the windings of the first coil. When a
current / is passed in opposite directions through the two windings the solenoidal field is
cancelled, leaving a periodic helical field:

Bx = Bo cos (fe) By = Bo sin (fe)

The field amplitude for the case of wires with infinitesimal cross-section is given by [120]:

where £ = Kg/X0 and Ko, Kx are modified Bessel functions. The above expression shows a
rapid decrease in field amplitude as X0/g reduces, analogous to the behaviour of linearly
polarized electromagnets and permanent magnets. Approximate expressions for a distributed
winding were derived in Ref. [121]. Details of the field components generated on and off-axis
were considered in [122] and end-effects in Ref. [123]. In this design the polarization direction
(right- or left-handed) is determined by the sense of the winding. The possibility of superposing
windings of opposite handedness to generate arbitrary polarization was suggested in Ref.
[124]. The field generated by the bifilar helix is significantly less than for a conventional
electromagnet [125] because of the lack of iron poles. Because of this fact, and the
disadvantages associated with a closed structure for magnetic measurements and ease of
installation etc., few magnets of this type have been built. The first FEL experiment at Stanford
employed a superconducting helical magnet [126], while a pulsed magnet was used in the early
FEL experiments at Frascati [127].

Fig. 45 Two methods for producing a pure helical field; left - the classical bifilar helix,
right - a sequence of dipole magnets using permanent magnets
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A higher field level can be obtained by incorporating iron poles. An example of a magnet
of this type is the superconducting helical undulator installed in the VEPP-2M storage ring in
Novosibirk in 1984; prior to this a non-superconducting version was operated to which iron
poles were added later to enhance the field level [86]. For the PEL experiment of the Bell
Laboratories a novel scheme was devised in which the iron poles were fed by straight, rather
than helical conductors [128]. Another scheme is presented in Ref. [129].

Helical arrangements of permanent magnets have also been considered. The design
proposed in Ref. [130] consists of N "slices" per magnet period, where each slice is an annulus
containing segments of permanent magnet material with a suitable direction of magnetization to
create a dipole field (Fig. 45, right). The slices are arranged along the length of the undulator
with a 27T/N rotation from one slice to the next, so creating a helical field. Similar field strengths
can be generated in this way compared to the linear undulator geometry [125]. A method of
producing blocks with the required magnetisation directions was put forward in Ref. [131]
while an alternative consisting of a large number of small rectangular blocks was considered in
[132].

A more flexible scheme consists of a superposition of separate horizontally and vertically
polarized devices with a variable longitudinal displacement between them [133]. In general such
a configuration allows the flexibility to change both the field amplitudes, Bxo, Byo, and the phase
between them, y/:

Bx =Bxocos(kz+y/) = Byocos(kz)
yo

(28)

and as a result, any polarization state can be created. We can see this in a simplified way by
using Eqs. (25) and (27) above and equating the acceleration with the corresponding field
component (Ex - fix ~ By etc.). We obtain then that:

Ac ~ Byo ~ Bxo (cosyf-zsin y/)

from which it follows from Eqs. (26) that:

Sn~ ~B2 -
Dyo •

S,~ Byo sin V

This analysis is valid for the first harmonic and for small K. The original proposal was an
undulator consisting of identical permanent magnet arrays, as shown in Fig. 46, and therefore
generating equal field strengths in both directions. A prototype device was subsequently
constructed and installed in the TERAS ring in Japan and die polarization of the emitted
radiation measured [134]. In such a structure changing the phase changes the polarization but
does not change the field amplitudes, or the wavelength of the radiation (see 7.3.2). The
polarization and the radiation wavelength can therefore be changed independently.

Fig. 46 Variably polarized undulator
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With unequal field amplitudes in the two directions higher harmonics are generated with,
in general, elliptical polarization [135]. Two permanent magnet devices of this kind were later
constructed and installed in the TRISTAN Accumulator Ring and the Photon Factory [136].
These devices made use of the fact that the vertical magnet gap (30 mm) could be much smaller
than the horizontal one (110 mm) so allowing a much higher field strength in the vertical
direction, 1.0 T (Ky = 15) compared to the horizontal, 0.2 T (Kx = 3). Such a device became
known as an elliptical multipole wiggler (EMPW). Later measurements confirmed that a high
degree of circular polarization could be obtained at high photon energies [137].

The idea of" replacing the permanent magnet arrays in the above scheme with an
electromagnet in order to allow a rapid switching of the polarization state was first mentioned in
[133]. Since an electromagnet requires a longer period length, and generates a smaller field
strength than a permanent magnet, the idea is more applicable to the case of an elliptical wiggler.
The first proposal for an electromagnetic elliptical wiggler (EEW) capable of reaching a
switching speed of 100 Hz was made in [138]. A prototype device was later built by an
APS/BINP/NSLS collaboration and installed in the NSLS X-ray ring [139]. A similar device
was subsequently installed in the APS. A device consisting of two electromagnets, with the
possibility also of shifting one magnet with respect to another has recently been proposed at
LURE [140].
a b
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Fig. 47 Various planar permanent magnet arrangements,
a - HELIOS, b - planar helical undulator, c - APPLE-H, d - Spring-8

A disadvantage of all of the above schemes is the need for magnetic arrays on all sides of
the electron beam tube. This not only complicates magnetic measurements and installation, but
also means that the minimum gaps that can be achieved are restricted by the lateral size of the
magnetic structures. Alternative "planar" structures have therefore been devised with magnets
located only above and below the beam axis. The first proposal of this kind is shown in Fig. 47
(a) [141]. In this scheme the upper array produces a horizontal field, while the lower array
produces a vertical field. The field components on-axis are therefore identical to those of the
Onuki device given by Eq. (28), and hence by adjusting separately the upper and lower half-
gaps and the longitudinal phase shift any polarization state can be generated. Owing to the lack
of symmetry this device produces a linear variation of both field components in the vertical
direction, thereby increasing the sensitivity of the radiation wavelength to beam position. A
further potential problem is the fact that the fields give rise to a second-order deflection of the
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trajectory in the horizontal direction when y/ * 0, and in the vertical direction when Bx0 * Byo

[142]. Since these effects are of second-order and therefore inversely proportional to Energy2,
the effects may become problematic in low energy rings. In the ESRF the horizontal deflection
is overcome using two separate undulators with opposite helicity so that the two deflections
cancel [143]. The two undulators are used in a "chicane" arrangement to produce radiation with
opposite helicity displaced slightly to the left and right of the beam axis. The HELIOS device
was installed in the ESRF in June 1993; no effect on beam lifetime was observed, and only
small changes in closed orbit were produced, in agreement with expectations [67]. Two further
single section structures have subsequently been installed [144].

A modification of the HELIOS device is the planar helical undulator [142], shown in
Fig. 47 (b). In this case both arrays produce a pure helical field, with equal field amplitudes
that exceed that of the HELIOS device in the helical mode. A further advantage of this structure
is that the symmetrical arrangement eliminates any second-order deflections. A significant
disadvantage however is that the helicity is fixed.

More recently a further device was developed called APPLE (Advanced Planar Polarized
Light Emitter), which produces even higher field amplitudes. The first structure to be put
forward (APPLE-I) employed magnet blocks with a 45° magnetization [145]. Subsequently a
simpler structure (APPLE-II) was developed in which each of the four arrays has a
conventional Halbach structure [146], shown in Fig. 47 (c). This version, as well as being
easier to construct, produces a larger Bx field at the expense of smaller By and hence also a
higher field in the helical mode. In both versions the polarization is altered by shifting the
upper-back and lower-front arrays with respect to the upper-front and lower-back arrays.
Considering for simplicity a shift of + y/ for the pairs of arrays, the upper-back and lower-front
arrays produce a linearly polarized field given by:

Bx = Bxo /2 cos (kz-y) By = Byo I2 cos (kz - y)

whereas the upper-front and lower-back arrays generate a field given by:

Bx=-Bxo/2 cos(kz+y) By= Byo/2 cos(kz+y)

Adding the two together and simplifying results in the following:

Bx = Bxo sin (kz) sin (y) By = By0 cos (kz) cos (y/)

Thus, unlike the Onuki and HELIOS cases, the field amplitudes do depend on y, and so the
polarization cannot be adjusted independently of the radiation wavelength. In addition, changing
the gap changes the horizontal and vertical fields by a different amount, and so changes the
polarization. An interesting property of this device is that the two field components remain 90°
out of phase, and hence the polarization ellipse remains upright. The simple polarization
analysis gives in this case (in the low K limit):

Sx ~ B)o COS2 y/ - B2
XO sin V S2 ~ 0 53 ~ BxoByo sin 2 y/

The APPLE configuration has a greater degree of symmetry than the HELIOS one, which
eliminates problems due to second-order steering effects. The transverse field homogeneity
remains considerably worse than in a conventional device, however experience with operating
devices and beam dynamics calculations do not indicate any major problems.

The first test of the APPLE-I device was made with a seven-period prototype in the JAERI
Storage Ring (JSR) [147]. Visible light was generated with variable polarization with a ring
energy of 138 MeV. No beam deflections were observed while changing the gap or the phase.

An APPLE-II device was subsequently constructed for the SPEAR storage ring. This
device includes a further feature, namely the ability to change the field strengths by phase rather
than gap variation [148]. This is achieved by shifting the relative positions of the two upper
arrays with respect to the two lower ones, or the two front arrays with respect to the two back
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arrays. In this way no gap adjustment is required to set any desired output wavelength and
ellipticity. The device was subsequently tested in SPEAR with no noticeable effect on the
3 GeV beam for any longitudinal motion of the arrays [149]. Further devices are under
construction for ALS, BESSY-II and TLS, and are planned for the SRS.

Finally, a structure consisting of six magnet arrays has been proposed by the Spring-8
team [150], shown in Fig. 47 (d). In this case the upper and lower central arrays generate a
vertical field while the outer four arrays generate a horizontal field. The longitudinal phasing of
the outer arrays with respect to the central arrays allows the polarization to be adjusted. A
disadvantage of the structure however is that it is not possible to achieve both pure horizontal
and vertical polarization unless at least five of the arrays are moveable: if the central arrays are
fixed, then there is always a vertical field present, while if the outer arrays are fixed there is
always a horizontal field. Both versions are planned for Spring-8, while the former type has
been constructed and installed recently in the UVSOR storage ring. It has been claimed that this
structure results in a better transverse field homogeneity than the APPLE design, and therefore
produces less effect on the electron beam dynamics.

7.3.2 Radiation properties

We firstly consider how the interference condition is modified in the presence of an
additional horizontal field component, at an arbitrary phase with respect to the vertical field
component:

Bx = Bxo sin (kz + yr) By = Byo sin (kz)

The electron motion is then:

K K
/L = -cos(fcz + W) Bx= —-cos(kz)

y y y

where Kx=—jL-g-, and K = n _
y °. Since the electron velocity is given by

7.nmc
p2 = p2 + p2 + p2 we have therefore:

(29)
Ay1 Ay1 Ay1 4y2

For the interference condition only the average velocity along the z-axis is important, which is
simply:

A.'Y 4 V

Applying the interference condition, Eq. (3), then gives:

2yz n

Thus the radiation wavelength depends only on the amplitudes of the two field components,
independently of the phase y/ between them.
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The analysis of the radiation emission in the general case is quite complicated (see
Appendix). In the particular case of on-axis radiation for y/ = nj2 the angular flux density can
be written, in practical units, as follows:

d2n

dco/co dQ e=Q

where

and

with

= 1.744 1014 N2ElGeV]Fn(Kx,Ky)Ib

n(K2
y-K

2
x)

The integrated flux is then given, see Eq. (18), by:

^ = 1.431 1014 N Qn(Kx,K)f{Nk(ol(ax{0)) ly 43 10 N Qn(Kx,K)f{Nk(ol(ax{0)) lb

where Qn(Kx,Kx) = (1 + K2
X jl + K2 jl)Fn(Kx,Kx)/n. The Stokes parameters are given by:

Sl/S0=(A2
x-A

2)/(A2
x+A2)

S2/S0=0

In the case of purely circular motion, when Kx=Ky = K (and y/ = K/2) the longitudinal
velocity, Eq. (29), is constant. As a result the electric fields Exand Ey are purely sinusoidal and
so the radiation consists of a single harmonic on axis. This is evident also in the formula above
since when 7 = 0 the only non-zero term is JQ(O) which occurs only for n = \. We have
therefore:

9 K^~ 9 K^~
FX{K)= ? 7 and Ql(K)= 9

1 d+ii:2)2 l (i+K2)
and the radiation is purely circularly polarized:

SI/SQ=0, S2/S0=0, S3/S0 = l

Figure 48 shows the variation of angular flux density, circular polarization rate and their
product (S3) as a function of the ratio between the horizontal and vertical field strengths with a
fixed radiation wavelength (i.e. fixed K] + K^). For Kx/Ky = 0 we have the same result for a
plane undulator, with pure linear polarization. As Kx/Ky increases both the flux and circular
polarization rate increase for the fundamental. The maximum circularly polarized flux is
therefore obtained with pure circular polarization with Kx = Ky. In the case of the higher
harmonics however the circular polarization rate increases, but the flux eventually tends to zero
at Kx = Ky. There is therefore an optimum value of Kx/Ky which maximizes S3, which

depends on the harmonic number (and on Kx +Ky).
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Fig. 48 Variation of (a) angular flux density, (b) circular polarization rate and
(c) circularly polarized flux density with ratio Kx/Ky for Kx+Ky = 32

The angular distribution of the power density in the elliptical case (y/ = 7t/2) is obtained
from Eq. (19) with vx = Ky since - yOx and vy = Kx cos a - yQy from which one obtains:

—[w/mrad2l =

cos2 a + K\ sin2 a)

Ky - Kx) sin 2a - 2Kyy6x cos a + 2Kxy6y sin aY
da

where D = 1 + (Ky sin a - ydx )
2 + (Kx cos a - y0y )

2. In the case of pure helical motion,
Kx = K', the on-axis result becomes simply:

^[W/mrad 2 ] = 13.44 10"3 E*GeV] Ib \^f\ L
all \ A~ }

which shows a maximum for K = l/^2. For larger X" the on-axis power density decreases
rapidly as most of the power is emitted off-axis, with a maximum near the angle K/y [15]. The
total power emitted is given from Eq. (20) as:
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7.4 Asymmetric wiggler

An asymmetric wiggler is a planar device with a single on-axis field component but
differs from a conventional insertion device in that the positive and negative field strengths are
of unequal magnitude [151]. The first asymmetric wiggler was constructed at HASYLAB in
1989 and employed a pure permanent magnet construction, illustrated in Fig. 49 (left) [152]. In
a normal sinusoidal wiggler the radiation emitted at a given horizontal angle has two source
points per period with equal positive and negative field amplitudes. In an asymmetric wiggler
however this symmetry is broken and the field values are no longer equal, as illustrated in
Fig. 49 (right). As a result, circularly polarized radiation is emitted off-axis in the vertical
direction as in a single bending magnet. It can be seen that the difference between the field
values is greatest at zero horizontal angle and decreases with increasing angle. The circular
polarization rate therefore follows the same trend, as can be seen in Fig. 50 (left), calculated for
the structure of Fig. 49. Another related feature of this device is that the total intensity peaks
off-axis in the horizontal direction. It is clear that the highest circular polarization rate is
obtained close to zero horizontal angle and also off axis vertically, and there is therefore a
compromise between flux and degree of circular polarization. Figure 50 (right) shows the
integrated flux, circularly polarized flux and circular polarization rate for a particular case, with
horizontal acceptance of ± 0.25 mrad and vertical acceptance from 0.1 to 0.2 mrad. The
characteristic feature can be seen that the circularly polarized flux S3 changes sign at low photon
energies when the lower field pole (with negative S3) contributes more than the higher field
pole (with positive S3). On the other hand at the highest photon energies the contribution of the
lower field pole becomes negligible, resulting in increasing polarization rate, but rapidly
diminishing flux.
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Fig. 49 Asymmetric wiggler; left - permanent magnet structure and field distribution,
right - variation of magnetic field with emission angle [152].
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Fig. 50 Performance of the asymmetric wiggler shown in Fig. 49;
left - circular polarization rate as a function or horizontal and vertical angle for 10 keV radiation,
dotted line - total intensity at 6y = 0.1 mrad; right - integrated flux and circular polarization rate

as a function of energy.
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Further asymmetric wigglers have been built using the hybrid technology (i.e. with iron
poles) at LURE [153], HASYLAB [154] and ESRF [144]. A superconducting asymmetric
wiggler has also been constructed for DELTA [155]. The LURE and ESRF designs are similar
and are obtained by splitting every alternate pole into two and separating by a drift space. The
HASYLAB design on the other hand incorporates zero-potential field clamps rather than drift
spaces. In the pure permanent magnet case, linear superposition guarantees that although the
field amplitudes are different for each pole, the field integrals are equal. In the hybrid case this
is no longer true, and the main problem in the design is therefore to achieve a compensation of
the vertical field integral at all operating gaps. Three dimensional computations are therefore
very useful in order to reduce the correction needed with coils etc.

7.5 The crossed undulator

The crossed undulator [156] consists of two separate linearly polarized undulators with
polarization at right-angles to each other, separated by a "modulator" magnet (see Fig. 51). The
purpose of the latter is to create a compensated bump in the electron trajectory and hence
introduce a variable phase delay between the radiation emitted in the two undulators. The
resulting interference produces elliptically polarized radiation on-axis.

•e-

Y

Fig. 51 The crossed undulator

A simple analysis of the polarization properties can be made by summing the amplitudes
from the two undulators:

where 8 = 2KACO/COX{6) is the phase advance per period in the first undulator and i/is the
extra phase change introduced by the modulator, which is assumed constant over the small
range of frequencies that we will be considering. Assuming that the two undulators are identical
(each with N periods) and that the first undulator is polarized in the horizontal direction and the
second in the vertical direction we obtain:

AsinN8/2
Ar = A —

x sin 5/2

A - A

y sin 8/2

from which it follows that:

S0=2A 2 sin2 N8/2

sin2 8/2

5i=0
S2/SQ=cos(N8+ if/)

S3/S0=sin(N8+\jr)

At zero detuning therefore (5 = 0) the polarization changes with the modulator phase in the
following way:
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Phase (\f/)
0°
90°
180°
270°
360°

s2/s0
1
0
-1
0
1

0
1
0
-1
0

Polarization
linear at 45°

right-handed circular
linear at -45°

left-handed circular
linear at 45°

A rapid change of polarization can be made if the modulator is a suitably designed
electromagnet. An interesting feature of the device is that, unlike helical magnets, even with
pure circular polarization higher harmonics are generated on-axis, since each individual linear
undulator generates higher harmonics.

-1.0
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

/

Fig. 52 Variation of intensity and circular polarization rates with frequency
in a crossed undulator

From the equation above it is clear that the polarization changes rapidly with the detuning
parameter, and this is illustrated in Fig. 52. For example, with y/ = n/2 we obtain pure
circularly polarized radiation on axis. At Aft)/<2), = l/4iV however this becomes zero, whereas
the total flux becomes zero only at Afo/fi), = 1/N. Certain conditions must therefore be met in
order to obtain significant circular polarization:
• selection of a narrow range of photon energies, A®/co < l/2nN. Under normal

circumstance this is not a problem since the monochromator provides a significantly
smaller band-pass;

• selection of a narrow range of acceptance angles, 6 < -\//l/2L. In other words, the
acceptance angle must be restricted with a "pinhole" aperture so as to receive only a
fraction of the available flux;

• it follows from the above that the electron beam divergence must also be sufficiently
small, (je < -\JJJ2L;

• similarly, the energy spread of the electron beam must be sufficiently small,
AE/E<l/SnN.

It should be noted that in all cases the sensitivity increases for the higher harmonics.
The first, and so far only, device of this type to be built is operational in BESSY [157].

The present modulator is not laminated and so does not permit a fast switching. A crossed
undulator that was proposed for the ALADDIN storage ring [158] incorporated a modulator that
was designed to reach a switching speed of 10 Hz [159].

Alternative geometries to the one presented above are also possible. With the two
undulators oriented at 45° and -45° with respect to the x-y axes results in an exchange of the S,
and S2 parameters, i.e. allowing horizontal and vertical polarization to be obtained as well as
circular polarization. A combination of right- and left-handed circularly polarized undulators
creates linearly polarized radiation (5, * 0, S2 * 0, 53 = 0). In this case however the interesting
situation arises that since only a single harmonic is generated on-axis in each device, the linearly
polarized radiation consists only of a single harmonic [160].
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8. UNDULATORS FOR FREE-ELECTRON LASERS

unduMorrmgnManir

Fig. 53 Basic scheme of a free-electron laser

In a free-electron laser (FEL) the presence of a static periodic magnetic field produced by
an undulator magnet allows an exchange of energy between an electron beam and a co-
propagating radiation beam, resulting in the emission of coherent radiation [161]. The
resonance condition governing this interaction and which determines the laser output
wavelength is identical to the interference condition derived earlier, Eq. (3). An undulator is
therefore one of the principle components of a FEL. The same type of undulator used as a
synchrotron radiation source can be used, however there are a number of additional
requirements and circumstances that apply in the case of the FEL and as a result many different
kinds of magnet design have been developed for this specific application.

In the following we will firstly consider the various undulator configurations that have
been developed in order to enhance the FEL interaction. Other important differences in the
characteristics of FEL undulators compared to those used as synchrotron radiation sources arise
in cases in which the electron beam passes only once through the undulator i.e. single-pass
devices, driven by a linac beam for example. In this case a much smaller gap can be employed,
since there are no restrictions due to the beam lifetime. A great deal of activity has therefore
been devoted to the development of small-period devices of various types, in order to reach the
shortest possible wavelength with a given electron beam energy. Some of these devices are
pulsed electromagnets, since the electron beam itself is generally pulsed. Another important
requirement in the case of FEL undulators is the need to incorporate additional focusing into the
magnetic structure, in order to obtain a better overlap of the electron and photon beam sizes and
so optimize the FEL interaction. Further details on FEL undulator construction and
measurement can be found in the Proceedings of the annual International Free-Electron Laser
Conferences [162].

8.1 Undulator configurations

The two main quantities that characterize the performance of a FEL oscillator are the
small-signal gain, which determines how rapidly the signal builds up, and the efficiency, which
determines what fraction of the electron beam energy can be converted into radiation intensity.
The efficiency is limited by the fact that at saturation the electrons loose so much energy per
pass that they fall out of resonance. To overcome this a tapered undulator is sometimes adopted
in which the period and/or field strength are profiled along the length of the magnet in order to
match the desired decrease in electron energy [163]. Several experiments were carried out to
confirm the theoretical predictions in an amplifier configuration, using permanent magnet
undulators with up to 9 % energy tapering [164]. An example of a tapered electromagnetic
device is the 25 m long wiggler built for the PALADIN FEL experiments [165]. In this device
each two-periods were excited with a separate power supply in order to allow a variable
tapering. In order that the adjustment of the taper would cause no net displacement of the
electron beam the excitation pattern applied was compensated as for a conventional entrance/exit
sequence i.e. each five poles were excited with a sequence +1, -2, +2, -2, +1. More complex
excitation patterns have also been studied [166].
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Fig. 54 Schematic of a pure permanent magnet optical klystron (left); field and electron
trajectory in the Orsay device (right) [168].

Another variant of the basic FEL undulator is the so-called optical klystron [167], see Fig.
54. This consists of two identical undulators separated by a dispersive section, which
introduces a compensated bump into the electron trajectory and hence a phase delay between the
radiation emitted in the two magnets. The structure is therefore similar to that of the crossed
undulator considered earlier (Section 7.5) except that in this case the undulators have the same
polarization and the phase delay is much larger. The lineshape of the spontaneous or incoherent
radiation spectrum becomes modulated, resulting in an enhanced gain. Alternatively one can
consider that an energy modulation introduced in the first undulator by the interaction of the
electron beam and radiation field is converted in the dispersive section into a density
modulation, so that coherent emission takes place in the second undulator. Such a scheme is
particularly useful in cases with small gain, but with sufficiently small energy spread, such as is
often the case with a storage ring FEL. For this reason the optical klystron configuration has
been chosen for all existing and previous SR-FEL experiments, on the ACO, DELTA, DUKE,
NIJI-IV, SuperACO, UVSOR, and VEPP-3 storage rings. In almost all cases a linearly
polarized undulator has been used, either permanent magnet or electromagnet. The exception is
a helical optical klystron recently constructed for UVSOR [169].

A similar arrangement to the optical klystron is one in which the second undulator emits
coherent radiation at a harmonic of the frequency of the first undulator [170] and is therefore
called a harmonic generation scheme.

The disadvantage of a tapered undulator is that it results in a lower small-signal gain and is
only optimized at a given power level. As a result it is not ideal in an oscillator configuration
when a rapid increase of power is required. In order to overcome this problem and so provide a
high output power oscillator a multi-component design was put forward, which includes a
number of constant and tapered sections as well as a dispersive region as in an optical klystron
[171]. Successful operation of an oscillator using this scheme was later reported [172].

8.2 Small-period devices

Various approaches have been taken to the construction of small-period FEL undulators.
First of all, conventional permanent magnet devices can be scaled down quite successfully to
smaller period and gap. For example, a 5 m tapered hybrid undulator with 21.8 mm period and
4.8 mm gap was constructed by Spectra Technology Inc. for a visible FEL oscillator
experiment [173]. A 20 mm period pure permanent magnet in-vacuum device was built for the
FELI facility (Japan), which generated 0.85 T at 5 mm gap [174]. Various other hybrid devices
have been built, the most advanced is that developed at CREOL (USA) having 185 periods of 8
mm, and which achieves a field of 0.2 T at 6 mm gap [175]. A number of alternative hybrid
schemes have been investigated at the Kurchatov Institute. In one scheme the field of a
conventional hybrid structure is augmented by side permanent magnets which direct extra flux
into the gap region via C-shaped pole pieces [176]. Alternative pure permanent magnet schemes
have also been developed that are more easily adaptable to short period lengths, such as that
developed UCSB which consist of grooves ground in large blocks of permanent magnet
material [177]; prototypes of this concept were built with 4 mm period, 2 mm gap and achieved
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fields of the order 0.1 T. The field was however considerably lower than could be achieved in a
conventional pure permanent magnet, with the added difficulties of field offset, large end fields
and significant field errors.

Various miniature electromagnetic schemes have also been developed, starting with a
simple design in which a copper foil is wound between electric steel laminations in alternating
directions [178]. A prototype with a period of 2.7 mm and gap of 1 mm produced a field
amplitude of about 0.08 T in d.c. mode. Most later devices were designed to be pulsed in order
to allow higher currents to be used without overheating. Another design based on a folded foil
involved a double winding scheme, i.e. the foil is folded back at the end of the magnet and
wound in the opposite sense, which has the advantage of producing a more symmetrical field
distribution [179]. Periods as small as 5 mm were considered possible using this technique.
Another approach which received a lot of attention was the slotted-tube device in which a high
current pulse is passed along a cylindrical tube with appropriately positioned cut-outs to direct
the current flow so as to generate the desired field configuration; several prototypes were built
producing both helical and later planar fields and in one a field strength of 1 T was achieved
with 5 mm period with a 25 kA pulse [180]. Another related idea was to use a bifilar helical
sheet with ferromagnetic cores; a 10 mm prototype was constructed [181]. All of the above
devices suffer from the disadvantage that there is no simple method for correcting field errors.
An alternative approach which overcomes this problem uses individual small electromagnets,
which allows independent tuning of the strength of each pole by means of a resistive current
divider network feeding each pair of coils from a single power supply [182]. A 70 period
device was constructed with a period of 8.8 mm and gap of 4.2 mm which generated a field
amplitude of 0.42 T with excellent field quality [183].

Small-period devices have also been constructed using superconducting magnet
technology. The design developed at BNL is based on a continuously wound conductor on a
precisely machined iron yoke [184]. Two devices have been constructed for two different FEL
experiments; the undulator with the shortest period (8.8 mm) produces a field of 0.5 T at
4.4 mm gap. Very good field uniformity was achieved within each section, although some
errors appeared at the joints between sections [185].

Two other novel concepts that have been developed for producing sub-cm period
undulators are an electromagnetic helical device based on a laminated construction with three
poles per magnet period [186] and a device consisting of a staggered array of iron poles
immersed in a solenoidal field produced by a superconducting magnet [187]. A 1 T sinusoidal
field amplitude was generated for a 10 mm period at 2 mm gap with a 0.7 T solenoidal field.

8.3 Transverse focusing

A conventional linearly polarized undulator with a vertical field, causes a focusing of the
beam in the vertical plane, whereas (ignoring the effects of any field errors) it acts like a drift
space in the horizontal plane [29]. In the vertical plane therefore there exists a matching
condition, such that if the electron beam ellipse is adjusted correctly at the entrance of the
magnet, it will remain unaltered as it progresses along the magnet. It can be shown that under
these conditions the longitudinal velocity (averaged over an undulator period) is constant for
each electron during its motion in the vertical plane, and that this is the optimum setting in order
to minimize the effect of the electron beam emittance on the FEL interaction. The same situation
however does not exist in the horizontal plane due to the lack of horizontal focusing. To remedy
this situation, certain types of helical undulator can be used. For example, the bifilar helix
produces equal focusing in both planes [121]. The double-undulator scheme of Onuki in the
helical mode, with identical magnet arrays and equal gaps, also gives equal focusing, even
though the field distribution is quite different to that of the bifilar helix [142]. The same is not
generally true however for the other helical magnet schemes capable of generating circularly
polarized radiation (Section 7.3).

In many cases a plane polarized magnet is preferred to a helix and considerable attention
has been given to different ways of incorporating focusing in the horizontal plane. In Ref. [188]
it was shown that in general a small parabolic curvature of the pole profile (assuming an iron-
dominated electromagnet or hybrid device) is sufficient to produce equal focusing in both planes
and that this has the advantage over the alternative method of adding focusing by means of
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linear field gradients that the longitudinal velocity, and hence the FEL resonance condition,
remains constant. It was also shown that this difference can have a significant influence on FEL
performance. One of the first magnets to be built incorporating this principle was the
electromagnet for the PALADIN FEL experiment [165]. The idea is however quite an old one:
focusing of this type was employed in the ubitron developed by Philips [5].

Various schemes have been investigated for incorporating both types of focusing,
quadrupole and sextupole-like, into permanent magnet FEL undulators as shown in Fig. 55. In
the case of the pure permanent magnet configuration, it has been shown that curved blocks
(Fig. 55a) can introduce sextupole-like focusing [189], while trapezoidal (Fig. 55b) [189] and
staggered blocks (Fig. 55c) [190] can introduce quadrupole-like focusing. In the case of hybrid
designs, alternate pole canting (Fig. 55d) has been applied on several occasions to produce
additional quadrupole focusing [173]; displacing the poles transversely in alternating directions
(Fig. 55f) has a similar effect. It has been suggested that a simple method of introducing
sextupole focusing is to cut a rectangular slot in the pole, rather than curving the pole surface
[191]. Another possibility is the use of additional side magnets. If the side blocks are arranged
so that their magnetization directions are opposite to the direction of the field in the gap on both
sides of the magnet, the field amplitude is increased and a sextupole field is generated providing
horizontal focusing. Such a scheme was adopted for the FOM-FEM project [192].

g

Fig. 55 Various schemes for introducing additional focusing in pure permanent magnet
and hybrid undulators

In the case of short wavelength single-pass FEL experiments in particular there is a need
for very strong focusing to maintain small beam dimensions over the required long undulator
lengths of 15-50 m. In this case natural sextupole focusing is insufficient, and instead strong
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superimposed quadrupole fields of 20-50 T/m must be used with alternating gradient. One of
the possibilities being investigated for the LCLS project is a canted and wedged pole hybrid
(Fig. 55e) [193]. Another possibility is the use of side magnets, but differing from the scheme
outlined above for producing sextupole focusing. In this case the side magnets have opposite
directions of magnetization, and are continuous along the length of the magnet, and so produce
a superimposed quadrupole field (Fig. 55g) [194]. A similar concept, but using four magnets
above and below the median plane, and therefore having the advantage of leaving the sides
open, was introduced in Ref. [195]. Two further related schemes of incorporating the additional
magnets into the hybrid structure (Figs. 55h and 55i) were reported in [196]. One of these, the
so-called four magnet focusing undulator (Fig. 55h), was subsequently selected for the
undulator for the TTF-FEL project and is presently under construction. Various other schemes
are also being studied for the LCLS project, including superconducting and pulsed copper
helical magnets [197].
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APPENDIX SPECTRAL AND ANGULAR DISTRIBUTION OF THE
RADIATION EMITTED IN VARIOUS TYPES OF SINUSOIDAL UNDULATOR

Given the following general field distribution which includes both planar, circular and
general elliptical undulator types:

Bx = Bxo sin (kz + if/) By = Byo sin (fe)

we obtain, using the procedure outlined in section 2.1, for the transverse motion:

K K
By = -^cos(Qt +1/0 Bx = -^cos(Qr)

K

K K
y = -—sin(Q.t+yr) X = —L—sin(Qf)

y Q. y Q.

and for the longitudinal motion:

K2 K2

B B 2 L 2 Q r ^ w)o s ^
Ay Ay

C sin2(Q?+i/A)
— K2 K1

p t ^ 2 Q t * C
H Ay120. Ay22Q,

where

_ 2jcjjc A n , 1 K2

Q = , and j S s l ^l0 2yl Ay1 AyL

The general expression for the radiated intensity in the case of a periodic magnet in the far-
field approximation is given by the following (see section 3.1):

d2l N2e2co2

dcodQ. {AK£O)AK1C

Xjlpc
(Al)

-KM*

Expanding the term nA(nAjS) to order K/y and using the small angle approximation
n = (0cos0,0sin0,O), one obtains n A ( « A B) = (dcos(f> - px,8sm<f) - By,0). Expanding also
the phase terms we obtain:

co{t-n- r/c) = a>t-0)6cos(t>x/c-a)dsm^y/c-a) cos 6 z/c

,* ~n n, codcosQ Ky . _ (Ddsirub Kr .
= cot(l-pcosd) -—£-smQ? +

( K2 K2

— —^-sin2i2r + —^sin2(Qf + v̂ )
2Q[Ay2 Ay2

With large N we only need evaluate the expression at the harmonic frequencies, where:

R Q nQ.2y2
 / A ^

CO = = = s-7 4l T~T (A2)
(l-Bcosd) l + K2 2 + K2 2+y2d2
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Combining the trigonometric terms we then obtain:

Q)(t-n- r/c) =
where,

X = JnE.^K*Cos2 <p + K\sin2 (f)-2KxKy sin0cos0cos if/

Y = — J j t f + Kt + 2K2K2 cos2\j/
4 A v y y

and

A = l + Kz/2 + Kt/2 + j Q , tanO =
Kxsin<l>cosyf-Kycos(l)

By means of the relation exp(/*sin0)= 2* Jp(x) exp(//?0) the phase expression now

becomes:

oo oo

/ ,m/ (T)
£>'==—oo p=—a

and hence Eq. (Al) becomes:

d2l N2e2co2

dcodQ. (4neo)4n:
LiNAa/a^O)) x

7'=-°°P=-°°P=-°°

where the two terms in the integrand represent the amplitudes polarized respectively in the x and
y directions. It can be seen that the integral over one period is non-zero only when either
n - p' + 2p = 0 for the constant terms, or when n-p' + 2p = ±\ for the terms in cos Sit or
sin£2f. Defining therefore n- p' + 2p = -q, where q = -1,0,1 we then have, using Eq. (A2):

dcodQ. (4TC£0)C A
with:

Ax=2y0cos<l>So-Ky(Sl+S_l) (A3)

Ay = 2y6sm <I>SO + Kx(e
iyf S, + e~iv S_x)

where:

Sq =

On-axis X = 0 and hence n + 2p + q = Oand p = (-n - q)/2. It follows that So - 0 and:
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for q = -l, 1, with « = odd. After some simplification, and using the fact that

J-n(x) = (-1)" Jn{x) one obtains:

Ax = Ky[j^{Y)eiB^^ ~ 7 ^ ( 7 ) / ^ (A4)

Kx (-J

Pure elliptical case

We have y/ = 7r/2and hence tan O = (Kx/Ky)tan (j) and *F = 0. We obtain therefore from
Eq. (A3):

Ax =

where:

and:

4A

which is equivalent to the result of Yamamoto and Kitamura [135].
On-axis we obtain directly from Eq. (A4):

Pure circular case

In this case we have in addition to the above, Ky = Kx~K and hence X = 2nyOKjA,
y = 0, <I>=0. We have then:

Sq =
and hence:

Ax=ein*{2y$cos<!>Jn(X)-K(jn+1(X)ei<t>+Jn_1(X)e-i't>]\ (A5)

Ay = e^[2y6sin</>Jn(X) + i

The general expressions for the amplitudes are therefore still quite complicated, however since
the radiation pattern is circularly symmetric we can take any value of 0, for example 0 = 0:

Ax =2ydJn(X)-K{Jn+l(X) + Jn_l

Ay = iK

By making use of the following relations:
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•4+i(*) + 4-iW = y W and Jn_l(x)-Jn+l(x) = 2J'n(x) (A6)

we can express the results in the following form:

Ay = -2iKJ'n(X) (A7)

The expression for the total intensity then becomes:

in agreement with Alferov et al. [14] and Kincaid [15].
On-axis X = 0 and hence in Eq. (A5) there is only one term with n = 1. We have then:

Ax=-K and Ay=-iK

The radiation has therefore complete circular polarization (53 = 1) with total intensity:

d2l N2e2y2 2K2

2)2dcodQ (4K£0)C (1 + K2)

We note in passing that the circular polarization component reverses direction off-axis when

Ax = Oin Eq. (A7), i.e. when y6 = ̂ Jl + K2 .

Linear case

In this case Kx = 0 and hence O = ¥ = 0, X = 2nyOKycos<l)/A, Y = nK2JAA and

A = 1 + K2J2 + Y202. As a result we have from Eq. (A3):

with

Ax = 2 Tflcos (pSo-Ky(Sl+S_l) (A8)
Ay = 2y6sin<t)So

Sq=
P=-°°

Making use of the first of the relations in Eq. (A4) we can write:

s +s_l=—so+-s2 = —-— ( s o +-s 2

1 1 X ° X 2 Kyydcos<t>\ ° n 2

where
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Hence,

Ax=2y0cos4>So
ydcos<f>

in agreement with the result of Aferov et al. [14] and Krinsky [63].
On-axis we obtain either from Eq. (A8) or (A4):

The intensity is often written in the form:

A21 N2 e2 v2

dcodQ, (4K£0)c

where:

w i f l l Z=
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INSTABILITIES AND BEAM INTENSITY LIMITATIONS IN
CIRCULAR ACCELERATORS

S. Myers
CERN, Geneva, Switzerland

Abstract
The main aim of these lectures will be to give an insight into the
physics of the mechanisms of instabilities and beam intensity
limitations in circular accelerators. Three different techniques will be
used to evaluate the various instabilities. The first will be using 'few-
particle models', the second will use matrix techniques involving
eigenvalues, and the third technique will use Sacherer's modal
analysis technique. The threshold or the growth rate will be evaluated
for each instability with particular attention to the parameter
dependence.

1. CALCULATION TECHNIQUES

1.1 Using matrix techniques (Eigenvalues)

The position of a particle (U) in two-dimensional phase space can be defined by its
instantaneous position u and angle u'lduldi). Consequently n particles may be represented by
a column matrix with N (2ri) rows. A transition matrix may be derived which describes the
transition of the n particles from one situation to another, i.e.

Ml
r

M l

«2

«2

«»

9.

'11

'21

'31
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'M
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'22

••

'13 '14

'33 -

•• '44
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'55

hN

tNN

"1
f

«2

«2
U2 =

-11

This transition matrix is of necessity of dimension N xN. Evaluation of the eigenvalues
of the transition matrix allows determination of the growth rates, damping times, and
frequency shifts experienced by the particles. For more than two particles it is usually
necessary to evaluate the eigenvalues by computer.

1.2 Using frequency shifts

The well-known differential equation of a simple harmonic oscillator with a
'normalised' driving force is

where coo is the natural frequency of the oscillation and GR and Gt are the real and imaginary
components of the normalised driving force. The equally well-known solution to this
equation is
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u=u0exp(jont)

where ©„ = ©0 + A©, and Aco = = £ — j
2CO 2 ( DQ Q 2CC»

giving

u = M0exp(;o0r)-exp -^-^H-exp + T
i - n - (1)

Consequently the exponential coefficient of the motion (a) is given by

a = - = -Im(Aco) = + - ^ .
x 2coo

(2)

Hence the motion is unstable (a > 0) if the imaginary component of the frequency shift
is of negative sign or if the imaginary component of the driving force (G,) is of positive sign.

1.3 Evaluation of the normalised driving force

In the case of beam instabilities the driving 'force' is normally an induced 'force' such
as a voltage induced by the passage of the charged beam itself. Since the force is induced by
the beam then it can only have components at frequencies corresponding to the modes of
oscillation of the beam itself. Thus the force results from the spectrum of the beam
oscillation 'sampling' the impedance Z seen by the beam. In certain cases the induced
driving force is fairly obvious and can be derived almost by inspection, but in most cases the
derivation is more complicated.
The induced voltage can be derived from the inverse Fourier transform of the product of the
impedance and the bunch current (in frequency domain) i.e.

V(t) = ST1 {F(o)}= 3" 1 |Z(o3)/(o))}.

The voltage induced by the beam gives the field which must be integrated over the
bunch spectrum (p) in order to get the total force i.e.

G = jkjV(t)p(t)dt = jkjZ-l{Z(®)I((o)}p(t)dt.

Sacherer [1] has shown that, in general,

£M<o)

where 70 is the average bunch current and h(a>) is the power spectrum of the bunch current
distribution. Clearly, stability is determined by the sign of the real part of the impedance
ZR(<o). The stability situation is therefore investigated by evaluating the frequency
dependence of the impedance seen by the beam and the power spectrum of the beam
oscillations which 'sample' the impedance to produce an induced normalised force.

2. 'ROBINSON' INSTABILITY

The Robinson instability [2] has been analysed in many and complicated ways since it
was pointed out more than 30 years ago. This instability is driven by the fundamental
accelerating modes of the RF cavities and is not a serious effect for modern accelerators since
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the cure is easy and well known. However, as will be seen later, the Robinson instability is a
specific case of the more general coupled-bunch instability and therefore serves as a
simplified introduction to instabilities and their evaluation in accelerators.

2.1 Robinson 'physics'

The physics of the Robinson instability may be understood by simply examining the
beam-induced voltage produced by the interaction of the beam with the fundamental
accelerating mode of the RF cavities. It should be stated that, for the sake of simplicity, only
the induced voltage from the passage of the bunch on the previous turn is taken into account.
This is not an unreasonable approximation for room-temperature cavities but is certainly not
applicable to the case of superconducting ones. The voltage induced by a bunch at time
'zero' is shown as a function of time in Fig. 1. After around four full oscillations of the
induced voltage the bunch returns to sample the voltage which it induced in the cavity on the
previous turn. In frequency domain this corresponds to operating at the peak of the resonance
curve of the cavities. We now assume that the revolution frequency of the bunches (fb) can be
changed slightly and that we maintain the frequency of the induced voltage constant. If the
bunch frequency is increased slightly then the bunch arrives sooner and experiences the
induced sinusoidal voltage but with a negative gradient as shown in Fig. 1. From
fundamental longitudinal phase space dynamics (phase stability) it is well known that this
situation is stable, above transition energy. In the case where the bunch frequency is less than
the mode frequency then the bunch arrives later and experiences a sinusoidal voltage with a
positive slope. This situation is unstable and may be explained by considering a small energy
oscillation with respect to the situation shown in Fig. 1. If the bunch at time zero has slightly
more energy than the reference bunch then it will arrive somewhat later after one turn and
(for/b </mode) will experience a voltage gain which is higher than the reference bunch, clearly
an unstable situation which is depicted in frequency domain by the lower trace on the left of
Fig. 1.
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Fig. 1 Beam-induced voltage on right with the frequency spectrum of the resonance curves of
the cavities on the left

3. CALCULATION OF ROBINSON-INDUCED VOLTAGE
This simplified analysis of the Robinson instability requires the analysis of the motion

of a single particle driven by the induced voltage in the fundamental mode of the cavities.
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Figure 2 is a schematic of a single turn of an accelerator with a single cavity. A single
turn for convenience starts at the exit of the cavity, which has an induced voltage due to the
passage of the particles, and is followed by a longitudinal 'drift' to the entrance of the cavity.
The cavity is assumed to have no length and simply gives an energy boost to the particles.

Cavity _ One Turn ^ Cavity

I
Fig. 2 Schematic of an accelerator with a single cavity

The induced (mode) voltage generated at location 1 and remaining at location 2 is given
by

vm = ~vm exp jam ih - h) - ^L~ (4)

where com is the radiancy of the excited mode, Tt is the filling time of the cavity, and the
revolution time dependence on the relative energy offset (A = 8E/E) is

where tny is the average revolution time and

where yt is the relative transition energy.

Substituting

5 0 = ( c o m~"

where h is the RF harmonic number,

A

and
rev

gives vm = -Vm exp(/(60 + 2%h)(l + r\A) - 1 0 (1 + tiA)}

and neglecting small terms
vm = ~Vm exp{/(So + 2TI/JTIA)- T0 } (5)

which by linearizing gives

vm =-Fme~T°[cos50-27t/!riA-sin5o +7(sin50 + 2it/zriA-cos80)]. (6)

Taking only the oscillating part of Eq. (6)

vm(A) = Vme-X°2^nA{sin50 -;cos(50)}. (7)

The induced voltage may also be written in terms of (p by simply substituting
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(Qs is the synchrotron frequency, defined later, Section 5) which gives

vm(<P) = Vme~Z°27t2s<p{cos50 -ys inS 0 }. (8)

4. ROBINSON BY EIGENVALUES OF SINGLE-PARTICLE MOTION

Referring to Fig. 2, the energy at the exit of the cavity after one turn (location 3) is

A3 = A {sin(Os + c p 2 ) s i n ( D s ) } + e
E E

where cp is measured with respect to the synchronous particle.

Consequently the linearized longitudinal phase space transition over a complete turn
(single-turn matrix S) is given by

0

2-»3

1 2%hr]

0 1

For a real 2x2 matrix the absolute value (amplitude) of the two eigenvalues is equal to
the square root of the determinant, hence if the determinant is greater than unity the motion is
unstable with exponential growth

Hence the growth rate is
IE

•sinSn . (9)

Clearly the motion is unstable when the product TI80 is positive, i.e. above transition
energy {y\ > 0) when 60 is positive (i.e. when com > /MDrev). This is of course the Robinson
instability. However, the growth rate is not identical to that usually derived because of the
approximation of only taking the induced voltage of the previous turn.

5. ROBINSON BY SOLUTION OF THE FORCED EQUATION OF MOTION

The general equation of longitudinal motion is

which, for a normal sinusoidal RF voltage becomes

(10)

where Q is the synchrotron radiancy
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n « n „ i

Substituting for vm from Eq. (7) gives

As shown previously the growth rate is given by the imaginary part of the driving force, i.e.

= e^nVme
u IE °T 2O £ IE

Fortunately this gives the same result as Eq. (9).

6. SPECTRUM OF LONGITUDINAL OSCILLATIONS

In Section 1 it was shown that the stability situation can be investigated by evaluating
the frequency dependence of the impedance seen by the beam and the power spectrum of the
beam oscillations which 'sample' the impedance to produce an induced normalised force. In
this section the power spectrum of oscillations in the longitudinal plane are investigated.

Figure 3 (from Ref. [3]) shows the time domain signal of a single bunch with Gaussian
charge distribution circulating in an accelerator with a revolution time of To and with
vanishing synchrotron motion. This is the signal that would be detected by a current
transformer with large frequency bandwidth. The current distribution is

where q is the bunch charge and a, the bunch length in time.

The well-known Fourier transform of the sampled signal (also shown in Fig. 3) is given
by

where a a =— and a>o=2jc/7o.

Since in this case there is no synchrotron motion included in the spectrum then
longitudinal instabilities are excluded; however, by using the derived spectrum to sample the
real part of the spectrum of the longitudinal impedance (as described in Section 1), the
voltage loss per turn can be derived. Similarly by using the imaginary part of the impedance
the shift in the incoherent synchrotron frequency can be evaluated [3].

The next level in complexity is to introduce the synchrotron motion that causes a
modulation of the bunch signal in the time domain. Transformed into the frequency domain
this produces the familiar sidebands above and below the lines at revolution frequency and
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Fig. 3 Bunch signal of a stationary bunch
in time and frequency domain

Fig. 4 Signals from a bunch with synchrotron
motion, in time and frequency domain

separated by the synchrotron frequency. The lower plot in Fig. 4 shows the frequency
spectrum as it would be seen on a real spectrum analyser where negative frequencies are
'folded' into positive frequencies. The real power spectrum of the bunch, with negative
frequencies shown, is shown in Fig. 5 where the synchrotron sideband amplitudes (drawn as
arrows) are all shown as equal for the sake of simplicity. These frequencies occur at

+oo

Also superimposed on this spectrum is the real part of the impedance of a narrow-band
resonator impedance which could represent the fundamental mode of an accelerating
structure, i.e.

ZR(CO) Rs/(a

CO
CO

C0T

where Rsis the shunt impedance, Q the quality factor, and ©r the resonant frequency of the
structure.

Note that for positive frequencies the impedance is positive in sign and the inverse for
negative frequencies due to the Z/co dependence of the impedance in the longitudinal plane.
In Fig. 5 the resonant frequency of the cavity is drawn slightly above the harmonic number
(drawn as 3 for the sake of ease of illustration). In this case it may be seen that the amplitude
of the impedance sampled at the synchrotron frequency at positive frequencies is greater than
that at negative frequencies. This situation is depicted more simply in Fig. 6 where the
negative frequencies are folded into the positive axis, and in order to represent the fact that
the impedance is negative, the lines of negative frequencies are drawn with a downward
arrow. It will be shown later that the downward arrows result in exponential growth of the
synchrotron motion whereas positive arrows cause damping. Consequently in Fig. 6 (a)
where the resonant frequency of the cavities is tuned slightly above the harmonic number, the
summation of the lengths of the upward and downward arrows is upward, denoting overall
damping. In Fig. 6 (b) the cavity is exactly tuned to the harmonic number and the summation
is zero whereas Fig. 6 (c) with detuning below the harmonic number shows instability. This



198

is again the Robinson instability derived by using impedances and the mode spectrum of the
bunch motion.
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Fig. 5 Power spectrum with synchrotron sidebands drawn as arrows
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Fig. 6 Robinson instability depicted using impedance and mode spectra of the bunch motion

7. GROWTH RATES

Sacherer [1] has shown that the complex frequency shift of the synchrotron sidebands
produced by a general impedance is given by

Acom=-7-
m COS O S

where m is the mode of oscillation (see later) and equals 1 for dipolar oscillations, /b the
bunch current, Bo the bunching factor (bunch length xL/revolution time) and the summation is
over the mode spectrum of the bunch oscillations.

The bunching factor can be written, for Gaussian bunches (with r.m.s. length as) as

with 2%R the circumference of the machine.
For m = 1, and for a narrow-band resonator covering two synchrotron sidebands (as in

Fig. 6) this may be written
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where Fm is the form factor (amplitude of the envelope of the power spectrum of the bunch
oscillations), p is/p//rev = h for the fundamental RF, and Z(p±) refers to the impedance at the
upper and lower synchrotron sideband frequencies.

Consequently

s ;
f f ls Aotal ( )

m) = - ;— 5C 2 I

Here ZR is the real part of the longitudinal impedance, i.e.

ZR(oo) =

For such a resonator the impedance difference between the synchrotron sidebands can be
evaluated as

h &r

where A© is the frequency detuning of the accelerating structure (or - haQ). This relationship
only holds for

Q «
2(Ao±os) 2Q

and will therefore not be valid for superconducting cavities where the loaded Q value is very
high. When this inequality is satisfied, the growth rate can be reduced to

where the first bracket refers to the beam conditions, the second refers to the machine
parameters, and the third to the parameters of the cavities.

Since by our convention r\ is positive above transition, then stability is ensured by Z+
being greater than Z- which occurs when A© is positive, i.e. when the cavity frequency is
tuned above fcoorev.

This relationship has a similar parameter dependence to that previously derived using
the simpler model (Sections 4 and 5) but is not identical since in the simpler model only the
influence of the cavity induced voltage on the previous turn is taken into account.

8. MODES AND SPECTRA OF MULTIPLE BUNCHES

The next level of complexity is to consider the spectrum of the dipolar motion of a
beam with many bunches. Figure 7 shows the longitudinal phase space (energy deviation
against RF phase) of the dipole modes of oscillation of four bunches. The different bunches
are spaced horizontally left to right and the different modes of oscillation spaced vertically.
The mode of oscillation (n) is defined by the phase advance between the motion of successive
bunches, i.e.
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Consequently for the n = 0 mode of oscillation all four bunches move in an identical
way, and there is zero phase difference between the motion of successive bunches. This is
shown in Fig. 7 as are the other three possible modes of oscillation. It should be realised that
in this phase space the motion is in the anticlockwise sense.

The bunches may also be subjected to 'shape' modes of oscillation. These are depicted
for completeness in Fig. 8, where it can be seen that the m = 1 mode (dipolar mode which we
have been considering) is a centre-of-gravity motion whereas the higher-mode numbers
produce changes in the bunch shape.

In general the spectral lines of motion occur at frequencies

where p = n + k • ifcb, k = 0, ±1, ±2,... and n = 0, 1, 2,.. . (fcb-1).

An example of the spectrum is shown in Fig. 9. It is apparent that the spectrum simply
repeats itself for different values of k. In addition, negative k values correspond to negative
frequencies. Superimposed on this diagram is a narrow-band resonator impedance (plotted as
ZR/a) which couples to mode n = 1 and n = 3. In this case since the real part of the impedance
is negative at the negative frequency corresponding to mode n = 1, this mode will be unstable.
The mode n = 3 is damped by the positive real part of the impedance. The previously
described Robinson instability is a particular case of this coupled-bunch instability but
affecting only mode n = 0.

i A

Fig. 7 Dipolar coupled-bunch modes
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m=1
dipole mode

m=2
quadrupole mode

m=3
sextupole mode

m=4
octupole mode

Fig. 8 Bunch shape modes of oscillation

n= ,o

-2 -1 1 2 3

CD p/tt> 0

Fig. 9 Spectrum of longitudinal coupled-bunch motion for four bunches (<2s = 0.08)

A more compact and useful way to draw spectra for coupled-bunch oscillations is
shown in Fig. 10 where the negative frequencies are 'folded' into positive frequencies but
drawn with negative amplitudes. In this way modes of oscillation with positive amplitudes
are stable and those with negative amplitudes unstable. The growth rates can be evaluated in
an identical way to the technique used previously for the Robinson instability.

In cases where the impedance is broadband then the summation of the impedance
should be performed over frequency lines with the same mode number (n).

Longitudinal Spectrum for 4 bunches with Qs = .08

k = 0 |

1
1
3 2

4

•J
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\
k = -1 |

1
0

fp/fr,

Fig. 10 Longitudinal spectrum of four bunches with the real part of the impedance
superimposed
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9. TRANSVERSE MOTION

9.1 Equation of motion and transverse impedance

The equation of motion of a single particle in a coasting beam in the transverse
(horizontal or vertical) plane is

m
where Qp is the betatron tune and F/m is the normalised driving force given by

Fx e(E + Bxv)

m

The definition of the transverse impedance is
2n

J<
J P/A

Consequently the equation of motion for a single particle in a coasting beam is

j

Here the normalised driving force produces a frequency shift

A i _£L z T /

Aco = - —t—
2 2 r e v JmQ

This can be written

Ac° = 4 2 ( ^ ) Z

The transverse impedance is evaluated at the frequencies

co = O

Clearly the imaginary part of the transverse impedance will produce a real frequency
shift whereas the real part will cause instability for negative resistances and damping for
positive resistances.

9.2 Modes of transverse oscillations

An example from Ref. [4] of the line spectrum of a bunched beam with transverse
motion is shown in Fig. 11 which is drawn for a machine with five relatively long bunches
(the PS Booster) and a Qp= 4.2. This spectrum is similar to that shown previously for the
longitudinal plane except that the sidebands are separated from the revolution frequency lines
by the non-integer part of the transverse tune

9.3 Chromaticity

In the case of transverse oscillations, the spectrum is significantly affected by the
chromaticity (the tune dependence on the momentum offset). A particle that is performing
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b) as seen by a spectrum analyser

Spectrum for a machine with 5 long bunches (PS booster) and Q = 4.2. Envelope is
drawn for head-tail mode = 0 and is shifted towards positive frequencies.

Fig. 11 Transverse spectrum of five bunches

synchrotron oscillations can be represented by the ellipse in Fig. 12: above transition a
particle with higher energy than the synchronous particle drifts towards the 'tail' of the
bunch. This means that in Fig. 12 a synchrotron oscillation moves on an approximate ellipse
in the anticlockwise direction. Now consider what happens when there is a negative tune
dependence on the particle momentum (or energy), i.e.

A

Fig. 12 Betatron phase along a synchrotron orbit

A particle at the head of the bunch has the same momentum deviation as the
synchronous particle and therefore the same betatron frequency. As this particle moves along
the synchrotron ellipse shown, the betatron frequency initially decreases and a betatron phase
lag develops, shown as the downward arrows in the figure. When the particle reaches the tail
of the bunch its phase lag is at a maximum. Continuing the motion towards the head of the
bunch causes the particle to gradually regain betatron phase until it reaches the head of the
bunch where the whole cycle restarts. It is also apparent that, if a large number of particles
were distributed around the synchronous orbit with betatron phase advances as indicated in
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Fig. 12, then the pattern would remain stationary. The net result of all this is that the head
and the tail of the bunch oscillate at the same frequency but with a phase difference.

The total phase shift between the head and the tail is usually denoted by xmax and can be
calculated as follows. Specify the longitudinal position of a particle within a bunch by its
time delay (x) from the head of the bunch. This time delay changes by an amount Afrev per
turn

di .
— = Af
dk rev

The betatron phase shift is

rev

Thus the betatron phase varies linearly along the length of the bunch and reaches its
maximum value at the tail where x = xL. The same linear dependence of the phase shift on the
distance along the bunch is true for higher modes and the oscillation amplitude is given by a
standing wave pattern [pji)].

Figure 13 from Ref. [4] shows the difference signal which would be detected at a pick-
up as a function of the number of turns (k) and the mode number (m) plotted for three
different values of the head-tail phase shift (x).

k=0

k=0to5

mode m=0 m=1 m=2 m=0 m=1 m=2 m=0 m=1 m=2

a)t=0 radian b)X=5radians c)X=9radians

Fig. 13 Head-tail modes for the PS Booster for a tune of 4.833

This signal has the form
pm (t) exp (/<o it +j2%kQ$ J

Xmax ^iforev
where CO? =

gives the frequency of the wiggles along the bunch. If the standing wave patterns pjt) are
taken to be sinusoidal i.e.

/>m(0 = cos(m + l)7C— for m = 0, 2, 4,...
TL

pm(t) = sm(m+iyt— for m=\ 3, 5,...
XL
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the envelope of the line spectrum of the power spectrum is given by [4]

T2 1±COS7^ ^ J

7t
-(m + 1)2

which is drawn in Fig. 14 for the first four modes of oscillation.

When the chromaticity is finite, the travelling wave component, exp (jcofy), is present

and shifts the power spectrum depending on the sign of ra£, i.e.

h(co) = h(o - a ^) .

The actual spectrum is a line spectrum as already shown in Fig. 11 where it may be seen
that the envelope has been moved towards higher frequencies. This means that ©H, is positive,
implying positive chromaticity above transition energy or negative chromaticity below.

Fig. 14 Power spectrum of modes 0 to 4 with % = 0

9.4 Transverse growth rates

Sacherer [4] has derived the general result that the frequency shift is given by

AcOm =
m)

where once again the summations are over the mode spectrum of the bunches. Hence the
growth rate is

-= - Im(Af f l m ) = -
t (1 + m)

—
ym0 xL - co

where Z^ is the real part of the transverse impedance. Consequently, in the transverse plane
when the real part of the impedance is negative, an instability is provoked. In the case of a
narrow-band resonator the real part of the transverse impedance is positive for positive
frequencies and negative for negative frequencies. Hence transverse modes of oscillation at
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negative frequencies are unstable. It may therefore be appreciated that by moving the bunch
spectrum towards higher frequencies (positive oo£, %) the mode 0 is damped, whereas the
higher order modes may become unstable. This means positive chromaticity above transition
energy and negative below. This behaviour is shown graphically in Fig. 15.

Figures 16 to 21 show the bunch line-spectra coupling to a resonator impedance and a
resistive wall impedance: also shown are the resultant growth rates as a function of the
chromatic shift. It is interesting to study these plots to understand the influence of ©E, and of
the tune values.
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Fig. 15 Transverse spectra for two different values of

Fig. 16 Resonator impedance with varying co£ (for modes 0 and 1)
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Fig. 17 Relative growth rates as a function of

co£=-2 0)2,= 0 co£,= 2

Fig. 18 Resistive-wall type impedance with varying »? (for modes 0 and 1) (<2(3 = 0.3)

Chromatic Shift

Fig. 19 Relative growth rates (resistive-wall impedance) as a function of a>£,(Q/)= 0.3)

Fig. 20 Resistive-wall type impedance with varying coH, (for modes 0 and 1) (Qp= 0.7)
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Fig. 21 Relative growth rates (resistive-wall impedance) as a function of »£, (<2P = 0.7)

10. THE TRANSVERSE MODE COUPLING INSTABILITY (TMCI)

In the previous sections the classical head-tail instability was shown to be a resonant
effect driven by broad band impedances and controlled by the chromatic parameter co£. The
'strong head-tail instability' or the 'transverse turbulent instability' or more correctly the
'transverse-mode coupling instability' is a non-resonant instability which is unaffected by
chromaticity and can be a severe and fundamental limitation to the intensity. This instability
was first observed, but not understood in SPEAR, and later observed and explained in the
PETRA machine [5] and in parallel by Talman [6]. The mechanism is identical to the classic
head-tail in that the synchrotron motion is needed to interchange the head and tails of the
bunch in order to drive the instability.

Probably the simplest way to gain a physical insight into the instability is to use a two-
particle model, one at the head for the first half-synchrotron period and at the tail for the
second half-synchrotron period. This situation is depicted in Fig. 22 along with the wakefield
induced by the leading particle and experienced by the trailing one.

, Cavityn'
v- Central Line of Cavity

u
Transverse Wake Field

Fig. 22 Two-particle model and the transverse wakefield

For the first half-synchrotron period particle 2 is trailing and while traversing the cavity,
experiences the wakefield (only one assumed per turn) induced by particle 1 and therefore
receives a deflecting kick. Similarly, during the second half-synchrotron period, particle 1 is
trailing and receives a deflecting kick.

Consequently the equations of motion for this situation are
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= 0 forO<r<rs/2

foiTs/2<t<Ts

NelWQa = -where

Using Laplace transforms it is easy to show that the solution to an equation like

>p

IS
3

Consequently the solution to the equations for the first half-synchrotron period is

\A(TJ2) 0 "
15(71/2) A{TJ2)\
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=r(o->rs/2
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Similarly it can be shown that the transfer matrix for the second half-synchrotron period
is

_[A(Ts/2) B(Ts/2)
~[ 0 A(Ts/2)

and hence the total transfer matrix for a complete synchrotron period is

A(rs/2) 0 1
B(T./2) A(TJ2)\

A(Ts/2) B(TS/2J
0 A(TJ2)

A2 AB

BA A2+B2
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All that remains to be done to determine stability is to evaluate the eigenvalues of this
matrix (T). By eliminating resonant terms in the matrix B (it will be shown later that some
interesting effects are dropped with this simplification), the eigenvalues (X) may be evaluated
[7] from the characteristic equation:

+c2X
2

Here

and

= (2TI -4)cos©prs

c2 = (r\2 - 2)2 + 4cos2 oprs - 2

aTlwhere r\ = — - (not to be confused with the frequency dispersion used previously).
4a>p

Determination of the eigenvalues produces the rather simple result that there is
instability if |T|| > 2 and above this threshold the two modes of oscillation become degenerate.
This corresponds to a threshold current of

ec(2%R)W0

where the factor 1/eop is related to the P function. If the P function at the location of the
wakefield is pw then c/op should be replaced by Pw giving

Figure 23 shows the frequency spectrum of the two modes of oscillation as a function of
the parameter TJ.

PEP CURRENT MONITOR 2 - J U M S 8 5 17 :11 :54 .01
COp ~ ~

- - - - m = -1 i >j 2

2.4

- 8 . 5 8 6.B3 8 .50 1.83 1.59 2.BB 2.5B 3 .88 3 . 5

Fig. 23 Variation of frequencies of modes Fig. 24 Bunch current behaviour when the
m = 0 and m = -1 as a function of r\ threshold of TMCI is exceeded

Closer examination of the equations of motion shows that, above threshold, the
instability which occurs causes a very severe disruption to the bunches. For r\ = 2 the
amplitude of the motion of the trailing particle grows by a factor of 2 during the half-
synchrotron period. Above this value the growth of the particles 'bootstraps' into a severe
instability with a very fast growth rate.
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In a real machine where accumulation is going on, increasing the intensity beyond the
threshold results in an 'explosion' of the transverse beam dimensions accompanied by a large
loss of beam current. Figure 24 shows such behaviour of the bunch current (in a dedicated
experiment on the PEP machine in 1985) as accumulation is continued beyond the threshold
of the TMCI. In this plot accumulation is progressing normally until a single injection of
around 1 % of the total beam current causes the threshold to be surpassed and results in around
40% of the already accumulated beam being lost. It is also interesting to note that after the
beam loss, accumulation begins again without problem.

The more precise equation for the threshold current (for more than two particles) is

/ =
 2%fw QsEb

* e

which is very similar to that derived for two particles with the slight change that the wakefield
is replaced by the loss parameter k at each source of impedance and the summation is
performed to include all sources. It is also important to note that the loss parameter is bunch-
length dependent. This has been shown to be important in LEP where the threshold current
has been increased by increasing the bunch length at injection energy by the use of wiggler
magnets. In addition, LEP is operated with a very high Qs at injection, as well as an
increased injection energy, in order to increase the threshold.

11. TMCI WITH FEEDBACK

Using the two-particle model it was shown that instability occurs when mode 0 is
reduced by about half of the synchrotron frequency (see Fig. 23). Since mode m = 0 is simply
the centre-of-gravity motion of the bunch, then the frequency of this mode may be controlled
by a feedback system [8]. If for example in Fig. 23 the frequency of mode 0 is maintained
constant as the bunch current (r|) is increased, then coupling to mode 1 should be delayed to
higher currents. Such a 'reactive' feedback system must measure the centre of gravity of the
bunch and produce a 'kick' which is proportional to the measured displacement. In practice
this means there must be a multiple of 7t radians betatron phase advance between the location
of the 'pick-up' measuring the displacement and the location of the fast kicker magnet which
produces the deflection.

The equations for the two-particle model with feedback are
forO<r<fs/2

h.

y2+ap>y2=a(yi + y2) ions//<t<rs

y\ + oop̂ j = ay2 + c(yi + y2)

where o is the feedback parameter and is proportional to the tune shift (AgFB) produced by
the feedback on the motion of (yl + y2) at low intensities. Hence

It can be shown from the equations of motion that, in the absence of wakefields,
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(O

The solution to the coupled equations of motion with feedback can be performed in an
identical manner to that used without feedback. In order to understand the stability limits
with feedback [7] it is convenient to identify a feedback dimensionless quantity (£)

similar to the r\ parameter defined previously. Remember that r\ is simply proportional to the
bunch current while \ is proportional to the gain of the feedback system. The first idea for
feedback called for compensation of the drop in frequency of the m = 0 mode as a function of
current. This corresponds to making the feedback parameter £, equal to -X\I2. (t,,r\) plane.
From this plot, it can be seen that, without feedback (£, = 0) and by increasing the bunch
current (T|), the unstable region is reached when r\ = 2. This is depicted by the horizontal line
starting at the origin. The line marked (£, = -r|/2) shows the situation Figure 25 shows the
calculated regions of instability [7] (hatched areas) in the where the gain is controlled to
compensate the linear part of the shift of mode 0. In this case the unstable region is reached
at about four times the 'current' for zero feedback. Other stable regions are attainable with
the feedback system e.g. the region indicated by + TI) = %. This analysis clearly shows
that the threshold for the transverse (microwave) instability can be increased by the use of a
reactive feedback system.

Fig. 25 Stability plots with feedback
parameter £, varied

Fig. 26 Behaviour of modes as a function
of r| and £,

Figure 26 shows the behaviour of the frequencies of modes 0 and 1 with increasing
'current' and in the presence of feedback. With the feedback parameter set to zero we obtain
the same plot as previously shown in Fig. 23. However, if the feedback parameter is adjusted
so as to push the modes closer at vanishing currents then the instability occurs at a lower
threshold current (£ = +7i/4). In the cases where the feedback enhances the separation of the
modes then the threshold is increased (£ = -7t/4 and -TC/2).
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12. IMPROVEMENTS IN THE MODEL

The analytical two-particle model discussed so far has two principal simplifying
assumptions.
- The use of the continuous differential equations of motion implies that both the

wakefields and the feedback are not localised elements but spread out continuously
over the circumference of the machine. This of course implies that there is no
information concerning the betatron phase advance between the wakefields, and
between the feedback and the wakefields.

- In neglecting some of the 'resonant' terms in the analysis of Sections 10 and 11 some
important resonances disappear.

Clearly, in order to improve the model it is necessary to introduce localised elements
[9], [10].

12.1 Localised elements

Figure 27 shows one possible schematic representation of localised elements. For this
situation it has been shown [10] that the single-turn transfer matrix is given by

few )A'W"1
S = + A

where L^ is the betatron phase rotation between the Kicker and the Pickup, and the other
phase rotations are as indicated in Fig. 27. The feedback (kicker) matrix is given by

"0 0 0 0"
cr 0 a 0

0 0 0 0
0 a 0_

For two particles the wakefield matrix is given by

1 0 0 0'
0 1 a(0) 0

w\{2) = 0

0(a)

1

0

0

1
0

where the values in brackets refer to the second half-synchrotron period and a has already
been defined as the wakefield strength parameter. For more than two particles there are 2n (n
= number of particles) wakefield possibilities if the particles are equally spaced
longitudinally.

For two particles it is clear that the matrix which must be inspected for stability is

where the subscripts refer to the first and second half-synchrotron periods. In this procedure
the synchrotron tune must be chosen such that 1/(2Q) is an integer. For more than two
particles the matrix for a complete synchrotron period is
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where Qs = 1/pM, Sp is the single-turn matrix which corresponds to the wakefield situation p,
and p is the number of different wakefield situations (= 2n, where there are n particles equally
spaced longitudinally).

The evaluation of the eigenvalues of ST is too cumbersome to be done analytically but
can be performed with ease on a computer.

A set of results for two particles is shown in Fig. 28 where the Q& is 0.0833 (i.e. 1/12)
and there is only a single wake per turn. With the feedback parameter set to zero one can
clearly see the resonances at betatron tunes equal to multiples of <2S-

I 2
r FtW&ock Porafxtcr (ff; •-0.000

0.2 0.2
UNPEST.S3ED hCIv

RJ

Fig. 27 Schematic representation of a
circular accelerator with localised
wakefields (W) and localised feedback
elements

0 1 0.2 0.3 OA 0.5

Fig. 28 Stability plots for two-particle
model and with feedback (note a feedback
parameter of a = -0.3 makes a shift in
mode Oof+0/2)

12.2 Summary of the results obtained with the 'few-particle model'

The model described in the last section was used to study [11] the influence of the
various parameters on the transverse mode coupling instability. The following summarises
the main results obtained.
- One wakefield per turn. The threshold for instability is strongly dependent on the

betatron tune value. The feedback enhances the threshold for a range of tune values.
However, as the feedback gain increases, the tune range diminishes rapidly. The
enhancement of the threshold is strongly influenced by the betatron phase shift between
the wakefield and the kicker.

- Many wakefields equally spaced over one betatron wavelength. In this case for zero
feedback gain there is absolutely no tune dependence (resonances). This indicates that
the 'coherent synchrotron-betatron resonances' are more or less restricted to the case of
a single wake per turn. In most circular accelerators the transverse impedance is indeed
localised, but localised to many hundreds of positions around the circumference. Hence
for most accelerators these resonances will not appear.

The maximum enhancement of the threshold current is greatly reduced when many
wakefields (equally spaced over one betatron wavelength) are assumed. With many
wakefields the kicker cannot be positioned in betatron phase for optimum enhancement
for each wakefield.
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13. COMPUTER SIMULATION OF TMCI
The few-particle models have been shown to predict the physical properties of the

TMCI. However, as with all simplified models, they are limited in many ways. The previous
section showed how some of the limitations can be removed to allow the introduction of
localised elements in the model. The procedure uses a brute force technique for evaluation of
the threshold of the instability. Although the model contains much of the physics there are,
however, some simplifying assumptions which could be worrisome. Most of the remaining
simplifications can be removed by a full-blown computer simulation that evaluates the
thresholds in realistic conditions without the restriction of simplified wakefields and 'few'
particles. In these simulations [12], [13] several hundreds or even thousands of superparticles
are 'tracked' through a simplified machine lattice containing wakefields and feedback
systems. The wakefields are evaluated offline using electromagnetic computer codes.
Figure 29 shows the simulation of the PEP machine that was done in preparation for a
dedicated experiment [14] designed to investigate the TMCI threshold in the presence of
feedback. On the left is plotted the FFT of the centre-of-gravity motion for various values of
the bunch current. It can be seen that as the current is increased the mode 0 decreases in
frequency and approaches mode - 1 . It is also apparent that as the current increases the
amplitude of the mode -1 grows. Instability is reached when the amplitude of the two modes
is approximately equal. (This behaviour is often seen in machines with short bunches. In
machines with longer bunches where there is bunch lengthening with current, the situation
becomes more complicated and the modes m = 0 and m = -1 can become parallel without
ever crossing.) An almost identical behaviour was subsequently measured during the
dedicated experiment. The motion of the modes is plotted on the right side of Fig. 29. Note
the obvious similarity with the predicted motion for two particles in Fig. 23. These computer
simulations predicted very well the PEP behaviour without feedback and less well the
behaviour with feedback. Feedback in PEP allowed the threshold current to be increased by
more than a factor of two.
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Fig. 29 Computer simulation of TMCI
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14. SYNCHROBETATRON RESONANCES

The particle oscillation energy in the longitudinal plane can be coupled into the
transverse plane by so-called 'synchrobetatron' coupling. The purpose in this section is to
describe the physical processes which causes this coupling and finish by presenting some
recent experimental results.

There are many well-known mechanisms for coupling the longitudinal and transverse
motion of the particles. Of these, usually the most severe is momentum dispersion at the
location of the RF cavities [15]. Consequently, most colliders are designed with zero
horizontal momentum dispersion in all the RF straight sections and, of course, zero vertical
dispersion everywhere. However, measurements have shown that the residual dispersion,
produced by machine imperfections, is significant and particularly dangerous in the vertical
plane.

The performance of LEP is fundamentally limited by the transverse-mode-coupling
instability, (described in previous sections) which limits the current per bunch. In order to
raise the threshold of this instability it has been proposed to increase significantly the
synchrotron tune (Q) at injection energy. Since these high values of Q% cannot be maintained
during the energy ramp, it is inevitable that synchrobetatron resonances must be crossed. This
experimental study [16] was initiated in order to understand the resonance behaviour and to
allow a proposal of a scheme for crossing of synchrobetatron resonances during the energy
ramp.

The mechanism for synchro-betatron coupling generated by dispersion at the RF
cavities is depicted graphically in Fig. 30. Assume that a particle initially arrives at an RF
cavity with the same energy as the synchronous particle and zero amplitude in betatron phase
space as shown in Fig. 30. During the traversal of the cavity the particle gains energy and a
new energy orbit is established about which the particle must oscillate. The particle which
was initially at x = 0 in Fig. 30 has a new equilibrium orbit due to the energy increase. This is
equivalent to the origin of the betatron axis being displaced by an amount equal to

_ A£

where D% is the dispersion at the cavity and A£ is the energy gained (relative to the
synchronous particle) by the particle traversing the cavity. It may be seen that if the
frequency of the oscillations in the transverse plane is an integer multiple of those in the
longitudinal plane, then the amplitude of the betatron oscillations build up with each traversal
of the cavity. More generally the resonant condition is

kQx+mQy+nQs=p

where k, m, n, and p are integers.

14.1 Experimental observation of synchrobetatron resonances

The measurement technique used was rather simple and automated by use of a 'tune
scan'. The horizontal and vertical tunes are incremented in a prescribed way by variation of
the main quadrupole chains. At each incremental step the tunes are measured along with the
beam sizes (as measured from the synchrotron light monitor), the bunch currents, and the
current lifetime.
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Coupling Mechanism ^ Cavity

AE/E

Fig. 30 Mechanism for synchrobetatron coupling driven by momentum dispersion at the RF
cavities

Vertical tune scans were made at three intensity levels. The results are shown in Fig. 31
where the vertical beam size is plotted as a function of the measured vertical tune value. For
ease of viewing a base line offset was added to each scan, creating a 'mountain range' where
the increase in the varied parameter is depicted by an increase in the vertical offset.

0.5

0.0

Strength ofSBRs as Function of Tune and Current
Qs measured = 0.06

Qh measured = .205

0.05 0.2 0.25

Qv Measured

Fig. 31 Strength of SBRs as a function of tune and current

The vertical and horizontal tune shifts due to the LEP transverse impedance were
subsequently measured as a function of intensity. These results were used to evaluate the
incoherent or zero-current tune values (2™,.)- In addition it is known that although the
coherent (measured) synchrotron tune remains constant with intensity, the incoherent
synchrotron tune increases with bunch current. If the hypothesis is made that, for example,
the resonance Q = 3<2S is a single-particle resonance and therefore occurs at incoherent tune
values, then by varying the value of Qsinc, a perfect resonant condition can be found for
various values of bunch current. This was done and the results are shown in Fig. 32.



218

w

n

3.5-

3.0 - —

2.5- —

2.0 -—

1.5-

1.0 • —

0.5

0.0

Strength of SBRs as Function of Tune and Current

Qs Measured = 0.06

Qsincsetto.066

- : Jf^toi. • . . _ i . . i Qsinc.selto.064

Qsincsetto.062

Qvrnc/Qsinc

Fig. 32 Vertical beam size plotted against incoherent vertical tune shift normalised to a set
value of the incoherent synchrotron tune which reproduces the resonant condition

The residual vertical dispersion in the RF straight sections is the main mechanism for
coupling longitudinal motion into the vertical phase plane. In normal operation of LEP this
dispersion is minimised by careful correction of the closed orbit. The dispersion can be
measured by subtracting closed orbits measured with energy deviations. For the results
presented thus far the measured r.m.s. dispersion was 8 cm. It is also well known that the
application of 'asymmetric' orbit bumps through the interaction region creates a dispersion
bump all around LEP. For this reason fairly large 'asymmetric' bumps were applied in all
even interaction regions to increase the r.m.s. dispersion. By this technique the measured
residual vertical r.m.s. dispersion was increased from 8 cm to 44 cm. The tune scan with this
increased dispersion caused loss of nearly all the beam current as the tune was swept across
the 'second sideband' (Qy = 2Q). The tune scan in going from high tune values downward
towards and eventually across the second sideband is shown in Fig. 33 along with the tune
scan at lower dispersion.

Strength of SBRs as Function of Vertical Dispersion

Qs Measured = 0.06

3 4

Qvinc/Qsinc

Fig. 33 Tune scans with two values of dispersion (the vertical tunes are corrected for the
intensity and the <2sis modified so as to meet the incoherent resonant condition)
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It has been known for some time [17] that orbit displacement in RF cavities is a driving
mechanism for synchrobetatron resonances. In another experiment the closed orbit through
the RF cavities around interaction points 2 and 6 was well corrected so as to produce the
minimum displacement through the room-temperature cavities. A vertical closed-orbit
'bump' (of amplitude 10 mm peak) was then applied to these straight sections. The tune
scans for these two different situations are shown in Fig. 34. Examination of these plots
shows that the second sideband (Qy= 2Q) is very slightly less excited, whereas the excitations
of the third, fourth, and fifth sidebands are significantly enhanced.

Influence of Orbit Displacements in the RF cavities
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Fig. 34 Influence of orbit displacement in the RF cavities

In order to increase the threshold for the TMCI it is foreseen to operate LEP at very
high values of Qs at injection energy. For this reason an experiment was performed in which
the value of Qs was increased to nearly double its value used in the previous experiments.
The results of these tests, shown in Fig. 35, indicate that the excitation of the synchrotron
sidebands increases but only slightly as a function of the synchrotron tune.
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Fig. 35 Variation of the synchrotron tunes
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LIFETIME AND BEAM QUALITY

C.J. Bocchetta
Sincrotrone Trieste, Italy

Abstract
An overview is presented of lifetime and beam quality in a
synchrotron radiation light source. Maintaining the brightness of a
light source, which is determined by the beam emittance and stored
current, is of fundamental importance. An introduction is given to the
concept of brightness and the factors affecting it. These factors
involve transverse beam stability, aperture limitations (physical and
dynamic), beam gas scattering, quantum lifetime, intra-beam Coulomb
scattering, beam instabilities and ion trapping. For each item an
overview of the process/effect is given.

1. INTRODUCTION

The enormous scientific activity in the last few decades in the use of synchrotron
radiation has produced several world-wide electron or positron storage ring facilities which
provide increasingly more intense radiation [1]. Two photon regimes have emerged, which
determine the energy of the stored beam, VUV to soft X-rays and hard X-rays. The latest
facilities, the so called third generation light sources, have been specifically designed to cater
for the production of highly intense photon beams. The characteristics of these machines are
a small electron beam emittance and high currents. In addition the experimental user
demands that the source be highly stable and long lived. These additional requirements are in
conflict with the attainment of low emittance and the production of high beam currents [2].
The combination of emittance and current yields a figure of merit called the brightness.

Low emittance lattices come in various forms DBA, TBA, QBA [3]. All these lattices
are characterised by the requirement of both small dispersion and horizontal betatron function
in the bending magnets, which in turn requires strong focusing. The strong focusing in turn
needs strong chromaticity correcting sextupoles. The strong quadrupoles also make the
lattice sensitive to miss-alignment errors with consequent enhanced sensitivity to vibrations
and other perturbations to the electron beam. The strong sextupoles make the electron motion
deviate significantly from linear motion with a consequent reduction in the aperture available
to the electron beam which has a negative impact on the beam lifetime.

High beam currents are limited by beam instabilities [4]. These instabilities arise from
the interaction of the beam with its environment, the vacuum chamber and cavities. To lower
the interaction special care has to be taken with the construction of the chamber to lower the
impedance seen by the circulating beam. High beam currents also necessitate increased RF
power with added difficulties in handling such power for a given cavity. To circumvent this
more cavities are used which increases the susceptibility towards multibunch instabilities not
to mention the added costs. Instabilities either limit the maximum stored current or give rise
to a noisy beam either longitudinally or transversely.

Lifetime is an important parameter of a light source. High brightness means a small
emittance and therefore high bunch densities. This increases the effect of intra-beam
scattering, both small and large angle. The former leads to a new equilibrium emittance
while the latter (the Touschek effect) reduces the lifetime. A higher beam energy alleviates
the scattering effects, nevertheless, working with few bunches will still give Touschek limited
operation even for the hard X-ray machines [5]. To overcome the lifetime effect with
present-day third generation sources either the emittance (transverse or longitudinal) is
compromised or the experimental User suffers frequent interruptions to his experiment due to
the frequent machine refills. Future light sources are focusing effort to improve the lifetime
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by enhancing the machine acceptance and/or examining the possibility of topping-off the lost
electrons without interrupting the experiments [6].

A facet of modern light sources is the predominant use of insertion devices, undulators
and wigglers, as the radiation source [7-9]. A significant fraction of the circumference of
modern storage rings is covered by insertion devices. Undulators produce extremely bright
tuneable light. The tuneability is provided by changing the gap of the device. Small gaps
allow for a stronger device and permit the production of higher energy photons by going to
smaller period lengths. Small gaps, however, will also have a negative impact on operation
by reducing the aperture which leads to a reduction in lifetime, and by increasing chamber
impedance effects and therefore instabilities. The devices also affect the beam dynamics: the
linear focusing term may be compensated by additional quadrupoles in the machine, whereas
the non-linear effect results in a reduction in the dynamic aperture with a consequent
reduction in lifetime. The inevitable imperfections of the device also produce changes in the
closed orbit, which are particularly damaging for the Users.

The stability of the beam is as important as the emittance or the lifetime [10, 11]. In
general transverse orbit instability will dilute the emittance and/or shift the source point while
in the longitudinal plane it will degrade the time structure of the beam and also leads to an
increase in the effective energy spread which spoils the quality of the higher radiation
harmonics from an insertion device. The time scales of the instabilities which range from
weeks and hours to milliseconds determine the amount and type of beam degradation the
experimental user experiences. Furthermore, high brightness machines put increasing
demand on new technologies to achieve the desired stability on ever decreasing transverse
beam dimensions.

In the following sections an overview will be given of what is meant by beam quality
and lifetime and the things which affect them. Apart from the section dealing with ion
trapping the considerations given below also apply to positrons as the circulating particles.
The reader should note that the quoted references are by no means exhaustive and purely
represent examples to the overview given for a particular topic. Extensive additional material
may be found in the CERN "Yellow Reports" and in the latest proceedings of the American
and European particle accelerator conferences.

2. BRIGHTNESS

2.1 A figure of merit [12,13]

A quantity which defines the quality of a synchrotron radiation light source is the
brightness, which is simply the phase space density of photon flux evaluated in the forward
direction and at the centre of the source,

B =
d6 d<t> dx dy

(1)

6 <p and x y are the horizontal and vertical angles and co-ordinates and F the flux or the
number of photons N per second. The importance of brightness arises from the fact that it is
an invariant and is conserved while being propagated through linear optical elements.

Integration over either space or angle co-ordinates gives the angular and spatial flux
densities,

d2F f d4F

dd d<p J d6d<pdx dy
•dx dy (2)
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dx dy J d6 d<p dx dy

The flux, also an invariant, is obtained by a further integration,

F = f (4)
dt

If we are interested in a small energy range about a given photon energy, then dividing
by dco/a we obtain the spectral brightness and spectral flux.

The units for the spectral brightness and spectral flux are,

Number of photons ,_.
D = (P)[sec] [mm2] [mrad2] [0.1% bandwidth]

Number of photons . ,x
t = (.0)

[sec] [0.1% bandwidth]

A systematic approach to calculate the brightness is to compute the intensity of the
electric field of a single electron and convolute it with the probability distribution function of
the electrons [12],

(7)

where Be. is the brightness of a single electron and TJ the probability distribution function.
The brightness can be considered as an emittance. It obeys Liouville's theorem and is
conserved by linear transformations. Optical elements in a beam line propagate the
brightness from one point to another,

Bl=MB0, (8)

^ or ( l °] (9)
v or l -v/ ij- (9)

The linear transformations are drift spaces or focusing elements. From Liouville's theorem of
conservation of phase space area we find that the requirement to have a small photon spot
size somewhere in the beamline will by necessity also give a large divergence there. This in
turn implies large optical elements in the beamline which are more difficult to make and
control with associated loss of flux and increased costs. To have an intense beam of photons
on a sample it is therefore desirable to start with a source which has a small emittance [14].

If we consider the photons to be particles rather than waves and that they have a
Gaussian distribution in spatial and angular co-ordinates, then the brightness can be written
as,

M f^ ^HH ^HW ^V"^ ^f^

where F is the flux in the forward direction and the denominator is the phase space volume of
the photons. ~Lk (k = x,x',y,y') are the spatial and angular standard deviations of the photons
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in the two planes. The Ejt are constructed from the convolution of the electron beam
distribution with that of the photon distribution from a single electron,

(11)

(12)

<Jx,y,x',y' and ory are standard deviations of Gaussian distributions of position and angle with
respect to the longitudinal co-ordinate.

Expression (10) allows an examination of effects which will degrade the brightness.
We see immediately that any increase in the transverse dimensions or angles of the electron
beam will result in a loss of quality. A reduction in the number of photons per second from a
low lifetime also lowers machine performance.

2.2 Source size

2.2.1 Electron beam [15]

The electron beam sizes and divergences are given in terms of the beam emittance and
the Courant-Snyder parameters,

(13)
Px

The emittance e and Courant-Snyder parameters a, p and y are properties of the
accelerator lattice. The emittance times % is the area in phase space which is bounded by one
standard deviation.

Area = ne

The natural beam emittance is determined by radiation damping and quantum emission.
The resulting beam distribution is Gaussian in the six dimensions (we do not consider here
beam gas scattering which effects the emittance nor intra-beam scattering which alters the
tails of the distribution). At points in the accelerator with dispersion the beam size is given
by,

(14)
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D and D' is the dispersion function and its derivative.

The ideal vertical emittance for a lattice with no errors and no coupling of horizontal
and vertical motion is of the order 10~4 nmrad (again ignoring gas and intra-beam scattering)
and arises from the finite vertical emission angle of the photons. A real lattice, however, has
coupling of both betatron motion and dispersion due to misalignments and closed orbit errors.
Finite spurious vertical dispersion at the bending magnets will also contribute to the vertical
emittance. Considering here only the betatron coupling the natural horizontal emittance £o
will be partitioned between the two planes. We can define an empirical coupling coefficient
jcas,

K = — with ex + ey = £Q (16)

_ K
y l+K °

Typical values for third generation machines are around 0.1 to 3 %. With no dispersion in the
vertical plane we have,

ay=^Kpy£x (18)

7y£x (19)

Since the vertical beam size is small (small coupling) beamlines use that plane as the
dispersive plane, i.e. monochromators then have maximum resolution and it is of greatest
importance to conserve vertical emittance. Usually the source point at the centre of an
insertion device is a symmetry point for the straight section and at that point a = 0.
Furthermore the dispersion is also made to vanish at positions with insertion devices leading
to the simple relation for the emittance.

£ M = (Tnff,,,, (20)
JCl "V) J C l V J J C l v l v /

2.2.2 Photon beam [16, 17]

To discuss the size and divergence of the photons emitted from a single electron we
consider the diffraction effects of an individual source. A point-like source emitting radiation
of wavelength A viewed far away is described by a Fraunhofer diffraction pattern. The
Fraunhofer diffraction pattern of an object is the Fourier transform of that object. For a
source of light with a Gaussian distribution,

x2

O(A = I e
 2°?

where Gr is one sigma of the distribution, the Fourier transform gives another Gaussian, from
which we find the relation between size, divergence and the wavelength of the radiation to be,

crrar,=A. (22)
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The relation can be viewed as a kind of uncertainty condition [17]. We call the product
the diffraction limited emittance X/4n. For wavelengths in the range 0.2 Xc < X <

100 Xc the natural vertical opening angle of the radiation from a single electron in a bending
magnet can be approximated by [18],

[mrad] (23)

From which the diffraction limited source size cr associated with cr' can be computed from
Eq. (21).

2.2.3 Coupling, dispersion and emittance

We now briefly consider a few consequences of the convolution of the electron and
photon distributions.

Firstly we see immediately that if o r > Gx.y then reducing the electron beam emittance
gives no further increase in brightness. An effect which is more pronounced for low energy
photons. The maximum brightness occurs when,

Gx,oy<or and ox,,Gy<Gr, (24)

in which case we have the diffraction dominated brightness [8]

(25)

Secondly the brightness is a function of the electron beam coupling and decreases with
increased coupling,

1

OxGx,OyOy

1

K£
(26)

x

Thirdly, non-zero dispersion in either plane at the source point, especially along
insertion devices, will also adversely affect the brightness (excluding here considerations of
quantum excitation in insertion devices [19]) since both the beam size and its divergence will
increase proportionally to the relative energy spread and the dispersion functions. There are
situations, however, where a lower emittance may be obtained for a modified optics with a
finite radial dispersion in the straight sections [20]. This is only of benefit at the undulator
position if

{) (27)

new

Tight control is then needed in maintaining a small relative energy spread, e.g., controlling
longitudinal multi-bunch instabilities. At positions in the bending magnets the situation is
nearly always more favourable, since the already existing dispersion is reduced.
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2.3 Undulators [7, 8, 12, 21]

Undulators force the electron beam to perform a serpentine trajectory as it passes
through the device. At each deflection photons are emitted. The intensity of the light from a
single electron is given by the interference of the beamlets from each deflection point. The
characteristic of undulator radiation is its sharply peaked harmonic emission. For a plane
undulator the frequency of radiation emitted in an odd harmonic it is given by:

co02ky7

(i+K2/2+y2e2)

2%c

(28)

(29)

XQ length of undulator period
7 relativistic factor E/moc2

K magnetic field strength parameter 0.934
6 observation angle with respect to the closed orbit

The equation is valid for the central coherent cone of the radiation. The intensity of the
emitted radiation has a sine function dependence, shown in the next figure

. 2( *r

sine NKI
(30)

where N is the number of periods and 0)/ is the frequency of the first harmonic,
Aco = (co-ka)]). The sine function is sharply peaked when it's argument is zero, i.e., at
co = ko)i(6), and has a first zero when the argument is equal to it. Writing

0) 0) n r
{ l + K2/2

(31)

and looking about the exact location of the k'th harmonic, i.e., at (ol(Oi{0) = k, gives

sine
2(

{ = sire{^(8)) -- {l + K2/2)- (32)

To determine the angular opening of the radiation of the k'th harmonic we equate d2 to
lop, where 6 is the angle at which sinc(x) has its first zero or equivalently fit the function to
a Gaussian and require that after integration the intensity be the same, i.e.,
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sire'
2 a2'

(33)

yielding,

fclV
(34)

forward direction
0=0

where L = Att^ is the length of the undulator and X the wavelength of the radiation. We find a
vertical opening angle that is about "JkN smaller than that from a bending magnet.

The photon source is found from the requirement of constant phase space area,

X
Tr~' 2s[2%'

(35)

We now examine the dependence of the line width as a function of the beam parameters [22].
Taking the limit of N -> °°,

sine
1 s(

N i
Aft)

N

1 g= —S
kN

Aa>
S

kN Kco-Aa)) kN

1 r.

3
kN

co
(36)

The natural line width for the fc'th harmonic is then,

Aft)

CO 9=0 kN
(37)

The radiation also depends on the viewing angle 6 and electron energy y. From Eq. (28),

Q} =
6)02ky2

K2/2+y262)

the spread in frequencies when the radiation is viewed through an aperture Ad is,

Aft)

(38)

ft)

y2A62

(39)

Because of the 92 dependence of Q)k the peaks are shifted to lower energies when the
radiation is viewed off axis. The energy 7 of the radiating electron also affects the spread in
frequencies and is given by,

Aft)

ft)

= 2 A7
(40)

0-0

The full fractional bandwidth of the k'th harmonic is then given by the convolution of these
three effects,
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to JA6,AY

1/2

(41)

Since the brightness is defined per bandwidth Aco/co, we find a reduction in the
brightness for fixed bandwidth if Ad and Ay * 0. The peak brightness is reduced by,

~°0 (Aco/coi)
(42)

A0,Ay

If we ignore the effect of the energy spread Ay/y, we note that to keep the line width
comparable to the natural line width, we require the condition that the acceptance angle be
comparable to the natural photon divergence,

A8 (43)

However since it is not possible to distinguish the source of the photons accepted in an
angle Ad, the electron beam emittance is equivalent to the acceptance angle, see the figure
below.

We can therefore write,

to

1/2

(44)

This last equation indicates a loss of energy resolution if either the beam emittance
deteriorates or an increase in energy spread occurs. An increase in the emittance can arise
from orbit instabilities whilst beam instabilities, notably longitudinal multibunch, will affect
the energy spread. The expression also shows that the angular divergence should be kept
small, however, since <jy'= V(£y/&), ay< should not be too small since a large (5 may
adversely affect the gas-scattering lifetime (see section 5).

Typical values of the energy variation given by the natural relative energy spread of the
ring are a few 1(H to 1O"3 rms. However, instabilities, especially multibunch, can increase
this to 10"2 with loss of bandwidth and therefore brightness. Furthermore if spurious
dispersion exists in the straight section the increased energy spread leads to a larger
transverse beam size. The control of multibunch instabilities is one of most important aspects
of present-day synchrotron radiation storage ring operation (see section 9).

A finite emittance causes broadening of the undulator lines and a reduction in the flux
at fixed frequency. For machines of comparable emittance, the effect is greater on the higher
energy machine since,



230

Gr. oci . (45)
7

The following sections will overview aspects which affect the brightness via either a
flux reduction or an increase in beam size and divergence. Flux is reduced if the stored
current is reduced, in other words a long lifetime is desirable. It is also reduced if the photon
beam passing through an entrance pinhole is miss-steered. To maintain the brightness the
stability of the electron beam has to be guaranteed since beam movement is translated into an
effectively increased beam emittance.

3. STABILITY [10,11,23-25]

3.1 Beam motion with respect to small apertures

A beam line is made up of many components that restrict positional and angular
motion. These components are masks, collimators, mirrors, slits, monochromators and the
experiment and detector. Not all experiments need high brightness some may be interested in
high flux, however, beam motion is still detrimental to both types since beam line
functionality is compromised. Intensity changes as small as 0.1% degrade measurement
resolution if they occur over the time scale of a measurement. Electron beam orbit miss-
steering can miss samples if these are very small and micro-radian angle changes affect the
transmission energy of diffraction gratings or crystal monochromators thereby reducing the
spectral resolution. If the time scale for the variation is faster than the measurement time the
beamline user sees a resolution error, otherwise they suffer a calibration error. We can
consider two cases: A focused beam configuration where the source is imaged on a sample
and affected mostly by position stability and an unfocused configuration determined by angle
stability.

For the first case the photon beam is focused on slits or a pinhole which is matched to
the beam size or smaller and defines a fixed source position for downstream optics. We will
consider the intensity of the photon beam that is described by a two dimensional Gaussian
distribution with equal dimensions in both planes. The fraction of beam contained in radius r
is, l-exp(-r2/2<72). A circular aperture of radius 3crwill then contain 98.9% of the incident
flux (a radius of V6cr contains 95%). If this beam (±3CT) is miss-steered by 10% of its rms
value at a horizontal slit we find a reduction of the integrated intensity of 0.01%. The
reduction is more pronounced if the slit is smaller, say ±2cr, then a 0.1a miss-steered beam
suffers a reduction in intensity of 0.1%. If the photon beam size is dominated by the electron
emittance, a fixed 10% increase in beam size (-20% e) corresponds to a reduction of 1/75
(1.3%) in intensity for a circular aperture.

For an unfocused beam the divergence will dominate. At a slit positioned L meters
away from the source, the beam size given by transformation of the photon ellipse, is [25]:

5 ^ O ) (46)

The expression shows that at large distances intensity fluctuations due to positional changes
will be smaller than those caused by angle changes. A 10% change in angle translates to a
10% change in beam size. Changes in angle also result in changes in the energy of photons
transmitted by a monochromator. In general keeping the beam angle constant to within a few
percent of the beam divergence will be tolerable.

The simultaneous constraints of keeping the angle and position stable to 10% of the
beam size can be combined by requiring that the effective beam emittance averaged over all
movements be no more than 10% of the ideal photon emittance. This constraint can be
relaxed if the time to make the averaging is long compared to the time to perform a



231

measurement. Closed orbit errors displace the beam's centre of mass. If the time scale of the
disturbance is greater than the time it takes to make an experiment the result is a simple miss-
steering. This will manifest itself as energy calibration errors and loss of brightness. If the
time scale of the disturbance is less than the time to make an experiment the beam is blurred
in phase space [10].

Effective
emittance

Random ^ v—--**•' \ Beam
movement emittance

Fig. 1 Random closed orbit movements in angle and position results
in an effective increase of the beam emittance.

Time varying field errors and magnet misalignments (section 3.3) which distort the
closed orbit will generate at a source point a time varying closed orbit position having
randomly distributed orbit amplitudes and angles with respect to the ideal machine. These
amplitudes and angles we take to have a Gaussian distribution. The beam dimensions and the
amplitude of closed orbits are uncorrelated and can be added in quadrature to get an effective
beam dimension,

CJL = o« + crL (47)

The closed orbit distribution is also determined by the betatron function, in which case
we can write,

where

A* og 0 £ ( 4 9 )

We can utilise this result for fast orbit fluctuations compared to the observation time and find
if we fix the maximum emittance increase to be 10% that the corresponding acceptable closed
orbit distortion is -32% of the beam size. Take for example the situation at ELETTRA which
has a vertical beam dimension of 13 Jim at the insertion straight ({5y at ID is 2.6 m with
0.2 nm-rad emittance for 1% coupling at 2.0 GeV). To have 10% emittance stability the
closed orbit variation has to be kept within 4 u,m which is comparable to the resolution of
storage ring BPM's ~ 2 um.

3.2 Sources of instability

Stability requirements in a third generation light source are particularly stringent simply
from the fact that the source sizes are small. The use of strong focusing also exacerbates the
situation since the strong magnetic fields lead to enhanced amplification of errors (see
below). The sources of beam instability are many and occur at varying frequencies. In this
section we consider frequencies up to a roughly a few hundred Hz that are driven by
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mechanical or electrical stability of the accelerator components. We distinguish three rough
time scales for the movements.

• Long term - months to years [24, 26]: Mostly caused by seasonal temperature changes
(building/ground expansion/shrinking), seismic motion (tectonic motion, earthquakes, tidal
motion) and ground settlement (addition of shielding, ground water levels).

• Medium term - hours to days [27-29]: The main sources of disturbance are temperature
effects (on component support systems of magnets, mirrors, chambers, etc., air conditioning,
magnet cooling water fluctuations and diurnal changes), cultural noise (nearby traffic) and
cranes and heavy machinery. We include here also reproducibility effects which are
determined by magnet hysteresis after cycling and storage ring energy ramping and orbit
changes which may arise from chromaticity or tune variations to combat beam instabilities.

• Short term - fractions of seconds to minutes [9, 23, 28, 30-32]: These disturbances are
driven by power supply ripple and stability, booster synchrotron cycling, mechanical
vibration (cooling water turbulence, vacuum pumps, compressors, traffic), ground waves,
beam instabilities driven by coupled bunch oscillations and ion trapping and, most
importantly, insertion device gap movements. Undulators are tuned by changing the gap of
the device thereby changing the energy of the emitted photons. However the devices
introduce distortions to beam optics and the closed orbit. Orbit distortions are principally due
to non-zero first and second field integrals through the device. Well constructed insertion
devices are possible with small field integrals (the measured fields at the limit of
measurement techniques), however, these integrals still affect the electron beam. The
situation is further aggravated by the fact that many insertion devices will be used and gap
changes performed at random times and manners. Wigglers in general operate at a fixed gap
and will predominantly affect the optics.

The above mentioned instabilities can be cured or alleviated in many ways. We
distinguish between passive and active correction or compensation.

• Passive: This can be done firstly by the proper choice of site and distance from cultural
noise. A rock ground base is good against settling but may couple vibrations. Micro
fractures in the rock structure will help damp ground vibrations. A clay base will damp
vibrations but also allows settling (the ESRF and ALS have ~ lOO^m/lOm/year).
Experimental and accelerator areas can be separated from each other to limit interference.
We can also separate experimental and accelerator areas from structures that can move
(building and ground movement from seasonal/diurnal temperature changes). Mechanical
pumps/compressors etc. are isolated from experiments and accelerators using vibration
attenuation materials. Temperature effects are regulated and controlled (most materials have
expansion coefficients in the range 10 to 30 x 10-6/°C). Homogeneous and regulated air-
conditioning (no turbulence) with stabilisation to ± 0.1 °C is used in accelerator tunnels.
Careful control of temperature is also essential in the experimental floor and beamline
hutches. Vibration attenuation material is used in magnet and beam line support systems.
The correct choice of power supply specifications ensures acceptable levels of stability and
ripple. With regard to insertion device effects, these can be minimised by proper construction
of the device with the adoption of appropriate techniques when measuring the field of the
magnetic blocks, by careful sorting and by the application of shimming algorithms to
minimise the field integrals and to boost the emission of the higher harmonics via a reduction
of phase errors.

• Active: Regular measurement and alignment of magnets is essential but is a time
consuming task especially if the accelerator has many magnets. The ESRF has adopted a
dynamic alignment system whereby ground settling can be compensated by using hydrostatic
levelling and motorised jacks on magnet girders and front ends. The alignment of the
machine is done with a stored beam and takes two hours to perform. On a shorter time scale
the most powerful technique is closed orbit feedback using either electron beam and/or
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photon beam information. Feedforward techniques are used when behaviour of the beam
distortion is known beforehand, for example when gap changes of insertion devices are
performed. In this case storage ring steerer magnets or insertion device correction coils or
rotating magnet blocks are utilised. Feedforward may also be applied to compensate the main
vibration modes of quadrupole support systems.

3.3 Closed orbit distortions

External noise from whatever source ultimately couples to the beam via the magnetic
fields of the magnets. In an ideal machine the magnetic centres of the magnets coincide with
the closed orbit of the stored beam. If a magnet is displaced from this ideal orbit the beam
centroid will experience a force. For example, a quadrupole displaced Ayguad (by a vibration)
will deflect the closed orbit in proportion to the displacement, see Fig. 2. The closed orbit
trajectories follow the betatron motion. The kick produced by the quadrupole is termed a
feed down effect. Magnets with higher multipoles will also produce these effects, although
weaker (e.g., a sextupole plus an equivalent beam displacement gives dipole, quadrupole and
sextupole terms).

I Quadrupole of strength k

6y=k£y

^ JJ y /
6 = dipole term focusing Closed Orbit

Fig. 2 A transverse displacement of the quadrupole from the ideal position generates a dipole
kick which in turn causes a closed orbit distortion.

Magnets are positioned to a finite alignment accuracy. The position accuracy is
typically little better than 100 |xm and for angles a few tenths of a milli-radian. Misplacement
of magnets leads to tilts, rotations and displacements which will distort the closed orbit,
couple the beam oscillation planes, distort the optics and generate spurious dispersion. The
spurious dispersion is particularly damaging as it modifies the natural emittance giving an
enhanced contribution to the vertical beam dimension and additionally increases the beam
size via the beam energy spread. The sensitivity of a machine to spurious dispersion depends
on the lattice [3]. Given the low geometric coupling of third generation light sources (-1%)
the vertical unconnected spurious dispersion accounts for most of the vertical beam size.
Correction of the spurious vertical dispersion significantly improves the photon source
[33, 34]

To compute the effect of magnet displacements we consider in a perfectly aligned
machine one quadrupole which is misaligned giving a deflection 0. Using the one turn
transfer matrix M [15],

I. -ysinyf cos if/-a sin y/

where a, /?, y are the Courant-Snyder parameters at the quadrupole and iff the total phase
advance for a complete turn ( \f/= 2KQ with Q the tune), we propagate the orbit (yy') by one
turn just downstream of the kick. The orbit is then closed by adding the kick to get back to
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Solving for the orbit position and angle at the quadrupole we obtain,

e)-2sinnQ{smKQ-acosnQ)

The displacement y at this point can then be propagated elsewhere in the ring,

y(s) = °^IQ COS(I V(J) ~ H+ «e) (53)

For a sum of dipole kicks the closed orbit, for a linear lattice, is a linear superposition of the
above equation. For a lattice containing sextupoles or other non-linear elements the solution
depends on the orbit itself and requires iteration to be found. The orbit for N displaced
quadrupoles is then,

y(s) = X fy c o s ( I v(s) - Vil+rcfi) (54)

The expectation value for a sum of statistically independent kicks is given by the rms V<y2>,

(55)

For statistically distributed kicks, the central limit theorem states that the distribution of orbit
distortions will be Gaussian with a standard deviation given by the rms. (G2(s) = <y2(s)>).
For a storage ring with iV uncorrelated quadrupole displacements with a distribution aquad»
having a betatron function (3 at the quadrupoles with strength k the expected orbit distortion
is:

/ ( ) ^ (56)

where

A(s) = J \ '- (57)
\ 8sin27tQ

The quantity A is termed the error amplification factor. Typical Ax values found are,
ELETTRA ~ 40, ESRF ~ 100, Spring8 ~ 110, therefore quadrupoles aligned to a reasonable
value of ~ 0.1 mm will lead to closed orbit distortions of up to 10 mm. This is not the
maximum which could be up to twice this. The amplification factor can be used to find the
maximum tolerable amplitude of vibration, for example in ELETTRA, at the ID straight with
a coupling of 1% the beam size is 13 (im (2.0 GeV and 7 nm-rad emittance). The vertical
amplification factor at that point is 12 and to keep the beam stable to 1/1 Oth of the beam size
requires quadrupole vibration amplitudes to be less than 0.1 |xm.
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3.4 Correction of closed orbit distortions [35,36]

The correction of the closed orbit due magnet misalignments can be done in a straight
forward manner using corrector magnets. The closed orbit is detected by beam position
monitors (BPM's) placed about the ring. Carefully constructed ring BPM's have a relative
resolution of a few microns. The correction of the closed orbit is performed by powering the
correctors to flatten the beam at the BPM's. The most naive correction method is as follows,

• Measurement of the closed orbit at the N BPM's gives a vector of displacements,

y = (yi.V2,V3,... yN) (58)

• The M correctors are powered to give deflections dfc which change the orbit at the
monitors,

(59)

• The kicks to be applied at each corrector is then found from,

6 = -M -1Ay (60)

The elements of M are given by Eq. (59). The solution is exact for N = M, otherwise it is
under or over determined. This method can be generalised to correct to an arbitrary orbit,
usually known as the "golden orbit". Such an orbit will be one that provides the best
conditions for the beamline users. The effectiveness of the correction is related to the
performance of the monitors, the positioning of the correctors, and the number of both of
these which are available. To perform a correction several numerical methods are used to
find the optimum corrector strengths that will minimise the kicks to be applied whilst at the
same time guaranteeing the best correction. Some of these methods are: Singular value
decomposition (SVD), harmonic analysis and least squares techniques [35].

It is extremely useful to have the means to locally alter the position and/or slope of the
closed orbit without disturbing the orbit elsewhere in the ring. For example the correction of
the source point in an insertion device straight section to fix the photon beam on an
experiment or on the entrance slits of a beam line. The local adjustment of angle and position
requires a minimum of four correctors, two to define the position and slope and two to close
the bump [37]. The monitors may either be in the ring or in the beamline front end. In the
former case the monitors measure the electron beam position whilst in the latter case the
monitors measure the position of the photon beam. Photon BPM's are made to intercept the
outer edge of the synchrotron light profile by two or more pairs of tungsten blades [38, 39].
The beam position in the monitor is calculated from the difference in photo-emission currents
between the blades. Photon BPM's have very good resolution of the order of a few microns
or less. This means that two monitors separated by 10m will detect sub micro-radian orbit
changes. They do, however, suffer from the drawback when used to measure insertion device
radiation that they also detect dipole radiation which makes the signals gap dependent [40].

The most powerful methods to guarantee stability of the photon beam on the
experiment is electron beam feedback either global or local and generally a combination of
both [10, 11, 41-43]. A local orbit feedback system may be built up using storage ring
correctors and photon BPM's or storage ring BPM's or a combination of both monitors.
Given that data acquisition at the experimental stations can be taken at several tens of Hz for
kinetic experiments [44] and envisaging faster data acquisition in the near future the
frequency range to correct is typically up to 100 Hz and higher, (experiments with even faster
acquisition rates suffer less since the amplitude of the disturbance decreases with frequency
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[45]). For the system to be effective the following conditions have to be satisfied or taken
into consideration:

• The system must not couple to adjacent systems [46].
• Magnet system sensitivity should be better than 1 jirad. Magnets are specially constructed

for fast linear response. Air core magnets are faster and more linear but weaker than iron
core magnets which, however, suffer from hysteresis effects.

• The positions of the monitors with respect to the beam determine the sensitivity and have
to be appropriately positioned to give the necessary resolution [10]. With regard to
photon BPM's their location should not be too close to the source which would otherwise
lower the resolution.

• Due to the quickly varying magnetic fields eddy currents are set up in the chamber walls
which produce phase lags. For stainless steel the attenuation is small up to 100 Hz
whereas for chambers made of aluminium it is strong at 10 Hz. The attenuation can be
compensated but the system requires increased power.

• The system must have interlocks incorporated to protect the vacuum chamber against
beam miss-steering.

4. THE APERTURE [47]

4.1 Introduction

We now address the important topic of machine aperture which defines the space
available for the storage of the circulating electrons. It is clear that to have a long lifetime,
i.e., to maintain the brightness, adequate aperture has to be given to compensate effects which
lead to particle loss. The aperture of the accelerator is not only defined physically by the
vacuum chamber but also by the electromagnet fields which guide and accelerate the beam in
addition to the unwanted fields from magnet imperfections. High brightness low-emittance
light sources are highly non-linear machines [2, 3,48, 49]. The non-linearity stems from the
need to compensate the strong chromatic effects which are generated by the strong focusing
used to obtain the low emittance. In addition, insertion devices are additional sources of non-
linearities especially devices which are used to generate elliptically polarised light. Insertion
devices also break the symmetry of a ring leading to the excitation of structure resonances.
The non-linearity of the transverse guide fields limits the amplitude of stable motion and
defines a dynamic aperture for both on and off-momentum particles. In the longitudinal
plane the rf bucket size given by the accelerating voltage usually defines the aperture for off-
momentum particles.

The question may be asked as to why we need a large aperture when the beam size is
fractions of millimetres in cross-section? The answer is the need to efficiently accumulate a
stored beam and to account for particle-particle interactions within the vacuum chamber.
During injection particles execute large betatron oscillations which sample strong non-linear
fields. The aperture must be sufficiently large to accommodate these particles and others
which undergo large betatron oscillations caused by elastic collisions with residual gas
molecules. The dynamic aperture for off-momentum particles has to contain those electrons
which suffer energy changes because of interaction with other electrons in the beam or with
residual gas molecules — the Touschek effect and inelastic gas collisions. Off-momentum
particles execute synchrotron oscillations which lead to transverse displacements at points of
non-zero dispersion in addition to the betatron oscillation amplitude. In general the aperture
for off-momentum particles is less than that for on-energy particles.

4.2 Dynamic aperture and transverse acceptance [50,51]

The Dynamic aperture is defined to be the maximum stable initial transverse amplitude
in the presence of non-linearities. Non-linear fields will blow-up the betatron oscillation
compared to a linear machine. The concept is schematically shown in Fig. 3 [47]. The
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starting amplitude Ainitial at which a particle goes to infinity, i.e., the particle has unbounded
motion, is usually referred to the dynamic aperture, which can either be inside or outside the
physical aperture. The physical aperture is represented in the figure by a horizontal line
parallel to the initial co-ordinate axis. In the presence of non-linearities the betatron
amplitude is increased compared to a linear machine. Particle loss always occurs at the
physical aperture, however, this now occurs for smaller initial co-ordinates.

Afinal
t

Physical aperture

Non-linear Machine,

| Linear Machine

I I
I I

I I I
Particle loss in a
linear machine

• Ainitial

Particle loss due
to non-linearities

Dynamic
aperture

Fig. 3 Schematic representation of the dynamic aperture which is given by the initial
amplitude that approaches infinity, shown here to be less than the physical aperture [47].

The strong focusing quadrupoles lead to large chromatic effects which necessitates the
use of sextupoles to compensate the chromaticity \ (tune shift with off-momentum
AQ = ^Ap/p). This is done to avoid the head-tail instability and to prevent the crossing of
resonances for particles which suffer energy losses due to collisions (Bremsstrahlung or
Touschek). The compensation is performed by sextupole magnets positioned at points with a
non-zero dispersion function. The sextupoles, however, also introduce geometric aberrations
and to alleviate the effect of the resonances driven by the chromatic sextupoles, additional
sextupoles are also used to cancel some of these resonances, i.e., the harmonic sextupoles.
The equations of motion in the presence of sextupoles define a phase space area which has
quasi-linear motion close to the origin characterised by elliptical trajectories for the particles.
For particles further away from the origin the motion becomes increasingly non-linear
characterised by a distortion of the ellipses. At this point the oscillation frequency also shifts
from a constant value to a quadratic function of the amplitude. At larger amplitudes islands
of stability form which eventually become chaotic and beyond this point the particle is rapidly
lost. In addition to the non-linearity of particle motion from sextupoles the unavoidable
imperfections in the construction of storage ring magnets give residual magnetic multipole
fields which also contribute non-linear terms to the equations of motion. These in turn further
reduce the available dynamic aperture.

The equations of motion in the presence of insertion devices contain both linear and
non-linear terms [52]. For a planar insertion device the main effects are in the vertical plane.
The linear contribution gives additional focusing which distorts the periodicity of the lattice
and leads to the excitation of structure resonances with consequent reduction in dynamic
aperture. The non-linear term affects the large amplitude motion in a way similar to
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sextupole magnets and is again associated with a reduction of the dynamic aperture. The
main non-linear contribution is an octupole term. The effects are inversely proportional to
the square of the beam energy and are more severe for low energy machines, however, larger
machines typically have more devices installed. The finite pole width introduces horizontal
field components (quadratic and higher fields) and also contributes to reducing the dynamic
aperture. Elliptical wigglers have a strong effect on the dynamic aperture and those which are
crossed impose restrictions on the horizontal physical aperture.

To determine the dynamic aperture numerical tracking of a number of particles is used.
Several programs exist for this purpose [53]. Particles are typically tracked for several
hundred turns to see their survival. Ideally the dynamic aperture should be outside the
physical aperture. Figure 4 shows an example of the dynamic aperture in the presence of
sextupole magnets and when in addition insertion devices are symmetrically and
asymmetrically placed in the storage ring.
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Fig. 4 Reduction in dynamic aperture when insertion devices are placed
asymmetrically in the ELETTRA storage ring [54].

Recalling that a betatron trajectory has the following form[15],

cos(\l/{s) (61)

we see that if A is the aperture at any point in the ring, then A2/f3 defines an emittance for that
point. The minimum value of A2//3 anywhere in the ring is the acceptance which is also the
largest emittance the storage ring can sustain. A particle whose trajectory is generated (e.g.,
by collisions) to lie outside this emittance will be lost. The acceptance can be limited either
by the physical or dynamic aperture. The physical aperture is determined by the magnets and
the vacuum chamber that has to stay inside them. In the vertical plane the physical aperture is
generally determined by the smallest gap required for an insertion device. Typical values for
the full internal gap at an insertion device is 10 to 20 mm. Future developments will push this
down to 10 to 6 mm and perhaps lower. Injection into the storage ring normally proceeds in
the horizontal plane and, as discussed below, sufficient aperture should be allowed for this
procedure to be efficient.

4.3 The longitudinal acceptance [55]

In the longitudinal plane the acceptance is defined by the rf system and is a function of
the rf voltage and the magnet lattice. A large aperture in this plane is needed to contain



239

particles which suffer energy losses, inelastic gas collisions and the Touschek effect, and to
guarantee sufficient quantum lifetime. The rf voltage and the lattice delimit a potential
energy well in which the electrons are bound.

<P

separatrix

Fig. 5 The rf potential well and the bucket of stable longitudinal motion defined by it.

The Separatrix is the limit of stable motion. From the equation describing this curve the
maximum energy deviation can be found by which we derive the maximum relative
momentum acceptance,

rfacc 7th(XcE
-1 -arccos — (62)

where y/? is the synchronous phase, h the harmonic number, E the beam energy, V the
accelerating voltage and q is the overvoltage factor (q = eVIU = 1/sinyi, with U the energy
lost per turn). The momentum acceptance scales in proportion to the square root of the
accelerating voltage. Typical values for the relative momentum acceptance are two to three
percent, although machines are being proposed where this is being increased up to six percent
[56].

We note that the energy acceptance has the momentum compaction [15] in the
denominator which depends purely on the lattice parameters. The momentum compaction
relates the path length of an electron in the ring to its energy deviation.

&p AL
— a, - — (63)

For strong focusing lattices, as used in third generation sources, the momentum compaction
factor is a small number and thereby increases the momentum acceptance. A small
momentum compaction factor, however, also leads to lower thresholds for beam instabilities
(section 9) [4].
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4.4 The injection process [57,58]

To reach high beam intensities a beam is accumulated by repeated injection of particles
from an injection system, which may be a booster synchrotron or a linac. Ideally the injection
system should be full energy, thereby minimising the time it takes for a refill and increasing
the reproducibility of the machine. Full energy injection, furthermore, has the advantage that
top-off procedures may be applied whereby particle losses are exactly compensated for by
many frequent injections performed during normal user operation. This is equivalent to
having an infinite lifetime. At present no operating storage ring works in this mode, but
future developments may make this option a reality.

The injection process which transfers particles from an injector is performed by a
system of fast kicker magnets and septum magnets. The kickers move the already stored
beam close to the septum magnet the moment a newly injected pulse arrives. The septum
magnet then deflects the incoming bunch parallel to the stored beam without affecting the
latter. The full process has the following three basic steps,

( i) ' During the injection the stored beam is brought close to the septum sheet by using a
closed orbit bump. The distance from the beam centre to the sheet should not be greater
than half the beam dimension including the tail of the bunch distribution. Four to five
standard deviations ostored of the beam size is considered acceptable.

(ii) The injected beam follows the septum sheet at a distance of about six standard
deviations Oj>y. The distance to the sheet is not critical since the incoming beam passes
the sheet only once.

(iii) The injected beam enters the storage ring off-axis and executes betatron oscillations, the
maximum value of these oscillations occurs where the betatron function is largest.
After a time to complete l/fractional(<2x) turns, the amplitude of the closed bump
should be reduced to a value that does not allow the injected beam to be lost on the
septum sheet. After about 3 damping times the injected pulse will have merged with
the stored beam.

The minimum horizontal half aperture Ax defined by the injection process must satisfy the
following condition,

A 1

(64)

where j3x is the betatron function at the position of the aperture, Seffis the effective septum
thickness including injection jitter and oc.o. is the peak closed orbit error. Values of Ax are
around 15 to 30 mm, if the dynamic aperture is less than this the injection efficiency is
compromised. By not closing the bump completely, i.e., powering the downstream kickers
more than the upstream ones a more efficient injection can be obtained at the expense of
disturbing the closed orbit, since the injected beam will then have a smaller oscillation
amplitude [57]. Before leaving this section we note that the horizontal aperture must also
take into account Touschek scattered particles which have suffered energy changes due to
intra-beam collisions (see section 8).

5. GAS SCATTERING [47,59]

5.1 Introduction

Particles from the circulating beam are lost by scattering off the residual gas molecules
in the vacuum chamber. The effect is controlled by providing sufficient pumping to reach
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low vacuum pressures and by careful construction and preparation of the chamber to
minimise photo desorption of gas molecules. There are two main single-particle effects:

• Elastic collisions:

Elastic collisions deflect the trajectories of the circulating electrons causing an increase
of the betatron amplitudes. If the amplitude is large enough the scattered electron is lost
either at the physical or dynamic aperture.

• Inelastic collisions:

In this case an electron looses energy either by transfer to the residual gas molecule or
by emitting a photon as it is deflected by the electric fields within the gas atom. This
latter effect is called Bremsstrahlung. In both cases the electron is lost either at the rf
acceptance limit or at the off-momentum physical or dynamical aperture limit.

5.2 Elastic collisions

5.2.1 The loss mechanism

A circulating electron suffering a deflection of 0; radians will perform betatron
oscillations given by [37],

u(s)= Oj^Pis)^ sin((p(s) - cp() (65)

I Minimum Aperture

B2 \ / P A

where /},-, fi(s) are the betatron functions at the deflection point and at an arbitrary longitudinal
position in the ring and <pi ,(p(s) are the phases at these points.

The maximum amplitude is,

' (66)

If the amplitude A exceeds the physical or dynamic aperture H, where H is the
minimum value of A2/PA anywhere in the ring, the particle is lost. This occurs for deflections
that satisfy,

h f A2\ rzr
(67)

5.2.1 The cross-section

The probability of a collision resulting in a deflection between 6 and 0+d6 per unit time
is proportional to the differential cross-section daldQ. for the encounter and the number of
scattering centres per unit volume. We consider here only atomic nuclei as the scattering
centres since electron-electron elastic collisions are much weaker [59]. The differential
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cross-section for a collision off a residual gas nucleus is given by the classical Rutherford
scattering formula,

where ro is the classical electron radius,

1 e2 is
ro = j =2.82 10 15[m] (69)

Z the atomic number of the nucleus and y the usual relativistic factor for the electron beam.
Q is the solid angle with dQ = sin0 dd d<j>, and 8 the scattering angle with respect to the
incident direction. The cross-section has to be corrected for two extremes, at small angles the
electrons around the gas atom screen the nucleus, and at large angles the finite size of the
nucleus has to be taken into account [60]. These effects do not significantly alter the results
and are ignored here. To determine the loss rate of electrons we calculate the rate of
collisions which lead to a deflection angle greater than a maximum Qynax which defines the
acceptance of the ring. Integrating do from dmax to TC gives,

jda 2 { y )
c o t 2 f - ^ l (70)

since 6^^= \jH/fii is generally a small angle and

Oloss- 2 02 - 2
/ ''max /

Averaged over all positions in the ring, the cross-section is

7 2 H ° y2 A2

The cross-section, or probability of loss, becomes, for a given aperture, smaller at higher
energies and with smaller values of the betatron functions. It has also a strong dependence on
the atomic number varying as Z2. The derivation for non-isotropic aperture restrictions can
be found in Volume I of Ref. [21].

5.3 Inelastic scattering

5.3.1 The loss mechanism

There are two effects:

1) Bremsstrahlung scattering, where an electron emits a photon when it is deflected by the
nucleus or the electrons within a residual gas atom and leaves the atom in an unexcited
state.

2) Direct energy transfer from the colliding electron to the atom of the residual gas.
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An electron which suffers an energy loss AEIE will be lost either at the transverse aperture
limit (physical or dynamic) or at the rf limit. Transversely, if the energy loss occurs at a
position with non-zero dispersion, the electron will perform betatron oscillations about a new
off-momentum orbit (see section 7). In the longitudinal plane it will perform synchrotron
oscillations.

5.3.2 The cross-section [61]

Only radiative losses (Bremsstrahlung) will be treated. For highly relativistic particles
energy loss through atomic excitation and ionization of the residual gas have much smaller
cross-sections compared to the radiative contributions [62].

The differential cross-section for energy loss from photon emission at the nucleus is,

de)N
= «

£

~E

where a is the fine structure constant = 1/137. The numerical constants within the brackets
are related to screening of the nucleus by the atomic electrons [47]. The formula is valid for
highly relativistic energies.

The differential cross-section for photon emission at a bound electron on a residual gas
atom is (relativistic energies),

d_c\
Ue)e I

4
E) E2

, 194_ 2 £nZ] + [ 1 ( , _ £
3 J | 9 l E (74)

We note that the Z dependence on the former goes as Z2, whilst for electron-electron
interactions it goes as Z.

The total differential cross-section is given by the sum of the two (independent events).
The total cross-section is obtained by integrating from em, the lowest energy loss which
results in particle loss, to E the highest energy loss.

I = I — I <te

in\
8

Z(Z

for em«E, and

(75)

(76)

(77)

The cross-section shows a strong dependence of the atomic number of the residual gas
species, but a weak dependence on the maximum energy acceptance which goes as -In (em/E).
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5.4 Beam gas scattering lifetime

For independent events the total cross section is the sum of the cross-sections for the
individual events, then,

^loss = ^elastic + ^inelastic (78)

The number of particles lost dN per unit time is proportional to the cross-section, the number
of scattering centres and the number of incident particles.

°ioss ^ - P = density of
dN = -Np<Jlossdx \ ^j£~~^ scattering

centres

1 dN __
--P°bssPc N electrons ^ ^

dx = ficdt

which leads to an exponential decay of the stored beam (N = Noer^, with a lifetime given
by,

T=—- . (80)
PC <7lossp

The gas density is determined by the composition of molecules present. For a given
molecular species i the gas equation gives,

A-£ (8D

where pt is the partial pressure, k the Boltzmann constant and T the absolute temperature. If
each molecule is made up of different numbers of atoms then op becomes:

y

where a,y is the number of atoms of type j in molecule /.

Desorption of gas molecules by synchrotron radiation is the main source of residual gas
in light sources. The desorption depends on the circulating current (number of electrons AO,
therefore we write for p,

(83)

G is a desorption coefficient [68]. We now have,

^ = -pcoloss(p0 + GN)N (84)

giving
GNO)_

_
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with No the starting number of electrons. We define the lifetime to be the time it takes for the
starting number of electrons to be reduced by 1/e, and get,

1
in (86)

For G = 0 we are led to the previous result. For situations where desorption effects dominate
po -> 0, and,

e-\

pcel0SSGNQ

(87)

The lifetime is inversely proportional to the initial current, which accounts for the increasing
lifetime as the current decays.

The total lifetime is given by the sum of individual reciprocal lifetimes,

1 1 1

^total ^elastic ^inelastic

Figure 6 shows as an example the individual effects predicted for the SOLEIL project [63].
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Fig. 6 Example of contributions to the lifetime from different beam-gas interactions. (Data
taken from [63], 300 mA, 1 nTorr, Z=7,10 and 16 mm vertical and horizontal half apertures.)

The aperture dependence of the elastic scattering contribution can be used to provide,
via a scraper, useful information on machine operating conditions. If A is the distance from
the beam centre to the scraper blade, then we can write the lifetime dependence as,

9i
A2

(89)

where C\ depends on effects which are independent of aperture (scraper position), and C2
depends only on the elastic scattering loss on the scraper. The coefficient C\ will contain
contributions to the lifetime arising from inelastic and Touschek scattering events (see
section 7). By measuring the lifetime as a function of scraper position dynamic aperture
effects can be measured [2, 64, 65].
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The use of low gap insertion devices to produce high brightness photon sources gives a
limiting physical aperture at the insertion device. Of importance to all light sources is the
minimum insertion device gap that can be tolerated without significant beam lifetime
degradation [66]. Smaller gaps allow higher energy photons from the use of mini-undulators
with smaller period lengths. Since the elastic gas scattering effect scales as the square of the
beam energy a higher energy machine is less sensitive to the effect. As a comparison
(ignoring betatron function differences) measurements with a scraper at the ESRF operating
at 6.0 GeV have shown 24 hours lifetime (100 mA) with 4.6 mm full aperture
(3 x 10"9 mbar)[67] whereas at ELETTRA at 2.0 GeV the lifetime starts to deteriorate at
around 10 mm full aperture.

5.5 Gas desorption

To reduce the effects of gas scattering and ion trapping (see section 10) we require ultra
high vacuum (UHV), which corresponds to pressures of less than 10"7 Torr. For long gas
scattering lifetimes pressures of 10'* Torr are required. The synchrotron radiation from the
electron beam is responsible for the major part of the gas load in the vacuum chamber.
Typical static pressures (without beam) are a few hundredth's of a nTorr, whereas dynamic
pressures (with beam) are a few nTorr.

The main mechanisms for an increase in pressure with beam are:

• Electron stimulated desorption.
• Thermal heating.
• Beam induced rf fields — heating from Higher Order Modes (HOM).

Even after cleaning and careful preparation of the chamber surface, gas molecules are
still found bound to the surface. The binding energy of adsorbed molecules is of order of a
few eV. Synchrotron radiation impinging on the surface of the chamber releases these
molecules and is the major contributor to the vacuum pressure in the chamber. A simple
example taken from reference [68] reveals that a monolayer of N2 released from the surface
of a 10 cm^ box would result in a pressure increase of 1.7 10'^ Torr.

5.5.1 Electron stimulated desorption [68,69]

The mechanism for gas desorption by synchrotron radiation is as follows:

• Molecular excitation levels are excited by photons in the range 2-100 eV. The
synchrotron radiation X-rays produced by the electron beam are too energetic for this.

• Instead the X-rays cause emission of photo-electrons from the chamber surface (atomic
core electrons) and the molecules are desorbed during emission.

• The photo electrons then couple to adsorbed molecules causing further electron-
stimulated desorption.

Experiments show that the desorption is proportional to the photo-electron current
which depends on the chamber material. Of importance is the gas desorption yield 77 defined
as the number of molecules produced per incident photon,

Nmol = n Nph. (90)

Typical values for rj are in the range 10"5 to 10~7 depending on the material of the
chamber and its treatment. The desorption yield is a function of dose, i.e., the length of time
the chamber has been exposed to radiation. The desorption decreases with the accumulated
photon dose and new machines are scrubbed by synchrotron radiation before they reach the
design vacuum pressures. Typical values for this conditioning time are around 50 to
lOOAhrs.
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5.5.2 Thermal desorption

A second source of gas desorption arises from heating of the chamber material. Many
molecules are weakly bound to the surface of the chamber. One of the most troublesome
molecules is water which can form many surface molecular layers the last few of which are
only weakly bound. Thermal excitation will release copious amounts of molecules and this
fact can be used to treat the chamber, i.e., baking-out. An in-situ bake-out of the chamber is
usually performed on new chambers to improve the base pressure before scrubbing with
synchrotron radiation.

The desorption rate is given by,

dNmoi _ w -Eb/kT ^Q,-.

at

with Eb binding energy (0.1 to 10 eV), v a rate constant and 7/mo/ the number of
molecules/cm2. The rate constant depends on the previous conditioning of the chamber. For
baked stainless steel (250 °C),

v - 2 1 0 " 1 2 Torres"1 cm"2

whereas for an unbaked chamber,

v ~ 10"10 to 10~" Torr I s"1 cm"2

Even with careful treatment of the chamber, the outgassing due to synchrotron radiation
is very high. To overcome this problem the construction of the chamber geometry to collect
synchrotron radiation in well defined points, where cooling and additional pumping is
provided, is of fundamental importance both in terms of the photo-electron induced
desorption and that due to thermal heating.

5.5.3 Beam induced radio-frequency fields [69]

An additional source of thermal desorption arises from the heating of the chamber by
the beam-induced radio-frequency fields, i.e., Higher Order Mode (HOM) heating. The
circulating beam leaves wake fields (see section 9) at discontinuities in the chamber, i.e., at
bellows, valves, pumping slots, cavities, tapers and the like. The average power loss depends
on the resistive part of the chamber impedance seen by the beam,

P^={eNbfnbfok(a) (92)

where eNb is the charge per bunch, rib the number of circulating bunches, fo the revolution
frequency and k the loss parameter in Volts/m defined by the impedance [4]. The loss
parameter depends strongly on the bunch length and is greater for shorter bunches which
leads to greater heating of chamber components [70].

6. QUANTUM LIFETIME [3,71-73]

6.1 Introduction

The distribution of the electrons in a storage ring bunch is principally determined by the
containment forces, both transverse and longitudinal, and by events originating within the
bunch itself. The main events originating within the bunch are the emission of synchrotron
radiation and intra-beam scattering. Synchrotron radiation leads to two effects: a damping of
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betatron and synchrotron oscillations and a growth of the oscillation amplitudes due to
quantum fluctuations. The former depends on the average energy loss <«> while the latter
depends on deviations of the loss about the average <u2>. The number of photons emitted
per electron per turn is a rather small number. For a single electron the number of emissions
per meter is about 6.2 B[T] (with B the dipole field). This small number will give rise to
noticeable statistical effects and leads to a broadening of the energy distribution due to
quantum fluctuations proportional to <u2>. In the transverse plane the emission of a quantum
of radiation changes only the magnitude of the particle's momentum but leaves the position
and slope the same. The physics, however, is different if there is dispersion or not at the
emission point. If the dispersion is zero, the emission of a photon does not modify the
amplitude of the orbit (ignoring the small angle changes ± 1/$. With non-zero dispersion, the
position and slope still remain the same but the electron now has a new reference energy orbit
E- Eo- u which results in an excitation of a new betatron amplitude. The amount of energy
lost during a quantum event is small compared to the energy spread of the beam (i.e., in
ELETTRA the critical energy is 3.2 keV whereas the natural energy spread is 1.6 MeV)
implying small changes to the amplitude compared to the beam width. The change can
happen at any phase of the oscillation and can lead to an increase or a decrease in amplitude
depending on the distance between the original and final orbits which is given by the
dispersion. The process is similar to a random walk.

The appearance of damping arises from the emission of synchrotron radiation which is
proportional to <u> and the subsequent energy gain in the rf cavity. Damping in the
longitudinal plane occurs because of the dependence of the energy loss on the particle's
energy, a high energy electron loses more energy than a low energy electron. Consider two
electrons with energies above Ea and below Eb an electron with an ideal energy Eo. The
energy lost by Ea will be greater than that of Eo and that lost by Et, will be less than Eo. The
result is that the energy difference has been reduced. The energy deviation and the
longitudinal co-ordinate of an electron with respect to the synchronous particle are conjugate
variables implying that the longitudinal bunch dimension is also damped. To consider
damping in the transverse plane we note that the energy lost from the emission of a photon
results in a loss of both transverse and longitudinal momentum. The lost energy, however, is
restored in the cavities as an increase in the longitudinal momentum whilst the transverse
momentum remains the same. This results in a reduction of the slope with respect to the
closed orbit and is equivalent to a damping of the transverse motion.

Intrabeam scattering, which will be dealt with in section 8, is an effect arising from
multiple small angle electron-electron Coulomb collisions within the bunch. The collisions
increase the "temperature" of the bunch by transferring energy from the longitudinal plane to
the transverse plane. The sum of a multitude of small random variations in an electron's co-
ordinates will by virtue of the central limit theorem will lead to a distribution which will
asymptotically approach that given by Gaussian distribution independent of the initial
electron's distribution. The phase space distribution of the electron bunch results from an
equilibrium between radiation damping, quantum excitation and intra-beam scattering. The
distribution is altered by the presence of the vacuum chamber or by the potential well of the rf
system, the finite boundaries of which will lead to particle loss.

6.2 Quantum lifetime

The equilibrium established between quantum fluctuations and radiation damping
results in a Gaussian phase space distribution for the electrons,

) \ (93)
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where sx is the beam emittance. Particles in the distribution have varying phases and to see
the effect of finite apertures on this distribution we need to examine the Courant Snyder
invariant for a particular trajectory xjc',

Wx = yxx
2 + 2axxx'2 + pxx'2 = A2, (94)

The invariant is related to the maximum excursion of an electron by,

Xmax = ̂ A (95)

The position and slope with respect to the closed orbit expressed in terms of the invariant is,

* = (WA)1/2cos0
(96)

where 0 is an arbitrary phase, and the phase space distribution can be now be written as,

h(Wx )dWxd<p = —}—.r exp ^ k . dWxd6 (97)
V x> x W

 2-K(?NX) {(Wx)j
 x * K '

satisfying
jh{Wx)dWx = L (98)

The average value of Wx is <W*> = 2ex. In a stored beam of N electrons the number having
values of W between Wx and Wx+dWx is,

(99)

The distribution being Gaussian, in principle extends to infinity. Any restriction,
however, be it physical or dynamic will truncate the distribution and lead to a constant
particle loss at the tails. With reference to Fig. 7 without the restriction a stationary situation
exists where the number of particles crossing an arbitrary point Wo due to quantum excitation
(process A) equals the number entering due to radiation damping (process B). With a
restriction of the amplitudes at Wo far away from the core, so as not to significantly alter the
distribution, the number of electrons crossing Wo and being lost (process C) will be very
nearly the same as if there were no aperture i.e., C = A = B.

h(W) (a) h(W)

B

(b)

w

Fig. 7 Distribution of invariants with no aperture (a) and in the presence of a
limiting aperture (b), taken from [72].
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The loss rate can therefore be estimated as that due to process B, due to radiation damping.
Evaluated at the restriction we have,

*!•) J«LM) (1oo)
dt )w0 KdW dt JWo

and

dN
dN = Nh{W)dW => — = Nh(w). (101)

For a given electron the rate of change of Wx due to radiation damping is [3],

^t'-2Jt (102)

where xx is the radial damping time and

(103)
y*))

AT = i V o e x p | ^ | . (104)

the quantum lifetime xq is then found to be,

where

Assuming the limiting aperture occurs at a point with maximum betatron function fimax then,

r2 /ftg 2 _ •XfmaxlHmax _
1 ^

Because of the exponential factor the quantum lifetime increases rapidly with XmaxlOx- The
above relation for the quantum lifetime is valid for xmax » ax. As xmax approaches ax the
assumption that the restriction does not alter the distribution is no longer valid. In fact the
expression gives a minimum lifetime of T ê/2 at Xm^ = \lax which is incorrect since smaller
apertures must give shorter lifetimes. A more complete derivation of the distribution using
the Fokker-Planck equation yields the correct solution [74] from which we also find for
xmax < cthe approximate solution,
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2.405
(108)

For values of xmax> ~5ox accurate values of xq can be computed using Eq. (107) and some
numbers are given in Table 1. For a damping time of 10 ms we find the "golden rule" of
choosing xmax to be greater than 6.5 cr* in order to have a quantum lifetime of around
100 hours.

Table 1
Quantum lifetime as a function of limiting aperture

xmax'^x 5

1.8 min

5.5

20.4 min

6.0

5.1 hrs

6.5

98.3 hrs

7.0

103 days

In the horizontal plane the situation may be additionally more complicated. Finite dispersion
can exist which will also give quantum lifetime contributions from synchrotron oscillations,
ii.e.,

(109)

If the beam size given by betatron motion is comparable to the width of the beam due to the
rms energy spread {oeIE), i.e.,

(110)

then, the lifetime is [74],

— T r

2V2
(HI)

where

r =
(D a and « - £ vmax (112)

The minimum value of rq occurs when r = 0.640 and,

(113)

The lifetime is lower than in the case with no dispersion, however, since the horizontal
aperture must already be large enough to accommodate the injection process and to give
adequate Touschek lifetime the quantum lifetime effect can be ignored in the horizontal
plane.
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In the longitudinal plane a Gaussian distribution also exists for the energy and phase
deviations. Here the aperture restriction is the finite potential well given by the radio-
frequency system. The oscillation "amplitude" is now defined by the invariant of the energy
oscillations,

With Q the synchrotron oscillation frequency. We obtain a similar result for the quantum
lifetime as for the transverse case,

*T — fc

*<1- 2

where T£ is the longitudinal damping time and

™Q _ £ m a x

with (7£ the rms energy spread and the maximum energy deviation defined by the rf system is
given by Eq. (62). As for the radial case the rf acceptance is determined by the need to have
an acceptable Touschek lifetime. Typical values for the acceptance are 2 to 3%. With
relative energy spreads of the order a few 10"4 and damping times of the order of 10 ms the
longitudinal quantum lifetime is practically infinite.

7. THE TOUSCHEK EFFECT [75-77]

7.1 Introduction

The high bunch densities present in low emittance high brightness machines leads to an
enhanced rate of elastic collisions between electrons within the bunch. Collisions occur in all
planes, however, the energy transfers involved from the longitudinal plane to the transverse
are insufficient to generate a betatron oscillation capable of leading to particle loss. In this
section we will only consider the processes that transfer sufficient energy from the transverse
plane to the longitudinal for loss of both colliding particles. The change in the longitudinal
momentum leads to particle loss if the momentum exceeds the rf acceptance or the transverse
(physical or dynamic) acceptance. The Touschek effect is one of the limiting mechanisms for
present day synchrotron radiation sources [78-79]. It was first explained by Bruno Touschek
[75] after observations of the lifetime on the small storage ring ADA. Only recently has the
effect become a critical issue in the construction and running of present day light sources
having low emittance. The effect of longitudinal to transverse momentum transfer will be
treated in section 8 along with the remaining collisions that generate many small momentum
transfers that lead to an increase in the beam emittance.

To understand the mechanism we must consider the motion of the electrons in a frame
which moves with them. The betatron motion in this frame is purely transverse and a
collision will transfer momentum into the longitudinal plane. Transforming back to the
laboratory frame the transferred momentum is boosted by a factor y. The process is shown in
the figure below [80].
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Pi = ~Px

V
\ Pl=Px Ap = Ap|| = yp

~Px

centre of mass laboratory

We can calculate in a qualitative manner the magnitude of the transfered momentum during
such a collision [77]. At a position where the electron's amplitude is ax having a maximum
betatron value of fix, (ax = 0) the maximum divergence is,

P, P

since

If the transverse momentum px is all transferred to the longitudinal plane it is boosted by a
factor 7,

Therefore a displacement of 100 um at a point with f3x = 10 m and beam energy 2.0 GeV (y =
3914), gives Ap = 78 MeV/c, which is 3.9% energy deviation. This is the same order of
magnitude as the energy acceptance. In the vertical plane the beam is usually very small
because of the small coupling resulting in roughly an order of magnitude less effect for a 1%
coupled beam. It has, however, been recently reported that vertical Touschek losses can be
dominant if the vertical chromaticity is large [56]. The loss mechanism in this case is through
resonant crossing of the off-momentum particles.

7.2 The cross-section

To determine the cross-section we consider the collision in the beam centre of mass
system, in which the transverse momenta of the two colliding particles are equal and opposite.
We make the assumption that the motion is non-relativistic in this frame. The collision
geometry is shown in Fig. 8:
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p sinxsin <p = pxcos6

Fig. 8 Co-ordinates used for the Touschek collision.

The momentum transferred into the longitudinal laboratory direction is
is lost if this exceeds the longitudinal acceptance Ap^, i.e., if,

cos y >

- The particle

(118)

The non-relativistic differential cross-section in the centre of mass frame is given by the
Moller cross-section,

da_ = Ar\ I" 4 _ 3 1
dQ ~ (v/c)4 Lsin4 6 sin2 6 J

(119)

where v is the relative velocity of the two colliding particles (cm frame), ro the classical
electron radius and 6 the deflection angle. For relativistic considerations see references [81,
82], which show that the results may vary by a few percent for large momentum deviations.
The total cross-section leading to particle loss is now given by,

(120)

\cosx\>fi

Using the geometrical relationship cos0=sin# cos<p and dK2=sin£ d% d<p, we have in the
centre-of-mass system,

0 cos V
_ 4r0

2 '
dcp

(l-sin2^cos2<p)2

-7t

(v/c)4 (121)
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7.3 The lifetime

dN

dx-vdt

The fraction dNtfNi per unit time of incoming particles with momentum pi which suffer a
collision is equal to the cross-section, the density pj of the scattering centres with momentum
Pj and the distance traversed,

dNt = N( a Pj v dt

-+= (122)

since,

(123)

The total loss rate is now determined by fully integrating the above equation over all space
and momentum co-ordinates which lead to particle loss,

fdN\ JdN\ 2
\dt)loss \dt collisions 72 (124)

The factor f- comes from transforming the integral from the cm system to the laboratory
frame. For a laminar beam, flat in the vertical plane, the phase space distribution in the
laboratory is,

with

ix0 py(yi) pz(Zi) (125)

2O2y
(126)

with

and



256

(127)

In the last expression the bunch rms length is related to the rms relative momentum spread
{Oe/E) via the momentum compaction factor and the synchrotron tune, R is the average ring
radius. The integration is performed assuming the collision occurs at (xj, yj, zi) = (x2, y2,
i- The integrals over y and z are performed immediately yielding,

dN_

dt 2nyz oy<jz

SK3 y2

)v px{xx,x{)

G{v)v

dx[dx'2

(128)

with

Making use of

cx = -^-=1— and x2 - x\= — - = —t-

(129)

(130)

where v is the relative velocity in the cms, we integrate over dxj express the resulting integral
in terms of pxdx'i and finally integrate over dx'i, giving,

dN N1

dt 2K2
c ox, ax cy oz

yc'xmoC>

(131)

The lower limit reflects particle loss if the momentum exceeds the momentum acceptance in
the centre-of-mass system. Defining,

e =
y2cxmoc_

(132)

with (Ap/p^the rms relative momentum acceptance, the loss rate can be expressed as,
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dN_

dt
"-\-r4if-ie~udu = -

(133)

Vb = 8TT3/2 GX cy Gz is the bunch volume. The function C(e) for e < 1 can be approximated
by,

C(e)~-[£n(U32 e) + 3/2]. (134)

This is a weak function of s, and in the range of validity (1(H < e < 10"1) varies from 7.1 to
0.2. Solving to find the time it takes for the number of particles to be reduced by one half,

^- = N=-aN2 =» N(t)= N°
dt w l + Noat

(135)

gives the time dependent half-life as,

&p

Tin =-
' " 2 aN0 N0

which is related to the 1/e lifetime by,

r0
2iVfc 'C(e)

(136)

(137)

Expression (136) applies to one point in the ring and to find the overall lifetime an average is
taken over the ring circumference: 1/T = <1/T(S)>. The assumptions of non-relativistic
motion in the beam rest frame, a flat beam and the neglect of non-zero dispersion all affect
the outcome of the computation. Relativistic effects become noticeable for large momentum
deviations and will lead to a lower lifetime because the cross-section is larger. With regard to
beam thickness, low emittance light sources will generally operate with small horizontal-to-
vertical coupling and the approximation holds. For those situations where increased coupling
is used to increase the lifetime the expression for the Touschek effect has been derived in
reference [83],

T =
1

D(e)
(138)

where,

m-\^-1
ru du. (139)

The situation with dispersion is treated by LeDuff in reference [77]. The effect of finite
horizontal dispersion is to modify the phase space co-ordinates and the horizontal beam size,
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(140)

(141)

(142)

where Apx/p is the relative momentum deviation of an electron in the laboratory frame prior
to the collision and (cJE) is the rms relative momentum spread of the bunch. In general the
inclusion of dispersion increases the bunch volume and leads to a reduction in the collision
rate thereby increasing the lifetime.

7.4 Transverse momentum acceptance

Even though a scattered electron may remain inside the longitudinal acceptance, it may
still be lost in the transverse plane either at the physical or dynamic limit. An energy loss at a
point with zero dispersion will to first order result in a betatron trajectory having the same
Courant-Snyder invariant having have an off-set in the machine determined by the dispersion
function. A particle which suffers an energy change Apx at a position with dispersion will in
addition to the energy off-set find itself performing betatron oscillations with respect to a new
off-momentum closed orbit (see Fig. 9) and may eventually have a maximum amplitude at
that point of,

•Dx(s)

where ex is the Courant-Snyder invariant for that particle,

ex =yxdx2+ 2axdxdx'+px dx'2

(143)

(144)

which is not to be confused with the emittance and dx and dx' are related to the original co-
ordinates prior to energy loss by,

(145)

(146)

P

P

X '

/

^ -

/

1

/ I

Fig. 9 An electron represented by the dot on losing energy will perform betatron oscillation
about a new off-momentum reference orbit that is centred on the cross.
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Consider a particle on the on-momentum closed orbit suffering an energy loss at a
position with dispersion Dj, fir and ccs= D'T= 0. Equating the Courant-Snyder invariant of
that particle elsewhere in the ring (at position s with betatron value j3(s)) we can write the
maximum deviation after a Touschek event from the reference orbit as,

(147)

The amplitude is greatly influenced by the optical functions. If the betatron function is small
at the point where the dispersion function is large the resulting betatron oscillation elsewhere
can be very large [49].

7.5 Improving the Touschek lifetime

The energy dependence of the Touschek lifetime is very strong and several factors
affect the lifetime: the bunch volume, the accelerating voltage, energy spread, beam
divergence, Lorentz contraction and intra-beam scattering (see later). The lifetime scales
somewhere between the third and fifth power of the energy. The Touschek effect is more
severe for low energy storage rings and is one of the limiting factors for the performance of
these machines. Even high energy light sources are affected by the Touschek effect, for
example, the ESRF when operating in 16-bunch mode observe a strong decrease in lifetime
as the coupling is altered: 31 to 17 hours lifetime change at 90 mA when the coupling is
varied from 10 to 1.5% [67]

Methods to improve the Touschek lifetime at a fixed energy could work on improving
the limiting momentum acceptance, longitudinal or transverse, or to decrease the probability
of collision by decreasing the bunch density.

The simplest method to decrease the bunch density is to operate with many bunches.
This is done by choosing a high radio-frequency. Present day third generation light sources
operate either at 350 or 500 MHz. The many bunches, though, will increase the difficulty in
combating multi-bunch instabilities (see section 9) which are easier to control if few bunches
are present.

To increase the longitudinal acceptance one would need to increase the rf voltage,

(Ap} eVsin\j/s ^
— = — 2 A/4 -1-arccos —

{pjj %hacE [s {q
_eV_ 1

q~U0~siny/s'

With increasing rf voltage, however, the bunch length is also decreased,

' * " corev ^heVcosy,, U ' " " ' ^

The lifetime, nevertheless, increases faster with rf acceptance than it decreases with bunch
length. The effect is weak and the costs involved in providing additional rf power soon
makes this method unattractive. Recently proposals have been made to provide additional rf
acceptance only for Touschek scattered particles with the use of a super-conducting cavity.
The cavity operates at zero phase since there is no need to restore the energy lost due to the
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emission of synchrotron radiation. The cavity is passive and is powered by the circulating
electron beam [56].

[m
il

L
if

et
im

e

600

500

400

300

200

100

0
(

1

\

"-"ope
) 5

Single

1

1-CHJ
10

Bunch

I

__

—

""" n ii

-n—in n
15 20

Current (mA)

Fig. 10 Beam lifetime at 2 GeV (0.35% coupling) in ELETTRA as a function of single-bunch
current for two different if. voltages (circles 1.76 MV and squares 0.84 MV). The solid line

is the prediction taking into account bunch lengthening effects [79].

The lifetime is proportional to the bunch volume and the goal of high brightness light
sources is to minimise this quantity, which unfortunately will lower the Touschek lifetime. A
compromise may be found by adjusting the coupling. This, however, will affect the vertical
beam emittance with consequent reduction in the energy resolution of the emitted light.
Alternatively the bunch density can be decreased by increasing the bunch length. This is
done by operating with a higher harmonic cavity that changes the slope of the accelerating
field [84]. The cavity can be powered either by the circulating beam or by an external source.
At ELETTRA another technique is adopted, a controlled residual longitudinal multi-bunch
excitation is allowed which dilutes the longitudinal bunch volume. The mechanism relies on
the synchrotron tune shift with amplitude to smear the phase space volume [85]. This method
to increase the Touschek lifetime compared to changing the emittance coupling results in
more intense and sharper line spectra from undulators, especially for the lower harmonics.

8. INTRA-BEAM SCATTERING [47,77,86-S8]

Intra-beam scattering deals with all those collisions which were ignored in deriving the
Touschek effect. The many small angle collisions lead to a re-distribution of the six-
dimension phase space distribution. In the centre-of-mass frame the transverse momentum
spreads are larger than the longitudinal.

cms

The multiple collisions between particles will predominantly transfer momentum from
the transverse plane to the longitudinal. We must, however, consider synchrotron
oscillations. The Touschek effect showed that the transverse collision in the bunch frame
resulted in a re-distribution of momenta. The transferred transverse momentum px is boosted
to ypx- The longitudinal blow-up is compensated by the transverse collapse. The Touschek
event neglected transfer of momentum from the longitudinal plane to the transverse because
of the larger transverse acceptance. Following S0rensen [80] we examine the emittance (at a
symmetry point) prior to the collision of two electrons which have co-ordinates,
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(149)

where the positive sign corresponds to one particle and the negative sign to the other. The
excitation of betatron motion will result after a collision with full transfer of momentum to the
longitudinal plane at a position with dispersion. The new co-ordinates are,

=X± U JPX

(150)

If the original emittance of the particles was

the change in the sum of the emittances for the two particles after the collision is

(152)

Therefore if

(nv\
2

(153)

we have simultaneous longitudinal and transverse growth since the beam can absorb any
amount of energy from the rf system. The full treatment of intrabeam scattering is
mathematically rather complicated since it involves integration over 12 dimensions for two
particles. The recipe for performing the computations will just be given and results quoted
(see also [47]). Computation of the growth rate of the intra-beam effect given by the recipe of
Piwinski [87], is as follows

1) Transformation of the momenta of the two colliding particles to the centre-of-mass
frame.

2) Calculation of the change in momenta due to an elastic collision.
3) Transformation of the momenta back to the laboratory frame.
4) Relate the changes in momenta to changes in emittances.
5) Average over the distribution of scattering angles using the small angle Moller cross-

section
6) Average over the distribution of the particles within a bunch to get the growth time.

The derivation for a weak focusing machine yields the following condition

(154)

o denotes the average around the ring circumference ex and £y the transverse emittances and
H is the longitudinal emittance given by,
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H=t] + — with 77 = — the relative momentum and Q s the synchrotron frequency.
" s P

Below transition lift < ac the sum of the three positive invariants is limited, they only
exchange energy. Above transition there is no equilibrium distribution and the invariants can
grow without bounds until radiation damping counteracts the effect. The growth times for the
longitudinal phase space momentum and bunch distributions are [97],

1
Tp 2c2

p dt

1 1 del
dt

dt

f\-,-,-y^^f(a,b,c)
a a a) ara

(155)

with

A = • (156)

the particle bunch density. The function / is

- 0.577.. \l—^-dx
pq

(157)

and

(158)

(159)

(160)

(161)

From the dependence on energy of factor A we see that the growth time diminishes
rapidly with energy. Intra-beam scattering is only of importance at low energies where the
emittance is low and high particle densities can arise. For light sources above 1.0 GeV its
effect rapidly diminishes with increasing energy. Finally in the presence of radiation
damping an equilibrium will exist since,

• radiation damping becomes stronger with increasing amplitudes
• intra-beam scattering becomes weaker with increasing amplitudes
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• and quantum fluctuations are independent of amplitudes.

Programs such as ZAP [89] are available for the computation of the intra-beam effect
and provide as output the equilibrium emittances. Piwinski [87] treated the problem for a
weak focusing machine, Bjorken and Mtingwa [88] used quantum electrodynamics for a
strong focusing machine. The results, however, are essentially the same. Figure 11 [54]
shows the emittance blow-up due to intra-beam scattering for ELETTRA, at high energies the
emittance increases with the square of the energy and intra-beam effects are negligible. At
1.0 GeV the emittance increase is -33% larger than the theoretical value. The effect is even
more noticeable at lower energies. The ANKA [90] storage ring operates by energy ramping
from 500 MeV to its final energy of 2.5 GeV. At the injection energy the equilibrium
emittance is a factor of 8 times larger than the natural emittance. At the operating energies of
present day light sources intra-beam effects can be ignored. We note, however, that the
scaling of the emittance goes as E2^, therefore large rings operating at low energies will
particularly suffer from intra-beam scattering [91].

1.2 1.4 1.6 1.8
Beam Energy (GeV)

2.0

Fig. 11 Emittance increase due to intra-beam scattering (IBS) in the ELETTRA [54]
storage ring computed by ZAP [89]. The calculation takes into account bunch

lengthening effects as a function of energy.

9. INSTABILITIES [92]

9.1 Introduction

In order to have high brightness we desire to have as high a stored current as possible
(we ignore here power requirements and heating of the vacuum chamber by synchrotron
radiation). In addition, to lessen the effects of Touschek scattering, the beam current is
distributed in many bunches. The bunches are intense and short of the order of a few
millimetres. The electric fields of these bunches act back on themselves via the chamber,
giving rise to collective phenomena. Instabilities arise, growths of betatron or synchrotron
oscillations, which if not damped by radiation damping or Landau damping will lead to
deterioration or loss of the beam. The onset of the instabilities depends on the current. Some
instabilities increase gradually with increasing current whilst others have sharp thresholds.
Instabilities are of two types, transverse and longitudinal, for both single and multibunch
filling of the ring. In this section only some high lights will be given of this topic. Several
texts found in references [4, 93-97] cover the area in depth.

9.2 Wakefields [4,97,98]

The inclusion of forces which originate from the circulating bunch in the equations of
motion will lead to current dependent effects. The electric field of a relativistic electron is
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contracted longitudinally into a disk perpendicular to the direction of motion. For a perfectly
conducting smooth chamber the field is perpendicular to the direction of motion and does not
affect trailing electrons. With finite resistivity the field lags the electron and affects other
electrons, the leading electron loses energy. The trailing electric field is termed a wake field.
Discontinuities along the vacuum chamber are also "good" sources for the production of wake
fields and act by "scraping" away electric field lines. Bunch lengths are of the order of some
millimetres and small discontinuities along the chamber act like cavities, where the electron
bunch can deposit energy. The trapped fields will have a decay time over which the energy is
dissipated by heating the vacuum chamber. We can distinguish two regimes, broad- and
narrow-band parasitic losses. In the first case the wake field decays quickly, with a time scale
of less than one turn. These fields are produced by small discontinuities:

bellows
vacuum chamber transitions (insertion devices)
vacuum ports
beam position monitors
strip lines
fluorescent screens
flanges
injection elements

The fields affect electrons in the same bunch leading to single-bunch instabilities, i.e.
electrons at the head of the bunch act on the tail.

In the second regime, the narrow-band parasitic losses, wake fields are generated which
remain for a long time in the chamber that act back on the same bunch or another for many
turns. The fields are produced in cavity-like objects and the most notable object of this sort in
a storage ring is a radio frequency cavity. The cavity can be excited by the beam which
deposits energy in the higher order modes (HOM's). The interaction of the beam with these
modes results then in the excitation of multibunch instabilities.

The wake function of a single electron is defined to be the distance-integrated force felt
by a trailing electron. The integration allows an averaging to be performed and absorbs the
details of the environment which is usually the situation for most cases of interest. The forces
depend on the distribution of the electromagnetic fields generated by the leading electron
which in turn depend on the geometry of the vacuum chamber. Writing the fields in terms of
an expansion in multipole components allows the integrated force or wake function to be
expressed in terms of these components. Similarly an arbitrary charge distribution will have
multipole components. In the longitudinal plane the lowest order multipole m = 0 or
monopole is usually the most important, whilst in the transverse plane the dipole, m = 1,
component is of greatest interest. We note that a monopole transverse component cannot
exist because of symmetry reasons. These lowest-order multipoles express effects related to
the displacements of the centre of gravity of the charge distribution. The higher-order
multipoles reflect the effect of various charge distributions within the bunch. The wake field
can be used to define an impedance-induced voltage. For an electron distribution in the
centre of the chamber we can write the longitudinal voltage as,

Vn{z') = -jp(z)Wn(z'-z)dz (162)

with p the charge distribution. Using a Fourier transform the integral is deconvoluted to get,

(163)

where /(ft)) is the Fourier transform of the current (cp(z)) and Z(co) is the impedance in
frequency space representing the Fourier transform of the Lorentz force caused by the wake
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field. Strong coupling between the beam and the vacuum chamber occurs if both the beam
signal and chamber impedance have components at the same frequency. The induced voltage
leads to an energy loss via the resistive part of the impedance which is resorted by the rf
cavities.

A transverse impedance also exists arising from wakes generated by electrons which
have transverse displacements in asymmetric or discontinuous chambers. The resistive
transverse impedance can be related to the longitudinal impedance for the lowest modes for a
circular pipe of radius b by

2 £ 3 M (164)
b co

A cavity-like structure can be described by an equivalent parallel resonant circuit [95]
having a quality factor Q. A high Q value implies a chamber object where a wake field will
ring for a long time and the resonant frequencies have a narrow range. Chamber components
such as bellows and small discontinuities can also be described in an equivalent way but with
a small Q value, typically with a value of one. The impedance is a function of frequency and
the spectrum depends on the accelerator. The entire ring impedance may be defined by a
broadband-impedance model which contains contributions from the low-frequency resistive-
wall impedance, a contribution from all low Q chamber components and contributions from
narrowband cavity modes which show up as sharp peaks [4]. At high frequencies the
impedance rolls off at the cut-off frequency of the vacuum chamber at which point the
wakefield propagates freely down the chamber. The cut-off frequency is customarily taken to
be (O=c/b, with b the chamber radius and c the speed of light. Instabilities are directly related
to the impedance and it is of importance to reduce the impedance as much as possible.
Typical longitudinal broadband impedance values for third generation source are around 1Q,
while for second generation sources these can be as high as lOfl. The longitudinal and
transverse impedances account for the beam instabilities in a storage ring which limit the
maximum attainable current or degrade the beam characteristics.

How wake fields (impedances) affect particle motion can be seen by taking a simplistic
picture of describing either transverse or longitudinal motion by harmonic motion and adding
an extra force due to the wake field. For the longitudinal plane we can write the displacement
zn of an electron on the nth turn with respect to the reference particle as [92],

^ a]zn= const- Y^ft«) (165)
dn k=L

where W\\ is the wake field accumulated on one turn and the summation over k accounts for
the wake fields left on all turns previous to the nth. To solve the equation we assume a
solution of the form zn = A exp {-HimOil(oo), express the wake function in terms of a
longitudinal impedance and solve for Q in terms of it. The real part of Q gives a frequency
shift. The imaginary part can give rise to an instability if Im[i2] > 0, with a growth time
1/T= Im[I2]. If Im[£2] < 0 the disturbance is damped. The real part of the impedance gives
the energy loss for an electron bunch interacting with the chamber, which is compensated by
the rf system. The energy lost for a bunch of total charge q is

= q2k((7) (166)

with k the loss factor which depends on the bunch length,

G>>to. (167)
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9.3 Single-bunch instabilities

Single-bunch instabilities arise from the interaction of the bunch with wake fields
which are short, comparable to the bunch length. Broadband impedances will dominate in
this case where the effect of a passing bunch is lost before the arrival of a trailing bunch. The
wake fields generated by the low Q storage ring structures will affect particles within the
same bunch, that is, the leading electrons will interact with the trailing electrons. In certain
cases synchrotron oscillations will then interchange the roles of the electrons giving rise to a
feedback system.

The most notable single-bunch instability occurs in the longitudinal plane namely the
microwave instability or turbulent bunch lengthening. The wake field perturbs the
longitudinal bunch density leading to an increase in the bunch length and energy spread. The
instability is fast and occurs before the head and tail electrons can interchange via
synchrotron oscillations. The bunch current threshold for the instability is,

'threshold ~ '
\bb

IZ|/nlbb is the normalised longitudinal broadband impedance where n is the harmonic number,
ac is the momentum compaction factor, az the bunch length, (oe/E) is the relative energy
spread and R the average ring radius. The instability is self stabilising and growth stops when
the current falls below the threshold and a new equilibrium is reached.

In the case of the transverse fast head-tail instability the leading electrons cause
transverse wake fields which perturb the tail electrons. Synchrotron oscillations exchange the
head and tail electrons and weakens the effect, however, if the wake interaction is intense
enough an instability starts to grow before the completion of a synchrotron period. The
bunch current threshold is,

(169)

the denominator is the average transverse broadband impedance weighted by the betatron
function. The value for the threshold is generally higher than the longitudinal turbulent bunch
lengthening threshold. The fast head tail is the most limiting threshold and requires special
care in keeping the broadband impedance low.

Another instability which is practically current independent is the head-tail instability.
The mechanism is similar to the fast head-tail but involves in addition the betatron tune
dependence with energy. This instability is avoided by operating with a slightly positive
chromaticity (above transition), and is the main reason for having chromaticity correcting
sextupoles in the storage ring. For present day machines single bunch currents in excess of
20 mA can be stored albeit with increased bunch length and energy spread [1, 78, 99].
Because of the single bunch instabilities and Touschek lifetime limitations, to achieve high
currents and brightness (increased flux) many bunches are placed around the circumference.
These multiple bunches, however, give rise to multibunch instabilities.

9.5 Multibunch instabilities

The beam generated wake fields that persist for a long time in the chamber will couple
with the circulating bunches and define a feedback system which may become unstable.
Cavity like objects, especially the rf system, are receptacles for these wake fields via their
higher order modes (HOM's). Interaction of the bunches with the wakefields induces centre-
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of-mass or bunch-density modulations in both longitudinal and transverse phase space.
Instability occurs if the rise time of a coupled-bunch mode exceeds the radiation or Landau
damping time. The longitudinal rise time is generally much faster than the transverse.
Experimental observations show that longitudinal coupled-bunch instabilities rarely cause
beam loss. The longitudinal oscillations grow in amplitude until some other damping
mechanism such as Landau damping limits further growth. The non-linear accelerating field
given by the sinusoidal shape of the rf voltage introduces significant tune variation with
amplitude. This can give rise to de-coherence of a mode with subsequent radiation damping.
For a few strong modes a pick-up would see this as low frequency oscillations characterised
by the radiation damping time. Transverse instabilities will increase the betatron motion
leading to partial or total beam loss, however, it has been observed that in the presence of
longitudinal instabilities transverse excitation is greatly reduced or even absent [85, 100].
With the appearance of multi-bunch instabilities the following detrimental situations can
exist,

Difficulty in accumulating and storing beam.
Sudden partial or total loss of the beam.
Decreased beam lifetime.
Increased bunch length and energy spread and consequent degradation of ID spectra.
Jitter in arrival times of bunches.
Increased transverse jitter.
Increase in effective emittance.
Increased source size from bending magnet radiation.
Fluctuations in the intensity of the light.
Low frequency beam and energy oscillations of the order of damping times.

9.5.1 Longitudinal motion

A single synchronous circulating Gaussian bunch will be seen by a pickup at a fixed
longitudinal position as a series of line signals at the revolution harmonics co0 with an
envelope centred about zero decaying with a width given by the inverse of the rms bunch
length [95]. For a non-synchronous bunch which performs rigid synchrotron oscillations,
side bands appear on either side of the revolution harmonics at a distance cos. The envelope
of these side bands vanishes at low frequencies and peaks at approximately 1/<7T where <rT is
the bunch length. The lower sidebands about a given revolution harmonic correspond to
negative frequencies which have been folded onto the positive frequency side as seen by a
spectrum analyser. If the bunch has internal density oscillations then additional side bands
will be seen around a revolution harmonic at m(Os where m denotes the bunch modulation,
(i.e., m = 2, corresponds to a quadrupolar density modulation).

To compute the effect of narrow-band impedances on the beam, we have to fold the
beam spectrum with that of impedance to compute the induced voltage that eventually is
responsible for energy gain or loss. The impedance sampled by the beam is restricted to a
narrow range in frequency and will overlap with one revolution harmonic and its associated
sidebands. The growth rate of an instability is associated with the difference in the real part
of the impedance sampled at the upper and lower sidebands [95]. Considering a single bunch
interacting with the fundamental cavity mode, leads to the interpretation of the Robinson
instability, which can be cured by detuning the cavity such that the lower side-band sees a
larger impedance (above transition). We can understand this by noting that a bunch with
higher energy will have a lower revolution frequency which interacts with a larger impedance
to lose more energy than a bunch which has less energy and a higher revolution frequency.
This leads to a damping of the oscillation. The beam signal at the revolution frequency also
couples to the impedance, the resistive part leads to an energy loss while the reactive part to a
change in the incoherent synchrotron frequency.

A beam of M bunches will also have signals at the revolution harmonics. For two
bunches performing rigid dipole oscillations about the synchronous phase, they can oscillate
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either in phase or TC out of phase, corresponding to two modes of oscillation. For four
bunches we have four oscillation modes corresponding to phase differences of 0, nil, n, 3nl2.
M bunches will have M modes with phase differences of A<p = 2%nlM, n = 0,1,2,..,M-1.
Observation at a single point in the ring will see frequencies at

- mfs (170)

where n labels the multibunch mode, / 0 is the revolution frequency, fs the synchrotron
frequency, m the bunch oscillation frequency (m = 1, dipole; m = 2, quadrupole) and/? an
integer (-«> to «>). With more than two bunches a given revolution harmonic (other than the rf
harmonics) will have positive and negative side bands corresponding to different coupled-
bunch modes [96].

As mentioned above the imaginary part of the complex frequency shift accounts for the
growth of an instability. The general formula for the shift for mode n is,

11 AitQs{Ele)ntl
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(171)

(172)

where I is the average circulating current. The summation gives the effective impedance
weighted by the beam spectrum. The growth rate for an instability is given by -Im(Ai2||) and
is related to the real part of the impedance. For a single narrow-band impedance tuned at
pMco0, for example a higher-order mode of an rf cavity, and a short bunch we may write [96],

(173)
4xo)s{Ele)

where (Op±= (pM ±n± Qs)(oo. The expression shows that the upper (or positive) sidebands
are destabilising and the lower (negative) sidebands are stabilising. Figure 12 illustrates the
excitation of the possible 432 dipole modes in ELETTRA when the beam interacts with the
cavity higher-order modes without compensation.
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Fig. 12 Longitudinal dipole mode excitation by the cavity HOM's in ELETTRA before
compensation. The figure shows the synchrotron oscillation amplitudes of the interaction

from which an estimate of the effective energy spread may be obtained [101].
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9.5.2 Transverse motion

A situation similar to the longitudinal plane also exists for transverse multibunch
instabilities. The important differences are:

The spectrum of the modes now depends also on the transverse tune.

(174)

where Q is the transverse tune and the other quantities are as before.

• The betatron phase (j> at a fixed point varies as a function of particle energy and will
have a contribution from the chromaticity which relates the tune shift with momentum.

• Mode 0 exists and corresponds to bunch dipole oscillations about the closed orbit. The
line spectrum of mode 0 is centred about the chromatic frequency (ay% = Qo0)o^0Cc) and
for a chromaticity of zero will sample low frequencies. The resistive wall impedance
which dominates at low frequencies is now important and will give rise to noticeable
effects. Since present day synchrotron radiation sources are built to accommodate
increasingly smaller insertion device gaps and the transverse impedance varies as £'3 (b
is the distance of the closed orbit to the chamber surface), this effect has to be carefully
evaluated.

• Positive side bands are now stabilising and negative side bands de-stabilising.

9.6 Cures of multibunch instabilities [102-104]

The cure of multibunch instabilities is one of the more important aspects when
operating a light source. The effects of uncontrolled instabilities will result in unacceptable
performance degradation especially with regard to the quality of light from the higher
harmonics of an insertion device, see Fig. 13.
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Fig. 13 Spectrum of the 5th harmonic of undulator U5.0 on beamline 7 at the ALS when
the beam suffers from multibunch instabilities and when these are corrected by

a longitudinal multibunch feedback system. Figure adapted from ref [70].
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If a coupled-bunch mode is not damped by radiation damping or natural Landau
damping other methods have to be found. Several techniques exist:

• The most straight forward method would be the elimination or reduction of the strength
of those cavity higher-order modes which couple to the beam. This can be done by
adopting [103]:
1) Mono-mode cavities. This cavity has a wide beam-pipe opening allowing the free
propagation of higher-order modes out of the cavity which are damped by ferrite loads.
The geometry, however, leads to a reduction in the strength of the fundamental mode
which therefore necessitates the use of super-conducting technology.
2) Normal conducting cavities with HOM dampers, which can take on the form of
antennas or waveguides. Antennas are used to couple out the power in a HOM and are
useful if there are a few modes to damp. Waveguides orthogonally positioned on the
surface of a cavity allow the propagation of HOM's to loads, however, as in the case for
super-conducting cavities the fundamental is also affected and requires additional
power to provide the desired voltage to the beam.

• If multiple cavities are used they should be arranged so that their modes do not all
coincide.

• If a mode cannot be reduced then its resonant frequency can be shifted away from beam
resonant frequencies either by temperature tuning or through the use of a cavity plunger.
This is feasible for narrow modes compared to the spacing between beam signals. The
method which is adopted at ELETTRA to control multi-bunch instabilities uses
temperature tuning of the cavities [105]. The ELETTRA cavities are surrounded by a
dense number of cooling tubes which guarantee a temperature stabilisation of better
than ±0.05°C. The distribution in frequency space of the higher-order modes of the
cavity is a function of the cavity volume. To avoid a HOM interaction with the beam
spectrum the mode is shifted by heating or cooling the cavity which changes the cavity
volume. This also affects the fundamental mode which is re-installed at the correct
frequency by a mechanical tuning system. The mechanical tuner acts by compressing
the cavity in the longitudinal direction. For each 100 p.m of compression the
fundamental is shifted by 100 kHz. The shifting of the modes can be analytically
computed with an accuracy of better than 1°C. Figure 14 shows the distribution of the
growth rates (above damping) driven by the HOM's in an ELETTRA cavity as a
function of the cavity temperature. We see that there are temperature windows which
are free from HOM excitation at 49 to 53 °C. Additional control may be given by
installing in the cavity a frequency shifter, i.e., a plunger. The placement of a plunger
on the longitudinal mirror plane of" the cavity acts on the fundamental frequency which
as before is re-installed via the mechanical tuner. This also changes the cavity volume
and therefore the position of the HOM's.

• For HOM's which cannot be damped or shifted the growth of a coupled-bunch mode
can be counteracted by increasing the Landau damping. For longitudinal modes a
higher harmonic cavity can be adopted to increase the bunch length (this will also
increase the Touschek lifetime) or run the rf cavities at lower voltage (which also
lengthens the bunch, however, in this case the Touschek lifetime would worsen). For
transverse modes the use of octupole magnets will give tune shifts with amplitude,
although it may be difficult to operate in a low emittance lattice as the beam size is
small necessitating strong magnets which would in turn reduce the dynamic aperture.

• A technique which is adopted at the ESRF [24] is to introduce a bunch to bunch
synchrotron tune spread. This is done by operating the storage ring with a partial filling
(1/3 filled) and operating with a cavity voltage regulation loop which has a long time
constant. In this way the leading bunches in the bunch train successively remove power
from the cavity and the trailing bunches then see differing voltages resulting in a
Landau damping of the centre of mass of the bunches. The technique becomes more
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Fig. 14 Growth rates for longitudinal and transverse coupled bunch modes driven by cavity
higher-order modes as a function of cavity temperature in the ELETTRA storage ring.

(a) Stable operating conditions are obtained by operating in the window 49-53°C (250 mA,
2.0 GeV). (b) At higher current, 400 mA, a broad transverse mode covers this window,

which is shifted away from the operating point by the installation of a frequency shifter (c).
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effective at higher currents, however, it works best on machines with a large
circumference. In a similar manner modulation of the rf voltage can be used.

• Longitudinal and transverse feedback [106-108]: With increasing current it becomes
more difficult to find stable operating windows via mechanical or temperature tuning
since the growth time for an instability is proportional to the current whereas damping
due to radiation is a single particle effect. Storage rings with large circumferences are
also more problematic since the spacing of coupled bunch modes corresponds to the
revolution frequency which is lower for the larger machines, making it more difficult to
find a stable temperature window. The most powerful technique is then to control
multi-bunch instabilities by an active feedback system which damps all modes, both in
the longitudinal and transverse planes. The technique can be realised both in the time
domain (bunch by bunch) or in the frequency domain (mode feedback). In the time
domain each bunch is treated as a single oscillator. The system is made up of a detector
capable of continuously measuring a single bunch, for each bunch a dedicated Digital
Signal Processor (DSP) is used for filtering the signal and computing the kick to be
applied which is phase shifted by 180° and finally a broadband power amplifier and
kicker is required. The set-up requires state-of-art electronics and power amplifiers and
care in construction of the kicker. The ALS [107] has adopted this method to combat
both longitudinal and transverse multi-bunch instabilities successfully and can maintain
a stable beam with 400 mA of stored current. A mode feedback system which works on
selected modes could be envisaged for radio frequency systems utilising temperature
tuning since the number of modes to be damped will be small, however, with
diminishing costs for DSP's and associated electronics the broadband (bunch by bunch)
approach may well be the most promising for future developments.

The full control of both longitudinal and transverse multi-bunch instabilities will result
in a bunch volume which is close to the theoretical value, i.e., dense bunches with no dilution
in either plane. The Touschek lifetime will consequently decrease as has been observed in
various laboratories. This necessitates frequent refills or the adoption of advanced techniques
to increase the Touschek lifetime by increasing both the transverse and longitudinal
momentum acceptance.

10. ION TRAPPING [109,110]

10.1 Introduction

The ionisation of the residual gas molecules in the vacuum chamber, either by direct
electron-molecule interaction or via photo-electron emission will result in the production of
positive ions. These ions may then become trapped in the potential well of the circulating
beam. When trapping occurs two main points are observed: an increase of local gas pressure
and the appearance of an electric field due to the ions. The increase in gas pressure leads to
an increase in elastic scattering off the gas nuclei and beam-gas Bremsstrahlung (inelastic
scattering), which cause beam blow-up, and loss of particles. The presence of the ion space
charge leads to incoherent electron-beam tune shifts, electron-beam rune spreads and coherent
effects given by electron-ion cloud oscillations, which may lead to resonances and particle
loss. The increase in tune spread, however, may be beneficial in combating instabilities via
Landau damping. Ion accumulation will depend on several factors: the number of circulating
electron bunches, the bunch charge, the transverse size of the beam, the circumference of the
storage ring, the mass of the ion and external fields. Trapped ions can be cleared by leaving a
gap in the circulating bunch structure, by adopting clearing techniques such as clearing
electrodes or by avoiding trapping altogether by using positrons rather than electrons. All
second generation synchrotron radiation light sources have reported ion trapping whereas few
third generation sources have clearly seen the effect [111, 112]. The reason for the lack of
trapping is not clear and is most probably associated with the low emittance and the low
coupling of these new machines in addition to strong non-linear ion clearing (see below).
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This has had a beneficial impact on the design of new light sources since a costly positron
option can be avoided.

In addition to the trapping of molecular/atomic ions, there is the possibility of trapping
macro-molecules [113]. Dust particles in the chamber can be slowly ionised by synchrotron
radiation and are then attracted by the beam and destroyed. The passage of a macro molecule
can lead to sudden partial or total beam loss.

10.2 The trapping mechanism

No laboratory vacuum is perfect and gaseous molecules are present even after the most
careful conditioning and treatment of the storage ring vacuum chamber. The molecular
species found will depend on the past history of the chamber and the materials forming it.
Exotic species (hydrocarbons etc..) can be excluded if the chamber has been treated properly.
A chamber made of stainless steel, for example, may have the following gas species,
molecular hydrogen, carbon monoxide and carbon dioxide which are initially contained in the
steel and desorbed into the vacuum, methane which may come from heating filaments of
certain vacuum pumps and molecular nitrogen, oxygen and argon if leaks are present. The
circulating electron bunches will ionise the residual gas species present in the chamber either
by collision or photo-ionisation. The ions formed may then be trapped by the electron beam.
The limit of trapping occurs when the entire beam is effectively neutralised by the ion-cloud
which is formed. The time for this to occur is of the order of seconds. We define the average
neutralisation factor 77 [109] to be,

local ion denisty dj_
^ ~ average electron density ~ de ( I ' 5 )

with

<,.4t = 4dfi. (,76)

where B is the bunching factor, B'1 gives the fraction of the ring circumference covered by
electrons. For a uniformly distributed electron beam with elliptical cross-section the local ion
density can be written as,

ecp 2KOxo
(177)

xoy

With respect to the electron bunches an ion can be consider to be stationary. At each
passage of a bunch an ion will feel a transverse impulsive kick towards the bunch centre and
then will drift freely between bunch traversals. The ions in this way may execute stable
oscillations about the bunch centres. The electron bunches have three dimensional Gaussian
distributions travelling close to the speed of light. As they pass an ion they impart a
transverse kick via the electric field. The ion's position is left unchanged and the given
impulse is,

AT

M(AX= jeE±dt. (178)
0

where AT is the bunch passing time and M/ the mass of the ion. To evaluate this kick we
borrow results from the beam-beam problem [114, 115]. The instantaneous change in the
ion's transverse velocity is found to be
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where N is the total number of stored electrons, n the number of bunches, rp the classical
proton radius, c the speed of light, A the atomic mass of the ion in units of the proton mass,
and ox,y the transverse electron beam dimensions. The function W is the complex error
function. The impulse is a non-linear function of the ion's position with respect to the bunch
centre for distances greater than the bunch rms dimensions.

10.2.1 Linear theory

Most of the theory for ion trapping can be taken directly from the theory of betatron
motion in circular accelerators. Expecting the motion to be linear close to the bunch centre
we expand the complex error function and keep only linear terms,

(180)

The change in ion velocity is now expressed as,

2Nrpc
(181)

The force is linear in the transverse co-ordinates and equivalent to a kick given by an electron
beam with uniform charge density and elliptical cross section. The motion is decoupled in
the two planes and we now consider only one plane. The effect of the bunch on the ion is
simply

Xj = xt

X: = xt + Ax = xt + aXf
(182)

with the indices i, j indicating before and after the passage of the bunch and the kick
parameter a is given as,

2Nrpc

The result of the combination of kicks and drifts, with times
successive electron bunches can be written in matrix form,

n
i.e.,

(183)

t,, between the passage of

(184)

X;-=MX,- (185)
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The electron bunches have been considered as thin focusing lenses. The drift time of ions is
simply, tb = One, with C the ring circumference. The matrix M defines the transport matrix
from one bunch to the next. Floquet's theorem states that the motion is stable if [15],

ITrace(Mx)l< 2 (186)

Evaluating the above in terms of the ion mass allows the definition of a critical mass Ax>c, for
which motion is stable if an ion has a mass greater than this, i.e., if A > AX)C then the ion is
trapped. The critical mass is given as

NCr.

K =

A similar expression exists for the vertical plane. Since we generally have ax > oy then
Ax>c < Ay>c and ions that perform stable oscillations in the horizontal plane may not be stable
in the vertical plane. Flat beams are therefore preferable against the possibility of ion
trapping, in other words weak coupling between horizontal and vertical electron motion. Ay>c
is small and conditions are therefore good for trapping when the transverse beam dimensions
are large, when the beam current is low, when the ion charge state is small and when there is
a large number of circulating electron bunches.

10.2.2 Effects of the ion charge cloud

The ion ladder [47]

As trapping proceeds the drift space between bunches becomes more like a thick
defocusing lens due to the trapped ions. This alters the condition for trapping which now
occurs for ion masses that satisfy,

A>{l-v)AytC. (188)

Initially 77 is zero and the condition for trapping is as before, however, as trapping proceeds
the effective critical mass is reduced. At the same time there is an increase in the transverse
dimensions of the electron bunch due to gas scattering which also decreases Ay>c. These
effects lead to smaller ion masses being trapped, and this continues until the electron beam is
completely neutralised. This process is called the ion ladder.

The tune shift [109]

The ion cloud which is formed is an additional force on the electrons that provides
focusing in both planes. Assuming the ion cloud has the same dimensions as the electron
bunch, the tune shift induced by an additional "quadrupole" of strength k{s) is

(189)

where ft is the betatron function and AQ is given as,
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AQ = H

= 7}IG

The average /3 function has been taken to be CI{2KQ). Values for G can range from 102 to
104 depending on the lattice parameters and can lead to large tune shifts for small
neutralisations. The model, however, overestimates the ion-cloud dimensions and taking into
account non-linearities alleviates the situation.

• Electron bunch - ion cloud oscillations [109,116]

The two beam instabilities arise from the coherent interaction of the accumulated ion
cloud and the electron bunch. In the limit of many symmetrically placed bunches the
transport matrix for a bunch-kick drift sequence is equivalent to an attractive force acting
over the same time-span,

~hai tb\_

and the motion is

«,•=-©?«,., (192)

with ui the ion co-ordinate and,

0,2 = LJL (193)

where Xe (=N/C) is the number of electrons per unit length. The coupled equations of motion
describing the interaction of the ion cloud (having the same transverse dimensions as the
electron bunch) and the electron bunch is,

yi = -Q)f{yi-ye),

the subscripts e and i in the last two differential equations refer to electron and ion bunch
centre-of-mass co-ordinates and,

2 (195)

where coo = 2nfo. Taking the solutions to be
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and

yi = Be"«, (197)

inserting in the differential equations and eliminating A and B gives the following dispersion
relation for co,

(198)

with Vt>e = (0iiel(0o and x = (0lcoo . The roots of this equation determine the stability of
motion. If the roots are complex the motion of the system grows exponentially, until the ions
are lost and the electron beam damps down to its equilibrium value whereupon the process
starts again. Given the non-uniform distribution of ions in the ring, the phenomena may give
rise to beating and low frequency beam oscillations.

10.2.3 Asymmetric bunch filling [117]

We now consider ion motion when there is asymmetric bunch filling of the ring, i.e., a
gap is left in the bunch train. The transport matrix for one complete revolution is required
because of symmetry breaking. The one turn matrix M is given by

M = t»t~n)
(199)

where h is the harmonic number and n the number of bunches. Analytical evaluation of the
trace is difficult, but easily done numerically. The critical mass is no longer applicable but
stable mass bands are now found. The ion ladder is disrupted, since ions that become trapped
in a mass band perturb the beam dimensions, decrease the beam current and introduce space
charge, all of which changes M and hence shifts the mass bands to new patterns. We note
that the ions are not lost because there is more drift space, but because the focusing structure
has imperfections, which in turn introduce resonance behaviour. The ions are overfocused.
Figure 15 shows an example of stable mass bands as a function of gap.
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Fig. 15 Prediction of linear theory for the trapping of ions in the ANKA [90] storage ring
(400 mA, 2.5 GeV, 3% coupling at the position for maximum trapping).

10.2.4 Non-linear electron bunch deflections [118] and ion clearing

The above considerations are valid only for motion close to the bunch centre, but says
nothing about large ion amplitudes about the bunch centre. To do this we need to examine
the motion using the non-linear kick equation (179), which upon numerical integration shows,
as expected that the amplitude and oscillation frequency of motion depend on the co-
ordinates the ion had when it was created. Simulations show that ions which are predicted to
be stable using linear theory may be unstable or stable only close to the bunch centre when
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non-linearities are included. The converse is rarely found. In general, non-linearities lead to
a reduction in the trapping of ions, see Fig. 16.

Sigma Y

m
c

Sigma X

Fig. 16 Survival times in terms of electron bunch train traversals for ion mass 44 created at
different transverse locations in the electron bunch (only one quadrant shown), under the

action of non-linear kicks (400 mA, 3% coupling and a gap of 32 bunches) [90].

There are several methods to clear ions [119-123], the simplest is to leave a gap in the
circulating bunch train. If, however, trapping persists then' static or oscillatory clearing
electric fields may be used which "pull" the ions into the non-linear region whereby the non-
linear electron bunch fields will clear the ion. The oscillation frequency depends on the ion
mass and on the electron beam dimensions at a given point in the ring. The electron beam
itself may be shaken at the ion frequency or frequency modulation is applied to the beam
from high to low frequency, such that the ion locks onto an oscillation driven by the non-
linear force of the electron beam ion interaction. For ions trapped in a bending magnet the
beam may be shaken at the ion cyclotron frequency inside the magnet.

Present day synchrotron radiation facilities use insertion devices as the prime source of
radiation. These devices have magnetic fields which act like magnetic bottles and mirrors in
the vertical direction which may enhance the trapping of ions. Simulations show that an
enhancement of trapping is predicted for ions that are created at positions with longitudinal
magnetic fields [119]. Experimental evidence, however, has so far not shown any clear
indication that ion trapping is enhanced by insertion devices.

In addition to the trapping of ions, there is the possibility that macromolecules or dust
particles may be ionised by stray photons in the chamber [113, 124, 125]. The ionisation
proceeds until the induced charge to mass ratio is sufficient for the macro-particle to
overcome gravity and pass through the beam. This will cause partial or complete loss of the
stored beam. Since the mass of the macro-particle is large the oscillation frequency will be
slow so that the time structure of the beam is not felt, i.e., a gap in the bunch structure is
ineffective. The only solution to this is high cleanliness of the chamber.

Recently a fast ion instability has been proposed [126] whereby ions are produced on a
single turn of the electron bunch train. The theory outlined above is not applicable to this
situation. The instability arises from the continuous production of ions and involves the
interaction of ions created at the head of the bunch train perturbing the trailing electron
bunches before the ion cloud is over focused by a gap in the bunch train. The instability is
fast, growing exponentially with an exponent proportional to the square root of time. The
effect has not been clearly seen but may be important for future machines having high stored
currents in many bunches.
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BEAM STABILITY
L Farvacque
ESRF, Grenoble, FRANCE

Abstract
Small emittances are one of the main target performances of a
Synchrotron Radiation Source. As a consequence the beam stability
must be considered from the design phase as a critical point: effort has
to be put in various domains to avoid any undesired beam motion.
Ways of quantifying the beam stability, sources of instabilities and
correction procedures will be described.

1 . DEFINITIONS

1.1 Emittance growth

A natural way to measure the beam stability is to refer to the equilibrium beam sizes. This
applies of course both in position and angle. In phase space, this immediately suggests the
definition of a macroscopic "emittance growth".

When the centre-of-mass position varies with time, an integral measurement of the
disturbance due to the motion is the emittance value e containing all the instantaneous displaced
emittances. The ratio Ae/£ = i£-e oJ /£o where £Q is the unperturbed emittance is a
measurement of the degradation of performance.

Usual values for beam stability tolerances are for instance of 10% of the beam size. The
equivalent figure of 20% of emittance growth corresponds to either 10% of the size, or 10% of
the divergence, or any intermediate combination of both.

The reference emittance and the macroscopic emittance should be photon emittances.
However these values are usually computed for the electron emittances, which gives pessimistic
results (and very close values for machines far from the diffraction limit).

This definition in terms of emittance growth is independent of the local values of the j3
function. It ensures all along the machine a fair balance between position and angle. This
stability figure will also conserve along a beam line for any drift space or focusing.

The displacement of the centre-of-mass will be measured by its invariant ecm. The
relationship between e^ and Ae/e will be discussed in two cases, depending on the frequency
of the motion compared to the observation time.

1.1.1 Fast motion

If the motion is fast compared to the observation time, the macroscopic emittance is taken
as the statistical combination of the distributions of the beam density and of the centre-of-mass
position. The "centre-of-mass emittance" f̂ m can be expressed in standard Twiss parameters:

7cm = (A^ /2)/ecm

acm = -(AxAx')/e,
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The macroscopic emittance is then the combination of the two distributions:

(Ax ' 2 ) ) - ( a 0 e 0 -

For "natural" motion (induced by random displacements of magnetic elements) this centre-
of-mass emittance will be matched with the electron emittance. In such a case, the macroscopic
emittance becomes e = eo + ecm and the emittance growth is:

For residual motion after closed orbit correction, the emittance e depends on the location
of sensors, on sensor errors, and on the orbit correction algorithm. The expression of the
emittance growth is less simple but the combination of the two emittances is possible.

This definition of emittance growth corresponds to a quadratic combination of beam sizes
and centre-of-mass distribution. In the simple case of matched emittances the usual tolerance of
20% of emittance growth allows:

Axrms = 0.458crx
and

= 0 .458<

This is a favourable case where the beam motion is integrated. In most cases the
observation time is longer than Is, so we shall use this definition for beam motion at
frequencies above 1 Hz. Figure 1 illustrates this definition, the standard deviation of the
displacement is taken as (0.4 x beam size) and the apparent enlargement of the beam size is 8%.

fast motion Ae/e = 16%

0 100 200 ~0 0.5 1

Fig. 1 Emittance growth for "fast motion"

1.1.2 Slow motion

For slow motion, the macroscopic emittance will rather be defined in terms of envelope:
we look for the macroscopic emittance which encloses all displaced unperturbed emittances. If
the beam centre-of-mass is displaced by Ax, Ax' from a reference position, its invariant can be
defined at any point along the machine by:
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ecm = yAx2 + 2aAxAx/+/JAx'2

Alternatively, at a given location, one can define a statistical "emittance" for the centre-of-
mass position. For matched beams, and with the assumption that ecm « £Q, the macroscopic
emittance growth is given by:

Ae/e = 2

For non-matched emittances, a pessimistic assumption consists in considering the
matched centre-of-mass invariant surrounding the real one.

macroscopic emittance e

displaced emittance

nominal emittance

center of mass
emittance
e-e, Ax

With this definition, the tolerance of 20% of emittance growth gives:

Ax<0.\ax and

In this definition the tolerance is much more severe in terms of centre-of-mass
displacements. This definition will be used for motion at frequencies below 1 Hz. Figure 2
illustrates this definition, with the same standard deviation for the beam centre-of-mass
displacement as in the previous section (0.4 x beam size). The beam size is now increased by
40%:

1.2 Amplification factors

When characterising various lattices, a common practice is to refer to amplification
factors. These are ratios between the excitation (quadrupole motion...) and the consequence
(beam motion). Aq being the quadrupole displacement applied on all elements and Ax the beam
displacement at a given observation point, the amplification factor A is:

A =
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slow motion AE/E =
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Fig. 2 Emittance growth for "slow motion"

This is easily expressed for each plane in terms of optical functions at the quadrupole locations:

A =
smny

JflW

The influence of:

— the size of the machine (proportional to the square root of the number of elements)
— the focusing of the machine (proportional to Kl and to -Jf5)
— the tune

immediately appears. However the result depends on the choice of the observation point, and
the performance in terms of beam size and emittance growth does not appear. This criteria is
therefore useful for comparisons between different designs for similar machines.

1.3 Reference point

Beam centre-of-mass displacements have to be measured with respect to a well known
reference. An absolute reference is useless since a rigid motion of the whole site, including the
Storage Ring, beam lines and experiments would have no consequence at all. This implies that
any motion with a wavelength larger that the site diameter will have a negligible impact on the
beam stability. This will be mentioned when dealing with ground settlement or very low
frequency vibrations. But even over limited distances (~ 1 km), it is unrealistic to have a stable
referential in the desired range (1 u,m) and for long periods of time.

A possibility to make things easier is to define one reference per beam line: the position
reference is attached to the source point, the angle reference can be defined as the horizontal
plane at the source point, for vertical motion, and as an arbitrary direction, for horizontal
motion. Stability measurements then rely only on differential position measurements over
distances of about the length of a beam line. Experience shows that even this is at the limit of
feasibility.
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Another possibility is to make use of a large number of beam position sensors. The
reference is taken as the beam position at the initial time To. Later on the deviations of the beam
position reading from the initial position will be filtered (through harmonic analysis or
similar...) to separate the real beam motion from the sensor motion. This reference system (the
"average beam position") is the most stable, however it has no physical representation and
cannot be easily related to the position of individual users.

2 . SOURCES OF INSTABILITY

The major part of the beam instability is induced by the displacement of quadrupoles.
Other effects could come from:

— displacement of other magnetic elements (dipoles or sextupoles): much weaker
effect.

— magnetic field variations in the magnetic elements (fluctuations of power supplies or
geometry modification).

— external magnetic fields.

As soon as some position feedback is operated (slow or fast), the stability of sensors will
also become important. In any case it will affect any possibility of monitoring the beam position
stability.

2.1 Long term

2.1.1 Ground settlement

Ground settlement is responsible for deformations with long wavelengths, and therefore not
extremely detrimental to the beam position stability. On the other hand, large amplitudes may
be reached (± 500 jxm / year for instance). The ESRF example is shown on Fig. 3.

• —* • • * - • -y

: 1mm <—> 0.1mm
C3ECMTP0S1F
GZJECAJtTNEGAW

STORAGE RING TUNNEL
dZ - NOVEMBER 1992

95,9,9(*|6fl|8a|00,0| f?SI pO3|A

Fig. 3 Ground settlement
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2.1.2 Seasonal variations

In addition to the non-reversible ground settlement, one can also observe alternating
ground motion with one period per year. The maximum variation happens in Spring and
Autumn, this is specially visible at the location of slab joints where the amplitude reaches
100 Una.

2 .2 Medium term

2.2.1 Tides

This effect is now well known, but as for ground settlement it concerns mainly very long
wavelengths. It appears on vertical position, and also on the machine perimeter (measured with
a extremely good accuracy by the RF frequency). For both effects, the consequences on beam
stability are usually negligible.

2.2.2 Surrounding activities

Any activity around the Storage Ring modifying the load applied on the ground may
produce a local deformation: construction activities in the Experimental Hall and crane usage are
good examples. The ground reaction to such a change is fast (« 30 s) and the motion is not
fully reversible. Amplitudes are about 5 urn.

2.2.3 Girder deformation

This turns out to be the major component involved in medium-term stability. The ground
motion is transmitted to the magnetic elements and to the sensors through the supporting
elements. In addition, thermal effects will modify the geometry of these supports.

Depending on the material, design, height,... of these supporting elements, the results
may be very different (in terms of amplitudes and time constants). One can distinguish
between:

— Beam intensity related effects: The heat load induced by the Synchrotron Radiation
modifies the thermal equilibrium. These effects may be easily measured and
possibly compensated.

— Other effects: These effects are usually slower, but may reach large amplitudes.
Unless the mechanism is understood (optimistic view...), these are difficult to
compensate.

2.2.4 Sensor motion

Strictly speaking, the motion of a position sensor does not induce any beam instability.
However because of other effects, a beam position correction is permanently necessary, and
consequently the sensor stability becomes crucial. The motion of sensors has two origins:

— Mechanical motion: this is mainly reflecting thermal effects, and it is linked with the
beam intensity, and possibly the filling pattern of the Storage Ring.

— Electrical motion: this includes any kind of drift of the beam position detection,
either correlated with the beam intensity through saturation effects, or not
(sensitivity to the filling pattern, drift of electrical components, ageing,
maintenance...).

When looking at the limit of stability which can be obtained with a permanent orbit
correction, the resolution of the beam position measurements will also play a role. However the
resolution can usually be made much better then the stability itself.

2.2.5 Insertion devices

The field integral of an insertion device may be compensated by different methods. But a
variation of this field integral as a function of the gap will induce a beam displacement on each
gap variation. For synchrotron radiation sources with many simultaneous and independent
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users, this becomes a severe problem. Sometimes, the variations of the second field integral
(position instead of angular displacement) will also be noticeable. This can be compensated by:

— Field adjustment by shimming.
— For "exotic" devices, and if the magnetic environment modifies the performance

resulting from the shimming, local compensation with electro-magnet correctors,
experimentally calibrated.

2.3 Short term

2.3.1 Ground vibrations

In the lower part of the frequency range (0.01 Hz < f < 1 Hz), the vibration is mainly
caused by ocean waves and micro-seismic motion. The corresponding wavelength is then
above 1 km. The coherence of this motion is very good over die surface of the site of the
machine, so that these effects can be neglected: as an example, the ground vibration in the
bandwidth 0.05 to 1 Hz, measured at two points distant by 500 m on the ESRF site is
represented on Fig. 4:

Frequency: 0.05 Hi to t Hz ; CMG-3ESP Vertical, MAR 23, 1993. 15.02.08

60
time - second

blade S M : t a n m n l of ESRFD2
rad Sn» : apmtmM hoi

Fig. 4 Coherence of low frequency vibrations

In the upper part of the range (1 Hz < f < 50 Hz) the vibration is generated by the
circulation of vehicles or trains, operation of heavy machines, wind, rivers,... Vibration in the
range is approximately isotropic. A typical power density spectra is shown on Fig. 5:

The design of mechanical components such as magnet supports has to be made such that
sharp resonances are avoided and the first Eigen frequency is pushed as high as possible.

2.3.2 Fluid induced vibrations

The cooling of the magnets, vacuum chamber and absorbers is a source of vibration in
the upper frequency range. Interaction with the Eigen modes of the magnet supports has to be
avoided by pushing the frequency to high values, using short and flexible connections.

2.3.3 Ripple of power supplies

Ripple coming through the main magnets is limited by the usually strong inductance of
the magnets. However noise may appear through RF cavities, and interaction may occur if the
noise (harmonic of 50 Hz or of the power supply switching frequency) interacts with the
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betatron frequency. Though this has been observed, it is a negligible effect in normal
conditions.

KftnnnM M . NW 01 JM5. tfcW:M, CW-XSP - VHHUI

Fig. 5 Power spectral density measured at the ESRF

3 . REMEDIES

3 .1 Girder design

The design of girders may be optimised to minimise the vibrations, as already mentioned,
but also to reduce the effect of thermal drifts: as shown in Table 1, the amplification factor for
quadrupole displacements depends strongly on the correlation between the magnet
displacements. Uncorrelated displacements give the worse factor, while coupled motion of
opposite quadrupoles (foe. + defoc.) will partially compensate. It is then better to find the best
couplings between the magnet families (obviously doublets or triplets on the same girder).

Table 1
Closed orbit amplification factors

Uncorrelated motion
Girder motion

H
69
30

V
37
14

3.2

(Values computed for the ESRF lattice when applying random
motion to individual quadrupoles or to each end of 2.5m girders.)

Machine realignment

Machine realignment is performed to compensate for the ground settlement. Though the
effects of ground settlement are small, this may be necessary for mechanical reasons.

3 .3 Orbit correction

3.3.1 Steerer resolution

As long as orbit corrections are continuously performed, the steerer currents will change
and the effect of the resolution of the steerer power supplies will spoil the stability. Assuming a
large number of randomly distributed steerers, the centre-of-mass emittance due to the
resolution errors, at any point along the machine, is:

2(2sin7fv)2
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where:
— Ax'rtns is the angular kick corresponding to the rms steerer resolution error,

— ($ is the average j3 value at the location of steerers,

— n is the number of steerers being changed.

The emittance growth is computed ("slow motion" case) as:

Ae/e = 4

3.3-2 Local correction

The orbit stability when using local correction is limited by the stability of the two sensors
defining the local position. The centre-of-mass emittance can be computed easily in the middle
of the two monitors, jq, x^ are the readings on the monitors, Ax is the error on the monitor
position. The distance between the monitors is 21. If we assume a perfect local correction
following exactly the centre of the BPMs, the beam position in the middle of the sensors is:

Ax2

and the centre-of-mass emittance is defined by:

-cm
AS

21

This centre-of-mass emittance has to be transported to the reference point (source point in
the middle of the Insertion Device straight section) and combined with the electron beam
emittance at that point. Two different possibilities are studied: e-BPMs and X-BPMs:

e-BPM: These monitors may be located on each side of the observation point, but then-
distance is limited by the length of the machine straight section:

x2

The middle of the two BPMs is exactly the point where we want to evaluate the stability. The
best matching is reached when the BPMs are at a distance equal to the |3 value. In the general
case (no matching), we will take an upper limit of the emittance growth by using the matched
centre-of-mass emittance surrounding emittance:
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Ax

This is a pessimistic assumption, and depending on the focusing at the observation point, the
emittance growth may never reach that value. However the emittance growth for the "slow
motion" convention is:

Ae/e = position limitation

angle limitation

This shows immediately the limitations of the "local correction" option. The degradation due to
the wrong matching is shown for example on Fig. 6 (phase spaces in |im and (irad). The
centre-of-mass emittance, in solid line, has to be maximised to match the electron beam
emittance and reaches the dashed line value:
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Fig. 6 Local correction matching

X-BPM: these sensors are located downstream the beam line.

source
point

In this case the distance between the sensors can be more favourable, but when transporting the
emittance backwards to the source point, the matching may be worse. The centre-of-mass
emittance at the source point is:
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The surrounding matched emittance can be written as:

and the emittance growth becomes:

Ae/e = 2A*.,
lie.

with

c

201

In spite of the better lever arm, the results may be worse than for e-BPMs, because of the
worse emittance matching. It is in particular extremely bad in low beta sections, where a
position error due to a X-BPM error can be extremely large compared to the very small beam
size at that point. This is demonstrated on

Fig. 7, showing the phase space (in um and |irad) corresponding to four cases of local
correction.
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298

3.3.3 Global correction

The stability when using only global orbit correction is limited by the steerer resolution
and the average stability of all BPMs. The sensitivity to the sensor motions depends on the
correction method. The best flexibility is obtained with the S VD correction algorithm where one
can tune the number of Eigen correction vectors between 0 and the total number of available
steerers. A large number gives better correction possibilities but also a larger sensitivity to
sensor position fluctuations. The best compromise depends of course on the amplitude of the
distortions one has to correct.

This sensitivity to sensor errors can be studied by simulation. A machine with a realistic
set of random errors and random sensor displacements is corrected with n, number of Eigen
vectors, varying from 0 to the maximum number. All special conditions like sensor attachments
to magnets, rigid girder motion... may be taken into account. For each correction, the emittance
growth is averaged over similar points of the lattice. Average values for the high-P straight
section are plotted on Fig. 8. For small n, the stability rapidly improves with increasing n,
since the first vectors are the most efficient. For large n, additional vectors only allow the orbit
to follow more accurately the mispositioned monitors, and the emittance growth increases.
Repeating this on a few error sets gives a good indication of the best compromise, as shown on
Fig. 8.

H High beta Emittance growth

20 40 60 80
V High beta Emittance growth

100

20 40 60
number of Eigen vectors

80 100

Fig. 8 Optimisation of a global correction

3.4 Vibration dampers

Vibration dampers using sandwich structure with visco-elastic material proved very
efficient to reduce the vibration of magnets (APS example): the vibration amplitude may be
reduced by a factor 5 in wide band (4 to 50 Hz) or even 10 on the first Eigen mode. However,

— The damping solution is very specific to each structure.

— It has to be located in a region with large shear strain.

3.5 Fast feedback
The same arguments concerning local and global correction apply for a fast feedback.

However the question of the sensor drift can be avoided to a certain extent by limiting the
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bandwidth of the system: as sensor drifts due to saturation, thermal effects,... are slow, the
feedback system must reject the low frequencies (T < a few minutes).

3.5.1 Local feedback

— is technically easier,

— must reject the low frequencies,

— the matching of the beam motion with the correction error ellipse must be good.

3.5.2 Global feedback

— may be more difficult, depending on the upper frequency limit,

— Same advantages as the global orbit correction.

4 . EXAMPLES

Experimental values for some of these effects are given, in the case of the ESRF Storage
Ring. Some relevant parameters are listed in Table 2:

Table 2
ESRF parameters

Perimeter
Number of BPMs

Number of quadrupoles
Number of steerers

Emittances

Tunes

H V
844.39 m

224
320
96

4 10-9 m
36.44

4 10-11 m
11.39

4.1 Long term (4 weeks)

The main contributions are summarised as follows:

Table 3
Contributions to long-term motion

Effect

Ground settlement
Girder motion

(Ax adjacent girders)
Quadrupole/girder
BPM/quadrupole

BPM replacement

Conditions

peak/4 weeks

peak/4 weeks
peak/4 weeks

2*rms

Horizontal

(urn)
= 0
15

2
1-10
20

Vertical
(Hm)

« 0
20(im
15 \iiad
1
1-10
20
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In the long term the dominant effect is the slow motion of girders. An example of the
differential motion between two adjacent girders versus time is shown on Fig. 9:
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Fig. 9 Differential motion between two girders

Errors plus global or local corrections may be simulated, which gives the following estimations:

Table 4
Simulation of long term emittance growth

Emittance growth
No correction

Local correction
40 vectors

Horizontal
520%
75%
25%

Vertical
2800%
480%
250%

A control can be performed on X-BPMs: with only one sensor, one cannot derive both
position and angle, but the ratio position/beam size gives an order of magnitude of half the
emittance growth. The results measured on X-BPMs show:

— horizontally a peak value of 10% in size to be compared with 25% of emittance
growth

— vertically 150% in size to be compared with 250% in emittance

The orders of magnitude for the errors and corrections look consistent with the simulations.

4.2 Medium term (a day or one beam decay)
The main contributions are summarised in Table 5. In the medium term, the instability is mainly

generated by

— individual quadrupole displacements.

— girder motion linked with intensity.
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Table 5
Contributions to medium term motion

Effect

Girder motion
(Ax adjacent girders)

Quadrupole/girder
BPM/quadrupole

BPM drift
Crane

Conditions

peak/1 day

peak/1 day
2*rms

peak/1 day

Horizontal
(Urn)
1.5

2
1-10
20
-

Vertical
(Mm)

1

1
1-10
20
1.5

The correction is limited by the sensitivity of sensor to beam intensity (mechanically and
electrically). In the medium term, simulations give:

Table 6
Simulation of medium term emittance growth

Emittance growth
No correction

Local correction (high |3)
Best correction (high 3)

Horizontal
60%
30%
10%

Vertical
180%
220%
40%

The control with X-BPM readings is given in Fig. 10 which shows the evolution of the
vertical position over 250 hours, with local correction (150 < t < 280) and with only global
SVD correction (280 < t). With local correction, the drift with beam intensity is clearly visible
and the motion is compatible with the predicted value of 220%. With only global correction, the
fluctuations look slightly smaller than the expected value of 20%.

X-BPM vertical position with/Without local correction

150 200 250 300 350
hours

Fig. 10 X-BPM vertical position

400
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4.3 Short term

Without correction:

Table 7
Contributions to short term motion

Effect

Ground vibration noise
Road traffic

Absorber movement

Conditions

peak

peak

Horizontal
(Hm)

1
2*girder

amplification
35

Vertical
(Hm)
0.5

2*girder
amplification

10

Emittance growths measured on feedback electron BPMs give, using fast motion
quadratic combination:

Table 8
Simulation of short term emittance growth

Emittance growth
No correction

Local correction

Horizontal
5 1(H

7 10-5

Vertical
1.2%

0.4%

Even in the pessimistic case of the "slow motion" combination, the values would be small:

Table 9
Simulation of short term emittance growth

Emittance growth
No correction

Local correction

Horizontal
4.6%
1.7%

Vertical
22%
13%

5 . CONCLUSIONS
— Vibrations should not introduce significant disturbances to the beam stability. In

addition a correction is proven to be efficient. A significant part of vibrations comes
from the facility itself, and the influence of the site is of secondary importance.

— In the medium term, thermal or electronic effects linked with the beam intensity are
dominating. They can be corrected to a satisfactory level by using a global
correction scheme filtering out most of the sensor drifts. However the stability of
sensors is the limiting parameter.

— Slow motion due to girder displacements is by far the more difficult problem. The
reference for measuring such a motion is even doubtful.
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DIAGNOSTICS WITH SYNCHROTRON RADIATION

A. Hofmann,
CERN, Geneva, Switzerland

Abstract
Synchrotron radiation is used mainly to measure the dimensions of an electron
beam. The transverse size is obtained by forming an image of the beam cross
section by means of the emitted synchrotron radiation. The obtained resolution
is limited by diffraction. The angular spread of the particles in the beam can be
obtained by direct observation of the radiation. Here, the natural opening angle
of the emitted light sets a limit to the resolution. Measuring both beam cross
section and angular spread gives the emittance of the beam. In most cases only
one of the two parameters is observed and the other obtained from the known
properties of the particle optics. The longitudinal particle distribution is directly
obtained from the observed time structure of the emitted radiation. In most cases
the observed radiation is emitted in long bending magnets. However, short mag-
nets and undulators are also useful sources for some measurements. For technical
reasons the beam diagnostics is carried out using visible or ultraviolet light. This
part of the spectrum is far below the critical frequency and corresponding ap-
proximations can be applied for the radiation properties. Synchrotron radiation
is an extremely useful tool for diagnostics in electron (or positron) rings. In some
cases it has also served in proton rings using special magnets.

1 INTRODUCTION

There are mainly three types of measurement made with synchrotron radiation:
imaging to measure the beam cross section, direct observation to measure the angular
spread of the particle and observation of the longitudinal structure of the radiation to
obtain the bunch length.

For the most common measurement the radiation emitted tangentially in the bend-
ing magnet is extracted from the vacuum chamber through a window. A lens is then used
to form an image of the source point on a screen. This is illustrated in Fig. 1.

It is also possible to observe the synchrotron radiation directly without using focus-

detector/

Figure 1: Imaging of the beam cross section with synchrotron radiation
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Figure 2: Direct observation of synchrotron radiation
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Figure 3: Observation of the synchrotron radiation time structure to measure bunch
length

ing elements as shown in Fig. 2. In this case one measures the angular distribution of the
particles in the beam. If a horizontal bending magnet serves as source of the radiation
only the vertical angles can be measured. The resolution is limited by the natural opening
angle of the radiation itself.

The bunch length can be measured by observing the time structure of the emit-
ted radiation. Since the light pulse observed from each individual particle is very short
the time distribution of the radiation reflects directly the longitudinal bunch shape as
indicated in Fig. 3. A fast photon detector is needed to measure this distribution.

2 PROPERTIES OF SYNCHROTRON AND UNDULATOR RADIATION

The properties of ordinary synchrotron radiation emitted in long bending magnets
has been treated in an earlier lecture of this school [1] and we will in the following refer to
the derivation carried out there. However, for convenience we summarize here the most
important results.

2.1 Qualitative treatment of the radiation
We start with a qualitative treatment of the synchrotron radiation emitted in long

magnets, in short magnets and in undulators.
We consider an electron moving in the laboratory frame Fon a circular orbit and
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Figure 4: Opening angle of synchrotron radiation caused by the moving source

emitting synchrotron radiation, Fig. 4. In a frame F' which moves at one instant with
the same velocity, v = /3c, as the electron the particle trajectory has the form of a
cycloid with a cusp where the electron undergoes an acceleration in the —a;'direction.
Like any accelerated charge it will emit radiation which is in this frame F' approximately
uniformly distributed. Going now back to the laboratory frame F, by applying a Lorentz
transformation, this radiation will be peaked forward. A photon emitted along the x'-axis
in the moving frame F'will appear at an angle 1/7 in the laboratory frame F. The
typical opening angle of synchrotron radiation is therefore expected to be of the order of
I/7. For ultra-relativistic particles 7 >̂ 1 the radiation is confined to very small angles
around the direction of the electron motion.

Next we try to estimate the typical frequency of the emitted synchrotron radiation
spectrum and consider an electron going through a long magnet where it emits radiation
which reaches an observer P, Fig. 5. We ask ourselves how long the pulse of radiation will
last. Due to the small opening angle this observer will see the light for a rather short time
only. The radiation seen first is emitted at the point A, where the electron trajectory has
an angle of 1/7 with respect to the direction towards the observer, and the last time at
point A' where this angle is —1/7. The length of the radiation pulse seen by the observer
is just the difference in travel time between the electron and the photon in going from
point A to point A'

A , , , _ 2p 2psin(l/7)A t t h W c
For the ultra-relativistic case we consider here, 7 > 1, we can expand the trigonometric
function

(JL\ ?P (J , ±P + 67V 7C V27
2 67V 3

where we used the approximation

The typical frequency is approximately

2?r C73

At p
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This frequency is proportional to 73. A factor 72 comes from the difference in velocity
between electron and photon and another factor of 7 is due to the difference in trajectory
length of the two particles in the magnet.

We consider now the radiation emitted in a short magnet having a length L < 2/3/7.
An observer will receive the radiation emitted during the whole passage of the electron
through this magnet, Fig. 6. The duration of the received pulse is now determined by the
length L of the deflecting magnet. Again, the length of the radiated pulse is given by the
difference in traveling times of the electron and photon through the magnet

A, L L-
sm~ 0 ~
sm 0c c~ (3c ~2c7

2 '

and the typical frequency is
4-7TC72

^sm « — — • (1)

This frequency contains only a factor 72 since the difference in trajectory length is small
if the magnet is sufficiently short.

An interesting source of synchrotron radiation is an undulator. It consists of specially
periodic magnetic fields with period length Xu in which the particles move on a sinusoidal
orbit, Fig. 7. Each of the periods represents a source of radiation. These contributions
emitted towards an observer at an angle 6 will interfere with each other. We get maximum
intensity at a wavelength A for which the contributions from different undulator periods
are in phase. The time difference AT between the arrival of adjacent contributions is

. _ Xu Xucos8 _ \u(l - ficosO)

~~0c c ~ 0c '

For a relativistic particle the angle 6 where radiation of reasonable intensity can be ob-
served is small; 6 « 1/7. We can approximate cos0 « 1 — 02/2.

The frequency for which we get constructive interference is just u = 27r/Ai

Harmonics of this frequency might also be emitted.

3 Radiation emitted by a relativistic charge

3.1 The time scales for emission and observation of the radiation
Synchrotron radiation is emitted by a moving charge and received by a stationary

observer. To describe these processes one uses two time scales: the time f of emission
and the time t of observation. This is shown in Fig. 8 where the charge q moves on a
trajectory R(t') emitting radiation which is received by an observer P, being at a distance
r(f) = |r(t')|, at the later time t

2>
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Figure 5: Spectrum of synchrotron radiation emitted in a long magnet
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Figure 6: Spectrum of synchrotron radiation emitted in a short magnet

£. field at angle 6

\{6)

\ucos9

Figure 7: Spectrum of synchrotron radiation emitted in an undulator



308

P observer

0

Figure 8: Particle trajectory and radiation geometry

The vectors R(t') and rp, pointing from the origin to the charge and the observer re-
spectively, and the vector r(tf), pointing from the charge to the observer, are related
by

R(i') + r(t') = rp.

We differentiate this with respect to the time t' and use the expression for the particle
velocity and the unit vector pointing from the charge to the observer

dR(f)__ _ v{t')
dt' - v - P c > n - r ^ j

to get the time derivative of r(t')

dr 1 d(r2) _ dr _ dr _ dv

From this we obtain the relation between increments of the observation time t and the
emission time t'

dt = (1 - n • (3)dtr.

This relation is important for many aspects of synchrotron radiation and appears in
various expressions. In the forward direction, where n and j3 are nearly parallel, the
observation time interval is in the relativistic case much shorter than the emission time
interval. This compaction in time leads to the very high frequencies observed in syn-
chrotron radiation.

3.2 The fields of a moving, accelerated charge
One starts from the potentials of a moving charge and gets the field from Maxwell's

equation taking the relation between the two time scales into consideration. As a result
we obtain the Lienard-Wiechert equation for the electric and magnetic field of a moving
and accelerated charge [1],

n x [(n - /3) x /3]]

cr ( l — n
/ ret.

In v Fl
B(t) =
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These equations are the basis for calculating the radiation emitted in long and short
magnets as well as in undulators. The index 'ret.' indicates that the expression inside
the bracket has to be evaluated at the time if of emission in order to get the field received
at the time t by the observer. For a general motion of a charge the relation between the
time scales can be very complicated.

The expression for the electric field has two terms. The first one, proportional to
1/r2, does not contain the acceleration and can be reduced to a Coulomb field by a Lorentz
transformation. Therefore, it does not contribute to the radiated power. The second term
is proportional to the acceleration and to 1/r. It will dominate at large distances and is
for this reason often referred to as 'far-field'. We will from now on concentrate on this
far-field and use

ret.

This is fine as long as we use the field to discuss the polarization properties and to
calculated the radiation power. It should however be pointed out that the 'far-field' alone
does not satisfy Maxwell's equations.

3.3 The power radiated by the particle
The power flux of this field is determined by the Poynting vector S

S = —[E x B] = — [E x [n x Ell = — (£ 2n - (n • E)E) .
A*o Hoc nQc V >

For the far field we have (n • E) = 0 and therefore

flQC

It represents the energy passing through a unit area per unit time t of observation. To
get the power P radiated by the particle into a unit solid angle we have to consider the
energy W emitted by the charge per unit time if of emission

^ l - » . « , (5)

where S = |S| is the absolute value of the Poynting vector and Q is the solid angle. To
calculate the power distribution we use a coordinate system (x, y, z) in which the particle
is momentarily at the origin moving in the z—direction and express the three components
with the angles 9 and 0 of the corresponding spherical coordinate system. The unit vector
n pointing from the particle to the observer and the normalized velocity vector /3 are

n = (sin 9 cos <j>, sin 9 sin </>, cos 9) and j3 = (5 (0,0,1).

We take now the case of an acceleration being perpendicular to the velocity and pointing
in the — x direction. This corresponds to synchrotron radiation emitted by an elementary
charge q = e going through a magnetic field By with a curvature
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The normalized acceleration is

62c
0 = £-£(-1,0,0).

The distribution of the power radiated by the particle is

dP_ _ e2 [nx[(n-/3)x/3]]2

(47r)2eoc (1 — n • /3)5

)2-sin20cos20N

(l- /?cos0)5 ; ' w

where we introduced the classical particle radius.

_ e2 _ 2.818 l(T15m for electrons
r° ~ 47re0m0c

2 ~ 1.53510~18m for protons "

Integrating (6) over the solid angle gives the total power radiated by the particle

2rocmoc
2/?474 _ 2rocmoc

274 _ 2r0e
2c3 (m0c

27)2 B2

3p2 3p2 3 (mod2)2

where we approximated for an ultra-relativistic particle. If the orbit is a closed circle we
get the energy Us lost per turn by multiplying the power by the revolution time T = 2-irp/c

Us =
3p 3(m0c2)3

This expression is also valid for a ring having all magnets of the same strength and field-
free straight sections in between.

For the instantaneous angular distribution (6) we assume the ultra-relativistic case
/3 « 1, 7 ;§> 1 for which the radiation is peaked forward confined to a cone of opening
angle 6 ~ 1/7. We use the corresponding approximations and the expression for the total
power PQ to obtain

dP_ _
dQ ~ ° n V (1 + 7202)5 / "

3.4 Fourier transformed radiation field and angular spectral power density
We derived the electric and magnetic radiation fields emitted by a moving charge

g = e as a function of time (4). As we said before, the difficulty to calculate these fields
lies in the fact that the expressions involving the particle motion have to be evaluated at
the earlier time t' which has, in general, a rather complicated relation to the time t of
observation. For this reason it is often easier to calculate directly the Fourier transform
E(cu) of the electric field

E(w) = -4= r
V2TT J-0
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This integration involves the time t since we are interested in the spectrum of the radiation
as seen by the observer. We can however make a formal substitution of the integration
variable tbyt = t' + r{t')/c , dt = (1 - n • 0)dtf and get

We omitted in the above equation the index 'ret' since the integration variable is anyway
the time t' at which the expressions are evaluated. By partial integration we obtained in
[1] the Fourier transformed electric field

which is an easier equation to deal with than (4) giving the field in time domain. However,
we should remember the expression (9) is less accurate than (4).

Based on this Fourier transformed field the angular spectral energy density, i.e. the
energy radiated per unit solid angle and frequency band, has been calculated [1]

(10)

The factor 2 on the right hand side indicates that the spectral energy density is taken
at positive frequencies only, contrary to the field which is taken at positive and negative
frequencies. This is common practice since power can be measured directly but the sign
of the frequency cannot be observed during such measurements. The field, however, is
rarely accessible to direct measurements.

Sometimes one likes to give the power radiated per unit solid angle and frequency
band, called the angular spectral power density. This only makes sense if this power can
be averaged over some interval. In the case of synchrotron radiation emitted on a closed
circular orbit of radius p and revolution frequency U>Q = (3c/p ~ c/p the observer receives
c/2?rpsuch flashes per second from the particle and an average spectral angular power
density

2r2 E(UJ)\2

-^-. (11)

This expression (11) gives the average received power which is also the power radiated
by the particle. For a magnet of finite length Lu, like an undulator, radiation is emitted
during the whole traversal time At' = Lu/c which reaches the observer. The average
power emitted per solid angle during this traversal is

2r2 E(u) 2

(12)

4 Synchrotron radiation

4.1 The synchrotron radiation field
We consider now the radiation emitted by a charge which moves momentarily with

a constant ultra-relativistic speed on a circular trajectory of bending radius p as shown
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radiation

Figure 9: Geometry used to describe the synchrotron radiation

in Fig. 9. This is the case of ordinary synchrotron radiation emitted by a charge q = e in
a bending magnet where the curvature is

1

P

eB eBc

Using the expression (9) one obtains the horizontal and vertical field components

Ex{w) =
ej

4coJ
(13)

where we used the Airy function Ai(z) and its derivative Ai'(z) and introduce the critical
frequency uc

Uc = !%-• <14)

The fact that the expression for the vertical field EV(UJ) has an imaginary factor in
front while this factor is real for the horizontal component indicates that the two fields
are 90° out of phase for a given frequency w. There is therefore some circular polarization
present which vanishes in the median where the polarization is purely horizontal.

The angular spectral angular power distribution is obtained from this field and the
expression (11)

2r2 E(t(u

dtldu
(15)

Here, Po is the total radiated power given by (7). The solid angle element can be approx-
imated by dQ, Rs d(t>dtp due to the small vertical opening angle of the radiation if; <§; 1.

The form of the distribution is determined by the two expressions FCT(w,t/>) and
Fv{v, 4>) which give the contributions of the two linear polarization components. The first
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one, called cr-mode, has the electrical field in the plane of the particle orbit (usually the
horizontal plane) and the second one, called 7r-mode, has the electric field perpendicular
to this plane. The two functions are given by

(16)

As mentioned earlier, diagnostics with synchrotron radiation is carried out mostly
with visible (or close to visible) light. In electron rings this light is at the lower part of
the spectrum u <C coc and we can make some approximation. In this case the argument
of the Airy function or its derivative in (13) is small except if 7 2 ^ 2 becomes very large.
Therefore, we make a small error by replacing (1 + 72V>2) by 7 V 2 inside the argument of
the Airy functions. Using the expression (14) for the critical frequency we get then for
the argument of the Airy functions

With this we get for the electric field (13) and spectral angular distribution (15) at small
frequencies u <C uc

cr
(17)

and

d?P 2r0m0c2

itp [\2c
;/2

2c 2c J
Ai2

2c J (18)

It is interesting to note that these expressions do not depend on 7. At low frequencies the
properties of synchrotron radiation are independent of the particle energy and depend
only on the radius p of curvature. This fact is important for diagnostics applications
which usually uses the lower part of the spectrum. The angular power distribution for
this case is plotted in Fig. 10.

The rms opening angle of synchrotron radiation can be calculated [1] which gives
for the low frequency part of the spectrum w < w c

''rms

\

\

\

1/3

12-M0)
(19)

6 Ai(0) ( c\
12 -Ai'(0) \pu)

1/3 /A\1 /3

= 0.4488 - ,
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Figure 10: Vertical distribution of synchrotron radiation at low frequencies u <C uc

4.2 Undulator radiation
An undulator is a spatially periodic magnetic structure designed to produce quasi-

monochromatic radiation from relativistic particles. We consider here a plane harmonic
undulator with period length Xu, Fig. 11. It has in the median plane (y = 0) a magnetic
field of the form

B(z) = By(z) = B0cos(kuz)

with ku = 2TT/AW. If the field is not too strong the trajectory of a particle going along the
axis is of the form

x(z) = acos(kuz) , a =

and
dx eB0__K_

7 '
Here, we introduced the undulator parameter

which gives the ratio between the maximum deflecting angle Vo and the natural opening
angle of the radiation 1/7. For the case K < 1 the emitted light is deflected by angle
ipo smaller than the natural opening angle. An observer will receive a weakly modulated
field which is quasi-monochromatic. However, for K > 1 the deflection is larger than the
natural opening angle and the observer will receive strongly modulated light containing
harmonics of the basic modulation frequency.

The Fourier transformed electric field of the undulator radiation has been derived
[1] to be

sin

were we assume that the undulator has many periods Nu

quency

u>i = kuc-—

1 and introduced the fre-
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observer

Figure 11: Geometry of undulator radiation

The angular spectral power distribution of a weak undulator is obtained from the
above field

^ N(Au),

where Pu is the total radiated power and the two function FU(r and Fua determine the
contributions of the two polarization modes

The function /N(AUJ) gives the spectral distribution at a given angle 9 which depends on
the number Nu of undulator periods

fN(Auj) = —- with Au =

This function is normalized and approaches the Dirac delta function for a large number
Nu of periods

/ •CO

/ fN(Au)dui = 1 , /N
J — oo

for Nu -+ oo.

In this latter case the radiation is monochromatic at each observation angle 6 with the
frequency u\.

We consider now a magnet which is sufficiently short and weak that the deflection
it produces for the beam stays within an angle smaller than I/7. We assume that the
particle trajectory lies in the x, z-plane and follows closely the 2-axis and give the magnetic
field in the form

By = By{Z).

Within this approximation and using the geometry shown in Fig. 11 the particle trajectory
is determined by

1 eBc 1 d2x 0
p moc27 c2 df2 c'
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It can be regarded as a weak undulator with a generalized field By(z) having a Fourier
transform

B(ksm) = 4

The radiation observed at frequency UJ and angle 0 is determined by the Fourier component
( ) of the magnetic field. We get for the radiation in frequency domain [1]

y(ksm) (21)

2 r o 7 [1 - 7
2fl2 cos(2<ft), 7

2fl2 sin(20)] 5
rp ( l + 7

2 0 2 ) 2 * { 2c7
2 WJ

and the angular spectral energy distribution is obtained from the relation

dW2 ^

giving

d?W 2r-0ce2(m0c2
7)2 [(1 -

7r(moc
2)3 (1 + 7

202)4 (22)

This expression gives the radiation from a general magnet provided that the deflection is
weak and nowhere exceeds an angle of 1/7.

A special case of a short magnet is an undulator having a harmonic field which is
modulated by a Lorentz function

, . cos(kuz) Korrtocku cos(kuz)
D\Z) = DQ —iz/zo)2 e

For the case of many periods Nu within its characteristic length 2zo the total energy
radiated by an electron is

W _
6moc

2

We treat this undulator as a short magnet and filter out the frequency component
from the radiation

u = u/10 = &uc27
2

which is given by the spacial Fourier component at

1 1

k

Using (21) we get for the radiation field

'., UJe [26)
rpec
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where we are left with the horizontal polarization mode only. From (10) we obtain emitted
angular spectral energy distribution

~ u

The radiation from this Lorentz modulated undulator, filtered at u\o, has a Gaussian
angular energy distribution with rms values for the polar angle 9 and the two Cartesian
angles x' and y'

0 — r> —,/
"rms /<->_ Ar ' ""rms arms n .

5 Imaging with SR — Qualitative treatment

5.1 Diffraction of radiation emitted in long magnets
We use synchrotron radiation from a long magnet to form an image of the beam cross

section with an arrangement shown in Fig. 12. For simplicity a single lens is considered
to form a 1:1 image. This is no restriction since we could also use a magnification and
project the image back to the beam to get the resolution in terms of beam size. Since
the vertical opening angle of the radiation a^ is small, only the central part of the lens
is illuminated. The situation is therefore similar to optical imaging with a limited lens
aperture. This case is known to lead to a limitation of the resolution by diffraction [2]

(25)
" 2D/R'

where d is the half size of an image from a point source and D is the full lens aperture.
For synchrotron radiation observed at the low frequency part of the spectrum we found
for the horizontal polarization an rms opening angle (19) which is

for the cr-mode. Relating this to (25) we take D « Aa^R since the lens represents the full
aperture which we approximate with ±2^>CT_rms to get

We find that the resolution improves with shorter wavelength and with smaller radius
of curvature. Due to the latter dependence synchrotron radiation monitors have a poor
resolution in large machines as indicated in the examples shown in Table 1. A wavelength
as short as possible can help to improve the resolution. Special magnets with strong
curvature could help to improve the resolution but the weak dependence on p makes this
approach not very attractive.

Diffraction represents often a serious limitation of the resolution for large machines.
It is caused by the small opening angle of synchrotron radiation. Sometimes the question
arises if a large angular spread of the particles in the beam helps the resolution since a
larger part of the lens is now illuminated. This is not the case since the diffraction results
in a finite size image of each particle. The radiation originating from different particles
has no phase relation and does not produce the corresponding diffraction pattern.
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Figure 12: Imaging the beam cross section with synchrotron radiation

machine

EPA (CERN)
LEP(CERN)

P
m

1.43
3096

A
nm
400
400

m rad
2.7
0.21

d
mm

0.018
0.24

Table 1: Resolution for imaging with synchrotron radiation in different machines

5.2 Depth of field effect for the radiation emitted in long magnets
We consider now the effect of the depth of field on the resolution of an image of the

beam cross section. The situation is illustrated in Fig. 13. We discussed at the beginning
the length of orbit from which radiation can be received by an observer, Fig. 5. There, we
assumed an opening angle of ±1/7 for the radiation. In forming the image of the beam
we use cr-mode of the low frequency part of the spectrum for which the opening angle is
a'y m 0.41 (A/p)1/<3. The part of the orbit from which radiation of wavelength A can reach
the observer has therefore a length of about ±2a'^p. We consider now three points A, B
and C along this orbit where B is located at the nominal distance R = 2f from the lens
having a focal length / and the other points deviate by ±2a'7p from it. For a 1:1 image
and assuming a-yp <C R we find that the images A' and C have also about the spacing
±2a'1 from the central image B'. At this central point the radiation from A and B has
an extension

d « o?p = 0.34(A2p)1/3-

It is interesting that the resolution limitation due to the depth of field effect has the same
parameter dependence as the one caused by diffraction.

A B C A' B'

R R

Figure 13: Depth of field effect
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5.3 Diffraction and depth of field effect for undulator radiation
We derived the radiation from a weak undulator in frequency domain 20

- _ 4roci?o73 (1 - 72<?2 oos(2fl, 7
2 0 2 sJn(20)) nNu sin

with

l + 7 2 0 2 '
We filter now the frequency u = u?io to use it for imaging the beam and get for the spectral
function

sin

w

This equation contains the function sin x/x which has a maximum value of unity at x = 0
and is small for large values of x. It has a first zero at x = n which corresponds to the
angle

9zero = WK- (26)

We assume now an undulator with many periods Nu 3> 1 for which the radiation at
UJ = Wio is concentrated within an angle much smaller than 1/7. We can then approximate
in (20 for 1 + 72#2 « 1 and get a radiation field containing only an x-component

—^=
V2nrp

and a angular spectral power distribution

p ,2 3 A^ /sin(72^27riV,)\2

This function is plotted in Fig. 14 together with an exponential approximation.
For the evaluation of the diffraction we would like to use the rms width of this power

distribution. However, the variance of function (sinx/x)2 diverges. This is due to the
unphysical undulator field which is harmonic within ±Lu/2 but vanishes abruptly outside
this range. For the qualitative treatment of the diffraction we relate again to the case of
a lens with diameter D shown in Fig. 12 and approximate D w 20zeroR with the opening
angle (26) of the first zero. Using also the relation A10 = Au/272

A

2D/R ~ 4

Since the resolution is proportional to yfL^ one would like to work with a short undulator.
However, we obtained the above expression with the assumption Nu » 1. A more detailed
calculation is necessary to treat the more general case of an undulator having few periods
or of a short magnet.
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Figure 14: Angular power distribution of undulator radiation at u>io

Figure 15: Fraunhofer diffraction for imaging with undulator radiation at u>i0
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We can also investigate the depth of field effect by replacing the source length
by the undulator length Lu and ay by 9zero in Fig. 13

Lu

Again, diffraction and depth of field effect have the same parameter dependence and are
of similar magnitude.

5.4 Resolution for imaging with short magnet radiation
We treated the radiation from short magnets before and obtained the angular spec-

tral power distribution (22) for a general, but weak field B(z). Without knowing the
details of this field we can estimate the opening angle of the radiation from the length
Lsm of the source. Considering two points, one at the beginning and one at the end of
the short magnet, emitting radiation with the wavelength A for which we get positive
interference in the forward direction

L
A =

27
2"

We look now for the angle 9 for which we get destructive interference

The radiation emitted at wavelength A has a first minimum at the above angle. Of course
this is a rough estimate since we should also take the radiation emitted in between the
end point of the magnet into account. Using this angle a'^ = l/(\/27) we get for the
resolution

2D/R 2
Using this very general argument we find a similar resolution to the one obtained for an
undulator.

6 Imaging with SR — Fraunhofer approximation

6.1 Fraunhofer diffraction
We treat now the diffraction in a more quantitative way and consider an image

formed with synchrotron radiation as illustrated in Fig. 16. We form a 1:1 image with
a single lens at a distance R from the source. The emitted Fourier transformed field
components have a horizontal and vertical angular distribution of the form

Es = Ex{x^,j^) , Ey = Ey(x'y,y'J.
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Figure 16: Diffraction in imaging with synchrotron radiation

At the lens this is converted into a spacial distribution

Ex{x,y) = Ex(Rx'vRy'1) , Ev{x,y) = Ex(Rx'vRy'J.

The point source in the figure is imaged on to the image point at a distance R from the
lens. In this case all rays between source and image points have the same optical length.
The dashed circular arc with radius R around the image point, shown in the figure,
represents therefore a cut through an equi-phase surface. Using Huygens's principle we
consider each point on this surface as a source of a radiation field of strength proportional
to (Ex(x, y), Ey(x, y)). We restrict ourselves to a scalar field E which can stand for either
the horizontal or vertical two field components. From this secondary source point (x, y, z)
this field propagates towards the image plane (X, Y) in the form of a wave

6E{X,Y) K (29)

where k = 2TT/A is the wave number of the radiation and r the distance between the
secondary source and the observation point in the image plane

r2 = (R- z)2 + (x - X)2 + (y -Y)2.

On the equi-phase surface we have (R — z)2 — R2 — (x2 + y2) which gives

The small opening angle of synchrotron radiation and the limited extension of the image
permit to use an approximation and we neglect from now on higher order terms in (X/R)
and {Y/R).

We get the field in the image plane by integrating the contribution (29) from each
surface element of the secondary source

E(X,Y) oc e-*** f°°
J—oo J—

H
We omit the oscillatory term as well as fixed phase term exp (ikR) which are both of no
interest and replace the coordinates (x, y) at the lens by the angles (x1, y') at which the
radiation is emitted

E{X,Y) oc r r E(x,y)e-i^kx+y'k^dx'dyl.
J— 00 J—OO

(30)



323

This integral represents a Fourier transform. In other words, the field distribution E(X, Y)
in the image plane is just proportional to the two dimensional Fourier transform of the
field distribution at the lens, or of the angular distribution of the emitted radiation

E(kX,kY)<xFE(xf,y').

Instead of the source angles x' and y' we can use a spherical coordinate system
(R, <f>, 6) having the origin at the source and the relations

x = i?sin#cos0 w R9cos<f>; , y = RsmOsincj) « ROsmcj).

We also express the image coordinates X, Y by polar coordinates (1Z§) with the relations

and get

E(n, $) oc r f* E{8,0)e
J-ooJo

In some cases the emitted radiation is independent of the azimuthal angle (j> which
leads also to the same symmetry for the diffraction pattern at the image plane. The
integration over (p becomes

E(H) oc / ° ° \^ E{6)e-ik&Rcos{<l>-ii!)6ded(j) = 2TT f° E(9)J0(k1l8)6de (31)
J—oo J0 JO

where we used the integral representation of the Bessel function

7T 70

In all these calculations of the diffraction we assumed a point source located at the
distance R from the lens. This is an approximation for the case of synchrotron radiation.
In the treatment of the depth of field we said that the length of the source is ±2<j^p
and used for the rms opening angle o^ « 0.41 (A/p). If we take the finite longitudinal
extension of the source into account the sphere of radius R around the image center
is no longer an equi-phase surface. The calculation becomes more complicated and the
exponent in the integral (30) will contain quadratic terms of coordinates x and y at the
lens. This leads to the case of Fresnel diffraction which will not be treated here but it
can be found in more profound treatments [3, 4]. Since we found before that the depth
of field effect is of the same order as the diffraction we expect the improved treatment
to make a sizable correction. However, we will in the following still use the Fraunhofer
diffraction to illustrate some of the underlying physics.

6.2 Diffraction of synchrotron radiation emitted in long magnets
We use here synchrotron radiation from a long magnet to image the cross section

of the beam. The radiation depends only on the vertical emission angle y' which we
called y' = ip before. The Fourier transformed electric field in the approximation of small
frequencies u <§; u>c is
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The corresponding power distribution is proportional to the square of this field and is
plotted in Fig. 17. To get the image given by Fraunhofer diffraction we have to use the
expression (30). The field distribution in the horizontal direction is uniform by nature
and will be terminated by some aperture limitation due to a slit or lens size. Since this
aperture will determine the horizontal diffraction one does not want to make it too small.
On the other hand, by making it too large we will increase the depth of field effect. As
a compromise one makes the horizontal angular acceptance comparable to the natural
vertical distribution. Considering that the horizontal limitation has a sharp edge a value
of the order \x'\ < 2a'^ is a reasonable compromise. We restrict ourselves here to the
vertical resolution and integrate (30) only over the vertical coordinate and get for the
corresponding distribution of the image field

E(y, A) « r :
J—OO

This integration has to be done numerically. The corresponding image power is propor-
tional to |E(Y, A)|2 and is plotted in Fig. 18 for the horizontal and vertical polarization
as well as for the total radiation. The rms values of the image power are

= 0.206(A2p)1/3 , ^y,.(A2p)1/3 , ^totd = 0.279(A2p)1/3. (32)

From the figure it is evident that the image is narrowest for the cr-mode of the radiation.
Using a horizontal polarizing filter will therefore improve the resolution of the image by
about 25%.

6.3 Diffraction for the undulator having a Gaussian angular distribution
We discussed an undulator with a Lorenz modulation having a magnetic field of the

form

giving a radiation field at the frequency wio which has for a large number of periods only
an ^-component (23)

V2irr0mo(?'yK0kuzo _vNu~3gi
= e

rpec
and the emitted angular spectral energy distribution (24)

TT

with the rms opening angle

"rms =z 7i

To calculate the diffraction for the field distribution we make use of its azimuthal
symmetry and use the relation (31)

E{n) a fooe-7rN^2e2j0(kn9)ede = - J -
JO 7TiVu

2 - 2
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Figure 17: Vertical distribution of synchrotron radiation from long magnets

0.0

Figure 18: Fraunhofer diffraction for synchrotron radiation from long magnets
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The integral appearing above can be found in [5]. The energy distribution of the diffraction
pattern has the form

dW

It is also Gaussian with an rms width

2TT 2TT '

7 Direct observation of SR

Instead of forming an image of the beam cross section we can observe the synchrotron
radiation directly and measure its angular distribution. This experiment can determine
the angular spread of the particles in the beam. The resolution is clearly limited by the
natural opening angles of the synchrotron light, as shown in Fig. 19. In order to correct
for this it is advantageous to use quasi-monochromatic light for which the distribution
and the sensitivity of the detector is well known. The angular spread of the particles can
then be obtained by a deconvolution.

The angular spread and the dimension of the particle beam in a ring are related
by an invariant emittance e. It is defined as the rms phase space area divided by TT. At
locations where the beam size has a maximum or minimum the emittance is simply given
by the product of rms beam size and rms angular spread e = aa'. At other locations the
phase space area forms a tilted ellipse and the relation is more complicated and determined
by the local particle beam optics described by the lattice function /3(s), oc(s), 7(s) in the
two planes. At the location of maximal or minimal beam size the ratio between size and
angular spread is simply given by a/a' = /?. A convenient method has been developed [6]
to use the lattice functions at the source to treat the photon beam distribution measured
on a screen at a distance s from the source. If the lattice functions are known at the
source s ~ 0 we can calculate their propagation in a drift space being free of focusing
elements to get the values at a distance s

0(s) = /?(0) - 2ct(0)s + 7(0)s2.

Apart from the finite opening angle we can treat the synchrotron radiation emitted in
the forward direction like particles and describe their propagation by the same lattice
functions. We can therefore define a beta function for the photon beam at the screen
0-y(R) = fi(R). Neglecting the finite opening angle of the radiation the photon beam size
<JR on the screen is determined by the emittance of the electron beam e and the beta
function (3(R)

ae =

To take into account the effect of the rms opening angle <77 of the emitted synchrotron
radiation we just have to deconvolute the picture on the screen with this photon distribu-
tion. In many cases we can approximate all distributions by a Gaussian and obtain the
relation

Of course in an actual measurement there are other contributions to the beam size like
the limited resolution of the radiation detector or the energy spread of the particle beam
in case of a finite dispersion at the source, etc.
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Figure 19: Limitation of the angular spread measurement by the natural opening angle
of synchrotron radiation

The finite opening angle of the radiation limiting the resolution of this direct obser-
vation is smaller for a shorter wavelength. For radiation from long magnets the vertical
rms opening angle of the cr-mode at the lower part of spectrum u> <C a>c is

For a Lorentz modulated undulator with the distribution Gaussian with the rms values

_ 1 , . 1

Because the direct observation does not involve any focusing elements we are free to chose
short wavelength radiation, like x-rays.

8 Emittance measurement
We investigated the radiation emitted by a relativistic charge in long magnets and

in undulators which can be used to form an image of the beam cross section and to get
its dimension a or to obtain the angular spread a' of the particles. Concentrating for
simplicity on locations at which the beam size has a maximum or minimum, the product
of these two quantiles is the emittance which is an invariant around the ring, and their
ratio is given by the beta function which depends on the local focusing properties

2

e = aa= — = a(l, - 7 = /?• (33)

We can determine the emittance using synchrotron radiation by measuring both,
a and &. In the first case diffraction <77 limits the resolution, in the second case it is
the natural opening angle a7 of the radiation. We can define the product of these two
limitations as the effective emittance of the photon beam e7 = cr7cr7 which represents
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Source

Long magnet (y)

Lorentz undulator (x, y)

0.206^^0

A7v^AC/(27r)

<

0.41 tfA/p
l / ( 2 7 v / S F ^

e7

1.06A/4TT

A/47T

Table 2: Fraunhofer diffraction, natural opening angle and emittance of different radiation
sources

some measure of limitation with which the particle beam can be measured. We compare
now in Table 2 two different sources of radiation with respect to their resolution. For
undulators the angular spread can be measured in both planes while the radiation from
long magnets can only give the vertical angles. In all cases we consider only the horizontal
polarization component (a-mode) which gives a better resolution.

The photon beam from the Lorentz modulated undulator has a Gaussian angular
distribution and gives the smallest emittance. It is shown in optics that there is no other
distribution which gives a smaller emittance than the Gaussian. Of course these photon
beam emittances do not represent a hard limit for measuring the particle beam. The
measured data can be corrected for the known size and angular spread of the radiation
leading to a considerably better resolution.

In most cases one does not measure both the beam dimension and the angular spread
of a beam with synchrotron radiation. It is much better to measure either the beam size or
the angular spread and use the relations (33) to find the emittance. To measure the beam
size it is best to chose as source a location of high beta function where the beam size is
large for a given emittance. For direct observation a small beta function is advantageous
since it gives large spread

o- = \fej3

For such measurements involving only one of two parameters the beta function has to be
known to deduce the emittance.

9 Measurement examples

9.1 Introduction
In the following we discuss some beam observations carried out with synchrotron

radiation. Such measurements are done at all electron storage rings and the ones selected
here represent just some typical examples which are also discussed in [7]. In all cases either
the beam size or the angular spread was measured and the emittance was calculated
from the lattice function at the source. In most storage rings these functions are not
too well known locally. Focusing errors produce beta beating around the machine. It
is recommended to provide some measurements of the beta function at the source point.
This could be realized by making a small change of a neighboring quadrupole and measure
the resulting variation of the betatron tune.
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9.2 Imaging with synchrotron radiation in LEP
The electron positron storage ring LEP has operated at an energy of 91.5 GeV per

beam and will be able to reach about 100 GeV once all the RF cavities are installed.
To minimize the power radiated by synchrotron radiation this ring has a large bending
radius in the dipole magnets of p — 3096 m. There are monitors which image the beam
cross section using the synchrotron radiation from these magnets [8]. They consists of
telescopes of the kind shown in Fig. 20 looking at the beam at locations having different
values for the dispersion function. To get a good resolution they can operate with ultra-
violet light of a wavelength A = 200 nm. We expect a vertical resolution limitation by
Fraunhofer diffraction (32) if only the horizontal polarization is used

aY(a) = 0.206(A2p)1/3 = 0.1mm.

A more detailed calculation of the effect of diffraction and depth of field has been carried
out giving a resolution which is about twice as large.

We have to compare this resolution with the actual size of the beam. For physics
experiments LEP is operating either at 46 GeV per beam to produce Z°-particles or at
about 90 GeV to create W+, W-pairs. At the lower energy the horizontal beam emittance
determined by synchrotron radiation in a 90° FODO lattice is Ex « 12 nm rad. At the
higher energy it is larger. The vertical emittance is not well determined since it is due
to coupling and residual dispersion. After careful correction of these effects an emittance
ratio of about 0.5 % can be obtained giving Ey s» 0.06 nm rad. The vertical beta functions
at the synchrotron radiation monitors are 78.6 m and 137.1 m giving rms beam sizes of
ay = 0.07 mm and ay = 0.09 mm respectively. These values are somewhat smaller than
the resolution. However, the instrument can make a correction for the diffraction and
is able to measure beams down to an emittance of about 0.1 nm rad. The horizontal
resolution of the instrument is optimized by limiting the horizontal acceptance. It is
a little larger than the vertical resolution but does not represent a limitation since the
horizontal beam size is large.

The image of the beam cross section is measured with a CCD camera and memorized.
It can now be presented as a horizontal and vertical profile or as a three dimensional plot.
It is also possible get this information for successive revolutions and thereby observe fast
bunch shape oscillation as shown in Fig. 21.

9.3 Imaging an electron beam with an x-ray pin-hole camera
Since the diffraction limited resolution of the image is proportional to A2/3 it can be

improved by going to a shorter wavelength. However, lenses and other optical elements
are not readily available for ultra-violet light or x-rays. It is possible to obtain an image
using x-rays and a simple pin-hole camera. Such a measurement was carried out for the
electron-positron storage ring CEA [9]. The lay-out of this experiment is shown in Fig. 22.
The radiation originates in a bending magnet having p = 26.2 m, reaches at a distance of
8 m a pin-hole of 0.07 mm diameter and is detected 16 m further down stream on a film.
The x-rays had to pass through 1.3 mm of Al and about 6 m of air which cut most of the
radiation with A > 0.1 nm. Taking also the spectral sensitivity of the film into account it
is estimated that radiation with A ~ 0.05 nm contributed mostly to the picture. For this
wavelength and the pin-hole size used the diffraction contributes less than 0.01 mm to the
resolution while the direct effect of the finite pin-hole size gives about 0.07 mm. Taking
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Figure 21: Three dimensional representation of the beam cross section for eight successive
revolutions



331

POINT OF BEAM
OBSERVATION

SYNCHROTRON
MAGNETS SHIELDING

WML

ELECTRON
BEAM PIN HOLE

Figure 22: Measuring the beam cross section with an x-ray pin-hole camera to evaluate
and compensate coupling

also the resolution of the film into account we estimate an overall resolution of about 0.1
mm. The lower part of the figure shows two measured cross sections of the beam. The
left picture indicates some strong coupling which is reduced by powering a quadrupole
which separates the horizontal and vertical tunes as shown by the right side.

9.4 Imaging proton beams in the SPS
The CERN-SPS (Super Proton Synchrotron) is a synchrotron accelerating protons

from a momentum of about 26 to 450 GeV/c. The radius of curvature in the dipole
magnets is p = 741.3 m. This machine has been operated as a storage ring at 315 GeV/c to
make proton-antiproton collisions. For luminosity optimization it is desirable to measure
the beam cross section. This could be done with synchrotron radiation. However, for the
bending magnets the critical wavelength at 315 GeV/c (7 = 336) is

The spectrum lies therefore in the far infra-red where optical elements are not easily
available and which will result in a poor resolution.

It is possible to obtain radiation of higher frequencies from a short magnet. In
section 2 we estimated a typical wavelength emitted by a short magnet of length L (1)

2TTC

CO, 27.2'
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In order to get visible light of A = 600 nm from protons at 315 GeV/c we need a magnet
of length L « 0.135 m which looks reasonable.

The spectrum of the radiation from a short magnet observed at a given angle 6 is
given by the Fourier transform of the magnetic field (22). It is the same for the radiation
coming from a short magnet with field jBsm(s) or from a depression of a dipole field Bo

between two magnets having the form BQ - Bsm(s). This is only true for the short magnet
radiation and obviously not for the one emitted in the long magnets. For the protons in
the SPS a short magnet of length « 0.15 m produces a spectrum which is far above the
one of the radiation coming from the long magnets and can be treated separately.

In the case of the SPS the field variation between two dipole magnets shown in Fig. 23
has been used as source of radiation to image the proton beam [10]. The spectrum has
been calculated with the equation (22) and is plotted in Fig. 24 for the radiation emitted
at two proton energies. The figure on the left shows the spectrum observed on axis 8 = 0.
It shows sharp maxima and minima created by constructive and destructive interference
between the radiation originating from the two magnet edges. On the right side of Fig. 24
this radiation is integrated over all angles (solid line) which results in a smoother curve
because the interference frequencies depend on the observation angle 6. The dashed curves
give the radiation integrated over the angular acceptance of the detector. The radiation
coming from the long magnets is also shown in the figure as a 'dot-dash' line. At low
frequencies this radiation will of course dominate. Finally the spectral response of the
photo-multiplier used for detection is shown as a dotted curve. A convolution of this
spectral power within the acceptance and the spectral sensitivity of the photo-multiplier
gives the expected output current of the latter. This is plotted in Fig. 25 together with the
measured date which shows very good agreement. A measurement of the horizontal and
vertical beam profile with this system is shown in Fig. 26. Since the frequency emitted by
the short magnet is proportional to I/72, the emitted spectrum lies in the visible range
only for relatively large proton energies above about 270 GeV. Later an undulator has
been installed [11] which produced more light than the magnet gap and extended the
energy range over which radiation could be observed. Furthermore, a wire scanner was
installed later which can measure the beam size also at injection.

9.5 Measurement of the angular spread with undulator radiation
A direct measurement of the synchrotron radiation distribution gives the angular

spread of the particles in the beam. The resolution is limited by the natural opening angle
of the emitted radiation. Such a measurement has been carried out to measure the beam
in the electron-positron storage ring PEP at SLAC [12]. An undulator has been used as
a radiation source which permits to measure the vertical and horizontal angular spread
in the beam. A wavelength of the emitted radiation is selected by a monochromator and
observed on a screen at a distance L from the source as shown in Fig. 27. The measured
undulator spectrum and photon beam pictures taken at two different selected wavelengths
are shown in Fig. 28. The first picture is within the fundamental peak of the undulator
spectrum (but unfortunately not quite at its maximum). It shows an elliptic distribution
of the radiation around the axis. This distribution was scanned with a pinhole to get a
horizontal and a vertical cut through the distribution with the rms widths ax and ay at
the screen. The second measurement was only taken for comparison. It shows that the
second undulator harmonics has a distribution with vanishing intensity on axis 6 = 0.
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Figure 27: Direct angular distribution measurement of the monochromatized undulator
radiation

Figure 28: Measured undulator spectrum and photon beam picture

To analyze the measurement we have to consider the other effects which influence
the measured photon beam size at the screen. The pinhole used for scanning had the
form of a square of side a = 0.5 mm which corresponds to <Tpinhole = a/\/T2 = 0.144
mm. The energy spread together with the dispersion and its derivative at the source
give a contribution aD = (I>(0) + D'(0)L)aE/E at the screen. For the natural angular
distribution of the photon beam at the fundamental frequency u>io we take the one given
by (28) and plotted in Fig. 14 valid for a weak field undulator as an approximation for our
experiment which uses a somewhat stronger field. We said before that this distribution
has a diverging variance for the opening angle 9. However, in this experiment cuts in the
x and y-direction were made for which we find

Finally the emittance of the beam gives the contribution we want to measure. We showed
in section 7 that we can define a beta function fi(L) for a photon beam on the screen and
get the relation between its size and the emittance e of the electron beam

The measured size a of the photon beam on the screen is therefore composed of the
contributions

a2 = o\ + a%nhole + a2 + a2

from which the emittance can be obtained. Its value in this measurement was about 35%
larger than expected, probably due to the limited accuracy with which the beta function
is known.
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Abstract
In a storage-ring free-electron laser (SRFEL) the circulating current
of a ring forms the driver for the free-electron laser. The storage ring
provides excellent beam parameters and it seems an ideal candidate
for a tuneable laser for the ultra-violet and vacuum ultraviolet spectral
range. At present experiments demonstrate stable operation with good
spectral properties in the UV spectral range, i.e. down to a wavelength
of 240 nm. Construction of such a device is non-trivial, however, and
optimisation of both the laser and the storage ring is necessary. The
SRFEL also has a more complex dynamic behaviour as compared to
linac-driven FEL's since the dynamics of both the laser and the
storage ring are involved. Here follows a discussion of both the design
and the operational aspects of this device.

1. INTRODUCTION

The storage ring free-electron laser (SRFEL) employs the circulating current in a
storage ring to drive the gain of the laser. Figure 1 shows the fundamental layout of such a
device. An undulator is located in a dispersion-free section of the ring. Next, the synchrotron
radiation is captured in a resonator to enable the interaction between the electrons and the
optical field. As a FEL driver, the storage-ring has excellent beam parameters, e.g., a low
energy spread and a low emittance. Because of the typical beam-energy of rings, the laser is
specially suited for operation at short wavelengths (< 700 nm). Difficulties with optics will,
most probably, limit the use to the vacuum ultra-violet (VUV) spectral range.

stocbon bunch

Fig. 1 Schematic layout of the Storage Ring Free Electron Laser (SRFEL). The radiation that
is produced by the circulating electrons in the storage-ring passing through an undulator is
captured between two mirrors. Due to the interaction between the circulating electron
bunches and the stored optical pulse, the characteristic FEL process can take place. The
example sketched is typical for a two-bunch mode of operation, i.e. two bunches in the
storage ring that both interact with one optical pulse in the resonator.

1 Correspondence address: Berliner Elektronenspeicherring Gesellschaft fur Synchiotronstrahlung mbH,
Lentzeallee 100, D-14195 Berlin, Germany
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The first operation of a storage-ring based FEL was demonstrated at a wavelength of
650 ran on ACO in Orsay, France in 1983 [1]. Since then the field has become maturer and
on several rings such as VEPP-3 (Novosibirsk, Russia) [2], UVSOR (Okazaki, Japan) [3] and
Super ACO (Orsay, France) [4] the FEL process has been studied. New challenging projects
are starting, or close to, operation, e.g. at Duke University (Durham, USA) [5] and DELTA
(Dortmund, Germany) [6]. A more complete overview is given in Table 1. Recent
developments also demonstrated the feasibility of the SRFEL as a light source for user
experiments. For example at Super ACO where up to 50% of the FEL beam-time is used to
facilitate user experiments [11]. The SRFEL has the advantage that it is naturally
synchronised with the additional beam lines along the ring. One thus has two synchronised
high-brilliance polarised light sources with tuneable wavelength in the UV or VUV. The
SRFEL forms an ideal tool for pump-probe experiments with a high repetition rate. For
example at Super ACO such experiments are performed with a repetition rate of 8.3 MHz.
Here the FEL either serves as pump or as probe [11].

Table 1

Storage-ring free-electron laser facilities

Project

ACO
DELTA
Duke Univ.
KEK
NIJI-IV
Soleil
Super ACO
TERAS
UVSOR
VEPP-3

Location

France, Orsay
Germany, Dortmund
USA, Durham
Japan, Tsukuba
Japan, Tsukuba
France
France, Orsay
Japan, Tsukuba
Japan, Okazaki
Russia, Novosibirsk

Ref.

[1]
[6]
[5]
[7]
[8]
[9]
[4]
[10]
[3]
[21

Status"

a
c
o
c
0

p
0

a
0

a

E
[GeV]

0.16-0.25
0.5-1.5
1
0.75
0.24
1.5
0.6-0.8
0.24
0.5
0.35-0.5

[nm]

460-650
100-400
25-400
170-220
350
100-350
350-600
598
290-500
240-690

Gain
[%]

0.4

2.3

2.5
>0.1

10.0

Remarks

First SRFEL
Dedicated
Dedicated

Dedicated
Synchrotron
Synchrotron

Nucl. phys.

" a - abandoned, c - construction, o - operational, p - proposed

In the SRFEL the beam in the storage ring serves as a source for the FEL interaction.
Apart from this the SRFEL is not fundamentally different from other types of free-electron
lasers. Hence, all aspects that are of importance for a (linac driven) FEL are similarly
important in the SRFEL. The storage ring has several properties that make it a good choice as
a driver. In a modern ring it is possible to obtain a high current in combination with an
excellent beam quality, for example, a stable beam with a low energy-spread, a small
emittance, and a high peak current. It is important to note that in a storage ring the beam is
recirculated. This gives the storage ring the advantages of 100% duty cycle (the beam runs
continuously for many hours). Because of limitations to the rf power needed, conventional
linacs generally operate with macro pulses with a duty cycle less than one percent. The
recirculation also causes a coupling between the dynamics of the laser and ring. This makes
the storage ring a different and a more complex beam source. Consequently the performance,
characteristics and dynamic behaviour of the SRFEL are different from FEL's using other
types of accelerators. The achievable output-power of the SRFEL is, for example, different
from one driven by a linear accelerator. In the storage ring the recirculation limits the
achievable peak-power. The peak-power of an SRFEL is therefore lower than the peak-power
of a linac driven FEL. Because of its 100 % duty cycle the average power level is much
higher, however. Typical values are depicted in Figs. 2 and 3.
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Fig. 2 Overview of achieved and predicted peak powers for several synchrotron and FEL
light-sources [12]. See Table 1 for references to the SRFEL light-sources.
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Fig. 3 Achieved and predicted average spectral brightness of several synchrotron and FEL
light-sources [13]. See Table 1 for references to the SRFEL light-sources.

The performance of the linac-based and the ring-based FEL's are different by other
factors as well. The laser micropulse length in the linac is typically shorter than that of the
ring system, i.e. down to a sub-pico-second level in a linac versus several tens of pico-seconds
for a ring. It is expected that the achievable peak current and, hence, the laser gain, of a linac-
based system can be much higher. As a result the linac based FEL is a better-suited candidate
for a single-pass mode of operation where spontaneous emission will be amplified to
saturation in a single-pass (SASE - Self-Amplified Spontaneous Emission). This is especially
important for short-wavelength operation where presently no mirror material is available for
resonators, i.e. wavelengths less than 50 nm. In terms of stability and the quality (e.g. spectral
width) of the emitted radiation, it is more advantageous to use a resonator. Due to this and the
fact that the beam can be more stable in a ring, the SRFEL is a better candidate for stable user
source at wavelengths where optics are available. Furthermore, unlike the alternative, the
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SRFEL already has a record of obtained results. An overview is given in Table 2. It is
expected that several of these parameters will be improved soon since two new lasers at Duke
University and at Dortmund University are close to being operational. Both machines have
the novel feature that the storage ring has been specially optimised for FEL operation. Hence,
their performance, in terms of the small-signal gain and the expected output power, are
expected to overshadow the performance of the presently operational SRFEL's.

Table 2

Experimental results obtained

Shortest wavelength:

Rms minimum line-width:
Maximum small-signal gain:
Maximum peak power:
Maximum average power
Maximum duration of CW operation:

AM.
G
P~
P.
T

240
239
3-107

10
60
100
10

nm
nm

%
kW
mW
hours

VEPP-3
UVSOR
VEPP-3
VEPP-3
VEPP-3
Super ACO
Super ACO

The contents of this chapter can be divided into two parts. Sections 2 and 3 describe the
process of gain and saturation in the SRFEL while sections 4 and 5 discuss the essential parts
for the design of a storage-ring FEL: the resonator and the optimisation of the ring.
Additionally there are two appendices. The major parts of the experimental examples of laser
operation are obtained from the Super ACO FEL experiment. For reference Appendix A gives
an overview of this machine and some of its diagnostic equipment. Appendix B presents the
details of a gain model that is used in the calculations presented in Sections 2, 4 and 5.

2. THE FEL GAIN

The SRFEL is generally a low-gain device. That is, the laser saturates after the light has
passed many times through the undulator. For such a laser to operate, the gain must initially
exceed the threshold losses. Hence, the single-pass small-signal gain is an important
parameter. Quantitative analyses of the FEL gain are given in Appendix B. It is often useful
to start with a more qualitative description. The Madey theorem [14] states that the single-
pass small-signal FEL gain is proportional to the derivative of the spontaneous emission
spectrum. It thus follows that any modification of the spontaneous emission spectrum of the
undulator can be translated into a change in the small-signal gain. Experimentally this is an
important aspect since it is often easy to measure the spontaneous emission of an undulator.
The spontaneous emission can, therefore, serve as a tool to optimise the FEL gain.

A quantitative prediction of the small-signal gain for a planar undulator shows that in a
storage ring the regular planar undulator is not an optimum choice. More gain can be obtained
through a modification of the undulator into a so-called Optical Klystron (OK). A description
and quantitative analyses of this device is given in Section 2.3.

2.1 The Madey theorem

The physics behind the Madey theorem is best explained in the so-called rest frame of
the electrons, i.e. the coordinate system in which the net forward velocity of the electrons is
zero. This frame is illustrated in Fig. 4. Photons originating from the optical field move from
the left to the right. Virtual undulator photons move in the opposite direction. In the rest
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frame both emission and absorption can be described as Compton scattering. In the case of
emission a virtual undulator photon, moving in backward direction with energy hcou

transforms into a light photon ho)e with forward velocity due to scattering. Here h denotes
Planck's constant divided by 2n. The prime indicates that the frequencies are related to the
rest frame. In case of absorption the opposite process results in the transformation of a light
photon ha>a into a virtual undulator photon hcou. In the laboratory frame, i.e. the frame of the
observer, the corresponding wavelength transforms back into the well-known relation of the
fundamental wavelength of the undulator radiation X:

K

2nmc

where Xu, y, 0 denote the undulator period, the Lorentz factor corresponding to the beam
energy (y « E [MeV]/0.511), and the angle between the forward propagation direction of the
electron beam with respect to the magnetic axis of the undulator, respectively. The magnetic
field-strength of the undulator is transformed into the dimensionless parameter K in which Bm

denotes the peak magnetic field strength on axis.

*">• recoil to«

emission •WWVWWW* -* • 'WWWWW-

ateorpaon V W W W W W * WWWWVW

initial state final state

Fig. 4 Scattering interaction for a single electron in the rest frame. In the figure ho)u, hcoe,
and ho)a denote the virtual undulator photon, the emitted photon and the absorbed photon,
respectively. The prime indicates that all frequencies are in the rest frame.

By the definition of the rest frame the net electron velocity is zero. Hence, the scattering
process always increases the kinetic energy of an electron due to recoil, both in the case of
absorption and emission. Because of energy conservation, the energy contained by a scattered
photon is always less than the energy of the original photon. Hence, ha>u > ha>t in the case of
emission and Tiaia > hcou for absorption. Since the frequency of the virtual undulator photon is
related to the definition of the rest frame, i.e. see Eq. (1), it follows that the energy of the
electron beam must increase in order to emit a photon with the same frequency. Similarly the
electron beam energy must decrease in order to absorb a photon at the central frequency a>s.
Hence, emission and absorption of a photon with energy ha>s require different electron beam
energies. This is illustrated in Fig. 5a. A quantitative value for the shift, Ay, depends on the
magnitude of the electron recoil. The derivative of the spontaneous emission spectrum,
therefore, maps to the gain spectrum, see Fig. 5b. Electrons injected into the PEL slightly
above the resonant energy contribute to net stimulated emission. Electrons injected at a
slightly too low energy give rise to net absorption. In the former case the working of the FEL
is reversed and it operates as an electron accelerator.
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Fig. 5 Emission and absorption spectrum of an electron pass through a two-wave PEL (a)
and the resulting gain spectrum (b).

2.2 The FEL gain for a planar undulator

This text follows the gain calculations made by Dattoli et al. [15]. The peak single-pass
gain for a perfect one-dimensional electron beam, i.e. no energy spread and infinitely small
transverse beam-size, can be found to be

Go = 0 . 2 7 ^ 0 (2)

where g0 is the so-called gain parameter which for a planer undulator and low gain (g0 < 1) is
given by

(3)

where J, IA, and N denote the electron current density, the Alfve'n current (*17 kA), and the
number of undulator periods, respectively. The parameter / /

(4)K2

4 + 2K"

accounts for the gain reduction due to the periodic detuning of the electrons in a planar
undulator (see Ref. [16] p. 73), where Jo and Jt are Bessel functions of the first kind.

The transverse overlap of the electron beam and the EM wave is usually taken into
account by multiplication of the gain parameter with a heuristic filling factor, for a narrow
electron beam defined as the ratio of the transverse cross section of the electron beam and the
EM wave. Under the assumption of a diffraction-limited Gaussian beam, the average
transverse cross section of the EM wave along the undulator is proportional to the undulator
length Nkm, and the wavelength X, see Section 4.1. For an optimum overlap the filling factor,
F, is found to be [17]

1 V

7 (5)

where the transverse cross section of the electron beam, averaged along the undulator, is
denoted as St. Substitution of the Eqs.(5), (3) and (1) into Eq. (2) leads to
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Go = 3.76- 10"3iV2/(A) i / 7 (6)
r

where / also substituted the beam current, / = TLt. It should be realised that this gain formula
is only valid for 'ideal', continuous electron beams, i.e. for continuous-wave (cw) beams with
negligible energy spread and emittance. This assumption is certainly not correct for a realistic
beam and Go needs to be corrected.

First, the influence of the finite beam emittance is discussed, i.e. the influence of the
finite beam radius and divergence. Due to the fact that the magnetic field has a sinusoidal z-
dependence on the axis of the undulator, off-axis electrons experience a slightly different field
(because V B = 0), and thus also a slightly different K that leads to a different wavelength
than is given by Eq. (1). Also, electrons moving under a small angle 0give rise to a different
wavelength. It can be calculated that this leads to the following emittance-induced
inhomogeneous broadening of the line-width [15]:

where ax and oy denote the standard deviation of the particle distribution in the x- and y-
direction respectively; the wiggle motion takes place in the x-z plane. Further, a^ and ay

denote the standard deviation of the corresponding transverse velocity distributions. The
parameter h denotes the sextupole term of the undulator, i.e. hx = hy = 0 for a helical

undulator and hx»0,hy»2 for a planar undulator. The parameters av and a^. are coupled

through the unnormalized beam emittance ev. In the case of a 100 % coupled cylindrical
beam, i.e. e = ex= ŝ  and ox = ay, it is found that the gain-reduction due to the finite emittance
can be expressed as [15]:

C =•

where p,v expresses the relative broadening of the spontaneous emission spectrum, i.e.
pxy = (Afi>/fi))x>y /(ACD/O>)0. The corrections are valid up to (at least) \iv= 1.

Also important is the influence of a finite energy spread. It follows from Eq. (1) that the
spectrum of spontaneous emission broadens in the case of non-zero electron-beam energy
spread and, the gain is reduced (Madey theorem). A quantitative estimate of the gain-
reduction is found to be [ 15]:

r - 1

'"1 + 1.7/4
f (9)
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where a r denotes the standard deviation associated with the energy distribution. Eq. (9) is
valid for \ie<2. Substitution of Eq. (8) and Eq. (9) into Eq. (2) leads to:

G0 = 3.7610"3 N2ICeCxCy£jJ. (10)
Y

From Eq. (9) it follows that the influence of energy spread, and hence the gain reduction
due to the energy-spread, increases as the number of undulator periods increases. However,
the maximum gain also increases, see Eq. (10). It is thus possible to calculate an optimum
undulator length:

LOp,=
2(ar/y)

(11)

In storage rings the energy spread is generally low and, hence, the optimum undulator length
can be considerable. As a result the optimum undulator length is normally much more than
the length of the straight sections. For example at Super ACO (^=12.9 cm, a/y=0.65xl0'3) it
follows that L<p/= 99 m. The available space in the straight section is less than 4 m, however.
This dilemma can be solved through a modification of the undulator.

2.3 The Optical Klystron
The Optical Klystron is a modified version of the undulator that was originally proposed

to improve the gain of an FEL with a limited straight section length and small energy spread
[18], for example, the SRFEL. The OK consists of a set of two undulators separated by a
dispersive section, see Fig. 6. The first undulator serves as a modulator, i.e. due to the
interaction with the optical field, the electron beam energy is modulated on the scale of the
fundamental wavelength. In the dispersive section, low-energy electrons are retarded with
respect to the high-energy electrons. Hence, the energy-modulation is transformed into a
longitudinal modulation (micro bunching). As a result the coherent radiation and gain in the
second undulator is enhanced. The main advantage of an OK is the gain enhancement for a
given interaction length. The saturated power level is reduced, however.

undulator 1
(modulator)

dispersive section undulator 2
(radiator)

coherent
emission

Fig. 6 Schematic diagram of a transverse optical klystron
Insight into the magnitude of the gain enhancement can be deduced from the

spontaneous-emission power-spectrum of the OK which serves as a delay between the
electrons and the optical wavefront. Consequently the spontaneous emission of both
undulators interfere similarly to the interference between two slits. The total radiated intensity
lOK can be written as [19]:
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IOK=2I0(l + cosS) (12)

where Io denotes the intensity of the spontaneous radiation of a single undulator section. The
phase delay 5 between the entrance of the two undulators has to be separated into two
components: the delay in the first undulator section (slippage = NX) and that in the dispersive
section.

^ (13)

Here \ is the resonant wavelength defined in Eq. (1). The new parameter Nd defines the
number of wavelengths over which the electrons are delayed in the dispersive section, relative
to the optical wavefront. For a standard magnetic dispersive section this can be written as
[20]:

(14)
" 2y2A

where B(z) denotes the transverse magnetic field and Ld the length of the dispersive section
respectively. An example of the spontaneous emission spectrum of the optical klystron is
given in Fig. 7. The ideal case is depicted in Fig. 7a, i.e. the spectrum that one can expect
from an ideal electron beam traversing an ideal optical klystron. From the steeper slopes of
the spectrum it follows that the gain is significantly enhanced. Generally the spectrum is
deteriorated, however, and the modulation depth/defined as

t _ mix ~ nrin (15)

mix mm

is reduced, see Fig. 7b. Here the reduction of the modulation depth due to a finite energy
spread is the most important. For a Gaussian distribution it can be derived that [20]:

(16)

The gain for an OK is found to be [21]:

^ ^ fCf (17)

where Go is the homogeneous gain as defined in Eq. (2). The parameter C} is used to
compensate for the transverse overlap between the electron beam and the optical beam. In the
case of a Gaussian transverse electron distribution and a TEM^, resonator mode a good
estimate can be obtained by [20]:

2 2

/ 4 ^ ^ ^ 4 ^ £

where additional to the previous definition, w0 is the waist size of the optical field in the
resonator (see Sec. 3). From Eq. (16) it can be found that the optimum value, i.e. the
maximum gain is obtained when [21]:
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Fig. 7 Spontaneous emission spectrum of an optical klystron: (a) homogeneous spectrum and
(b) deteriorated spectrum due to inhomogeneous effects.

An experimental example of the gain enhancement of an OK is shown in Fig. 8.
Figure 8a is the measured spectrum of the OK used in the Super ACO FEL (solid line). The
corresponding spectrum of mis device used as a regular undulator, i.e. Nd = 0, is depicted as a
dashed line. The gain curve shown in Fig. 8b is obtained using the derivative of the spectrum
shown in Fig. 8a (Madey's theorem). The gain enhancement obtained is clearly visible.

380 400 420
wavelength (nm)

440 380 400 420 440
wavelength (nm)

Fig. 8 The spontaneous emission spectrum (a) and the derived small signal gain (b) measured
with the Super ACO optical klystron SU7 (solid line). The dashed line corresponds to the
spontaneous emission spectrum and gain of an undulator with similar length as the OK, i.e.
2N periods.

3. SATURATION

The saturation mechanism of an SRFEL is fundamentally different from a linac driven
FEL. In a linac-driven FEL the electron beam is dumped after it has passed through the
undulator. In a storage-ring free-electron laser the electron beam is recirculated. Hence, any
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perturbation of the electron beam due to the FEL interaction is coupled back to the laser on
the next pass through the undulator. Initially this effect is small since, in the small signal case,
there is virtually no perturbation of the electron beam. As the optical power grows more
energy is extracted from the electron beam and the energy spread increases. This causes a
decrease in FEL gain for a multiple of reasons. Firstly because of inhomogeneous broadening
of the small-signal gain profile: see Eqs. (9) and (19). Secondly the increase in energy spread
can cause bunch lengthening. In a storage ring the bunch length and the energy spread are
coupled through the so-called momentum-compaction factor [22]:

(20)

which expresses the path lengthening AL of a particle with an energy difference A£, relative
to the reference energy E and the circumference of the storage ring L. The change in bunch
duration c t depends on both a and the angular synchrotron oscillation frequency co, [23]

a (21)

Bunch lengthening automatically translates into a reduction of the peak current and, hence,
the gain. Finally this leads to an equilibrium state where the small-signal gain is reduced to
the cavity losses. The saturation process is schematically depicted in Fig. 9. The left-hand side
(a) shows that the gain drops as the optical power increases. On the right-and side (b) the
evolution of the gain and the energy spread is plotted.

1.0

0.0
0.0 t 0-2 0.4? 0.6 0.8 1.0 0 5 10 15

(<Vrt fa/A <»/yP9 time(au.)

Fig. 9 The saturation process of the SRFEL: as the optical power increases the FEL gain
drops (a) due to a decrease in gain induced by an increased energy spread (b).

The magnitude of the extracted power and the induced energy spread depend on the
design of both the FEL and the storage ring. For example, an optical klystron with a high
value for N+Nd has a higher initial gain but is more sensitive to an increase in energy spread,
see Eq. (19). Hence, with a high value for N+Nd the laser power grows more quickly but
saturates at a lower level. Simultaneously the induced energy spread at saturation is reduced.

An experimental example taken from the UVSOR FEL is depicted in Fig. 10 [24]. It
shows the evolution of the laser power measured simultaneously with the electron bunch
length in the ring. The origin of the horizontal axis corresponds with the moment at which the
laser is switched "on". That is, the electron beam parameters are tuned such that the gain
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exceeds the cavity losses. During the increase of power the electron bunch becomes longer
and the peak current decreases and, hence, the gain decreases. As the gain drops below
threshold the optical power decreases.

2 . 0 . . . . . i . . . . i . . . . i . . . . i . . . . i . . . . i . . . . i . . . . | 2 5 0
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Fig. 10 Evolution of the bunch length and the gain in a Q-switched mode. The bunch length
has been measured with a dual-sweep streak camera. The gain is derived from the bunch
length. The solid line shows the macropulse measured with a photo-diode [24]. The streak
camera is described in Appendix A.

From Fig. 10 it follows that the actual saturation process is much more complicated than
the situation depicted in Fig. 9. For a better understanding both the dynamics of the FEL and
the storage ring need to be considered. Most important here is the damping of induced energy
spread in the storage ring. Generally the power, gain and energy spread do not evolve as
smoothly as depicted in Fig. 9. The following sub-sections discuss a quantitative description
of the steady-sate parameters (Sec. 3.1 and 3.2) and the dynamic properties (Sec. 3.3 to 3.5).

3.1 The Average Output Power

The average output power of the SRFEL was first studied by Renieri [25] who solved
the Fokker-Plank equation for the electron-distribution in the presence of the FEL. He found
that the average output power is limited to a small fraction of the synchrotron power emitted
all around the ring (P^), i.e. the "Renieri limit":

SR (22)

where a r / and ori denote the initial and final energy spread of the beam, respectively. The
total emitted synchrotron power is given by [26]:

P ~ler\
3e0 P

=88.46-103 E [GeV][A]

[m]

(23)

where la is the average beam current and p the effective beam radius of the synchrotron. A
more sophisticated formula, adapted for an optical klystron reads [27]:
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p / iog(G0/r)f
OK ^cn(N + Nd) GJT **

_ mirror transmission losses
total transmission losses (24)

r = total cavity losses

Typically the emitted synchrotron radiation is a few kW for a storage ring with a beam-
energy up to 1 GeV, e.g. 10 kW for Super ACO operating at 800 MeV. The energy
acceptance of a ring, and hence, the maximum possible energy spread, can go up to a few
percent It thus follows that the total emitted FEL power is much lower than the emitted
synchrotron power. For example, at Super ACO the total emitted laser power is of the order
of 100 mW. Note, however, that this radiation is fully coherent. Hence, the brilliance of this
radiation is orders of magnitude higher than synchrotron radiation from an undulator beam-
line, see Fig. 3.

It follows from Eqs. (23) and (24) that more power can be obtained at higher beam
energy and by allowing a larger increase in energy spread. Note however, that there is a
practical limit to both parameters. The energy of the beam can not increase too far without
changing the lasing wavelength, see Eq. (1). For this, either the undulator period, or the
magnetic field strength, must be increased. The former has the disadvantage that for a given
length of the straight section, the number of periods, and hence the gain, is reduced. The latter
cause problems with the mirrors, see Sec. 4.2.

An increase of energy-spread requires a significant increase in the energy acceptance of
a ring:

n me ahy
(25)

where h is the harmonic number (L. (QJ2X C) and Yn is the total voltage over the rf cavities in
the ring. With a too high energy spread, as compared to the energy acceptance of the ring, the
lifetime of the beam will be significantly reduced. An increase in energy acceptance is costly
since ap oc

3.2 The FEL bandwidth
Both the gain bandwidth of the FEL and the eigenmodes of the optical resonator

determine the final bandwidth of the FEL where, normally, the gain bandwidth of the laser
covers many eigenmodes of the cavity. In this, the SRFEL works similarly to any other type
of free-electron laser where the spectrum narrows on successive passes through the undulator.
That is, on each pass through the undulator the spectrum of the light pulse is multiplied with
the gain spectrum of the laser. In contrast to linac driven FEL's there is no macro-pulse and
the process of line-width narrowing can continue over many more round-trips. The line width
of an SRFEL is therefore much smaller. Assuming a stable electron beam the line width can
narrow down to the transform limit. A study by Dattoli and Renieri [25] predict a laser pulse-
width azJi of

(26)



350

for an undulator with N periods, a wavelength X, and an electron bunch length a,. Note that
the laser pulse-duration is much smaller than the electron bunch duration. This is due to the
fact that the optical pulse is also multiplied with the longitudinal gain profile of the laser, i.e.
the longitudinal electron bunch shape. The corresponding relative bandwidth is

In practice the bandwidth is determined by the stability of the beam in the ring, however.
Typical relative bandwidths for an SRFEL are in the order of 10"* to 10s depending on the
way the laser is operated. An example is given in the next section. A smaller line width can be
obtained by adding additional filters inside the resonator, thus artificially narrowing the gain
spectrum. An experiment performed at VEPP3 has demonstrated a relative laser bandwidth of
3-10"7 using an intra-cavity ethalon [28].

3.3 Influencing the FEL output 1: Cavity resynchronisation

From Eq. (23) it follows that the saturated laser power depends on the initial small-
signal gain. An optimum gain requires perfect longitudinal and transverse overlap between
the optical pulse and the electron bunches. The transverse overlap is mainly determined by the
design of the resonator and the machine functions inside the undulator. This will be discussed
further in Sections 4 and 5. The longitudinal overlap can only be maintained when the round-
trip time of the optical pulses in the laser resonator matches the electron-bunch distance.
Hence, the optical cavity length must be matched with the electron bunch distance. Figure 11
depicts this for a storage ring in a two-bunch mode of operation. In that case the resonator
length must be one quarter of the circumference of the storage ring. This is, for example, the
case for the Super ACO FEL. Other FEL's (e.g. the Duke-FEL and the DELTA FEL) operate
in single-bunch mode with a cavity length equal to half the circumference of the ring.

electron bunch
M-

Fig. 11 Longitudinal synchronisation of the FEL: To maintain longitudinal overlap between
the optical pulse and the electron bunches, the length of the optical cavity must be tuned to
match half the electron-bunch distance. Tuning of the synchronisation can either be done by
changing the cavity length or changing the rf frequency of the accelerating field (i.e.
changing the distance between successive electron bunches).

As the cavity length is detuned with respect to the spacing between bunches, the
longitudinal overlap is reduced and, hence, the small-signal gain is reduced as well. While
scanning the synchronisation different (dynamic) behaviour can be observed. An example of
the modified output of the Super ACO FEL is given in Fig. 12 [29]. The figure shows the
major properties that can be observed in the case of saturation. The main curve displays the
average power of the laser. Maximum power is obtained when the cavity length is
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synchronised with the bunch distance. When the system is desynchronised, the saturated
power level drops. This process is similar to other FEL's. Note that the curve shown in Fig 12
is virtually symmetric around its origin. This is caused by the fact that the electron-bunch
length of the Super ACO FEL is long compared to the slippage length. In the case of (much)
shorter electron bunches the curve would become more asymmetric, similar to linac driven
FEL's.

- 3 0 3 6
datur*>8(r,-100MHz)

macro temporal strudura

Fig. 12 Longitudinal detuning curve of the Super ACO FEL [29]. The main curve shows the
average output power as a function of the detuning. The top graphs give a snapshot of both
the electron bunch and the optical pulse at saturation. The bottom curve gives an indication of
the macro-temporal structure of the saturated laser output. See text for details.

The graphs above depict the shape of the optical pulse and the electron bunch. The
shortest optical pulses are obtained for perfect synchronisation. As the synchronisation
changes the optical pulse moves forward or backwards with respect to the electron bunch,
depending on the sign of the resynchronisation. Simultaneously the length of the optical pulse
increases. This is due to the fact that on one side the optical pulse, on successive round-trips,
moves ahead or behind the bunch, will cease to experience gain, and dies out with the ring-
down time of the cavity. On the other side of the optical pulse new light is created in the
amplification process. Note that the pictures shown are not measured but serve as an example
only.

The bottom curve in Fig. 12 shows the macro-temporal structure of the laser. At Super
ACO five distinctive zones can be observed. As the laser operates far from synchronisation
fairly low power, stable laser output is observed (zones ± 2). As the system is tuned closer to
synchronisation a pulsed time-structure is present. In this zone (± 1) a semi-stable competition
takes place between the rise time of the optical power, i.e. the increase in energy spread, and
its damping given by the damping time of the storage ring. In the next sub-section this process
is discussed in more detail. At perfect synchronisation (zone 0) the output power becomes
unstable and large irregular fluctuations (~80 %) of the output power are observed.
Simultaneously the optical pulse starts to jitter with respect to the electron bunch position.
The cause of this jitter is not clear yet but can be counteracted with a feedback system. Note
further that the size and number of zones depend on the maximum achievable gain. The zones
that are indicated in Fig. 12 are typical for the Super ACO FEL running under optimum
conditions. As the available gain drops the central zone becomes smaller or can even
disappear completely. Also at UVSOR, where the gain is lower, the central zone can not be
observed [24].
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The pulsed time structure that was mentioned in the previous sub-section is an intrinsic
effect of the SRFEL and has been explained by Elleaume [31] using a very simple model.
This model is based on Eq. (24), which indicates that small changes in the energy spread can
have a large effect on the saturated power level. This influence has been modelled as

— , —— — i. , i-i — f 3 o (28)

<fr r 0 dt rs
 r

where i is the dimensionless laser power normalised to unity at saturation. The laser rise time
r0 is found to be

ro=r/(Go-r) (29)

where, additional to the previous definitions, T is the roundtrip time of the optical resonator.
z0 can be understood as the rise time of the first laser pulse train once the gain has been set
higher than the losses, z, is the synchrotron damping time. Generally r o . « r, (for example at
ACO: z0« 50 |is and z,» 200 ms). Within this restriction the general solution of Eq. (28) is:

TK=XJ2TST0 (30)

where Eo is the value of E at the beginning of the pulse.
The equations imply that the FEL tends to reach a stable equilibrium state after a series

of damped oscillations of period Ts damped with the synchrotron damping time zt. An
example of a solution of Eq. (30) is given in Fig. 13. It shows that that starting from the laser-
off condition the laser intensity has a pulsed behaviour before reaching a stable level. The
shape of each pulse is approximated by

* - - 2= cosh
i 2r0

Moreover, it can be shown that the equilibrium state is very unstable and resonant with any
perturbation of period close to TR, so that the laser has in practice a pulsed structure. For
example, a noise of 3% affecting the energy spread can account for the randomly pulsed
behaviour.
More accurate modelling can be done with the aid of numerical simulation codes, e.g. for the
Super ACO case depicted in Fig. 12. A numerical model developed by Hara et al. [32] can
make a full prediction of the curves shown in this figure.

3.4 Stabilising the laser: feedback

For use as a light source the central zone is the most interesting since it provides the highest
power levels as well as the narrowest line width. The main drawback is the instability of the
laser power and the temporal jitter. For this reason Billardon et al. [30] have developed a
feedback system capable of stabilising temporal jitter. In the feedback system, a dissector
measures the position of the optical pulse, relative to the positron bunch. When the optical
pulse moves, the position of the bunch is adjusted accordingly through a change in the rf
frequency. With the feedback the laser becomes much more stable. Power level fluctuations,
for example, drop below 5 %. Figures 14 and 15 show the change in temporal jitter, measured
with a streak-camera and a dissector, respectively. In Appendix A, the diagnostic equipment
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is described. Table 3 gives a summary of the output parameters of the laser. Note the
reduction in optical pulse length with the feedback in zone 0.

Fig. 13 Evolution of the optical power of the laser: the rise time of the laser and the damping
of the synchrotron lead to a damped oscillation of the laser power as predicted by Eqs. (28) to
(31).

intensity (a.u.) intensity (a.u.)
•Ao.o

-100 15 2010 15 20 0 5 10
time (ms) time (ms)

Fig. 14 Results of the longitudinal feedback system installed at Super ACO measured with a
double sweep streak-camera: (a) without feedback and (b) with feedback. The fast sweep is
along the vertical axis and the slow sweep along the horizontal axis. The photo's show both
the positron bunch (top) and the laser pulse (bottom). Note the difference in duration between
the positron bunch and the laser pulse.

Table 3

Temporal and spectral features (bandwidth and drift) of the Super ACO FEL operated at
350 nm [33]

Zone

0
0

1,-1
2,-2

a,(ps)

17
20

25-35
35-45

0.3-1.2
0.6-1.5
0.9-1.5

(xia4)

<3
6-9
<3

Macro
structure

Cw
Cw

Pulsed
Cw

Remarks

Feedback
No feedback: Jitter up to 200 ps
Rapid wavelength shifts

__Lowjx)wer
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Fig. 15 Results of the longitudinal feedback system installed at Super ACO [30]. The top
graph shows the jitter of the base of the optical pulse measured with a dissector (in the centre
of the pulse the detector is saturated) without feedback (a) and with feedback (b). The bottom
graph shows the jitter of the optical pulse over two hours with feedback. Without feedback
the jitter exceeds the positron bunch duration of 200 ps.

3.5 Influencing the FEL output 2: Q-switching (gain-switching)

One interesting consequence of the laser instability is the possibility of driving these
oscillations externally, i.e. Q- or gain-switching. By modulating the optical gain with a period
of the order of magnitude of TR it is possible to obtain very regularly spaced and reproducible
pulses, see Fig. 16. The Q-switching of SRFEL's has two great advantages over working with
the natural time structure: (i) the laser is stabilised and (ii) the laser peak power is enhanced
by several orders of magnitude. If Tg is the Q-switching period a maximum is reached at To ~
r0 and the peak power enhancement is about r/4r0. This factor is -103 for the ACO
experiment (and will be about the same on future experiments) although only 102 could be
reached in practice. Remember that the higher the small signal gain g0, the smaller the rise
time T0 and the bigger the peak power enhancement. However, the estimates given above do
not take into account saturation by over bunching in the case of a high-power SRFEL. When
the dimensionless laser field \a\ [35] (\a\ = 4KNmeKLJE\/yzmc2 « 0.1 on ACO, Q-switched
regime, where IEI is the optical field strength) becomes of the order of unity, over-bunching
will occur which will modify the above results. In most cases, use of the Q-switching
technique will drive the peak power up to the over-bunching limit.

I 1 T. n
so 100 150

time (us)
200

Fig. 16 Time record of the ACO laser intensity [34] for (a) "natural" operation and (b) low-
frequency gain switched operation. The trace in (c) shows the switching of the gain through a
change of the longitudinal overlap between the optical pulses and the bunches, i.e. changes of
the rf frequency.
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4. THE RESONATOR

The most commonly used resonator in an FEL is the stable two-mirror normal-
incidence resonator, see Fig. 17, which will be discussed in more detail in Sec. 4.1. Its main
advantages are its straightforward design and the possibility to obtain low loss (less than 1%)
resonators with the aid of multi-coated dielectric mirrors. Furthermore, two-mirror normal-
incidence resonators are also common practice in other laser systems. There are also some
drawbacks to the design, however. For example, in Sec. 4.1 it will be shown that the
tolerances to resonator dimensions become more critical as the resonator length increases
relative to the undulator length. This is specifically an important factor in the SRFEL since
more space is required to include elements for the electron beam optics (e.g., quadrupoles and
dipoles). Furthermore, the cavity length must be adjusted to match half of the bunch spacing
in the storage ring in order to obtain overlap between the optical pulses and the electron
bunches on each passage through the cavity. Other, and more fundamental, drawbacks are
related to the optics required for the resonator. In Sec. 4.2 the two most prominent problems
are discussed, i.e. the occurrence of mirror degradation due to the harmonics present in the
spontaneous undulator radiation and the lack of available high-reflecting optics at shorter
wavelengths. Because of these problems, other (resonator) schemes have been considered of
which a brief overview is given in Sec. 4.3.
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Fig. 17 Schematic diagram of a cavity defined by the mirrors M,, M2 and the cavity length L.
The mirrors have a radius of curvature R, and R2, respectively.

4.1 Standard resonator geometry

In the two-mirror normal-incidence resonator two curved mirrors are used to obtain a
stable periodic focusing system, see Fig. 17. If the transverse dimensions of these mirrors are
large enough and edge diffraction effects can be neglected it can trap the lowest or higher
order Gaussian modes which bounce back and forth between the two mirrors. An overview of
the properties of such systems can be found in the Refs. [36, 37, 17]. Here the most important
aspects for the FEL are summarised.

The resonator of Fig 17, can be characterised by its length L and the radius of curvature
of both mirrors R and R . As discussed in Sec. 2.1 it is important to minimise the average
transverse optical mode area to optimise the small-signal gain of the FEL. For this the so-
called Raleigh length J30 plays an important role, i.e. the distance over which the transverse
mode-area of a TEM mode increases with a factor 2 relative to the minimum mode area in

00

the waist.

-lLf
(32)
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Note that fio plays the same role as the machine functions fi used to describe the electron
beam optics of the ring. The minimum spot size (waist) of the E-field of a TEM,,,, mode can
be found to be:

(33)

with the waist position, relative to the centre of the cavity, given by

Note that for a symmetric cavity (R, = R2) the waist position is in the centre of the cavity
(Zo= 0). The transverse mode area at an arbitrary position is

(35)

To optimise the gain one has to optimise the filling factor, i.e. maximise (E , /S A ) where

the brackets denote the average over the whole undulator. It can be deduced that the optimum
Raleigh length can be approximated by 30«L,/3 [17] leading to the result presented in Sec.
2.2.

Next it is also important that the resonator is stable, i.e. that it can store the optical field
on multiple passages through the resonator. It is customary to describe the stability of a two-
mirror resonator with the so-called stability parameter g [37]:

(36)

where, for a stable resonator, the following condition needs to be fulfilled:

0<g,g2<h (37)

In an EEL the cavity length is generally much longer than the undulator length since
space is required to install additional components for the electron beam such as quadrupolar
lenses and dipoles. This is specifically true for SRFEL's since the cavity length must also
equal half of the spacing between successive electron bunches. The difference between the
undulator length and the cavity length can, therefore, be considerable. For example at Super
ACO the undulator has a total length of 3 m with a resonator length equal to 18 m. For the
Duke FEL project an undulator of 15 m with a cavity length of 50 m is anticipated.

The requirement of /?0 « LJ3 and L » Lu generally leads to a situation where glgz-^l
and, hence, a nearly unstable cavity. The effect of this is illustrated in Fig. 18. As the
resonator length increases with respect to the undulator length it becomes more difficult to
obtain the optimum filling factor, firstly because the tolerances on the radius of curvature
become more restricted (Fig. 18b) and secondly because the resonator comes closer to the
stability limit (Fig. 18c).

When a cavity approaches the stability limit, it also becomes more sensitive to
misalignment errors. The effect of misalignment is illustrated in Fig. 19. The optical axis in a
two-mirror resonator is, by definition, the line passing through the centres of curvature Q and
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C2 of the two end mirrors. The quadratic base curvatures of the two mirrors are centred on or
are normal to this axis. If the cavity also contains any kind of aperture (including the
apertures defined by the mirrors themselves), rotation of an end mirror will translate the
optical axis relative to this aperture or, alternatively, will cause the aperture to be effectively
off centre with respect to the resonator axis. The presence of an off-centre aperture will tend
to produce resonator eigenmodes that are mixtures of the even and odd eigenmodes of the
aligned resonator. From simple geometry considerations it can be deduced how far the optical
axis will be translated and rotated by a small angular rotation of either end mirror. Let 0l and
92 be the small angular rotations of the two end mirrors and Axt and Ax2 be the small sideways
translations of the optical axis at the point where it intercepts the end mirrors, as shown in
Fig. 19. Alternatively, Axt and Ax2 can represent the off-centre translations of the apertures at
those two mirrors. From Fig. 19 and some simple geometry we can then evaluate these
displacements as [36]:

Ax. = L6,

Ax2= L0.+

L0,

L02

(38)

One criterion for judging the seriousness of misalignment effects is to compare the transverse
displacement of the centre of the cavity with the optical waist size and the transverse electron
beam dimensions.

0.0 0.5 1.0 1.5 2.0 2.

0.00 0.05 0.10 0.15 050
R/L - 0.5

0.00 0.05 0.10 0.15 0.20

R/L-0.5

Fig. 18 Influence of the resonator geometry on the FEL gain and the resonator stability: (a)
The filling factor as a function of the Raleigh length, see Eq. (32) normalised with respect to
the undulator length Lu. (b) Filling factor as a function of the radius of curvature of the
mirrors for a symmetric cavity, i.e. R=R, =R2, for different undulator lengths with respect to
the cavity length L. (c) The resonator stability parameter a function of the radius of curvature.
Note that (R/L - 0.5) = 2(|yL)2.
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Fig. 19 Geometry of a misaligned optical cavity

The angular displacement of the resonator axis that can be important in evaluating far-
field pointing accuracy, for example, can be evaluated from [36]:

(39)

This parameter can be specifically important for user light sources where the FEL radiation
has to be transported over large distances to a user experiment. Note that the sensitivity of
these angular misalignment blows up as g^-^l, i.e. as the resonator design approaches the
stability boundary. Note further that with g,g2-»l and a0 « , see Eq. (33), it is conceivable
that the resonator will be more sensitive to higher-order transverse mode which impedes both
the laser gain and/or the stability at saturation. At Super ACO such modes are common. The
order of the mode and its stability depends on the beam current: small changes at the mirror
due to temperature induce mechanical stress, see Sec. 4.2.

Finally it is important to consider the mirror dimensions since too small mirrors will
cause radiation leakage along the edges of the mirrors. These losses can be evaluated with the
aid of the resonator Fresnell number Ni

resonator mirror surface area

confocal TEMQ,, mode area

To reduce cavity losses a large Fresnell number, i.e. Nf>10 is preferable, see Fig. 20.

(40)

m

0.01
10 100

Fresnel number aVLX

Fig. 20 Power loss per round trip (measured in dB) versus Fresnell number for a TEM,,,,
mode in a two-mirror symmetric resonator, i.e. #, = R2, with g-values ranging from g = 0
(confocal resonator) to g = 1 (planar resonator). The intermediate g values are g = 0.5, 0.8,
0.9, 0.95, 0.97 and 0.99 respectively [36].



359

4.2 Optics

SRFEL's are low gain devices, i.e. a laser where a resonator is required to reach
saturation on multiple passes. The problem of making good mirrors for the visible to the VUV
spectral region is a difficult one and deserves at least a separate chapter. For general
information the reader is referred to textbooks and review articles [3840]. Specially for the
UV and VUV spectral region it becomes more difficult to find suitable materials for mirrors.
As a result the operational wavelength range of the SRFEL is reduced. An overview of the
state of the art mirror technology is given in Fig. 21.

10
photon energy (eV)

100 1000

CtaanAlinUHV
DfefedifcmuW*yeft
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10 000

100 10 1
wavelength (nm)

0.1 100 200 300
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Fig. 21 Reflectivity of normal-incidence optics [40] and the estimated cavity loss due to
absorption at the mirror surface. For details on ring-resonators, see Sec. 4.3.

Apart from these problems there are additional ones which arise due to the nature of the
SRFEL:
• The gain of a SRFEL is, at present, up to a few percent. To obtain the lasing threshold

condition, i.e. cavity losses < gain, highly-reflecting mirrors are required, i.e. multi-coated
mirrors. Highly-reflecting multi-coated mirrors have a narrow spectral bandwidth and, as
a consequence, impede the wavelength tunability of the FEL.

• As will be explained below, mirrors of an SRFEL are exposed to a harsh environment of
high power radiation ranging from the visible to the X-ray region. As a result thermal
effects and mirror damage or mirror degradation forms a serious problem in the operation
of the SRFEL.

To overcome the first restriction metal mirrors, e.g. coated Al mirrors [40], could be
used. However, the losses associated with these types of mirrors are of the order of a few
percent and all SRFEL's that are presently operational do not have sufficient gain to use such
mirrors.

A multi-coated mirror consists of a stack of Fabry-Perot interferometers where each
layer has an optical thickness of A/4. Two different layers are deposited alternately, one with a
low- and one with a high index of refraction. The residual diffusion and absorption in the
layers limit the maximum reflectivity. For a mathematical treatment of such mirrors refer to
Ref. [41]. In the visible region reflectivity's as high as 99.95 % can be obtained. However, in
this case the ratio of the transmission over the losses is very low and does not permit good
energy extraction [42]. Multi-layers with a reflectivity over 99.5 % are currently
manufactured down to a wavelength of 240 nm. An overview of some materials suitable for
mirrors in the UV is given in Table 4.
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Table 4

Optical constants of oxide layers deposited by reactive sputtering [43]

X
(nm)

200
300
400

SiO2

n k
xKT*

1.50 0.00
1.47 0.00
1.46 0.00

A1A
n k

xHT1

1.83 29.1
1.70 11.9
1.65 3.7

[H4Si,JO2

n k
xlO"4

2.13 78.0
1.99 9.8
1.90 4.4

HfO2

n k
xior1

2.51 152
2.12 33.7
2.05 12.3

ZrO2

N K
xnr*

2.32 37.0
2.21 23.6

TaA

n k
xlO-

2.38 45.6
2.26 5.3

TiO2

n k
xi<r*

2.7 21.6

Apart from a good choice of non-absorbing materials suited for use as layers for the
multi-coatings, the intrinsic losses of the mirrors are also determined by the surface roughness
of the mirror, which determines the diffusion at the mirror surface. Especially at shorter
wavelengths this aspect becomes more important [45]. An example of a multi-coated mirror
with a central wavelength of X = 300 nm is given in Fig. 22. From the plot it follows that the
mirrors have an intrinsic loss of 0.4%. However, as the surface roughness goes up the losses
increase. Above a rms average roughness of 0.2 nm the scattering losses dominate the
absorption losses of the mirror.

25

0.0 0.1 0.2 0.3
average sirfaceroucjiness (m)

0.5

Fig. 22 Total losses as a function of the average rms surface roughness of a mirror at
X = 300 nm. The example given involves a multi-layer mirror with HfOJSiO2 layers [44].

In an SRFEL it is not sufficient to produce mirrors which have an initially high
reflectivity coefficient. While operating the laser the resonator mirrors can be exposed to a
very intense flux of spontaneous radiation emitted by the undulator. For this it is important to
remember that the typical beam energy of a storage ring will be of the order of (at least) a few
hundred MeV. Hence, the total emitted power from an undulator is given by [26]:

Pu (W) = 7.28 E2 (GeV) NI (A)
K2

AAcm)
(41)

where the same notation as in Sec. 2 has been used.

From Eq. (41) it follows that the spontaneous radiation can easily go up to a level of
several (tens of) Watts. All this radiation will be deposited on the resonator mirror at the



361

down-stream side of the undulator and thermal effects can occur. Note that due to the low
gain of the SRFEL it is not possible to install the resonator mirrors outside the vacuum
system. Hence, mirrors can only be cooled by either the mirror support or by thermal
radiation. Since the radiation stored in the cavity is extracted through transmission of the
mirrors it is important that both the mirror support and the mirror substrate have a good
thermal conductivity. At Super ACO, for example, 18 W of spontaneous radiation hits the
downstream mirror. As a result isolated mirrors on a SiO2 substrate were heated with AT =
SC^C relative to room temperature. Under the same conditions mirrors on an ALO3 substrate
were heated by AT = 35 eC. With a mirror support with a good thermal contact the rise in
temperature could be reduced to AT = 58 9C and AT = 5 eC, respectively [46].

Next, the spectrum of the radiation plays an important role as well. The spontaneous
radiation of a planar undulator does not only contain the fundamental harmonic such as given
in Eq. (1) but also a large number of harmonics. For on-axis radiation {6 = 0) the harmonics
per opening angle Q. are given by [26]:

d2l 1 y F ( g
deodn\e=o

 47r£o c - i t " I K ) (42)
( |

where n denotes the harmonic number. The parameters £ and v. are given by:

1 nK2_

(43)

A graph of Eq. (42) is presented in Fig. 23. Especially for SRFEL's the undulator strength K
can be high because of the high energy of the beam stored. As a consequence the power of the
harmonics radiated by the undulator can be high as well. For this it is convenient to recall the
critical wavelength Xt or critical harmonic nc, i.e. the wavelength for which half of the power
is radiated at wavelengths shorted than this value.

1.86

In Table 5 it can be seen that for typical SRFEL experiments the critical wavelength is much
shorter than the fundamental wavelength. Generally the mirror absorbs these harmonics and
mirror damage can occur.

An example of such mirror degradation is shown in Fig. 24. At present mirror
degradation can not be avoided. However, it is possible to produce multi-coated mirrors that
are more resistant This topic is still very much under development One of the aspects that
play an important role is the fabrication process involved. Mirrors fabricated with an ion-
beam sputtering method are more resistant to synchrotron radiation, see Fig. 25. The vacuum
level, i.e. the number of residual gas molecules near the mirror surfaces also influences mirror
degradation. Ultra-high vacuum is required in order to reduce the absorption of residual
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molecules such as carbon which reduces the overall reflectivity of the mirrors. However, loss
of reflectivity due to carbon contamination can be recovered by exposing the mirror surface to
RF-discharged oxygen plasma [46-48].

21 31 41 51 61
harmonic number

71 81 91

Fig. 23 Contents of the on-axis harmonics of a planar undulator for several values of the
undulator strength, see Eq. (42)

Table 5

Undulator radiation for various SRFEL experiments. Estimated values are given in italic [46]

Experiment

Super AGO
UVSOR
VEPP3
DELTA
Duke

Beam

E
(MeV)

800
500
350
700

1000

char.

/
(mA)

100
20
40

100
100

Undulate

K
(cm)

12.9
11.1
10.0
25.0
10.0

r coursets

N

20
16
67
17
67

ristics

K

5.0
2.9
1.6
2.1
6.6

P.
(W)

18
0.4
0.6

1
210

iiation characteristics

K
(nm)

7.1
26.6
89.3
54.2

2.6

^FEL

(nm)

350
300
250
213
300

P«L
(mW)

100
0.2
2.5

—

Fig. 24 Examples of mirror degradation due to the spontaneous undulator radiation, (a)
Severe degradation of a test mirror deposited on a SiO2 substrate, (b) Photo of a mirror in its
support after 60 hours of FEL operation showing the presence of a large carbon spot [26].
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Fig. 25 Summary of the degradation rates applying to different deposition techniques:
classical evaporation, electron beam deposition (ebd), ion-assisted deposition (iad) and ion
beam sputtering (ibs) [46].

4.3 Alternative solutions

The problems related to the optics remain a difficult one. Nevertheless several solutions
have been considered and/or implemented in FEL experiments. Some of these ideas are listed
below.

Helical undulators

Helical undulators have the advantage of having a higher gain since the periodic
dephasing of the electrons with respect to the optical wave is not present. Next, the use of a
helical undulator or optical klystron can significantly reduce the amount of harmonics
emitted. The main disadvantages of the helical undulator or optical klystron are a more
complex design and a reduced flexibility to change the undulator strength K. At present only
the UVSOR SRFEL experiment employs such a device as an OK [49] and lasing has been
obtained down to a wavelength of 239 nm. A calculation on the expected transverse spectral
distribution of this device is shown in Fig. 26. Note the different distribution of the high-
energy photons in the form of a ring. It is thus possible to filter out this radiation with the aid
of an iris, thus reducing the mirror degradation on the mirror surface due to the interaction of
these photons with residual gas molecules near the mirror surface.

+10
-10

-10 0 +10 -10 0
-10 0 +10 -10 0 +10

horizontal (cm)

Fig. 26 Calculated spatial distribution of radiation from a planar OK (a) and a helical OK (b)
such as in use at the UVSOR SRFEL experiment [49]. The left-hand sides of both figures
show the integrated intensity of the low energy photons (< 10 eV). The right-hand side
depicts the high-energy photons (10-200 eV).

Alternative resonator design

An alternative resonator design can also enhance the performance of the SRFEL. Two
options are depicted in Figs. 27 and Fig. 28. In Fig. 27 two corner-cube resonators replace the
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normal-incidence end mirrors of the resonator. This design has been proposed for the CEBAF
linac driven FEL [50]. The main advantage of this design is the increased stability. In the case
where the cavity is filled with multiple optical pulses it also has the advantage that the return
path of the light is separated from the electron beam. Hence, Compton back scattering with
electrons passing through the undulator while the optical pulse returns can not take place.
Obvious disadvantage is the increased resonator losses since the number of reflections are
increased from two to six. At present no FEL system in the visible or UV was capable of
using such a design due to lack of gain.

scraper mirror
output beam

undulator

electron beam

Fig. 27 Self-imaging confocal unstable ring FEL resonator with corner-cube reflectors [50]

output beam

multi-faced mirror

beam-expanding
mirror undulator

Fig. 28 Grazing incidence or ring resonator [51]

The most commonly considered alternative is the so-called whispering-mode or ring
resonator, Fig. 28. In laser technology ring resonators were understood and demonstrated very
early on, and have since been extensively developed for applications in ring-laser gyroscopes
[36]. For free-electron lasers this type of resonator is not much used, however. Until now only
one FEL experiment has made use of such a resonator at a wavelength of 640 nm [51].
Nevertheless, ring resonators have several advantages [36,52]:
• Increased cavity design flexibility, alignment insensitivity, and insensitivity for higher

order transverse modes.
• Higher level of power extraction.
• Possible operations with grazing incidence reflectance at wavelengths where no optical

material for normal-incidence mirrors are available.
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• Separation of the return path of the light-pulse. This can be specifically advantageous for
cavities with a multiple of optical pulses where Compton back-scattering of the light
pulses with the electron beam needs to be avoided.

The main disadvantage is the complexity of the design, especially the initial alignment that is
required to stack the optical pulse in the resonator.
Harmonics generation

In Fig. 23 it was seen that the (planar) undulator of the FEL is an excellent harmonics
generator. Furthermore, as the electrons pass through the undulator they are bunched on the
scale of the fundamental wavelength. This also causes an increase in the component of higher
order modes in the longitudinal density distribution of the electron beam. As explained above
the optics cause a serious problem for lasing at shorter wavelengths. As an alternative it is,
therefore, worthwhile considering the options for extracting harmonics out of the FEL, either
through seeding with another laser or by FEL operation at a longer fundamental wavelength.

One of the options would be to use an external laser to produce a substantial up-
conversion in the FEL interaction region. In the first demonstration [53, 54] of the technique,
a YAG laser bunched the electrons either on the infrared or the green line, and emission was
observed on the harmonics of the bunching frequency. Although the efficiency was low (10s

tolO7 photons per pulse were obtained), better results are expected in future experiments.
As an alternative to the seed laser it would be better to employ the FEL itself. If the

FEL intensity builds up to saturation, the laser generates its own harmonics. Reasonable
conversion efficiencies have now been reported from the infrared FEL oscillator experiments.
This approach has the advantage of tunability since an external laser is not required. It will
also be possible to reach the highest frequencies this way since the FEL itself is anticipated to
be the shortest-wavelength laser available. No such coherent harmonic radiation was observed
at ACO since the laser saturated due to bunch lengthening long before saturation due to over-
bunching could be reached. However, if sufficient gain is available, SRFEL's can reach high
peak power in the Q-switched mode and will therefore produce strong harmonic emission.
Possible solutions for extracting the harmonics are sketched in Fig. 29 where in (a) an intra-
cavity ethalon is used to extract the harmonics out of the cavity. Note that this option only
works if there is sufficient gain as the ethalon induces extra cavity losses. For example at
Super ACO lasing in this mode of operation has not yet been demonstrated due to too high
cavity losses as compared with the maximum obtainable small-signal gain. In Fig. 29 an
additional undulator with a 3- or 5-times shorter period has been drawn. In this situation the
harmonic compound of the electron beam, generated in the FEL interaction, is amplified in
the second undulator. Note that for this option careful tuning of the saturated power level of
the fundamental wavelength is required in order to avoid over-bunching before the electrons
enter the second undulator: \a\ = 4KNueKLJE\/y2mc2 < 1 [35].

5. DESIGN OF THE STORAGE RING

From Eq. (10) and Eq. (17) it follows that the gain of an FEL scales with iV2in the case of an
undulator, and with N in the case of on optical klystron. Hence, a high gain can only be
obtained in long straight sections where sufficient space is available for the undulator. To
avoid energy dependent behaviour (the FEL extracts energy from the beam and increases the
energy spread) it is also convenient if this section is dispersion free. From Sec. 2 it follows
that an optimum gain can only be obtained with a high peak current in combination with a
low energy spread and emittance, i.e. with an as high as possible density in phase space. For a
detailed discussion on the optimisation of a storage ring with respect to such parameters the
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reader is referred to the other chapters of these proceedings. Here the parameters specifically
important for the FEL are discussed. In Sec. 5.1 and 5.2 an overview of some aspects to
obtain a high peak current and a low energy spread and emittance is given. The optimum
performance of the SRFEL also requires a maximum transverse overlap between the optical
pulse and the electron beam. This optimisation process is presented in Sec. 5.3.

harmonics

(a)

'e-beam

Fig. 29 Possible options for harmonics generation using the a free-electron laser that
lases on the fundamental wavelength as a seed: (a) reflecting the present harmonics
through an intra-cavity ethalon, (b) enhancing the output of an undulator tuned to a
wavelength of X/n by using the electron beam that has passed through the laser as a
seed. Note that the undulator has been set at a small angle so that the harmonics are
not intercepted by the resonator mirrors.

5.1 Ring geometry

One of the easiest ways to increase the peak current, while keeping the average current
low, is to reduce the number of bunches in the ring. Maximum current can be obtained in a
singe-bunch mode of operation. For this it is important to keep in mind that the resonator
length must match half the distance between successive bunches. For large storage rings this
implies very long cavities. Assuming a standard two-mirror resonator, see Sec. 4.1, it is
difficult to keep such a cavity stable. For this reason the optimum number of bunches depends
on the shape of the ring. In Fig. 30 two examples are given. As the ring is more circular, the
straight sections, and hence the undulator length, will be relatively short. A multi-bunch mode
is then advantageous since it reduces the intra-bunch distance to reduce the cavity length. The
combination of the short cavity with a single-bunch mode is not advantageous since the
optical pulse then has to pass the cavity twice before encountering interaction with the
electron bunch. Hence, the effective cavity loss is doubled.

2 bunch mode single bunch

Lc/2

Fig. 30 Ring geometries
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For the SRFEL it is advantageous to shorten the circumference of the ring while
maximising the undulator length. The racetrack design, depicted in the left-hand side of
Fig. 30 is, therefore, advantageous. Dedicated rings such as the one at Duke in Durham, North
Carolina and DELTA in Dortmund both have this design and are designed to run in a single-
bunch mode.

5.2 Beam current and electron beam quality

The most straightforward method to increase the peak current is to simply increase the
average current in the ring. However, as the average beam current goes up some undesired
effects need to be considered. Two aspects are of special importance: the lifetime of the beam
and current-induced instabilities.

The Touschek effect

For electron beams with a high volume density the Touschek effect plays a significant
role. This is the process whereby, due to Coulomb scattering within a single beam bunch the
transverse-to-longitudinal momentum exchange can lead to loss of longitudinal stability, if the
(energy) variation exceeds the magnitude of the energy acceptance of the longitudinal phase-
stable domain [55]. The Touschek lifetime is proportional to:

* « « T 3 - ^ - (45)
azay

A long beam lifetime is important because of the long-time (thermal) effects that take
place. For example thermal effects on the mirrors of the FEL, see Sec. 4. To maximise
lifetime several options are available:
• An optimum choice of the emittance: Modern storage rings can have a very small

emittance, down to a few nm in the horizontal plane. Depending on the spectral domain of
interest this can be lower than that required for proper FEL operation, see Eq. (8) and Eq.
(18).

• A full coupling of the horizontal and vertical emittance of the ring, e.g. by installing a
skewed quadrupole. The coupling results in a larger phase-space and, hence, a longer
Touschek lifetime. The FEL gain will, most probably, not change too much. Note that this
is not a general rule, however. For specific cases it is necessary to consider the impact on
the FEL gain as seen in Eq. (8) and Eq. (18).

• An increase in the longitudinal phase-stable domain of the ring, i.e. an increase of the rf-
power employed. This is also advantageous since the saturation process of the FEL can
increase the energy spread in the ring.

• An increase of the beam energy. The Touschek lifetime increases with increasing beam
energy. An additional advantage is the increases saturated power level of the laser, see
Eqs. (23) and (24). Due to this the radiation flux on the mirrors increases as well,
however, firstly because of the increased synchrotron power, Eq. (24) and secondly
because of the increase in harmonics: as the beam energy increases the undulator strength
must increase as well to keep the radiated wavelength constant. The higher magnetic field
strength causes a significant increase in harmonics, Fig. 38.

Current-induced effects

As the beam circulates in the ring the electromagnetic field of a bunch is coupled with
the impedance of the environment (discontinuity of the vacuum chamber, if cavity, etc.) to
the same bunch [55,56]. This effect becomes more important as the intensity, i.e. the average
beam current in the ring, increases. The stationary solution gives the so-called "potential-
well" distortion at rather low current. At higher currents one reaches the threshold of
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anomalous bunch lengthening. At Super ACO, for example, this threshold is found to be at
approximately 8 mA/bunch [57]. Above this limit the so-called "microwave instability
regime" is entered. In addition, the bunch or bunches can also start to oscillate coherently
close to their natural oscillation synchrotron frequency and its harmonics. The presence of
modes of oscillations (dipolar, quadrupolar, hexapolar and octupolar) depends on the beam
current. In the upper limit of the current the beam becomes completely unstable. At Super
ACO this limit is reached at roughly 100 mA/bunch [33].

For the FEL it is clear that the laser would work best in the absence of any type of
instability. However, as a general rule the FEL operates in a regime where the instabilities are
present. For example at Super ACO the under-threshold for lasing is reached at roughly 15
mA/bunch, far above the threshold for anomalous bunch lengthening. Here it is important to
note that not all instabilities are of the same importance.

{z)Coherent bunch-oscillations. In Fig. 31 the coherent synchrotron modes of
oscillation, as observed at Super ACO, are shown. As can be deduced from the left-
hand side of the figure these types of modes are devastating for the FEL: from the
plot of the line-intensity it follows that the position of the bunch starts to oscillate.
Hence, the effective small-signal gain is reduced since, over multiple roundtrips, the
effective longitudinal overlap of the bunch with the optical pulse is reduced. Next it
can be seen that also the effective energy-spread increases, causing a further decrease
of the small-signal gain. At Super ACO the dipolar modes are damped with a
Pedersen type of feedback system [58, 59]. With this system it is possible to obtain
stable operation up to a current of 35 mA/bunch. Above this threshold quadrupolar
modes occur that make the start-up of the laser more difficult. Moreover, with
quadrupolar modes present the laser becomes less stable. However, once lasing is
achieved, the FEL interaction tends to damp these modes [33]. Recently, feedback on
the quadrupolar modes has been installed providing the means to have stable FEL
operation at up to 50 mA/bunch [60].

(b) Microwave instability. At higher circulating beam current in a storage ring
significant dilution of longitudinal phase-space density may occur. Here the
interaction of the bunch with its own short-range wake field causes high-order
coupled oscillatory modes to be induced. This results in short-wavelength (compared
with the bunch length) particle density modulation of the bunch, effective
lengthening of the bunch, and enhancement of the energy spread. The threshold peak
current for the longitudinal single-bunch instability is given by [23]:

\ ^ ( 4 6 )
I r l z / )

where Eo and Z, are the beam energy and the longitudinal impedance of the ring,
respectively. Above the threshold the peak current may still increase but at the
expense of an increase in energy spread [23]:

\V*ha
2nE

where Io is the average beam current, V^ is the rf voltage, and k is the number of
bunches stored in the ring.
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phase-space

z'
line density

quadaipole

Fig. 31 Synchrotron modes of oscillations observed at Super ACO in a two-bunch
mode of operation [33]. Left-hand side: Representation of the coherent synchrotron
modes of oscillation in phase space and in time space. Right-hand side: Spectrum of
the modes observed on the sidebands of high harmonics of the revolution frequency
versus the stored beam current. With increasing current one can observe the presence
of dipolar modes (D), quadrupolar modes (Q) hexapolar modes (H) , and octupolar
modes (O).

To first order the gain of the laser scales with the square of the energy spread. Hence,
even at the occurrence of microwave instability, it remains worthwhile to increase the beam
current. Nevertheless, it is also important to design the storage ring such that instabilities are
avoided to an as high as possible current. To do so it is important to reduce the number of
bunches in the ring, see Sec. 5.1. Increasing the rf voltage also helps but is not very effective,
see Eq. (47). A high rf voltage remains important, however, since it also determines the
energy-spread acceptance of the ring, see Sec. 3.

In the optimisation process the momentum compaction factor a plays an important role:
as the compaction factor becomes smaller the storage ring becomes more sensitive to
instabilities. Hence, a too small value for a is to be avoided. However, big compaction factors
are non-ideal either. From Eq. (3.2) it follows that a small value for a leads to short bunches
and, hence, to high peak currents and gain. Furthermore, there is a (indirect) relation between
the compaction factor and the emittance since both are related to the so-called "synchrotron
radiation integrals" [23]:

55
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where the synchrotron integrals are given by:

(48)
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with:

H = yxifx + 2axTjxrj'x+fixTj'l dispersive invariant
(50)

and TJ = TJ(S) the dispersion function. The parameters ax(s), fix(s), yx(s) are the machine Twiss
coefficients. Note that the differentiation is with respect to s, the lattice azimuthal coordinate,
and integration is over the extent of the dipole regions only.

From Eqs. (48) and (49) it follows that a careful optimisation of the dispersion is
necessary: small dispersions lead to a small emittance and, through the compaction factor, to
short bunches and a high peak-current. However, a too small compaction factor causes more
instability. In modern machines it is feasible to reduce the emittance to only a few nm.
Normally this goes in parallel with a decrease in a. For the FEL it might be advantageous to
tune the compaction factor independent of the emittance, e.g. by adding additional dispersive
elements in a straight section of the ring. It might thus be possible to operate the ring at any
(positive or negative) value of the compaction factor. At present only A few storage rings
have the possibility to change a and more studies are required to find an optimum. A study at
Super ACO [57] indicates that a negative compaction factor might be advantageous: running
with negative a resulted in shorter bunches but higher energy spread. With more tuning it
might thus be possible to find optimum conditions for FEL operation in a storage ring.

The most promising option would be to run a ring at a = 0. This situation is known as
the isochroneous SRFEL [61]. In normal SRFEL operation the micro bunching on the scale of
the wavelength, a process that occurs naturally as the electrons pass through the undulator, is
lost as the electrons make their turn through the ring. If the compaction factor would be
sufficiently small, however, this bunching could be maintained on successive turns through
the ring. The advantages are obvious since an already bunched beam would start radiating
coherently directly when entering the undulator. Hence, the gain would be increased by orders
of magnitude. At present no storage ring has demonstrated this, however. The main reason is
the small compaction factors required. For example, lasing at 500 nm in a small ring with a
circumference of 50 m would already require laklO"*. It might be possible to demonstrate the
effect in the (far) infrared in a small, low-energy ring, however.

5.3 Machine functions

In Sec. 4.1 the average transverse optical mode area was minimised for the case of a
standard two-mirror resonator. Here this process is repeated for the electron beam. Since the
transverse mode area of the electron beam is generally less than the optical mode area (from
Eq. (8) it follows that zpy« A2) this process is less important. Nevertheless this optimisation
is a useful exercise. An example of such an optimisation is shown in Fig. 32. In the figure the
gain of the Super ACO FEL is plotted as a function of the horizontal Twiss parameter f}x. The
results are based on the model presented in Appendix B.
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From the figure it follows that an optimum gain is obtained for a fix in the range from 4
to 7 m, depending on the resonator geometry, i.e. the Raleigh length ft0. Most important for a
proper optimisation is the matching of the curvature of the phase-front of both the optical
wave and of the electron beam. Hence, in the case of a shorter Raleigh-length the Twiss
parameters fix and fi need to be reduced as well. The figure also shows that the gain is fairly
insensitive for moderate increases of the transverse beam size. For Super ACO {fi0 * 3 m) an
optimum gain of 2 % is reached for fiK « 5 m. For reasons concerning the stability of the
optical resonator, see Sec. 4.1, this is somewhat lower than the maximally achievable gain
when fi0 = 1.5 m and px = f3y = 4 m.

0.0 12.5 15.0

Fig. 32 The gain of Super ACO as a function of the machine Twiss parameter Pz in
the centre of the undulator for several values of the Raleigh-length of the resonator.
For Super ACO (Po« 3 m) the optimum gain is reached for ^ « 5 m .
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APPENDIX A

THE SUPER ACO FEL

In this chapter the free-electron laser installed in the synchrotron light source Super
ACO [7, 62] takes a special place. Together with the ACO FEL this facility has the longest
history of operation. Moreover, the author of this chapter is most familiar with this SRFEL.
Consequently a major part of the operational examples presented here originate from these
facilities.

An overview of the machine is given in Fig. A.I and its parameters are given in Table
A.I. A full energy positron linac injects the particles into an octagon-shaped ring with a
circumference of 72 m. For FEL operation the ring is filled with two identical, equidistant
bunches with a maximum current of 45 mA/bunch, i.e. up to 20 A of peak current. A 2-times-
10-period optical klystron in a dispersive free section of the ring forms the centre of the laser.
The OK is enclosed in an 18-m long optical resonator. Light is coupled out through the multi-
coated mirrors at both sides of the undulator. The south-mirror can move along the axis of the
resonator to synchronize the length of the cavity to half the bunch distance. Tuning the
frequency of the 100-MHz rf cavity achieves fine tuning of the bunch distance, see Sec. 3.3.

I I I I I I I I I I I
0 5 10 m

Fig. A.I Layout of Super ACO
During a typical week the synchrotron provides 113 hours of operation (including

injection time) of which an average of 21.5 hours are dedicated to FEL operation. The
parameters of the laser are chosen to be compatible with a standard two-bunch mode of
operation at the default beam energy of Super ACO of 800 MeV. The main differences are
the reduced beam current and the slightly altered machine functions in the straight section of
the OK. The former is necessary to avoid beam-instability, see Sec. 5.2. The latter enables an
optimisation of the gain, see Sec. 5.3. Since this is a minor adjustment, laser operation can
take place in parallel with the use of synchrotron beam lines. As such the FEL can also be
considered as just an advanced beam line. Moreover, it is possible to perform experiments
where, in a single experiment, the output of the FEL is used in combination with the output of
a second (undulator) beam line. This way it is possible to do two-color pump-probe
experiments with a repetition rate of 8.3 MHz. At Super ACO roughly 50 % of the FEL beam
time is used for this and other types of user experiments [11].



375

Table A.1

Super ACO parameters

Beam Energy
Circumference
Momentum compaction factor
rf-frequency
Number of bunches
Max. average beam current
Damping time
Synchrotron frequency
Beam life time
Energy spread
Emittance
Transverse beam size
Transverse machine functions in OK
Energy dispersion in OK
Cavity length
Maximum undulator strength
Undulator period
Number of periods
Strength dispersive section
Wavelength range
Laser gain
Average output power
Micro-pulse duration
Spectral width
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Two types of temporal diagnostic are presented in Fig. A.2 and Fig. A.3: a double-
sweep streak-camera and a dissector. With a dissector (synchrotron or laser) light is projected
onto a pinhole with a photo-cathode. The intensity evolution on the pinhole is then
transformed into a spatial distribution with a fast transverse sweep on two deflecting electrons
that deflect the passing electron beam. Behind the anode a fluorescent screen makes it
possible to display the distribution on a photo or CCD camera. With a double-sweep camera
an additional synchronised slow sweep is applied perpendicularly to the fast sweep. This way
it is possible to record the evolution of a repeating signal, e.g., an electron bunch providing
synchrotron radiation at a dipole beam line on each turn through the ring. The image in
Fig. A.2 is a recording of the Super ACO FEL pulse in a pulsed mode of operation, i.e. zone
±1 in Fig. 23. The streak-camera at Super ACO (Hamamatsu C5680) has a resolution of a few
ps. The slow sweep can be set in a range from 100 ns to 1 s.

A dissector, developed at Novosibirsk [63], is in fact identical to a streak camera
equipped with a single-pixel CDD camera. The temporal information can now be obtained in
a stroboscopic way, i.e. by applying a slowly varying bias voltage to the fast sweep of the
deflecting electrodes. The temporal resolution of the dissector at Super ACO is of the order of
10 ps. The main advantage of a dissector is its capability to process its signal directly by
means of an oscilloscope or other electronic equipment, e.g. the feedback system described in
Sec. 3.3. Due to its stroboscopic nature it is not possible to follow fast changing phenomena
such as the synchrotron modes of oscillation described in Sec. 5.2. Furthermore, it can only
be used to record periodic events.
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Fig. A.2 Schematic view of a double-sweep streak-camera. The lower image shows
the pulsed output of the Super ACO FEL.

photo-cathode

(synchrotron) light

250

high frequancy sweep {100 MHz)
slow sweep

low frequency sweep (0.05 - 10 kHz)

Fig. A.3 Schematic view of a dissector. The image shows a stroboscopic recording
of the laser output at low intensity, i.e. zone 2 in Fig. 12.
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APPENDIX B

3D SEMI-ANALYTICAL GAIN CALCULATIONS

In the following a formula for the gain for an FEL and optical klystron is derived**,
including 3D effects, i.e. transverse interaction with the optical mode, emittance, and energy
spread. Within this context the following assumptions are used:
• A continuous electron beam, i.e. the slippage effect is neglected.
• Operation in the small-signal, low-gain regime, i.e. the slowly varying amplitude and

phase approximation.
• Interaction with a Gaussian TEM^ transverse optical mode (not a fundamental restriction).
• Interaction with an electron beam with an arbitrary Gaussian distribution in phase space.

To derive the equation this Appendix has been divided into four sections. Section Bl
serves as an introduction. In this section the well-known ID gain formula for a regular FEL
where an ideal electron beam interacts with a plane wave has been derived. In Sec. B2 the
gain formula is modified to describe the effect of energy spread on the electron beam. This
section serves as a simple example for Sec. B3 where all the above-mentioned 3D effects are
included in the gain formula. In Sec. B4 the modifications required to describe an OK are
discussed.

B.I Gain calculation for an ideal beam

In this section a plane wave with angular frequency co and a wave vector k, propagating
in z direction is assumed. For this wave the electric field looks like:

F -F

- kz

where ^ denotes an arbitrary phase of the field. An electron, with a velocity component
parallel to the electric field will experience a force -eE and, hence, will gain or lose kinetic
energy. The energy change for an individual electron with energy ymc2 can be expressed as

dy=—?TEx{z,t)dx
me2 (B2)

where yis the Lorentz factor, m the electron rest mass, c the vacuum velocity of light, and e
the electron charge. Integration of Eq. (B2) leads to

me2* * L dz
: (B3>

e

me2

When bunching of the electrons is expressed as a deviation in arrival time (r0) at a given
position z, the energy deviation can be expressed as a Taylor expansion around t0

"•Calculations have been taken from the thesis of V. Litvinenko: "VEPP-3 Storage Ring Optical Klystron:
Lasing in the Visible an the UV" Dissertation of the Institute of Nuclear Physics, Novosibirsk, 1989



378

Ay (z) = Ayl U) + A^2 (z) + • • •

+ ( B 4 )

me • me

The first term Aft describes the FEL interaction without bunching. In this case there is no net
energy loss for a distribution of electrons within one ponderomotive well, hence

= 0 (B5)

The second term, Ay2, describes the effects of bunching. For this the time deviation can be
expressed as a phase-fluctuation with A$ = -coAt. Hence, Ay2 can be expressed as

me f d<j>

where A^fz,) is a function of the dispersion D in the undulator

^ \ x t 2 \ t x 2 x (B7)

me
».-

For a planar undulator Dtz^zJ reads

D(z1,z2)=^(z1-zz) • (B8)

A combination of Eqs. (B6) and (B7) leads to

^ (z, )EX (z2 )x' (z2 ̂ ( z , , z2 )^z2 ̂  (B9)

The average energy lost per electron over one ponderomotive well thus becomes

^ )

For an FEL with a planar undulator the terms in Eq. (BIO) can be expressed as

{Ex{z2)x'(z2))x = Eo—{cos(0t-kz + t)sin(kHz));L
7 (BU)

= Eoj- (Jo (O - J, (£))cos(<5fcz + <f>)

where J0J represent the Bessel functions of the first kind. K and 5Jfc are the undulator strength
and the detuning parameter, respectively.
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_ eBuXu

lizmc
K2

(B12)4+2K

Combination of Eqs. (BIO) and (Bll) leads to an average energy loss (averaged over one
wavelength)

J Jcos(<5fcZi + ̂ >cos(<5fcz2 + #)D(z1,z2)dz2dzl (B13)

The integral can be made dimensionless by rescaling the whole integral over the total
interaction length L = zf-zr The expression above then becomes

i) \ ] M P z l (B14)

where 8k has been substituted with q = L 8k. Also the dispersion D has been normalised with
respect to the interaction length. Eq. (B8) thus becomes

^ ^ z t - z , ) (B15)

Kr
which leads to

3 (B16)

Here / ^ j describes the detuning curve, i.e. the gain as a function of detuning. The actual
average energy loss per electron is Ay2 me2. Since the electron density per time-interval equals
Jle, the total power density equals P = Ay2 me2 Jle. The power density, gained by the optical
field thus becomes

5l*?i£\ 2 (B17)
2 me K\J

The original average power density of the optical field equals P. = 4%z0 c Eg 18%. Hence the
gain, G = PIP? equals
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with

„ we"

A 2JK2L3

1AY A.

f(q) = j Jsin(<7(z, - z2))(zx - z2)dz2dzx

2-2cos(q)-qsin(q)

(B18)

(B19)

B.2 Influence of finite energy spread

Due to a finite energy spread the phase of the electrons in the ponderomotive well will
be disturbed. This phase disturbance can be described via the dispersion. Hence, the
additional phase advance & between z, and z2 due to an energy deviation by = (/ - yo)/yo can be
written as

(B20)

When assuming a Gaussian energy distribution with variance ac for the electron beam:
. 2 '

/ . = •

1
exp

lfSy
(B21)

the average influence of a finite energy spread can be calculated through a modification of
to

f 1 (A V l
, -z2)]]exp - - - ^ \D(zx,z2)dzxdz2dy

[ 2 { ° ) J

f
8y

-aeD(zx,z2) >expj --[aeD(zx, z2)f \D(ZX, z2)dzxdz2dy

with

f(q) = | j S j s x p / ^ - z2)tye(zx,z2)D(zx,z2)dzxdz2

2 2

(B22)
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Fe (z, , z2 = exp j - 1 (B23)

B.3 Gain calculation for a real beam
In the following a Gaussian is assumed for both the distribution of the energy spread

and the distribution in all directions in phase-space, i.e. 8 ,̂ x, x1, y, and y\ Properties of the
electron beam are defined through the variance of the energy-spread distribution, the 0-
functions, and the emittance, i.e. at, ez, 0Jz), sy, and fiy(z). Hence, the distribution of the
electron beam can be described as a 3D Gaussian function

(B24)

In a waist, i.e. at the centre of the undulator A can be expressed as

and X =

_L_
PA
0

0

0
0

0
is.

6
0
0

0
0
1

0
0

0
0

0

£>.

0

0

0

0
J ,

y

y
(B25)

Assuming a linear transverse motion, both the evolution of the phase-space distribution can
be described via the transport matrix M of the undulator. For a planar undulator this reads

(\ z 0 0
0 0

M(z) =
0

z
1

0 0
0 0
0 0 0 0

0
0
0
1

(B26)

with /?„. = y/K kn = ymcleB. Note that the focussing properties of the undulator are neglected.
Gain reduction, due to a finite emittance and energy spread, can be calculated by averaging
the electron motion with the phase-advance and intensity of the optical mode. For the latter a
fundamental Gaussian (TEM^ with Raleigh-length fio will be assumed with a waist in the
centre of the interaction region, i.e. z = 0. For this case Eq. (Bl) expands to

Ex = (B27)

i-«*/A)
Jfc(x2 + y 2 )

(B28)

Note that both x and y are functions of z, i.e. x(z) and y(z).
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As in Sec. B.2, f(q) will be modified to

fx{q)= f f \3\ - - expL-(X,z,)+c*(X,z2)

(B29)

where Q(zrz2,X) accounts for the additional phase advance of the electrons, either due to
energy spread (see Sec. B.2), or due to transverse motion of the electrons. The latter can be
expressed as

{ ^ ) (B30)

The terms with x! and y' arise from the fact that an electron with transverse motion must have
a reduced longitudinal motion. The dependence on y arises from the increased magnetic field
strength as an electron moves closer to the poles of the undulator. Note that because of energy
conservation the term y>1+(yt$J1 — const.

To simplify calculations averaging over the electron beam will be done in the centre of
the undulator, i.e. z = 0. The beam parameters will be expanded according to the transport
matrix M. Equation (B28) therefore expands to

1

2A-*

andjjf becomes

(B31)

(B32)
In a more general form the integral of X can be expressed as

1
(B33)

In the equation the matrix W represents all terms with a squared dependence on X, e.g.,yfX)
and S(X,z). The vector V represents all terms that are linear with X, e.g. the influence of
dispersion.

Similar to the approach used in Eq. (B22) a general solution for Eq. (B33) can be found
through a linear transformation

Y = X + W1(z1,z2)V(z1,z2) (B34)

which transforms Eq. (B33) into
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Because W is a symmetric matrix with its real part positive definite (all density distributions
must be real and positive), Eq. (B35) can be integrated, leading to

(B36)

From Eq. (B32) it follows

W(zltz2) =

with

' w u w l 2 0 0 0~)

w
n

0 0 0
0 0 w.
0 0

33 0
0

0 0 0 0 w,55.

and \(z1,z2) =

0
0
0
0

(B37)

wn =

V12

flA -fe, po+iz2

kz.

22

"33
po+iz2

| I
2

K44
sin2(z2//U

:

(B38)

leading to detlWI = detlWJ detlWyl detlWJ with
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and

l + kejl

PAP.-izi P.+i*i

Py

po+iz2

i(c7<J

identical to F, in Eq. (B23). Hence f(q) can be written as (see Eq. (B29))

f=\ U\ 1

44 V-ib

which leads to a gain of

F,(z1,z2)F,(z1,za)F(,(z1,z2)ei|<Ii-li)|(z1-z2)dz1dz2

(B39)

(B40)

(B41)

(B42)

Here / has been substituted for the peak current / divided by the mode area of the electric
field:

(B43)



385

and F is given by

(B44)

B.4 The optical klystron
For the OK the assumption is made that the interaction between the electrons and the

optical wave can be neglected within the drift section of the OK which thus becomes a linear
combination of two undulators, separated by a drift section. Now the symmetric OK will be
investigated, i.e. the drift section occupies a system with a total length L where the centre part
Ld. In the drift section the optical wave-front advances A^ wavelengths, relative to the electron
beam. A drift length {z^-z^ thus modifies to

Az = Zj - z2

and the gain becomes

\zl+NdIN - z 2 , <-\Ld

Z1~Z2 other
(B45)

(B46)

J
<LJ2L

z\>Ldl2L

where g(z) arises from the fact that the interaction in the drift space of the OK is neglected.
Note that N is the total number of undulator periods (divided over two undulators).
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