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Abstract

A detailed discussion of Higgs systems, including the Abelian Higgs model and the Higgs system of
the Standard Model, is presented. The advantages and disadvantages of more complex Higgs
systems, involving several doublets or higher representations, are scrutinized. The prospects for
detecting Higgs-system-related effects at high energy are sketched.
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1. Introduction
When discussing the present situation one feels rather unsure. Whilst on the one hand

LEP has confirmed many aspects of the Standard Model in great detail, on the other hand
certain theoretical results have faced failure. We refer here specifically to non-perturbative
results of which strong CP violation is an example. Furthermore, there is the problem of the
cosmological constant. To this day we have no satisfactory theory of quantum gravitation,
and consequently we have no idea how much of Einstein's theory will ultimately survive.
Thus we do not know whether the problem of the cosmological constant is a failure of
the Higgs system as in the Standard Model, or an ununderstood aspect of the theory of
gravitation, or both.

Our policy will therefore be to base our discussion on the successful parts of the theory:
perturbation theory (Feynman diagrams) and the Standard Model. We shall immediately
include those effects that can be obtained by a partial summation of perturbation theory:
unstable particles as well as scaling and asymptotic freedom. Bound states (atoms etc.)
can also be included in this manner. Of course, there being no clear theory of confinement,
we have no clear understanding of bound quark states such as the proton.

The Standard Model accommodates most observable facts, but leaves many unex-
plained. Why three families? Why the particular symmetry structure? Etc. In addition,
there are so many ad hoc parameters, that no one seriously believes them all to be funda-
mental: the particle masses and the coupling constants are all such free parameters. We
do not even know whether the neutrino mass is zero because of some deeper principle;
within the Standard Model it is just another free parameter.

The only speculation that has had some success is the SU(5) grand unification theory;
the way the particles fit into the multiplets is rather elegant. And this theory explained
at least something: the weak mixing angle as well as the r/bottom mass ratio. The other
prediction, proton decay, has not been borne out, and this has discouraged many from
taking it seriously. Within SU(5) the baryon number is not conserved, nor are the lepton
number, the electron number and the muon number. To account for the observed facts
SU(5) must be broken, and at a very high scale, in order to have as a result sufficiently
strong conservation of these quantum numbers at low energy. Of course, the baryon
number, through proton decay, offers the most stringent condition in this respect. This
breaking is customarily achieved using the Higgs mechanism; however, the Higgs sector
of the SU(5) model is particularly ugly and offensive. One certainly feels the need for an
alternative method.

This brings us to the next point. There is a whole segment of the theory that has not
been observed or tested, namely the Higgs sector. In the next decade experimental physics
will enter this domain, first indirectly and later directly. It will be very difficult but at the
same time in all likelihood very interesting. It is necessary here to explain what is meant
by 'interesting'.

If the Higgs particle turns out to exist as conventionally described, with a reasonably
low mass (say less than 200 GeV) then that closes the Standard Model from a mathematical



point of view. It is then quite conceivable that new physics, not contained in the Standard
Model, will be way beyond the reach of any accelerator imaginable today. In this case,
humanity might never get an answer to the questions posed above. This is a distinct
possibility, but not an 'interesting' one.

On the other hand, the Higgs sector might well contain essential clues to the further
understanding of matter. To support this view let us consider the following points.

• Within the Standard Model, for any particle there are two ways to acquire mass. It
may have a mass from the start, and in addition there may be mass generated through
the interaction with the Higgs field. In the Standard Model all known particles acquire
their masses exclusively through the Higgs system.

• If we insist that all particles acquire their masses through one and the same Higgs
system then parity non-conservation as observed follows almost automatically. The
argument is not an airtight one, but nonetheless this is the first time that there is at
least some argument pointing to parity violation.

• The Higgs system makes use of a constant Higgs field in the vacuum. There are other
consequences caused by this vacuum configuration, but theoretical speculations based
on taking it seriously have failed. We may mention monopoles and axions as examples.

• At the same time the Higgs system conflicts with precisely the weak point of the theory
of gravity, namely the observed smallness (consistent with zero) of the cosmological
constant.

Prom the theoretical point of view, in the Standard Model the Higgs field func-
tions as an ultraviolet cut-off. Without this field the Yang-Mills interactions are non-
renormalizable, i.e. uncontrollably divergent. The long range, i.e. the low-energy part of
the Higgs system brings us into great difficulty (the cosmological constant). It is only nat-
ural to guess that somewhere the extrapolation from the ultraviolet to the infrared breaks
down. If so, then this is what one expects to see when investigating the Higgs sector. This
is 'extremely interesting'.

It should be mentioned that the Higgs system seems to be the only part of the theory
that knows about the difference between the fermion families. In the Standard Model the
coupling of the Higgs particle to any particle is proportional to the mass of that particle;
thus for example the coupling of the Higgs particle to the muon is 200 times stronger than
that to the electron. Evidently the Higgs system knows something that we do not know:
the difference between the generations. In addition, the Cabibbo angle, or more generally
the CKM matrix, is determined by the Higgs system. Hopefully, by the time we truly
understand the Higgs system we shall also learn about the origin of all these numbers, and
maybe understand why there are three generations.

Most of the above must be classified as pipedreams or speculation. But there is enough
in it to stimulate research in the Higgs sector. Such research, for a theorist, tends to be
seemingly dull. At the moment, because of lack of imagination, one cannot do much more
than try to calculate effects due to the Higgs system in order to make comparisons with



experiment possible. This confrontation turns out to be quite difficult and will require a
huge experimental effort.

In these notes we shall attempt to discuss the Higgs system in a systematic but not
necessarily complete way. Conventions concerning metric etc. are given in Ref. [1], which
also gives a complete list of Feynman rules for the Standard Model.

This text is an updated and extended version of the notes of lectures given in
1989 at the University of Leiden, printed in 'Perspectives on Higgs Physics', editor
Gordon L. Kane, World Scientific, published in 1990.

I would like to express my gratitude to Prof. V.L. Telegdi for his advice which led to
substantial improvements in the presentation of the material.



2. Some History
The idea of mass generation through interaction with a non-empty vacuum appears

to have been mentioned explicitly for the first time in 1957, in a fundamental paper by
Schwinger [2]. This paper describes what we now call the linear a-model (this model will
be described in detail further on). Here we shall quote a few lines from this paper.

Page 416: '... a coupling of the form illustrated by ... will produce effective mass terms
for each field through the action of the vacuum fluctuations of the other fields'.

Page 423: 'As a field which is a scalar under all operations in the three-dimensional
isotopic space and in space time, </VQ) has a nonvanishing expectation value in the vacuum.
Although unable to affix the value implied by the strong interactions with heavy fermions,
one could at least anticipate that (0(o)) would have the magnitude of nucleon masses, and
thus a suitable /J,-meson mass constant might emerge from g^(^>tQ\) without requiring a
particularly large coupling constant g^.

Page 424: '... in which we again use the cr-field to remove three-dimensional internal
symmetries and produce masses for charged particles'.

Schwinger's paper contains many more quotable lines, but let us leave it at this. The
whole paper is manifestly something created in the middle of a search process. The vector
bosons are there, mass generation through a field in the vacuum is there. Yet the Standard
Model as we know it now is agonizingly not there. We know that Schwinger made much
more progress, as acknowledged by S. Glashow on various occasions.

The <7-model as invented by Schwinger is precisely the simplest possible Higgs sector
of the Standard Model. Schwinger used the a to give nucleons a mass, and in fact his a is
like a strongly interacting scalar meson of about, say, 500 MeV. Thus his o was not at all
like the Higgs of the Standard Model. The model, however, is strictly the same.

The next fundamental paper in this context is the 1960 paper of Gell-Mann and Levy
[3]. In this paper the a-model and symmetry breakdown are linked to PCAC. The under-
standing that spontaneous symmetry breakdown leads to a partially conserved current has
been of great importance for subsequent developments.

In the sixties the cr-model was studied by many authors. In particular we may mention
here the lectures of B. Lee at Cargese in 1970 [4]. These lectures, and of course the two
fundamental ones mentioned above, have played a crucial role in the the discovery of
the renormalizability of spontaneously broken gauge theories. Reference [5] quotes two
historical reviews covering renormalizability and the development of the Standard Model.
Reference [6] gives a much more detailed, accurate and complete overview.

The name 'Higgs' system owes its existence to the work of P. Higgs [7], who discovered
that spontaneous symmetry breakdown (through a non-empty vacuum) may be used to
generate masses for vector bosons. Englert and Brout did much the same, in fact slightly
earlier [8]. This is different from the case of fermion mass generation because massive
vector bosons have one degree of freedom more than massless vector bosons. In Higgs'
approach that one degree of freedom was shifted from a scalar field to the vector field. This



mechanism, now known as the Higgs mechanism, owes its existence to certain developments
in solid state physics due to Anderson [9]. It would carry us too far to untangle the precise
historical development of this line of research. Let us just mention here the paper of
Kibble [10], where the work of Higgs was extended to non-Abelian theories. This work
was known to Weinberg [11] who made Kibble's model realistic, in particular by mixing
electromagnetism and weak interactions as advocated by Glashow [12].



3. Higgs Vacuum and the Cosmological Constant

3.1 INTRODUCTION

Perhaps the main difficulty concerning the Higgs is the matter of the cosmological
constant. If we want to discuss this, we must at least agree on a provisional theory of
quantum gravity. As such we shall take the formulation of gravitation as a gauge field
theory of a massless spin 2 particle. This was first done by Thirring [13], and much more
extensively by Feynman in his Caltech lectures [14]. In the Les Houches lectures of 1975
[15] one can find a detailed discussion including one-loop effects. For our purposes here we
really need very little of this theory, as we just want to establish a frame of reference. This
definitely does not include non-perturbative results of the standard theory of gravitation.
Of course effects such as the equivalence principle and the usual verifications of the theory
such as the bending of light and the perihelion movement of Mercury are a normal part
of our approach. In particular, the equivalence principle is understood in the field theory
framework to be a consequence of gauge invariance.

The graviton couples to energy. Now, the vacuum* may also contain energy, as it does
in gauge theories, through a non-zero field (the vacuum expectation value of the Higgs
field). Therefore the graviton also couples to the vacuum. In terms of Feynman rules this
is represented by a 'tadpole' vertex, i.e. a vertex with only one external line. It represents
the coupling of the field to the vacuum. In the framework of classical gravity, this coupling
corresponds to the cosmological constant. It generates a curvature of space, even in the
total absence of matter.

Here we must clarify an important point. To us the Feynman rules define the
theory. Although we shall use Lagrangians profusely, it must be understood that this
does not imply that we implicitly assume some theory that produces Feynman rules given
the Lagrangian. To us the Lagrangian is a convenient bookkeeping device. It gives a com-
prehensive list of the interactions, i.e. of the vertices of the theory. Certain properties of
the Lagrangian imply properties of the diagrams, but this must be demonstrated if there is
a priori no deductive connection between the diagrams and the Lagrangian. This section
demonstrates this point, but in later sections we shall not elaborate on this any further.

3.2 THE V?3 THEORY

The ip3 theory is generally considered not to be a good theory, but it provides a very
instructive example for the purposes of this section. In the tp3 theory there is one scalar
particle, interacting with itself in a three-point vertex. We shall add a tadpole term to
the Lagrangian, as if this particle could disappear into (or come out of) the vacuum. This
may, for example, affect the mass of a particle, much as potential energy in a gravitational
field will affect the mass of a particle. The Lagrangian of this model is:

£ = - I dpvdpip - \ m V + 9<P3 + ttp •

* The vacuum is defined as the state of lowest energy of the field (s).



There is one particle of mass m, a self-coupling of strength g and
a tadpole term of strength t. The figure shows the Feynman rules for
this model.

The propagator of the scalar particle is l/(p2 + m2 — ie), as usual. The three-vertex
has a factor 6g associated with it, the tadpole a factor t.

Let us note here that tadpoles often arise in higher order even if
there are none in the original Lagrangian. In the ip3 theory this will
happen; the figure shows a one-loop diagram that behaves like a tadpole.

The diagram can be calculated readily:

trad = 69 I d/ip—K 5 = i ra 2 A 4- i7T2(m2 ln ra 2 — m 2 ) .
J p* + mz — ie

The quantity A is actually infinite, which will normally be renormalized away by
adjusting t in the Lagrangian, i.e. adding minus the value shown to t so that the total,
t + trad, is finite.

In general, Lorentz invariance prevents tadpoles for fields other than / - ^ .
scalar ones. For example, a tadpole diagram that occurs in quantum '^'w4 \\P
electrodynamics is zero:

trad = 65 / dAP
 U K r{ , Ji = 0 .

J p + mr — ic

The trace gives —4zpM, and hence the integral over the momentum in the electron loop
gives zero, assuming symmetrical integration. In fact, this result must be zero because
the photon field is a vector field, and to couple the photon to the vacuum requires the
vacuum to behave as a vector, which is not the case. Having a vector field in the vacuum
is by itself possible, but in this case the vacuum would not be invariant under Lorentz
transformations. There would be a privileged direction in the vacuum, namely the direction
of polarization of the vacuum vector field. A person in a space-craft could align himself
in such a direction which would be quite helpful for navigational purposes! But if there is
no such field initially, then quantum corrections will not generate one. The vacuum will
remain Lorentz invariant. For a scalar field things are different, because it does not affect
the Lorentz invariance of the vacuum.

We are interested in the effect of the tadpole term. It will be sufficient to consider this
effect at the tree level, so this is truly a simple matter. A tadpole term generates others
at this level, and the first step is to take them all together. The figure shows the series.
The result of the sum will be denoted by T.

The sum may be redrawn as an equation, as shown in the
figure. The equation is:



mH

The factor 1/2 is a combinatorial factor, which arises because of the two identical termi-
nations with a T in the last diagram. Note that the four-momentum flowing through the
propagators is zero, thus the propagators are just 1/m2, ignoring the ie which is irrelevant
here. This quadratic equation can be solved immediately:

2m2 ± y/m4 - Ylgt

There are two solutions. However, no one would expect a series to sum up to two different
results, so one of these solutions does not correspond to the assumed perturbation series.
Indeed, one of the solutions does not admit a perturbation expansion in g. The series
that we started from has t as its first term, of order zero in g. The solution with a plus
sign is singular in the limit of zero g, so it seems not to correspond to the series. Here
we now get into a difficult discussion. After all, in other cases, such as for example an
unstable particle, we also wind up with something non-perturbative. An unstable particle
can never be found at asymptotic time, so it cannot be an in- or out-state for an ^-matrix
element, no matter how long lived (i.e. no matter how small the decay coupling constant
is). In other words, an unstable particle cannot be understood in terms of a perturbation
on a stable particle. In terms of the Feynman rules, one finds that the propagator of an
unstable particle cannot be expanded in a perturbation series because the first term of
that series, the propagator of a stable particle, becomes arbitrarily large if the momentum
is near mass-shell (i.e. p2 + m2 ~ 0). So, for values of the momentum sufficiently near
the mass-shell value, the series will diverge. One is dealing with a momentum dependence
of a propagator, and one can sum a series in a region of momentum space (where the
perturbation series does converge) and then make an analytic continuation of the sum to a
region where the series is divergent, i.e. non-perturbative. In the case of unstable particles
this approach works fine. But what do we do here? What is the physics? What is true?
Let us investigate some physical consequences of this tadpole T.

The most direct influence is on the particle mass, which influence can be seen by
considering the effect of the tadpole on the particle propagator. Consider the following
series of diagrams:

— I- f • |. ? ? , i ? ? ? +

The corresponding expression is (we show the first three terms):

p — I
k2 + m2 — ie k2 + m2 — ie m2 k2 + m2 — ie

| 1 QgT 1 6gT 1 |

k2 + m2 — ie m2 k2 + m2 — ie m2 k2 + m2 — ie



This is a geometric series t ha t can be summed easily:

1
F =

There is a correction to the mass of the scalar particle:

m2-.

Inserting the solution (T±) gives a correction to the particle mass, m2 —» ̂ -^/m4 — 12gt.
The solution T_ (the lower sign, i.e. the plus sign in the m2 expression) gives a new mass
that differs by order g from the original mass.

Remarkably, the result also makes sense for the T+ solution which is singular in the
limit of g = 0 because T always enters accompanied by a vertex, thus a factor g. The
'singular' solution gives perfectly finite contributions. The mass becomes — \/m4 — \2gt.
Apart from perturbative corrections the mass changes sign! This would turn the particle
into a tachyon, which is physically unacceptable. On the other hand, had we started with
a tachyon, we would wind up with a normal particle. What is going on?

To have some background on this issue let us consider the Lagrangian, and more
specifically the negative of the part without derivatives:

In a classical theory we would think of this expression as the potential
energy (recall the well-known equation, L = T— V). We would then ex-
pect the field to take on a value tha t corresponds to an extremum. T h e
figure shows a plot of V(ip) as a function of ip. As it is a third-degree normal
expression we find two extrema, one minimum and one maximum. We
would normally think tha t the case realized in Nature would be the most negative one, and
it is here t ha t we see the 'illness' of this theory: there is no absolute minimum. Depending
on the sign of the coupling constant g the potential goes off to minus infinity for large
positive ip ( the case drawn here), or else for large negative <p. But let us ignore this aspect
for the moment . There are two solutions, corresponding to these extrema, of which one
looks stable and is a real minimum, whilst the other is metastable. If the system is at the
maximum, it will surely fall off either to the minimum on the left or to the deep end on
the right. How can this be expressed through precise equations?

To find the extrema, we simply differentiate the above expression for the potential
energy V((p) with respect to 9? and find those values of <p for which this derivative is zero.
Thus:

m2(p - 3gtp2 - t = 0.

If we substitute <p = T/m2 we discover that this is precisely the same equation as that for
the tadpole series T. The solutions give us the extrema, and let us call them ip+ and ip~



corresponding to the T± solutions. Note that </?_ + <p+ = m2/3g and ip-<p+ = t/3g. The
potential V((p) may be rewritten in terms of these </?_ and </?+:

The next step is to shift the field to one of these extrema. Let us substitute <p —> <p + <p±,
which for the potential energy gives the expression:

A-gcp3T ffly/m4- 12gt.

The linear term has dropped out, as it should; A is a constant that will be discussed later.
The sensible solution is that with </?_, i.e. with the lower sign, showing a positive mass
squared which differs from the original mass squared (for which we had taken +m2) only
by terms of order g.

The other solution shows a particle with negative mass squared (imag-
inary mass), i.e. a particle moving with a speed larger than that of light.
The energy-momentum relation is E2 = —m2+p2. The figure shows where
such a particle would typically be (indicated by a cross outside the light
cone) in the energy-momentum plane and also the curves (dashed curves)
which indicate the energy and momentum values that may be obtained y llghtc

from that point by means of a Lorentz transformation. Note that the magnitude of the
three-momentum must be no less than m. We did not worry here about corrections of
order g to the mass m, as they are of no relevance to the discussion here.

Note that the tachyon energy can be negative. As Lorentz transformations can trans-
form a tachyon with positive energy into one with negative energy this is an unavoidable
fact. However, this means that the vacuum becomes unstable. One may have a config-
uration of two or more tachyons whose energies and momenta add up to zero. In other
words, the vacuum will contain tachyons. One can imagine, everywhere, left and right,
tachyons coming into existence. It would be a spectacular thing! This vacuum is not the
one that we know, and it will very likely sum up into something else, presumably to the
real minimum of the field (where the particle mass is real and positive) or else, in this <p3

theory, to a field of value minus infinity. Let us make one thing clear: the theory with
tachyons is unacceptable as a perturbative theory, but what actually happens is entirely a
matter of speculation. After all, we have no idea with which Lagrangian Nature started,
and we are not even sure about the theoretical foundation of the whole scheme.

One should, incidentally, not see this tachyon vacuum as a decaying state. The
Feynman rules do not have a time dependence in this sense. One just imagines that
somehow the diagrams of this crazy theory sum up to something reasonable, i.e. to the
theory in the true minimum.

3.3 SUMMARY

A given theory may be described by different sets of Feynman rules. For example, as we
have shown through the example of the (p3 theory above, the Lagrangians corresponding to

10



these different sets merely differ by a shift in the field. One of them would show a tadpole,
the other, after the shift, would not have a tadpole vertex. Yet the diagrams for the theory
with tadpoles may be summed up, and the result is precisely the set of diagrams for the
theory without tadpoles.

Feynman diagrams fully and automatically describe the theory at an extremum. They
are a solution of the theory, which indeed, in a more formal way, is usually found by writing
down equations that follow from the requirement of an extremum. This is very satisfactory:
Do not worry, just use the Feynman rules and everything will be fine. To see this, you
may have to do a sub-summation, as we have shown for the case of tadpoles (linear terms
in the Lagrangian). The point that we wish to make is that there is, in principle, no need
to worry about the question of developing a vacuum expectation value. You may of course
make life simpler by going directly, in the Lagrangian, to the extremum in the small field
limit. The latter means that after the transformation <p —> ip + ip± one is in an extremum
at zero <p.

However, the matter of perturbation theory is more difficult. There are transformations
of the Lagrangian that cannot be reproduced at the level of Feynman rules. If, with our
rules, we are near the maximum in the (p3 theory, then we have no idea how to proceed.
We are faced with an unacceptable theory, with tachyons, and we have no idea how such
a theory will work out. Will it automatically somehow be resummable to produce the
theory in the minimum? Will all the tachyons, when summed up properly, add up to
normal particles? We have absolutely no idea. It all depends on what the starting point
is. If one starts with the Lagrangian, one will presumably always take the minimum. In
a sense this is a dogmatic attitude. We do not know if the world was created by writing
down a Lagrangian, or by providing a set of Feynman rules.

In our case, for the present, this remark is of little consequence. Apparently we are
sitting in a real minimum, and how we got there is of little concern. We do not see any
tachyons. Feynman rules work fine. But there remains at least one problem, which is that
of the cosmological constant. It is the subject of the next section.

3.4 COSMOLOGICAL CONSTANT

Einstein's theory of gravitation can also be formulated in the language of field theory
and Feynman diagrams as a theory of massless spin-two particles (gravitons) interacting
with matter. Gravitons are a lot like photons, massless particles of spin one. A massless
spin-one particle must be coupled to matter in a careful manner or unacceptable effects
such as negative probability occur. In order for a quantum theory to make any sense
it should provide a probability that is positive and is preserved. Probability is the link
between theory and the real world. Gauge invariance takes care of this; without gauge
invariance the quantum theory of electromagnetism would not make any sense.

This problem also arises for a massless spin-two particle. A massive spin-two parti-
cle has five polarization states, and for a massless particle some of them are physically

11



unacceptable. Imposing a certain gauge invariance causes the the undesirable degrees of
freedom to decouple. An extensive discussion of photons is given in Ref. [1].

Gravitational gauge transformations are more complicated than those of electro-
dynamics, but the principle is the same. The underlying symmetry [U(l) in the case
of photons] is given by what is called in Einstein's classical theory invariance under gen-
eral coordinate transformations. On the infinitesimal level they are really not that much
more complicated than the gauge transformations of the Standard Model, the SU(2) piece.
They are non-Abelian gauge transformations. The important point is that the gravita-
tional coupling constant (which is fixed by Newton's constant) is contained in the gauge
transformation of the graviton. This is in contrast to electromagnetism, where the gauge
transformation law, A^ —* A^ + d^A, contains no coupling constant, in particular not the
elementary electric charge. For this reason the photon can be coupled to particles with dif-
ferent charges without any problems. Incidentally, the gauge transformations of the fields
corresponding to those particles do contain their charges. For instance, the electron field
transforms as ip —> exp(ieA)V>, or ip —> (1 +ieA)ip in the approximation of infinitesimal A,
where A is the same function of space-time that occurs in the transformation law of the
e.m. field.

Once the transformation law itself contains the coupling constant, one is no longer
free to choose the coupling constant of gravitons to particles freely. The same coupling
constant must be used. One might say that the gauge transformations are messengers
of the strength of the gravitational constant. It must be the same everywhere, for any
particle. This is essentially the principle of equivalence. All matter is coupled in the same
way to gravitons. Unlike for electricity there is no freedom.

This principle of gauge invariance determines how the graviton should be coupled to
any particle. For spinless particles, such as <p in the <p3 theory, this coupling is quite simple;
one must replace a contraction such as d^ipd^ by glxud^ifdu(p, where g^v = 8^v + nh^
is the metric tensor containing the gravitational field h^ and the gravitational coupling
constant K. In addition, the whole Lagrangian must be given a factor yfg, where g is
the determinant of the tensor g^u. To first order in the coupling constant K one has
yjg~ — 1 + ^Kh^, involving the trace h^ of the gravitational field.

Let us try to understand this properly. Particles coupling to the graviton have certain
transformation properties under gravitational gauge transformations. Thus the electrons
of the Standard Model do transform in a definite way under these. If a new particle, such
as the Higgs, is coupled to the electrons it must also couple to the graviton, and this in a
way that is gauge invariant as well. In more direct physical terms: the graviton couples
in general to energy. If it couples to electrons then the energy that in an electron-Higgs
interaction is carried off by the Higgs must be coupled to the graviton as well. One cannot
have particles that do not couple to gravitons, but do couple to other particles that have
gravitational interactions. And the way that they couple to gravitons is unique, fixed by
the requirements of gauge invariance, always involving the same coupling constant.

The purpose of this is to make it clear that the coupling of gravitons to matter is
very much prescribed by basic principles. Things are quite well fixed if you believe in
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energy conservation and spin-two gravitons. This is the gist of our argument above. One
may have doubts about the broader contents of the theory of gravitation, in particular on
non-perturbative solutions such as black holes, but on the level of perturbation theory and
Feynman rules things are clear.

As regards the non-derivative part of our (p3 example, the coupling to gravitation is
given by

To first order in the gravitational coupling constant K this produces a coupling of the
graviton field h^ to the scalar field <p:

gcpz

This gives three vertices as shown in the figure.
There is an additional graviton interaction with two
(p fields from the derivative part, but for our discus-
sion it is not relevant.

tip) .

-Km

-Km

If the tadpole sum T is non-zero, the diagrams
shown in the figure arise, showing essentially that
there is a gravitational tadpole, i.e. a graviton go-
ing into the vacuum, much like our y-particle due
to the tip term. Its actual strength is determined
by T, ignoring loop corrections. It is quite sim-
ple to find the precise form from the Lagrangian by
substituting ip = <p + <p±:

Its strength depends on our initial choice of t, even though t in the ip-sector has no effect
as the Feynman rules automatically select the minimum. We have, of course, no idea
how Nature started out, but as loop diagrams also produce such a gravitational tadpole
it would really be a miracle if there were no such terms. So, we must consider what this
gravitational tadpole implies. What is its effect, or, using more common parlance, that
of a cosmological term? This is not a subject that we wish to pursue at any length here.
The classical understanding is that a cosmological term causes a strong curvature of the
universe. One can solve Einstein's equations of pure gravity with a cosmological term, and
this solution is incompatible with the flat universe that we see. We are not talking about
very small effects here; the Higgs system of the Standard Model (to be discussed later)
generates a vacuum expectation value (i.e. a gravitational tadpole, a cosmological term)
that curves up the universe to something the size of a football. This is most evidently not
the case.
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4. The Original Higgs Model

4.1 INTRODUCTION

In the previous section we discussed a field with a vacuum expectation value. This
has nothing to do with symmetry breaking, including spontaneous symmetry breaking.
Spontaneous symmetry breaking occurs if there is more than one field configuration in
the vacuum at the minimum value for the potential energy; this may happen if there is an
invariance. For instance, given a value for the field in the vacuum for which the Lagrangian
is at an extremum, any other field obtained by applying a gauge transformation maintains
that Lagrangian at its extremum value. Yet, since there is only one vacuum, one must
choose (or rather Nature chooses) one of those otherwise equivalent vacuum fields. This
choice implies a breaking of the symmetry, not at the Lagrangian level, but in the way we
observe physics, involving the vacuum. This is spontaneous symmetry breaking. Again,
the Lagrangian retains its invariance, although the implications for the observed facts
become more complicated. Let us nonetheless clearly state that mass generation through
a field in the vacuum is something other than symmetry breaking. In this chapter we shall
see a first example of spontaneous symmetry breaking caused by the choice of a particular
vacuum.

We shall discuss the model as it was introduced originally by Higgs [7]. It is essentially
quantum electrodynamics with a massive photon. Whilst it is considerably simpler than
the Higgs sector as used in the Standard Model, it is interesting because certain features
can be exhibited simply, at the sametime being valid also in the general case. Such features
are, for example, the magnitude of the cosmological constant, the unitarity limit, and the
so-called 'equivalence theorem'.

The unitarity limit, often misrepresented, concerns the range of validity of the theory;
if the Higgs mass is larger than a certain value, perturbation theory breaks down. Then
we become like the famous emperor without his clothes. Or rather imaginary clothes such
as strings and supersymmetry.

The equivalence theorem nonetheless allows one to deal with such a heavy or even a
non-existent Higgs. It establishes a formal connection between the scattering of longitudi-
nal vector bosons and pion scattering at low energies. This connection holds to all orders
of perturbation theory, so that one might hope that it will survive even if perturbation
theory breaks down. Pion scattering is of course known experimentally, and hence we may
understand something about the behaviour of W-pairs at very large energies, i.e. at ener-
gies that the Large Hadron Collider (LHC) will just about attain. Though there is really
no rigour in the connection mentioned, it does provide us with some feeling for orders
of magnitude and for how things might behave. For this reason the equivalence theorem
ought to be considered very important.
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4.2 LAGRANGIAN AND FEYNMAN RULES

The simplest example of a Higgs system is the model introduced by Higgs in which
one single neutral vector boson acquires mass through a vacuum field, and which also
contains spontaneous symmetry breakdown. The model corresponds to electromagnetism
with a massive photon. The starting point is a Lagrangian which describes a massless
photon interacting with a charged scalar particle (K) and its antiparticle. The scalar field
develops a vacuum expectation value, and the vector boson (the photon) acquires a mass.
One scalar field degree of freedom disappears, i.e. converts to a longitudinal photon, and
the other survives as a physical particle (the so-called Higgs).

The Lagrangian is:

L = -{F^F^ - {D^KfD^K - JXK*K - \\{K*K)2

with

r/xv — UfiAi/ Cfj/A^

We use the coupling constant g rather than the conventional e. This Lagrangian is invariant
under the gauge transformation

K -» e~i9hK

with A a function of space-time, A = A(x). This Lagrangian may be rewritten:

L = -{F^F^ - (DpKyDpK - \\{K*K - /0
2)2 + \%

with /o = — fi/X. For this model to make sense A must be positive since otherwise for high
values of the field K the energy becomes arbitrarily negative. Remember that classically
L = T — V, where V is the potential energy.

If /o is real positive, i.e. y, negative, then K develops a vacuum expectation value. In
the lowest order this is the value for which the Lagrangian reaches an extremum. Obviously
this happens when the quadratic term is zero, i.e. for K = foeia, with arbitrary real a. The
arbitrary phase factor eta is a consequence of gauge invariance, as the theory is invariant
under a gauge transformation that changes the phase of the field K, in particular change by
a phase that is not a function of space-time. We must assume that somehow Nature makes
a choice for this phase. This constitutes a breaking of the gauge invariance symmetry. To
be precise, this is not a breaking of the invariance of the Lagrangian, but the breaking
occurs because the vacuum is no longer gauge invariant. A gauge transformation would
now change the phase of the field in the vacuum, i.e. of the vacuum expectation value. Of
course, the physical consequences of the theory would be independent of this phase. We
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may therefore by convention set it equal to zero. With a zero phase K takes on a real
vacuum expectation value, and we write:

If we now make the shift

K

the Lagrangian becomes:

L = - {F^F^ - {Pp
- igA^fod^K - K*) - \\{K*K + f0K* + f0K)2

r2f2A2 ,
~ 9 J0An +

As the field K is complex, we may rewrite it as a combination of two fields:

where H(x) and ip(x) are real fields. A gauge transformation of K implies transformations
of H and <p. Before the shift K = K + fo the infinitesimal form of the gauge transformation
was:

K - • (1 - igA)K .

Taking into account the shift this becomes

K^K- igAK -

In terms of H and <p:

H(x) -* H(x)
<p(x) -> (p(x) - gAH(x) - gAf0V2 .

The transformation of the field <p(x) involves the field independent part gAfo\^2. This
shows that (p is unphysical, as its value can be changed by a constant without any physical
consequence.

In terms of ip and H the Lagrangian becomes:

L = - iF^F^ - (DpKYDpK - gM A\

\H2

where
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M =

The photon mass term is now explicit.

At this point we need to know which Feynman rules correspond to this Lagrangian. The
relation between a Lagrangian and the Feynman rules for a gauge theory is complicated
and involves gauge fixing terms and Faddeev-Popov ghosts. This is not the place to discuss
this at length, and we shall just state the result for this model.

To this Lagrangian the gauge fixing term (Lgf) and the Faddeev-Popov Lagrangian
(Lpp) must be added. We choose the Feynman-'t Hooft gauge:

C = - d ^

Lgf = -\C2= -

The F-P Lagrangian follows by subjecting C to an infinitesimal gauge transformation:

C -> C + d2A - gMH{x)A - M2A .

This implies the F-P Lagrangian

The photon field A^ has no interaction with the F-P ghost x-

This model has three independent parameters: g, X and /x, or g, A and M, with /o
M/g\/2. The mass term of the Higgs field H is

and we identify the Higgs mass m by

2 nw2m2 = 2A/0
2 =

We shall use the parameter m instead of A, the relation being
2 2

In terms of these parameters the complete Lagrangian is:

I = - \(d^Avf - \M*Al - 10V)2 - i ^ V
) - J 9

2 ^ ( H 2 + >p2)

Of
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The Feynman rules corresponding to this Lagrangian can now be written down:

Propagators:

Vector particle (massive photon).
k2 +

k2 +

k2 +

M2

1
M2

i—
i

m2

1

— ie

— ie

— ie

- is

Higgs particle.

Faddeev-Popov ghost.

Crudely speaking, the Higgs ghost is the longitudinal part of the photon field, and the
appearance of the photon mass in the Higgs propagator is witness to this.

Vertices:
,'P

k /

2 2
m gL

•>-

M2

> / 9 9

/ 771 0

~~M2~
- 3

M

m2M2

\ X
\ /

\ /
X

/ \
/ \

/ \
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\
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Cosmological

m2g2

" M2

m2g
M

-gM

constant.

4.3 COSMOLOGICAL CONSTANT

The Lagrangian of the Higgs model contains the field independent constant:

^ _ m2M2

° - 8g2 •
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Let us explore the physical consequences of this constant for gravitation.

Gravitational interactions are commonly introduced through a variety of constructions
such as replacing dp by the appropriate covariant derivative D^ containing the gravitational
field g^u = 8^u + nh^. Furthermore, the Lagrangian must be given the overall factor
is/det(gfJii/) which involves the determinant of the metric tensor. At this point the addition
of a constant to the Lagrangian is of physical consequence; the coefficient of the term that
contains no other field dependence other than ^/detg is the cosmological constant. It gives
rise to the cosmological term in Einstein's theory of gravity. A non-zero value implies a
curved universe in the absence of matter. In Einstein's theory there is really no reason to
suppose that the cosmological constant is zero; here in the Higgs model we see that field
theory generates such a constant even if there was none at the start [16].

Experimentally the universe is known to be very flat, certainly on the scale of magni-
tudes implied by possible Higgs contributions. There is, of course, formally nothing wrong:
we could have introduced the same constant with a minus sign in the original Lagrangian,
and after the shift in the Higgs field the total result would then have been zero.

To put things in all generality: Einstein's theory contains the cosmological constant
as a free parameter. One customarily does not worry too much and just sets it equal to
zero, as experiment requires. The trouble now is that field theory modifies this constant
by an a priori unknown amount. Moreover, further investigation shows that this constant
is also affected by radiative corrections. It is therefore hard to see why the final result, as
deduced from experiment, is so very close to zero.

To put this into more explicit terms some numbers might be of interest. The gravita-
tional coupling constant K is:

K = 5 . 8 X 1CT22 MeV-1 .

The experimental limit on the cosmological constant is:

K2C < 1CT57 cm"2, or C < 0.23 x 1(T35 MeV4 = (1.23 x 1(T9 MeV)4 .

Do not take the numbers after the decimal point seriously: this constant is only known
order of magnitude-wise. The value of the cosmological constant generated by the Higgs
system as quoted above is way out of range for any reasonable value of m, M and g.
Typically, the contribution of the Higgs system is of the order of (100 000 MeV)4, assuming
Higgs mass m and vector boson mass M to be of the order of 50 GeV = 50 000 MeV.

Of all the explanations suggested so far, one can only say that one of them may be
correct.

4.4 UNITARITY LIMIT, HEAVY HIGGS

The Higgs model contains only one vector boson, and three completely arbitrary pa-
rameters g,m and M. The vector boson may be like the real photon; it can be coupled
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to other charged particles in the customary way, involving the e.m. coupling constant e.
In this Abelian model there is no relation between the coupling constants e and g. In
particular one may take the limit g = 0, and nothing survives of the Higgs system except
a photon mass term. This shows that just giving a mass to the photon does not destroy
renormalizability.

Another approach is to consider the behaviour of the theory as a function of the Higgs
mass m [17]. The theory with a finite photon mass M and no Higgs is renormalizable. The
theory with finite photon mass M and finite Higgs mass m is also renormalizable. The
celebrated decoupling theorem [18] claims that the limit of m = oo should be the same
as the theory without a Higgs particle. In view of the fact that certain vertex couplings
contain m2, and thus become large as the Higgs mass becomes large, the application of
this theorem is questionable. We shall now investigate this limit of large Higgs mass.

Let us consider massive photon-photon scattering. The following diagrams contribute
at the tree level:

All the diagrams involve Higgs exchange. The external vector boson lines imply polariza-
tion vectors, and will now look specifically at longitudinal polarizations. In the centre-
of-mass system with p and k along the third axis and p' and k' in the 1-3 plane one
has:

k = (0,0, ke, iko) k' — —(kg sin6,0, ke cos9, i

e(k) = —(0,0, ko,ike)

e(k') = —-7j(&osin0,0, ko cos 6, ike) •

The equations involving p and p' differ from the above by a minus sign for the spatial
components.

The Mandelstam variables s, t and u are defined by:

These variables are not independent:

The variable s is related to the total energy in the centre-of-mass system: s = E%
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The three diagrams can be evaluated readily. One finds to this lowest order the am-
plitude AQ:

where t' and u' are different from t and u:

t' = i ( l - cos0)s = -t + O(M2)

u' = 1(1 + cos0)s = -u + O(M2) .

For fixed s, t, u the amplitude goes to zero for large Higgs mass m. However, let us now
consider the case that m » M, but fixed, and then take the limit s —> oo. To see clearly
what happens we shall look at the case of scattering in the forward direction, i.e. cos 9 = 1.
Then t = 0 and u = -s + 4M2. In the limit M2 <C m2 < s one finds:

AQ = 2cr
M2 '

If m is sufficiently large compared to M (i.e. g2m2/M2 of order 1) then the amplitude is
larger than allowed by unitarity. This limit, including the method shown here, is very
much analogous to that usually quoted in connection with the Standard Model [19].

As is clear from the above, the limit of large Higgs mass is quite delicate. The longitu-
dinal four-photon scattering amplitude remains small for energies below the Higgs mass,
but for higher energies it reaches a maximum that is proportional to m2. What is the
limit really? More precisely, what happens when the one-loop radiative corrections are
included? Such corrections can roughly be understood as the square of the tree amplitude
integrated over all intermediate energies. We then have two effects that tend to cancel
each other out (as m->oo the region where the amplitude is substantial decreases, while
the amplitude increases in that region).

A complete calculation in the limit M2 <C s,t,u <C m2 shows that a finite result
remains. For the longitudinal photon-photon scattering amplitude the one-loop radiative
corrections grow quadratically with s and t:

with

21



Note that st + s2 + t2 = (u2 + s2 + t2)/2. This calculation is actually quite complicated,
and no details will be given here. A similar calculation for a more realistic Higgs sector
will be discussed later.

The above result also requires the calculation of tadpoles, and of two- and three-point
functions; these quantities are needed for the renormalization procedure. Although various
log(ra2) terms appear in the process, they are completely renormalized away in the present
case. It should be emphasized that the above result was obtained in the limit M2 <C s,
£ < m 2 .

Thus for large m2 unitarity is 'violated' for energies such that g2s/M2 > 1. Even if the
tree amplitude is well behaved (in fact it is vanishingly small if m2 —• oo), the one-loop
radiative corrections violate the unitarity bound. The above expression for this amplitude
Ai suggests that perhaps a partial summation of diagrams in the s, t and u channels could
take care of the problem. This is, however, pure speculation.

4.5 EQUIVALENCE THEOREM

The equivalence theorem [20,21] refers to a very useful identity applicable to calcu-
lations of amplitudes involving longitudinally polarized vector bosons. The statement is
that at high energies a longitudinally polarized vector boson behaves like the Higgs ghost.
As amplitudes with in(out)-going Higgs ghosts are usually much easier to calculate the
theorem is often quite useful. However, the main physics interest is that thanks to this
theorem one can make a link between pion scattering at low energies and vector boson
scattering. This is because the Higgs ghost Lagrangian looks the same as the effective
Lagrangian often used to describe pion scattering. In analogy to the two-pion resonance at
750 MeV, the /O-meson, one may then speculate that there is a resonance in the amplitude
for scattering of longitudinally polarized vector bosons at a much higher energy, about
2 TeV or higher.

As the Higgs ghost is a gauge-dependent object, the equivalence theorem is likewise
gauge sensitive. The Feynman-'t Hooft gauge is in fact understood.

In a first approximation the theorem is derived from the Ward identities (in the
Feynman-'t Hooft gauge). For the case of the simple Higgs model we used the gauge
fixing Lagrangian —1/2C2 with

C = - d ^ + M<p .

The Ward identities follow from the fact that any Green's function involving one or more
field combinations C as external lines is zero. Two steps are then needed to arrive at the
theorem:

• The polarization vector e^k) of a longitudinally polarized vector boson with momen-
tum k is proportional to k^ neglecting terms of order M/k:

22



• An S'-matrix element is not immediately equal to a Green's function. A procedure for
the external lines, involving wave function renormalization, and the mass-shell limit
must be carried through. Whatever differences there are with respect to this procedure
for vector bosons and Higgs ghosts must be allowed for [21]. In practice, this amounts
simply to the following: forget any self-energy insertions in the external lines and
attach the proper wave function renormalization factors for vector bosons and Higgs
ghosts, respectively. In short, the S'-matrix elements defined as usual can be used.
This recipe requires that the gauge choice is strictly as stated, and that this gauge is
kept throughout.

Thus, from the first step, the desired equality will be true only up to terms that go to
zero as the energy of the vector boson becomes large.

The equivalence theorem can be used to estimate the high-energy behaviour of ampli-
tudes involving longitudinally polarized vector bosons. The point is that the individual
components of the polarization vector of transversally polarized vector bosons are of or-
der 1, whilst, as shown above, the polarization vector corresponding to longitudinal po-
larizations has components that grow with the energy. For a vector boson moving with
momentum kf along the third axis the transverse polarization vectors are of the form

ej, = (a, 6,0,0) , a2 + b2 = 1 ,

and the longitudinal is:

ef, = — (0,0, ko, ikA , ko = Jk2 + M2

One has

= — +
M

1/ — y*\j tvtj -

Note that 8^ is a light-like vector, i.e. 8^8^ = 0. Furthermore k^S^ = M. From the
expression for 8V

U it follows that

M M \ke

The equivalence theorem must be applied with great care. Firstly it should be noted that
the equivalence of longitudinally polarized vector bosons and Higgs ghosts is true only in
leading order in the energy of the vector boson, as shown explicitly above. The fact that
the S'-matrix elements involved are Lorentz invariant raises some questions. Consider any
process involving only one vector boson. No matter what its polarization is, by means of a

23



suitable Lorentz transformation it may be transformed to a longitudinally polarized vector
boson of large momentum (first go to the rest frame, then boost along the polarization
direction*). Although the amplitude is invariant, a transverse vector boson may become a
longitudinal one. It follows that the leading behaviour in terms of &M for the longitudinal
case must somehow cancel, i.e. the factor k^/M must effectively behave as a constant (or
less) for large A;M. But then the neglected part (Sv in the equations above) may be of the
same order of magnitude as the k^/M part, and there is no meaningful equality.

Thus for processes involving only one longitudinally polarized vector boson of large
momentum k^ the amplitude is down by a factor of order Mjk^ compared to what might
be inferred when replacing the polarization vector by k^/M. Indeed, as can be seen
explicitly through simple examples, in the case of only one vector boson the equivalence
theorem is not valid. An example within the Sstandard Model including fermions is the
decay of the neutral vector boson into a neutrino-antineutrino pair. At the tree level the
Higgs ghost is not even coupled to such a pair.

The above 'argument* fails if there are several vector bosons involved. The reason is
that although the Lorentz transformations mentioned may turn a transverse vector boson
into a longitudinal one, another vector boson may be transformed from a longitudinal to
a transversal one at the same time. Furthermore, the polarization vector components may
become of order k^/M2 after a boost. As an example consider the dot product of two
polarization vectors (longitudinal) in the centre of mass. It is equal to (—fcg — kj)/M2. A
boost that brings one vector boson to rest will transform the components of the polarization
vector of the other to something of order A;|/M2, so that the dot product remains invariant.

The above arguments are somewhat sloppy, and must be seen as indicative of the
fact that there are usually cancellations. However, there is another fact. In a gauge
theory, couplings of vector bosons are generally such that the high-energy behaviour of
longitudinally polarized vector bosons is damped. This must be so, in order for the theory
to be renormalizable. Thus if the energies of all vector bosons are very large compared
to all masses (including the Higgs mass) then there must be cancellations. Hence the
equivalence theorem is also useless in this case. It might still be valid, but the amplitude
involving longitudinally polarized vector bosons will be of the same order of magnitude as
that for transversally polarized vector bosons.

There is still an interesting region were the equivalence theorem is effective. This is
when

• at least two vector bosons are involved;

• the energy of all vector bosons is large with respect to the vector boson mass M but
small with respect to some other mass, notably the Higgs mass.

The second condition can perhaps be sharpened. If there is one mass mx in the theory such
that in the limit mx —> oo the theory becomes non-renormalizable, then one might expect

* A note of caution however: a vector with components of order kg/M may be transformed into a vector
with components of order
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that there will be no complete cancellation if the energies are below that mass. This is
true for the Higgs mass. Another example where this might happen is the Standard Model
if the top quark mass is large.

It is clear that the application of the equivalence theorem is non-trivial. For example, in
the case of vector boson-vector boson scattering there is, in the limit M <C Energies <C m
{= Higgs mass) a cancellation at the tree level, but not sufficient to reduce the longitudinal
cross-section to the level of a transverse cross-section. The equivalence theorem turns out
to be correct, and useful. On the one-loop level there appears to be no cancellation, and
the theorem works and is very useful indeed.

A non-proven rule of thumb might be this: suppose some process involving longitu-
dinal vector bosons is to be considered. Assume the validity of the equivalence theorem.
Compute the Higgs ghost amplitude. If the result is larger (for large energies) than might
be expected for amplitudes involving only transverse vector bosons then the chances are
that the theorem works.

It should be noted that the replacement of the polarization vector by the correspond-
ing four momentum (ep —• k^/M) is not an essential approximation. To all intents and
purposes this replacement may be taken as exact. The point is that things can be refor-
mulated in such a way that this approximation can be avoided. Consider as an example
an amplitude involving two vector bosons. It can be written in the form:

where the polarization vectors are explicitly shown. The quantity A^v contains whatever
else is involved besides external vector bosons. The interest is in the high-energy behaviour
of the amplitude, for ko and po large with respect to the vector boson mass M. The
supposition is that the leading behaviour is obtained for longitudinal polarizations, which
is true. However, things may be formulated as follows. Consider the amplitude squared,
and sum over all vector boson polarizations:

E
The leading behaviour now follows by considering only the k^ka and pvp$ terms. However,
the cancellation issue remains: if there is a cancellation in this part then the 8^,a and 8vp
parts cannot be ignored.

The above expression can be worked out completely using Ward identities. The work
is largely the same as that needed to show that the unitary gauge (no Higgs and Faddeev-
Popov ghosts, vector boson propagator numerator of the form S^ + k^k^/M2) is equivalent
to the Feynman-'t Hooft gauge (Higgs and F-P ghosts, propagator of the form 6^). It
remains then to demonstrate which piece leads in the limit of large energies.
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5. The cr-Model

5.1 THE MODEL AND ITS SYMMETRIES

Schwinger's cr-model contains four scalar particles. We shall denote them by a and
<Pi,i = 1,2,3. There are several ways to write the Lagrangian, each with its advantages
and disadvantages. The most direct form is this:

L = 4 (^<x) 2 - \dvfpidttpi - ifi(v2 + d) - \\{o2 + <p2)2 •

The fields a and ipi are real. There is evidently an 0(4) symmetry, which becomes manifest
if we write 7̂4 for o. This is a six parameter symmetry. Customarily one writes this as an
0(3) symmetry in which the (pi transform into themselves and a is invariant:

a .

This is actually the infinitesimal form, involving three quantities Aj and the completely
antisymmetric tensor e. In addition then there is a symmetry mixing a and the (pi (in-
finitesimal form):

cr —* a +

The first symmetry is often seen as an isospin symmetry, and in fact it is just that in the
Standard Model. The symmetry is a global symmetry, with the A and A independent of
space and time.

Another way to write the Lagrangian is by means of a complex two-component quantity K:

L = -

with

The manifest invariance here is an SU(2) invariance, involving three parameters AL:

where the rl are the usual Pauli spin matrices:
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Working out this transformation one finds:

a -+ o + £AfVi

\ (~o"Af + eijkAJ<pk) .

This shows that the symmetry is a combination of the previous two symmetries, with
Aj = Aj = jA^. In addition, there is manifestly a U(l) symmetry:

K - e~iA°K

or, in infinitesimal form:

a —> a +

^3 -* ^3 - A°<7 .

This symmetry follows by taking A3 = —A3 = —A0, all other A and A zero. The remaining
symmetry is not manifest.

The third way to write the a-model Lagrangian involves the matrix $:

$ = <7T° + i

with ro the 2 x 2 unit matrix:

* - ( l

In detail:

— (&o (J —

Note that the first column of $ is like the previous K. The trace of $ is real. The
Lagrangian is now:

The manifest symmetries are now two SU(2) symmetries:

G = exp

H = exp ( |Afi
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involving the six quantities AL and A^. In infinitesimal form:

G and H are often called the left and right SU(2) symmetry, respectively. We will denote
them by SU(2)x, and SU(2)#. In terms of a and ip these transformations amount to

Vi^ipi- \<J (Af + Af) + ieyjfc (A£ - Af)

This is like the very first transformations mentioned with

The U(l) symmetry in connection with the a-model in the K notation relates to the
transformations with A§ = A0, all other A's zero.

The model with a matrix $ has an extra, discrete symmetry, as it is invariant under
the transformation with the matrix — 1 simultaneous left and right (N$>N = <fr, where N
is the two-by-two matrix with —1 on the diagonal). This is a Z(2) symmetry, a discrete
group with two elements, namely the units matrix and the negative of the unit matrix.
Thus we have: 0(4) = SU(2) x SU(2) : Z(2), with : denoting division.

The if-notation is often used when writing down the Lagrangian of the Standard Model
using the cr-model as the Higgs sector. The reason is that the manifest SU(2) and U(l)
symmetries in this notation are precisely those of the vector boson and fermion part of the
model. The full symmetry structure is then somewhat hidden, and is often referred to as
'accidental symmetry'.

The cr-model can be rewritten in such a way as to make the vacuum expectation value
of the fields obvious. Using the 'direct' Lagrangian we write:

L = - 2A

As in the Higgs model, A must be positive to have the energy bounded from below. If
/j,/\ < 0 then some or all of the fields will have a vacuum expectation value such that the
sum of the squares of these vacuum expectation values equals — 2/i/A. Nature will make
her choice, and the fields will assume certain vacuum expectation values. At this point,
given the full 0(4) invariance, one may rotate the ipi and the a so that only the a vacuum
expectation value is non-zero. Making the shift

/ 2/i
a -> cr+ d —— = a + f0 ;
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the part in square brackets in the Lagrangian takes the form:

0a (a2 + rf) + (a2 +

Considering the quadratic term, it follows that the cr-particle has the mass

m2 = A/0
2 ,

while the ipi remain massless. They are called the Nambu-Goldstone bosons.

The Feynman rules for this model are simple. Below we shall use a, 6, etc. to denote
the <p index. The a particle is represented by a wavy line, the <p triplet by a dashed line.
The propagators are:

k2 —ie
1

fc2 + m 2 - ie

The vertices:
H 3m2

/o a6

m2

3
f2
Jo

m2

{ 7<f (fiabficd + 8ac6bd +

\d °

5.2 THE NON-LINEAR CT-MODEL AS LIMIT OF THE CT-MODEL

The Lagrangian of the cr-model, in case of spontaneous symmetry breakdown as dis-
cussed above (a with vacuum expectation value) is:

L=-\ (V) 2 - J (d,<fif - - ^ [a2 + tf + 2a/of
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with

Let us now consider the limit of large m for fixed /o. Then the last term dominates, and
the Lagrangian reaches an extremum if the expression inside the square brackets is zero,
not just for constant fields (the vacuum expectation values), but also when the fields have
a space-time dependence. This fixes a relation between the a-field and the ipi's, and in
fact the cr-field disappears as an independent field. Thus:

a2 + 2a /o + y>? = 0

The minus sign must be taken as a should be zero if the <fii are zero.

Substituting this solution in the Lagrangian results in the Lagrangian for the non-linear
cr-model:

Lne = - i ^ ^ 2

Expanding the denominator:

it + 4
JO JO

This is a non-polynomial Lagrangian. It describes a triplet of massless particles interacting
with each other. In terms of Feynman rules this model has an infinite number of vertices
involving 4,6,8 • • • (p-lines. The 4-vertex is:

- 4 UabScd(p + k)2 + Sac6bd(k + p ' ? + SadSbc(k + k')2]
/ft L J

where k,p,p',k' refer to the momenta of the particles (all momenta taken to be ingoing).

Whilst the (linear) a-model is renormalizable the non-linear a model is not. Renor-
malizability forbids momentum dependence of the four-vertex, and also the occurrence of
five and more vertices. Because of this the decoupling theorem is no longer valid. It is
therefore of interest to see whether the linear model becomes, in the limit of large mass m,
the non-linear model also in terms of diagrams. As we shall see the answer to this question
is not conclusive. Consider (p-cp scattering in the linear model. There are four diagrams:
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The Feynman rules have been given before. The first diagram gives:

/
.o "ab"cd / , i \o . o •^ (p + A;)2 + m2

Taking the limit of large m2 one must actually develop the propagator and not simply
make it equal to 1/m2:

-2 uaowcd 9 M 9

ft m2 \ m2

Doing the same for the second and third diagram and summing these expressions one has:

-,4
m 4 r 1 I c e I f f
-pi —oOabOcd^ 2dac°bd "* 2°ad°bc

m 4 mH

Adding the expression for the four <p vertex of the linear model gives precisely the four ip
vertex of the non-linear model as given above.

This same method works for all tree diagrams. However, when considering diagrams
with loops the situation becomes more complicated. The development of the cr-propagator
as given above may no longer be valid. The reason is that this development introduces
momentum dependence in the numerator, and the resulting loop integrals may become
divergent. Indeed, a dependence of the form I/A;2 is replaced by A:2.

As it happens, the propagator expansion can still be carried through for one-loop
diagrams, although slightly modified [17]. As an example consider the very simplest case,
< -̂self-energy diagrams:

S N

I \
\ )

The expression corresponding to the first diagram is:

1
f2 J k)2 + m2 _

Note that the a propagator depends on the external momentum A; in addition to the loop
momentum p. The development is now as follows:

2pk + k2 (2pk + k2)2

2 + 2
(p2+m2)2 +'

Note that from the point of view of large momentum p the series is still well behaved.
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Evaluating the integral and taking the limit of large ra2 is trivial; ^-x

adding the expression corresponding to the second diagram one obtains \ /
the same as from the single diagram in the non-linear model as shown.

The crucial point is really the propagator expansion. This is what corresponds to
taking the limit of large m directly in the Lagrangian.

For two-loop diagrams no such procedure works. Inevitably any propagator develop-
ment leads to more and more divergent expressions. And in fact it is found by actual
calculation that the limit of the linear model is not simply the non-linear model [22]. The
problem has not yet been understood in all generality.

5.3 HIGGS SECTOR OF THE STANDARD MODEL

In the framework of the Standard Model, weak and electromagnetic interactions are
mediated by vector bosons. We shall now discuss how vector bosons are coupled to the
particles of the cr-model in a gauge invariant way. As usual an SU(2) x U(l) symmetry
of the vector boson Lagrangian is assumed. Thus there are four vector bosons, namely a
triplet B^,a = 1, 2,3 and a singlet B^. The vector boson Lagrangian is:

It will be convenient to introduce a new notation for the B^. Define the 2 x 2 matrices 6̂
and Cfj,:

b = —i-BaTa c = —i-BQrx ( T X ) 2 = r °

w h e r e t h e r a a r e t h e P a u l i sp in m a t r i c e s a s g iven before, r ° is t h e 2 x 2 u n i t m a t r i x , a n d
rx is n o t ye t specified. Expl ic i t ly :

. / £3 Bl-iB2\ . faB° 0 \ _ _
M 2\B1+iB2 -B3 j M 2\ 0 0B°J

The Lagrangian can be rewritten in terms of b and c:

involv ing t h e 2 x 2 m a t r i c e s b^ a n d c^ :

bnv = dfjbv - dubfj, + g[bn, bu]
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The Lagrangian is invariant under the SU(2) gauge transformations:

6M -> Sb^S* + -

with the 2 x 2 matrix S of the form:

where the three Aa are three functions of space-time. It is left to the reader to check that
the b^ transform as

bfjus —>• Sbpt/S* .

The proof uses the fact that S is unitary, i.e. S^ = S~l. Similarly for cM and c^:

1̂  1 i

Let us now return to the cr-model in $ matrix notation. The manifest symmetries are an
SU(2)£ and an 811(2)^. To make these symmetries local (i.e. invariance also if the AL and
AR are space-time dependent) one needs two triplets of vector bosons. Let us denote the
fields by

Li SU(2)L vectorfields

Rft SU(2)E vectorfields .

At some point we shall identify the B® with the L° or R^ or some combination of them.

The locally invariant Lagrangian is obtained by replacing the derivative <9M$ by a
covariant derivative D,,&:

where now l^ and r^ are matrices:

If (see section on a-model symmetries):

then it is not difficult to show that

33



provided

using G+ = G"1 and Jft = if"1. It then follows that

is invariant.

If a now develops a vacuum expectation value then the vector bosons get a mass.
Performing the shift a —* a + /o and keeping in <5> only the terms containing /o provides
us with the vector field mass terms. Thus write:

* " A ( o

so that

Dp* = {glf, - g'rj fQ = - f /o [gl^ - g'R°] ra

and

LM = - j T r

If we write

= g-
c

where s and c are the sine and cosine of an angle 6W then:

2

This shows that there are three field combinations cL — sR that acquire a mass whilst the
field combinations

remain massless.

Identifying the vector bosons of weak interactions with the above is pretty obvious.
The three massive combinations must be taken. The photon can then be identified with one
of the three massless combinations, for which we take the third component. There are no

34



other massless candidates in Nature, so we must assume that Rl and R2 are non-existent.
This implies a breaking of the SU(2)# symmetry.

The result is the following identification:

TO, _ nO D3 _ DO

The mass terms are now:

with

M

Introducing the notation W? for the physical vector boson fields we have:

W1 — B1 W2 — R2 W3 — r/?3 —VKAi — 1J\t. ' 'vAt — •DA* ' A* — c-DA t

and the photon field:

In terms of the VF the mass terms are

\M2

with Mo = M/c. Defining

this becomes:

W

and W° correspond to the observed particles; in the literature W® is often called Z°.
In this model the neutral and charged vector boson masses are related.

The gauge symmetry of the model is as follows. The vector boson fields transform
infinitesimally as:
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In terms of the matrices b^ and cM as denned above we must choose rx = r3, and the above
transformations correspond to:

+ -

9' = 9s Ic s = sin9w c — cos 0w

5.4 ISOSPIN

Referring to the section on symmetries of the cr-model it should be noted that the
A transformations leave the a invariant. The A transformation is equivalent to a simulta-
neous AL and A^ transformation with A = AL = —AR.

Let us now consider the a-model including vector bosons but ignoring electromag-
netism. This amounts to setting s = sin9w = 0 and c = cos^w = 1, whilst suppressing
£?j?|. As there are no vector bosons i2M associated with SU(2)# we have a local SU(2)^
invariance (AL) and a global SU(2)# invariance (A^). Because the a is invariant under
the simultaneous A^ = — A^ transformations it follows that these transformations leave
the Lagrangian invariant even after the substitution a = a + /o. This global invariance
will be called isospin invariance. It corresponds to the symmetry well known in hadron
physics under the name charge independence. The isospin transformation properties of
the various fields are (infinitesimal form):

The W and tp transform as isospin triplets. Note that, ignoring electromagnetism, the W
fields are the same as the B fields.

This isospin invariance has as an immediate consequence: the masses of the three
vector bosons are equal.

The inclusion of electromagnetism through the B^ breaks the isospin symmetry because
SU(2)# is broken. Furthermore the B3-B° mixing affects the neutral vector boson mass
by a factor cos 0W. This modifies the relation between the masses to [23]:

M2

1
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Note that this is a correction of order zero, i.e. a correction of order sin2 6W, not g2 sin2 6W.
It is not something that can be obtained easily from a perturbation argument. Further
radiative corrections due to e.m. interactions will change the value of p even more. When
considering the fermions, whose masses must also be generated using coupling to the a
field, further isospin breaking effects will arise. These effects will also, through radiative
corrections, affect the value of the p-parameter. A case in point is the correction due to
the top-bottom quark mass difference. This correction increases with the top mass:

m2 + m2
b- * b

64M2
m$-

This is the only observed radiative correction that, remarkably, grows with the mass of the
intermediate state. This is very specific of a gauge theory, becoming non-renormalizable if
some particle essential to the gauge invariance is removed.

5.5 FERMION MASSES, PARITY

There are two ways to assign a mass to the fermions:

• 'by hand' simply by adding a mass term to the Lagrangian;

• through the Higgs system. Coupling the fermions to the a field will, after the shift
a —> a + /o, give rise to a mass term.

It must now be noted that a massless fermion has two independent degrees of freedom,
namely left- and right-handed polarized states. Any Lorentz transformation transforms
these states into themselves. This is not true for massive fermions, as one can, by a Lorentz
transformation, go to the rest system and then by means of a space rotation change the
direction of polarization.

Assigning mass to a fermion 'by hand' implies that one introduces a term of the form
my ̂ L^R+^/R^L) into the Lagrangian. As the whole Lagrangian must be gauge invariant,
this term must be gauge invariant by itself. It therefore follows that if fermions are given a
mass by hand then left- and right-handed fermions must transform in an identical manner
under gauge transformations (belong to the same multiplet), i.e. be coupled in the same
way to the vector bosons. Hence parity would then be conserved, contrary to experiment.
Thus parity non-conservation forces mass generation of the fermions through the Higgs
mechanism.

Employing the <T-model as the Higgs sector, the converse is also true. If fermion masses
are to be generated through the vacuum expectation value of the cr-field then parity is
necessarily violated. This can be seen as follows:

Let there be given a fermion doublet ipa, a = 1,2. The left- and right-handed fields
ipL and tpR are defined by
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Under Lorentz transformations they transform into themselves. Note that this definition
of left and right is not in any way related to the gauge transformation properties under
SU(2)L and SU(2)jR.

A mass term is of the form:

mipip = m (ipLipR

+

thus connecting ipL and ipR as expected. To generate such a mass term via the Higgs
mechanism we must introduce a coupling between ipL,i/;R and $. This coupling must
be invariant under SU(2)^ (the G-transformations), which is the gauge symmetry of the
model. One cannot make both ipL and ipR behave as doublets under SXJ(2)L because one
cannot make an invariant coupling with three doublets (tpL, ipR and $ from the left). Thus
either ipL or ijjR must in fact be a scalar under SU(2)^. We shall choose this to be ipR.

The inclusion of electromagnetism, i.e. invariance under AR, is simple. Making ipR a
doublet with respect to SU(2)# it is then trivial to write a coupling that is both SU(2)/,
and SU(2)R invariant:

Lfm = -9f^ab^b + h-c- •

Because of this twofold invariance this coupling also respects isospin. If all fermion mass
terms were of this form then the masses within a doublet would be equal. This becomes
obvious if we substitute for $ its vacuum expectation value /o<W

-9ff0

The mass generated is determined by the arbitrary parameter gj and the a vacuum ex-
pectation value /o-

However, full invariance under global SU(2)# is not a requirement. Only the gauged
SU(2)x,, and the gauged rotation around the third axis of SU(2)# must be rigorously
respected*. Since

exp ( | )

commutes with T3 it follows that the fermion mass term

Lfm = -9fi>a$ab (l + VT3)bclp? + h.C.

is acceptable. The parameter 77 is arbitrary. If rj is non-zero, isospin symmetry is broken
and the masses within a doublet are different, as can be seen by substituting /o for $:

Lf m

* By 'gauged' we mean that the invariance has been made a local invariance, thereby
introducing coupling to vector bosons.
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The above reasoning suggests that under the U(l) invariance of the Standard Model, which
corresponds in the Higgs sector of the Standard Model to the transformation

= $ exp (§C/AOT3) ,

the left-handed fermion ipL is invariant whilst ipR transforms by a rotation around the
third axis:

However, the above mass term has another manifest symmetry, whereby all ipR and
obtain the same phase factor:

exp

ipR —* exp (-%AT°) ipR .

One can actually identify the U(l) invariance with any combination of the above, for
example (infinitesimal form):

^R^^R- iAAV - y\Qt*1>R

with arbitrary A.

It is interesting to check the coupling of the photon field A^ to the fermions. The
invariant Lagrangian is:

with

The e.m. coupling emerges if we write

with s and c as before, i.e. sine and cosine of the weak mixing angle. Inserting this:

ZV/>* = - iMa'cr3 + \c)ipR .

Remembering that g' = gs/c we see that i/;L and ipR couple identically to the photon field.
As a consequence parity is conserved in e.m. interactions.
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If we define the electric charge e as

e = gs = g sin6w

then the above expressions show that the two members of an isospin doublet differ by e
in charge. The central charge of the doublet is determined by A, a free parameter. It may
differ from doublet to doublet. For example for the up-down quark doublet A = ^ | , while
the neutrino-electron doublet has A = — >

5.6 DISCUSSION

Making the following basic assumptions:

i) the gauge symmetry is SU(2) x U(l);

ii) the Higgs sector is the linear a-model [i.e. the Higgs is in an SU(2) doublet];

iii) all masses, notably the fermion masses, derive from the Higgs mechanism;

iv) fermions are in either SU(2) doublets or singlets;

then, as a consequence:

a) there are three massive and one massless vector boson;

b) there is a relation between the charged and the neutral vector boson masses:
p = M 2 /MQC 2 = 1 + radiative corr;

c) parity is violated in weak interactions;

d) parity is conserved in e.m. interactions.

Actually, assumption iv) could be weakened. The point is that it is not easy to generate
fermion masses using an SU(2) doublet Higgs if the fermions are SU(2) triplets or higher.
In other words, to a large extent iv) is probably a consequence of i-iii).

Considering the above, an important question presents itself. To what extent are the
conclusions a) through d) dependent on assumption ii), i.e. the choice of the cr-model for
the Higgs sector?
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6. Other Higgs Systems

6.1 HIGHER REPRESENTATIONS

The (T-model in the K notation is the most suitable starting point of the discussion.
There is then a complex doublet K which transforms as follows:

K-+GK

with

G = exp(- i r a A a ) , a = l - 3 .

The required U(l) symmetry is simply a phase factor:

Discussing higher multiplets [23] can be carried out easily using a tensor notation.

Let there now be given an n-multiplet

with K completely symmetric in all n upper indices. Every index transforms with G. The
general coupling to the vector bosons is given by:

+ gtfaK**" + g ^ . K v - + -••

where 6M is the vector boson matrix introduced before. Of course here, K being symmetric,
all terms except the first on the right-hand side are identical.

Now let K develop a vacuum expectation value. Assume K11" to be a non-zero
constant KQ while all other components (at least one index 2) are zero. The tensor D^K
is non-zero if all indices are 1, and in this case it is equal to:

(i^/o11-" = «* H ) sjtfo.

The only other non-zero components are those that have one index equal to two and all
other indices equal to one. These components are all equal:

~ = 9 (-1) (Bj + iB2,) K0 .

It follows that
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Only if n = 1 (the doublet case) are the masses equal. In the general case, if the charged
boson mass is M, then the neutral vector boson mass is My/n.

Introducing the U(l) symmetry and the vector boson B^ produces the mass terms as
above, except that B^ is replaced by (cB^ — sBfy /c as before. Thus the photon is also
massless here (there is no mass term involving sB^ + cBfy, and the neutral boson mass
gets a mixing factor c.

The case shown above is not the general one. The reason being that one cannot in
general bring the vacuum expectation value into a form in which only the component with
all indices one is non-zero. The necessary transformation matrices are not always contained
in the group SU(2) x U(l). To illustrate this, consider the case of a tensor of rank two.
In all generality one can write:

K*> = (uara + ivaT% ejk , a = 1,2,3

where u and v are two real three-dimensional vectors.

Multiplying K by a phase factor cos a + zsina results in a transformation of u and v:

u —> u cos a — v sin a

v —> u sin a + v cos a .

The angle o; may be chosen such that the new u and v are orthogonal. Next, noting that
SU(2) transformations of K correspond to an 0(3) transformation of u and v one can
arrange matters so that u and v are of the form

u = (a,0,0) v = (0,6,0).

This is the simplest form one can achieve. With such a u and v the tensor K takes the
form:

Kn=a + b, K22 = -a + b, K21=K12 = 0.

Considering now D^K as shown above, but with an additional U(l) piece

one may now compute {Dn^^D^K) for the tensor Kli shown above, with the result

(DMK)t(DMK) = 2g2b2B2 + 2g2a2B2
2 + 2g2(a2 + 6 2)B|

+ 2g'2(a2 + b2)Bl + 8gg'abBoB3 .

The notation Ba = B^ has been used. There is mixing between Bo and B3. The mass
values of the mixtures are obtained by considering the eigenvalues of the matrix

+ 62) 2gg'ab

2gg'ab gf2(a2
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Let us call these eigenvalues m2 and m2. They are in general non-zero. There are then
four massive vector bosons, with masses g2b2, g2a2, m\ and m2. There being no mass
zero vector boson, one must conclude that in this case the photon acquires a mass.

There are some cases in which a zero mass value results, namely if a or 6 is zero, or if
a = b. In the latter case the determinant of the above matrix is zero. A zero value for the
constant g' also gives a zero mass. In such a case the U(l) boson B® is not coupled to the
Higgs system; no mixing between B® and B& results, and the would-be photon AM = B®
will not even couple to the vector bosons.

There are many other difficulties with such a Higgs sector. With higher multiplets it
is difficult to generate fermion masses. Thus masses therefore need to be put in by hand,
implying parity conservation for the SU(2) interactions.

The only way out is to introduce an additional Higgs doublet. By arranging things in
such a way that both the doublet and the higher multiplet (s) have a vacuum expectation
value, one can achieve a model with parity violation and without a specific relation between
neutral and charged vector boson masses. There is no guarantee that the photon remains
massless.

Another dangerous pitfall is the occurrence of massless physical Higgs bosons. Often
in models with more than one Higgs multiplet there will be more Goldstone bosons than
needed (i.e. more than 3). The reason is the occurrence of several U(l) symmetries [23].
This problem also occurs if more than one doublet is used. The notorious axion is an
example of such a Goldstone boson. In the literature two Higgs doublets are introduced
to eliminate strong CP violation [24].

6.2 ADDITIONAL DOUBLETS

A possibility that cannot be ruled out so far is to have two or more cr-model type
Lagrangians. Each <7-model would produce masses satisfying the isospin relation p = 1.
This of course assuming that all models have the same g' = gs/c, which is not dictated
by anything. Only if SU(2)# is really a gauged symmetry (with somehow two of the
corresponding vector bosons hidden from observation, for example by being very heavy)
would the coupling constants g' have to be the same.

Consider now the case of two Higgs doublets K and L. Let us assume that both have
the same gf, i.e. that they have the same properties under SU(2)#. Under this assumption
the most general renormalizable Higgs Lagrangian can be written down. The if-notation
will be used:

L = - (ZV0f)(£yO - {D^iD^L) + A(K^K)

h.c.

The h.c. part stands for the Hermitean conjugate of those terms that are not Hermitean
by themselves. The terms A' through C' are only allowed if L and K have the same

43



properties under U(l). The coefficients A through F must be real, and A' through C may
be complex.

A model of this type may generate T-violation in two distinct ways. First, trivially,
if the coefficients A' through C' are not real. In this case we may expect T-violation,
whose experimental manifestation would probably be very small as it requires the explicit
involvement of both doublets. Second, the system may develop spontaneous time-reversal
breakdown, i.e. a non-real vacuum expectation value for one of the doublets [25].

All these matters are quite speculative, and not particularly enlightening. However,
there is the problem of strong CP violation caused by instantons [26]. Such CP viola-
tion, in all probability much larger than allowed by the data, can be suppressed using a
Higgs system with two doublets, with two independent (but otherwise identical!) U(l)
symmetries. This would be like the above Lagrangian with the coefficients A' through
C zero. Such a Lagrangian will generate a zero mass physical Goldstone boson (axion),
which would acquire a small mass due to instanton effects.

Our interest is focussed on the vector boson masses. Thus, consider the vacuum ex-
pectation values of K and L. By a suitable SU(2)/, transformation the lower component of
K may be made zero, and a subsequent U(l) transformation makes the upper component
real. This is of course as before in the single doublet case. Note that both symmetries are
valid, including the vector bosons.

At this point no specific form will be assumed for the vacuum expectation value of L
and therefore the vacuum expectation values of K and L are taken to be:

with real SQ and complex a and b. Now consider D^K and D^L defined as before:

D^K = d^K + gb^K - yB^K

w i t h t h e u s u a l 2 x 2 m a t r i x b:

°v ~ 2 A* '

and likewise for L. Notably the same g' is used, implying identical U(l) properties for K
and L. Inserting the expressions for KQ and LQ gives:

^ M2B2
Q + B0B3 (29-M2- 2g'gbb*]

92 \ 9 )

gg'BoBi{ab* + a*b) + igg'BQB2(ab* - 6*a)]
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where

The vector boson mass matrix is:

where

/ M 2 0 0

0 M2 0

0 0 M2

ai a2 a3

01 \

a2

a3

a3 = -

2

i

gg'(ab* -

igg'(ab*

M2-g

• A f .

ha*

— a
b)

*b)

The eigenvalue equation corresponding to this mass matrix is:

(M2 - A)2 [A2 - AM2 ( l + ̂ ) + 929'2 = 0

Of the four eigenvalues there are two with the value M and two others, generally also
non-zero. Thus the two-doublet model will usually produce a massive photon. Only the
special case b = 0 (or so = 0) produces one zero-mass vector boson.

This must be considered a severe drawback of the two-doublet model.

To avoid strong CP violation the Higgs Lagrangian must contain two doublets with
two independent U(l) invariances. Thus terms involving (K^L) or (L^K) must not appear
(these are the terms with coefficients A' through C in the Lagrangian at the beginning of
this section). Otherwise the U(l) properties of K and L are taken to be the same. Again,
in general, the result is a non-zero photon mass; let us however assume that for reasons
unknown there is a massless photon, i.e. assume that the vacuum expectation values of K
and L are of the form

with an (in general) complex a. Since now SU(2)z, and one U(l) symmetry are sponta-
neously broken [one U(l) symmetry remains unbroken, becoming e.m. gauge invariance]
there are 3+1 Goldstone bosons, which is one more than can be absorbed into the three
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massive vector bosons of weak interactions. Thus one Goldstone boson, the axion, remains
as a physical particle.

The way to work out such a system is as follows. In the Lagrangian substitute the
shifted doublets:

+ l(P

The resulting Lagrangian will have terms linear in the fields (tadpole terms). The constants
so and a are then to be fixed by the requirement that all tadpole terms disappear. Here:

si = (2AD - BE - BF)/Det

\a\2 = (2BC -AE - AF)/Det

Det =(E + F)2 - ACD .

The vector boson masses are not under consideration here, and the invariance under U(l)
may be applied to L, i.e. the coefficient a may be taken to be real. It is then easy to see
that neither ips nor >̂3 has a mass term. A mixture of (pi and (p\ as well as a mixture of
ip2 and </?2 have no mass term either.

It is noteworthy that if F = 0 then the SU(2) invariance of K and L are independent.
In this case all tp and <p' turn out to be massless, i.e. there are then six Goldstone bosons.

6.3 DISCUSSION

The introduction of higher Higgs multiplets, or of more than one doublet has the
obvious disadvantage that in general no zero mass vector boson survives. In other words,
the observed zero photon mass is then an 'accident'. For this reason alone these schemes
are very unattractive. In addition, the experimentally observed near equality p ~ 1 gives
no indication of any complications in the Higgs sector.

It is therefore our view that the absence of strong CP violation is not to be attributed
to the use of more than one Higgs multiplet. The axion idea must also be rejected. Indeed,
no such object has ever been observed.
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7. Searching for the Higgs

7.1 INTRODUCTION

One fact clearly emerges from the preceding discussion: the cr-model as the Higgs
sector explains several striking facts, and any complication of this sector tends to weaken
it. Therefore we shall stick to this model. The outstanding question is then: is this a-
model truly realized in Nature, or is it a temporary, approximate description of a much
more complicated situation? To put this question into more practical terms: what is the
mass of the Higgs boson?

It may well be that at some time, at some future time, the Higgs particle will be
produced and observed. This may happen if its mass is not too high, say less than 300 GeV.
A critical part of such a discovery would be to establish whether the particle couples to
all particles with a strength proportional to the mass of those particles. An extensive
discussion of this possibility exists in the literature, and will not be presented here.

Another way to search for the Higgs is indirectly, through radiative corrections. This
is not an easy way. Probably such radiative corrections will be presented in terms of a few
numbers, and those numbers represent the joint action of many effects of which the Higgs
effect is only one. For example, radiative corrections to the p-parameter include sizable
effects caused by the fermions, notably the top quark. The value of the top quark mass
needs to be known with some precision or else the uncertainty induced will be as large as
a possible Higgs-induced contribution. It may well be that Q.C.D. effects must be taken
into account. It is quite conceivable that for some time the p-parameter will be our only
source of information about the Higgs sector. Very probably more detailed calculations
therefore need to be made.

Since without the Higgs the theory is non-renormalizable, it is to be expected that
certain radiative corrections become large for large Higgs mass. Measuring such corrections
might be a way to establish an upper limit on the Higgs mass. However, it has been shown
that without a Higgs the theory is still renormalizable, or rather quasi-renormalizable,
including one-loop radiative corrections [27]. Thus one-loop effects are not likely to explode
for large Higgs mass. This property has been publicized under the name of 'screening'.
In practice, this amounts to the fact that one-loop radiative corrections grow at most like
ln(m2). The essentials of this argument will be shown in the next section.

Finally, the absence of the Higgs particle may be studied directly by considering VK-W
scattering. Its amplitude grows with energy until Higgs exchange comes into effect, i.e.
until the energy becomes comparable to the Higgs mass. If the Higgs is very heavy (vaguely
understood as a euphemism for non-existent Higgs) then certain parts of the theory, in
particular vector boson scattering, become non-perturbative. Using the equivalence the-
orem some guesses may be made as to what might happen. They might be of relevance
to experiments at very high-energy hadron colliders, i.e. the LHC. Some aspects of this
question will be discussed.
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7.2 SCREENING. RADIATIVE CORRECTIONS

In this section we shall concentrate on those radiative corrections that become large
with large Higgs mass. In other words, the interest is focussed on the leading effects in the
limit of large Higgs mass m.

Long ago it was shown that Yang-Mills theories with massive vector bosons, but with-
out a Higgs, are one-loop 'renormalizable' [27]. The quotation marks are there because,
certainly at that time when no good regularization scheme was available, renormalizability
was not an easy thing to establish. What was meant in the paper quoted was that the
divergences encountered up to one-loop were as in a renormalizable theory, i.e.

• self-energies at most quadratically divergent;

• three-point functions at most linearly divergent;

• four-point functions at most logarithmically divergent;

• no divergences in five- or higher point functions.

Of course, the strict definition of renormalizability is that the divergences can be absorbed
into the available constants. Thus, the divergences must satisfy the same relations as the
constants in the Lagrangian, i.e. the divergences must satisfy certain relations as required
by the gauge symmetry of the theory. The four-point divergences of the Higgs-less theory
do not satisfy this criterion, but the self-energy divergences can be absorbed in mass and
wave function renormalizations.

Consider now a truly renormalizable Yang-Mills theory with a Higgs particle. The
case mentioned above, no Higgs, can presumably be derived by taking the limit m —> oo,
where m is the Higgs mass. It follows that at one loop in this limit:

• 2-point function behaves as m2;

• 3-point function behaves as m, becoming lnra2 as dependence is never linear in m;

• 4-point function behaves as mm2.

These assertions have been verified by explicit calculations [28]. Usually logarithms
will occur next to the leading part, and the two-point function will also have terms that
behave as lnm2.

If we are to detect the Higgs particle from radiative corrections then we must find
a correction that behaves at least as m2 (like for instance the radiative correction due
to a heavy top quark). Otherwise it will be too small and too insensitive to the Higgs
mass to be useful as a tool for establishing that mass. Prom the above we see that such
a correction must be sought in self-energy diagrams. These Higgs-mass-dependent terms
are, however, precisely like the infinite terms that can be absorbed into the vector boson
masses. Such 'renormalizable' terms are therefore only observable if not all of the masses
are free parameters. Thus the only way to have an observable m2-type radiative correction
is if there is a relationship between the vector boson masses, which could then be broken by
these m2 radiative corrections. This type of thing is of course precisely what happens with
radiative corrections to the p parameter due to the top mass, that was used so successfully
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to determine the top mass before the top quark was actually found. Note that the theory
would not be renormalizable without the top quark, given that the bottom quark is not a
singlet (i.e. couples to the Ws).

Is there such a relation between masses in the Standard Model? There is, but only if
we restrict ourselves to the simplest Higgs system, as discussed extensively before. Then

M2 .

Here M and Mo are the charged and neutral vector boson masses, and c = cos 6W with 9W

the weak mixing angle. Thus there could be terms of the form:

Sadly, as it happens, the coefficient ao turns out to be zero. The conclusion is that up
to one loop, in the Standard Model with a doublet Higgs, the only observable radiative
corrections that grow with the Higgs mass are logarithmic. This is what has become known
as the 'screening theorem'.

Another conclusion is that in models where p is not necessarily fixed (a more com-
plicated Higgs sector containing other than Higgs doublets) this parameter will probably
acquire large corrections proportional to m2. This is model-dependent, it is not a well
investigated subject. It makes it all the more unlikely that p = 1 by accident; the experi-
mental observation that p « l+(top correction) therefore strongly suggests that there are
only Higgs doublets.

Let us now consider the possibility that the measurements become sufficiently precise
so that In(ra2/M2) corrections become visible. What can be done?

The one-loop Higgs-dependent part of the radiative corrections to the /^-parameter is
of course well known:

3a m2

Here a is the fine-structure constant, a ~ 1/137, and c is the cosine of the weak mixing
angle. To date, various groups have, on the basis of this correction, made an estimate
of the Higgs mass. We should probably not take this too seriously, especially if we recall
that the Higgs may be very heavy so that higher-order corrections become important.
This happens if the Higgs mass is of the order of 1 TeV. This is not a precise number;
perturbation theory probably already breaks down for a Higgs mass of 0.5 TeV. But there
might be a way to find out about this, although it may be very difficult because great
precision is needed.

Within the Standard Model there are actually several places where logarithmic cor-
rections such as those discussed above occur. The screening theorem merely states that
the corrections are not worse than logarithmic, but says nothing more precise about them.
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Now the Higgs couples to particles with a strength proportional to the masses of those
particles, so one should consider processes that involve Ws and perhaps the top quark.
The latter always involves Q.C.D. corrections as well, so it is unlikely to be useful for a
precision measurement. As a theoretically conceivable example we mention the correction
to the three-point W coupling, which can be measured through W-pair production at LEP.
Here also there is a correction proportional to In(m2/M2). The point is now that if higher-
order corrections are important, i.e. if the Higgs particle is heavy, then it is unlikely that
these higher-order corrections are the same (relative to the one-loop contribution) for the
p-parameter and PF-pair production, so that determination of the Higgs mass from one-
loop corrections would only give different results. To establish this would require a very
precise determination of the VK-pair production cross-section which may not be possible
at LEP. It would really be a very significant measurement. Really.

The effects discussed here are radiative corrections at low energy. When the energy
becomes of the order of 1 TeV the situation changes, as already at the tree level certain am-
plitudes may become very large unless there are Higgs exchange contributions that reduce
these amplitudes before they exceed the admissible magnitude. The admissible magnitude
is exceeded when the amplitude is no longer perturbative, i.e. second- and higher-order
corrections are of the same order of magnitude as the lowest-order contributions. This
bound is usually referred to as the unitarity limit. This is the subject of the next section.

7.3 HIGGS PARTICLE AT HIGH ENERGY

Let us now turn to the prospective of a Higgs particle search at very high energy, such
as at the LHC. If the Higgs particle is of relatively low mass then it may be detected
directly. We shall not concern ourselves with this case, although it may well occur. If it
occurs we face the prospect of a complete, internally consistent Standard Model, with a
large number of free parameters and, at least for now, without any clue as to where to look
for further investigation. All one could do would be to hope for something to happen.

If, however, no Higgs particle with a reasonably small mass were found then there
would be a clear area of research. If the Higgs mechanism, as it is usually assumed, is
not really there, but rather something else, of a much deeper content, then life could be
very interesting again. Perhaps the Higgs particle has something to do with gravitation.
Perhaps....

The area of investigation is the one where the effects of a large Higgs mass become
visible. Again we must look at processes involving heavy particles, and here we shall
consider W scattering. If W pairs are produced at the LHC we may be able to explore
Higgs-VK interactions, whatever they may be. Let us try to approach the subject in a
conservative way, namely by considering what happens if the Higgs particle mass becomes
very large. This may show effects that would also be there if the Higgs particle did not
exist. There is nothing simple about studying this process at the LHC. First of all, it
involves W pair production in proton collisions, a difficult process to understand in detail.
Moreover, our analysis is about longitudinally polarized vector bosons, and it is not at
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all obvious whether these will be a significant part of the Ws produced. However, to
understand the basic ideas involved it may help to study vector boson scattering all by
itself, in particular if large effects, such as resonances, occur in the process. And although
the prospects are dim, it just might happen.

To get some idea about what happens at high energy, let us consider W+ — Z scattering
at the tree level. We shall ignore e.m. efects, taking sin6w = 0 with 9W, the weak mixing
angle. Futhermore, we shall take equal masses for the W and the Z: in fact, W+, W~
and Z become a perfect isospin triplet, and their interactions are then isospin symmetric
as well. In the following we shall write W° instead of Z. The appendix gives the Feynman
rules for this simplified case. These rules also contain a new particle, the U particle, which
we shall use at a later stage to parametrize the situation. For the moment we shall not
consider this U.

At the tree level there are four diagrams that contribute, as shown in the figure. The
Higgs particle is indicated with a wavy line, not to be confused with a photon. The arrows
show the flow of charge.

4>

To estimate the order of magnitude of these amplitudes for high energy, i.e. the leading
behaviour with respect to the total energy, one may count as follows. Every three-point
W vertex contains one momentum, and we count that as one factor of E. The four-point
vertex has no energy dependence. The propagators behave as 1/E2. The external lines for
the vector bosons contain polarization vectors for longitudinally polarized vector bosons,
and these behave roughly as k^/M where k^ is the four momentum of the corresponding
W. We therefore count a factor E for every external W line. Taking all factors together the
first two diagrams behave as E4 x E2/E2, thus as E4. The third diagram, the four-point
diagram, behaves simply as E4. The gauge symmetry now becomes important: it ensures
a cancellation between the leading behaviour of the first three diagrams. Thus the sum
behaves as E2 (for those worrying about dimensions: as E2 x M2). Now for this next-
to-leading behaviour the Higgs-exchange diagram becomes important. It also behaves as
E4/E2 = E2, and coupling constants are such that this diagram cancels the E2 behaviour
of the other diagrams. All together the sum behaves as a constant in the limit of large
energy.

The crucial question is when this constant behaviour is reached. If the Higgs mass m
is much larger than the W mass as well as the energy, we must be careful. The first three
diagrams behave as E2, and the Higgs exchange diagram, with its two vertices proportional
to the vector boson mass, i.e. energy independent, behaves as E4/E2 +m2. Thus we have
something like this (taking the coefficients such that the leading behaviour cancels for very
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high energy):

rf _ & E2m2

E2 + m2 E2 + m2'

For very high energy this behaves as a constant. But this constant is reached only if the
energy exceeds the Higgs mass, and its magnitude actually depends on this Higgs mass. If
the Higgs mass is very large we have an amplitude that behaves as E2 over a large region,
and the amplitude may grow beyond that tolerable. This happens when g2E2/M2 > 1,
which is around 1 TeV.

If the Higgs mass is much larger than 1 TeV then obviously there is a problem. In
fact, the one-loop amplitude becomes important. This amplitude behaves as E4, and then
there is no end in sight: the two-loop amplitude behaves as E6, etc. If g2E2/M2 > 1, all
these contributions must be taken into account: perturbation theory breaks down. What
to do?

To begin with, as long as we stick to relatively low energies, we may still have a
viable perturbation expansion. For higher energies, we must somehow make an educated
(well...) guess, and one way is to try to formulate the theory in such a way that there is
a resemblance to some existing situation. If the experimental behaviour of that existing
situation is known we may at least get some idea about what might happen. The saviour
here is the equivalence theorem.

The equivalence theorem states that at high energy, longitudinal vector boson scatter-
ing is the same as Higgs-ghost scattering. Hence for high energy we are therefore in the
situation where the scattering is given by the cr-model, which describes the self-interaction
of the Higgs ghost and the interaction of that ghost with the Higgs itself. So, while the
Higgs ghost is obviously not a physical particle, it may serve as a bridge to the cr-model. In
other words, longitudinal vector boson scattering is well described by the a-model. There
is really little point in showing in detail that in ghost-ghost scattering at very high energies
any vertex involving anything but these ghosts as well as the Higgs is of no importance,
and we shall not engage in this. All this holds to any order in perturbation theory, so
we may have some confidence that this property holds at any energy, even if perturbation
theory breaks down.

Now the cr-model has been used with success to describe pion-pion scattering. With
the appropriate scaling we should therefore be able to translate experimental results for
pion scattering to W scattering. This is what we shall describe now. We shall essentially
follow the discussion of Ref. [29], to which we refer for details. Here we shall present the
global aspects of this subject, and not go too deeply into explicit details.

Pion scattering has been discussed by many authors, but the analysis that we would
like to follow is that of Lehmann [30]. Here is the basic idea. We use the Mandelstam
variables s, t and u, with s the total centre-of-mass energy squared, and t the square of
the momentum transfer.

At low energies the amplitude for pion scattering is dominated by a behaviour linear
in s. As the energy increases, terms proportional to s2 become important, then terms
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proportional to s4, etc. Essentially only the s2 term can be computed given that we
restrict ourselves to one-loop corrections.

The art is now to guess something about the behaviour for large s knowing only the
behaviour proportional to s and s2 at low s. Since these latter terms will increase to
intolerable values if the energy goes up, the higher-order terms must somehow damp these
low-order terms. They must do so in such a way that the theory as a whole remains
unitary. To this purpose one makes an assumption, an 'ansatz', for the whole amplitude
such that it is unitary by construction, and then fits this hypothetical behaviour to the
lowest-order terms. The ansatz is a partial-wave expansion of which only a few terms are
kept (low angular momentum states, in fact mainly the P-waves). Since pion scattering
is dominated by the angular momentum one state (the p-resonance), for this case it is a
reasonable assumption. Whether this is valid for W scattering as well, is of course not
clear, but again, we are mainly trying to learn what might happen.

Thus, considering vector boson scattering at low energies, the amplitude is proportional
to s at low energies. One-loop corrections give contributions proportional to s2, etc. Given
isospin invariance we may write in general:

A{Wa
LWb

L -> WfWt) = SatS^Fis, t, u) + Sac8bdF(u, t, s) + 8ad8bcF(t, s, u).

The lower index L specifies longitudinally polarized vector bosons, the upper indices refer
to isospin. The relationship to the usual notation is:

W+ = -^(W1 - iW2), W~ = ^=(W1

2 V2

The function F, including tree-diagram and one-loop contributions, is of the form:

F(s,t,u) = ± -

t(t - u)(lnt - fa) + u{u - t)(lnu - f32)} .

Terms that are small if s, t and u are large with respect to M2 have been ignored. There
are three parameters, v, (3\ and fo, to be determined by explicit calculation. From the
tree amplitude one determines the constant v to be equal to 2M/g « 250 GeV. When
calculating the constants /?i and fa by computing one-loop graphs one finds them in
general to be infinite (to be renormalized), i.e. essentially free parameters. However if we
specialize to isospin one then only the difference, (3 = fa — Pi, is relevant, and this happens
to be free of any divergence. Therefore it is not to be taken as a free constant, but as
something determined by the theory. We must make the connection between (3 and the
actual cross-sections. The relationship between F and the usual amplitudes is:

- W+W£) =F(s,t,u) + F(t,s,u),
A2 = A(W+W[ - W°LWl) =F(s,t,u),
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W+w2)=F(u,t,s),
W£Wl)=F(u,t,8),

At = A(W+W+ -» W£W+) =F(u, t, s) + F(t, s, u),
A(W£W£ -» W£W£) =F(u,t,s) + F(t, s, u),
A{Wl Wl - Wl Wl) =F(s, t, u) + F(u, t, s) + F(t, s, u).

The cross-section is denned by

Mil2

-<=/.: d cos 6
32TTS

A factor 1/2 must be included if we have identical particles in the final state. The
Mandelstam variables u and t may be expressed in terms of the scattering angle 8 as
follows

t=-|(l-COS0),
o

u = — «(1 + cos#) .

In order to determine f3, the differential cross-section must be measured at two different
scattering angles. As an example, consider the process W£W£ —> W^W^. The differential
cross-section is given by

dcosd {2
11(11 - 1 )

where C\ and C2 are defined by

327TV4 '

If we take cos 9 = 1 and cos 6 = 0 as our two data points, then (3 is given by

1 f da2(cos0 = 1) 4 do-2(cosfl = 0)) 1
~ C\C2 I dcos^ 3 dcos^ J 6C2 '

Let us now turn to the total cross-sections. Performing the angular integration, we
find

(2 / 7 19
ax =Ci < - + C2 I - - 7(lns - /?i) - —(his -
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C2 [~\ - 6(lns - ft) - |(Ina -

| + C2 ( -J + 3(lna - ft) + y (Ins -

- w g w 2 ) = o.
To determine /?, only two cross-sections need to be measured. For example from the
equations for as and a^ we derive

Let us now consider all four cross-sections. Due to the relation

a\ + 0-4 = o"2 + o"3 ,

/? may be expressed in terms of just three cross-sections. For example

~ 13C C

So far this is a low-energy calculation. Everything is valid for small s, i.e. near threshold.
Thus the idea is this: measure the cross-sections near threshold and determine (3 from
them. Next we shall use a model to guess what one shall see for larger s, when terms of
order s3 and higher become relevant. Incidentally, if the Higgs mass is sufficiently small,
then the preceding reasoning does not apply. The dependence on s, s2, etc. is valid only
up to an s of the order of the Higgs mass squared. In this sense the Higgs mass is a cutoff
to the extrapolation which will be described next.

7.4 EXTRAPOLATION TO HIGH ENERGIES

The problem now is to extrapolate the amplitude for vector boson scattering to high
energies. The recipe is a fairly general one: first write down a general formula (with a
few parameters) that is supposed to be valid also in the high-energy region. Secondly, fit
the parameters in this formula to the behaviour at low energy. The low-energy behaviour
contains the parameters ft and $2, or rather only (3 if we limit ourselves to the isospin
one amplitude. We must make an ansatz for the amplitude valid also for high energy, and
then fit this ansatz to our equation containing f3. In this way fi determines the behaviour
at high energies.
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As we made it clear before, the equivalence theorem encourages us to compare the
vector boson scattering amplitude with the pion scattering amplitude, simply because the
linear cr-model has been quite successful pion physics. The description given in the previous
section applies as it stands to pion scattering. The linear term of the function F(s, £•, u)
has been determined from pion scattering at threshold, and this leads to Fn = 98 MeV (we
write FTT for the constant v in the pion case). Scaling from longitudinally polarized vector
boson physics to pion physics is thus from v = 250 GeV to Fn = 98 MeV. Pion scattering
shows a very strong isospin one resonance at 770 MeV (the p-meson), and if things are
indeed similar we should expect a W-W resonance at about 2 TeV. It is necessary to
understand in some detail how the p-meson is understood in the case of pion scattering,
and then see to what extent this same analysis applies to W scattering.

The method of extrapolation to high energy that we shall use is partial wave analysis,
and we shall in particular follow Lehman's treatment [30]. The first step is to define the
three isospin amplitudes of the process (elastic pion scattering). The pions have isospin
one, and there are three amplitudes, i.e. for isospin 0, 1 and 2. In terms of the function F
these amplitudes are:

T(0) = ZF(u, t, s) + F(u, t, s) + F{t, s,u) 1 = 0 channel,
T(l) = F(t, s, u) - F(u, t,s) 1 = 1 channel,
T(2) = F(u, t, s) + F(t, s,u) 1 = 2 channel.

The next step is to make an assumption for the amplitudes T. This assumption is an
expansion in Legendre polynomials:

oo

= 32TT JT(2J + l)P;(cos 6) • t\{s),
1=0

* ( S ) = cot 6*(s)-i •

This particular form of the functions t involving a cotangent in combination with the
imaginary unit % guarantees that the theory is unitary.

Well, so far, there is nothing special; however, we shall specifically assume that it is
sufficient to consider only the first non-vanishing term in this series. For the isospin zero
case we take only the 1 = 0 term (S-wave), for the isospin one case the I = 1 term (P-wave)
(the S-wave being forbidden by Bose statistics). Next we assume that the function t(s)
depends in a simple way on the energy (at most quadratically) at low energy, and we write:

The quantities A and B may still be energy dependent, but at most logarithmically. Given
the T(I), one can, by an inverse transformation, determine the t:
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where tj = tjj, t\, £Q. We obtain for cot Sf

If cot 8j vanishes for some value of s then we have a resonance at that energy for that
isospin (I) and that angular momentum (1).

The tree amplitude determines the terms linear in s, and for the A\ we find

An =0 32nF% *

Remember, the equations for W scattering will be precisely like the ones given here, except
that F-K must be replaced by v. The B[(s) terms (thus the s2 terms) may be obtained if
we know the s2 dependence of the amplitude, and this requires the calculation of one-loop
diagrams. For pion scattering the calculation was done by Lehmann [30], for W scattering
see Refs. [31]-[33]. It is a complicated affair. Let us first discuss the situation as seen
experimentally. In the isospin one channel there is a resonance at 770 MeV, the p. With
a (3 of 5, the above equations produce a t\ with cot(6\) zero at about 770 MeV.

But how does this experimental situation for pion physics, (3 = 5, compare with the
calculations of the nonlinear cr-model? The nonlinear cr-model is one that is obtained
from the cr-model by taking the limit of infinite Higgs mass. However, this is not really
a straightforward procedure, as we shall discuss later on. For now we can say that the
cr-model as such, with a large but finite Higgs mass, produces a 0 of 1/3. This is way too
small to explain the p-resonance. So how does one explain this resonance?

The explanation advanced by Lehmann for the case of pion scattering is that diagrams
with one nucleon loop also contribute. As the pion couples strongly to the nucleons such
diagrams may give a big contribution. Lehmann obtains a reasonable answer, and thus it
appears that as long as one goes along with his analysis, the p resonance can be understood
this way.

For the case of W scattering the situation is very different. If there is nothing special
in the Higgs sector we would expect a fl of 1/3, and this produces nothing in the way
of resonances. To get a large (3 'a la Lehmann' would require some strange equivalent
of the nucleon. This has been a subject of theoretical speculation: Technicolor. So this
would need a techni-nucleon. If we saw a resonance in W scattering this would be one
explanation, although one would have a hard time, for other reasons. However, the limit
of heavy Higgs is not unique, and this leaves the door open for other possibilities.
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To parametrize the heavy Higgs limit we introduce a new particle, called the U particle.
It will couple exclusively to the Higgs, and will be made very heavy as well. The coupling
constant of the interaction of the U particle and the Higgs is taken as a parameter, called
gy. The appendix specifies the details in terms of Feynman rules.

If we compute the one-loop corrections to W scattering then the results do depend on
the coupling constant gu, even in the limit of infinite Higgs mass. This shows that this limit
is not unique. One may consider the U particle as a means of modifying the Higgs system
at extremely high energies, and we see that this may nonetheless influence the results at
'low' energy. It should be noted, however, that this coupling constant gu becomes very
large compared to one, so that one may question the whole procedure. However, one
conclusion seems firm: the limit of large Higgs mass is not unique.

So the word really belongs to the experiments. In all reasonableness we do not expect
any resonance behaviour in the VF-VF channel, and even assuming that something like
the analogue of the p is there, then this would still at best occur at 2 TeV, i.e. probably
beyond the capabilities of the LHC. However, the behaviour at threshold will hopefully be
measured reasonably accurately, and this should give us some real insight into the matter.
For now the task is clear: measure the quantity (3.

Finally, in the following figures we show the behaviour of t\ for a few values of /?.
Curve b would be more or less the expected behaviour for the Standard Model with
a very heavy Higgs particle. Curve d shows an optimistic case: a resonance at about
2 TeV, a scaled version of the p in pion scattering. The second figure shows the behaviour
at threshold, from which the coefficient /3 is to be determined. A measurement with a
precision better than 5% at 1 TeV should provide very relevant information. The difficulty
however will be to see longitudinally polarized vector bosons. Furthermore, we shall not
be looking directly at W-W scattering, but at a production process with subsequent final-
state interactions. If there is a resonance then there would of course be no problem, but
barring this we may be in for a tough time. One thing is clear from our pictures: life starts
at 1 TeV.
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Absolute value of t\(s) of as a function of y/s, the CM. energy.
Line a: (3 = - 2 . Line b: (3 = 0. Line c: /? = 2. Line d: /? = 5.
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Same as previous figure, but here -,/s < 1 TeV.

59



Appendix A.

Feynman rules for the SU2 model with a U particle. This is the Standard Model but
without e.m. interactions and without fermions. There is a new scalar particle U, which
interacts with the Higgs system only. Its mass mu and coupling constant gu are new
parameters that influence radiative corrections, in particular in the limit of large Higgs
mass ra. See Ref. [32] for more details.

•/JO/

k2 + M2 - ie
W propagator

k2 + M2- ie
Higgs ghost propagator

k2 + m2 — iis
Physical Higgs propagator

Kb
k2 + M2- iis

FP ghost propagator

k2 + m^ — is
U particle propagator

cm - p)a

q Yang-Mills three W vertex

aa

Yang-Mills four W vertex

- q)a

- q)a
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-2rMgSab , r = m2/AM2

-6rMg

-Zrg*

aa

B--P

WeabcPa

/vw\/v<

-\Mg8ah

-2rMgug -rgug
2 , r = m2/4M2
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