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SYNTHESE :

En ce qui concerne les méthodes d'optimisation stochastiques, l'adoucissement
simulé (SA) et les algorithmes génétiques (GA) on été appliqués avec succès à la
gestion du combustible lorsqu'une fonction d'objectif unique était employée. Des
travaux récents ont montré la possibilité d'employer une véritable approche
multi-objectifs (par exemple réduction de l'enrichissement du combustible neuf et
augmentation de la durée du cycle) basée sur les GA. Dans cette approche, le
classement des individus d'une population repose sur le principe de la non dominance.

Cette note montre qu'une approche similaire peut être appliquée au SA, qui est
traditionnellement à objectif unique. Dans cette approche, chaque fois qu'une solution
est acceptée, elle est comparée à d'autres solutions archivées selon le principe de non
dominance. A la fin de la recherche d'optimisation, on se trouve avec une population
archivée représentant réellement la surface de compromis entre toutes les fonctions
d'objectifs étudiées, et parmi laquelle le spécialiste choisit ensuite la solution
correspondant le mieux à ses priorités.

Le principal avantage de cette méthode, facile à mettre en oeuvre dans un code
de SA quelconque, est de ne nécessiter aucun a priori, et généralement aucune
pondération des fonctions d'objectifs voulues.



EXECUTIVE SUMMARY:

As far as stochastic optimization methods are concerned, Simulated Annealing
(SA) and Genetic Algorithms (GA) have been successfully applied to fuel
management, when using a single objective function. Recent work has shown passible
tfee use <H a true multi-objective approach (e.g. fresh fuel enrichment minimization and
cycle length maximization,...) based on GA. In that approach, ranking the individuals
of the population is based on the non-dominance principle.

L
^ p that a similar approach can be applied to SA, which is

traditionally single objective. In this approach, every time a solution/ using is
accepted, it is compared to other archived solutions using the non-dominance principle.
At the end of the optimization search, one ends up with an archived population which
actually represents the trade-off surface between all the objective functions of interest,
among which the expert will then choose the best solution according to his priorities.
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A MULTI-OBJECTIVE OPTIMIZATION APPROACH BASED ON SIMULATED
ANNEALING AND ITS APPLICATION TO NUCLEAR FUEL MANAGEMENT

Philippe Engrand
Electricite de France

1. BACKGROUND

In this section, in order to introduce the notations, we
briefly present two well known stochastic optimization
methods, namely Simulated Annealing (SA) and Genetic
Algorithms (GA) when used to minimize a single objective
function.

Traditionally, when we want to consider multiple objective
functions, we make an a priori weighting of these functions in
order to manipulate a scalar function, which is more natural.
This section will end with a presentation of how true multi-
objective optimization has been used based on GA. In the next
section, we shall present how to adapt this method to SA.

Simulated Annealing

SA [1] is a random search for an optimum solution. At each
step, a new solution is evaluated, which means that its
associated (single) objective function is calculated. This

solution is accepted not only when the objective function
decreases, but also when it increases, in this case with a
probability that depends on the. increase in the objective
function and on the so-called temperature of the system. The
annealing schedule starts with a high initial temperature so that
the entire search space is coverable, and it ends up with a low
temperature that corresponds to a good local minimum.

The algorithm can be represented as it follows :

1 • initialize Xo,Fo

2 • randomly perturb Xn
 t 0 S e n e r a t e Xn+i

3 • evaluate _pw+]

4 • Xn+: is accepted :

or
( AF\

with the probability p = Exp\ if
TkJ
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5 • if (Xn+\ accepted) then Xn = Xn+\

6 • if (necessary) then Tk+\ = a Jk

7 • if (convergence not reached) goto 2

where :
X is an element of the search space,
F is the objective function,
T is the temperature,
a is a real parameter, lower than 1, that controls the
temperature,
n is the number of accepted individuals,
k is the temperature variation index.

During the search, good solutions can be archived. An example
of a search is presented in figure 1. Usually, one implements the
so-called « return to base » option which allows the algorithm to
retrieve the best solution so far, when the search gets «lost».

This algorithm defines 1 cooling cycle. Several cooling cycles
can be used successively. The best solution found in the
previous cooling cycle is used as initial guess for the next one
and the temperature is reset at its initial (high) value.

This method, used with a infinite number of steps and an
optimized annealing schedule, theoretically converges to the
global minimum. In practical, good local optima are usually
obtained.

Genetic Algorithms

GA [3] manipulate populations of individuals, whereas SA
manipulates individuals. Individuals are coded into
« chromosomes »(usually a succession of 1 and 0) on which the
breeding operators will apply. For a given generation, all
individuals of the population are evaluated and ranked with
respect to the (single) objective function. The breeding
operators (mutation and cross-over) are then applied to this
population to generate the next one. The selected parents are
chosen with a higher probability among the « best»individuals.
After several generations, the population has converged to a
population which has the best (the « fittest») individuals with
respect to the objective function.

The algorithm is then the following :

3 •

1 • initialize {Xk\

2 • uncode the population e v a l u a t e ll

rank the population (Xk)n
 : {X\*

4 • generate coded [Xk) using breeding operators

5 • if (convergence not reached) then

- goto 2
endif

where
n is the generation index,
k is the individual index among a population.

Details on the definition of the breeding operators and the
coding strategy, although very important for the efficiency of
the method, are not needed to understand the rest of this paper.

Multi-Objective Genetic Algorithm

So far F has been used as a scalar function. Let's consider
now that it is a vector of p functions :

that means we have multiple objective functions, that we try to
minimize simultaneously.

With a set of scalar values, ranking just consists in applying
natural order to it. With a set of vectors, ranking, based on the
non-dominance principle, consists of generating subsets of
individuals, where the subset ranked first contains all the
individuals that are not dominated by any others, the subset
ranked second contains all the individuals that are not
dominated by any individuals of the initial set after the first
subset is removed, and so on.

An individual Y is said to be dominated by X if:

Therefore, an individual X is said to be non-dominated by Y if:

3/such as f j{X)< f ,{Y)

An example of ranking a population is presented in figure 2
when using 2 objective functions.

Adapting the previous algorithm [4], step 3 becomes :

3 • rank the population



where we have generated q subsets of the population.

Breeding operators remain the same as for a scalar objective
function, except that the parents are chosen, with a higher
probability, among the best ranked subsets of the population,
every individual of a given subset having the same probability
to be chosen.

2. MULTI-OBJECTIVE SIMULATED ANNEALING

Main idea

SA has always been considered as inappropriate to treat
multi objective optimization problems because step 4 of the
previously described SA algorithm has no meaning if the
objective function is not scalar. That step is essential in this
algorithm ; that is where it is decided whether a solution is good
enough (not necessarily better) to be accepted, the last accepted
solution being, in theory, the optimum solution.

In this new algorithm, step 4 (that will be slightly modified) is
only a condition to reach the next step : archiving. The new
archiving procedure will manipulate a dynamic population of
«so far non dominated » individuals, the archived population,
that will converge exactly to the trade-off surface of the multi
objective optimization problem.

Probability of acceptance

First, we need to define a new function, which we call G
not to be confused with some objective function :

(x)

We won't try to minimize this function, which wouldn't have
any sense, but we shall use it in the probability of acceptance of
a new solution. Step 4 of the SA algorithm becomes :

*s accepted with the probability:

Let's expand this expression : p = Exp
Tk\ fj{Xn))

This definition of the probability allows to accept in all cases
new solutions for which the objective functions decrease in

relative average (p > 1) and it will accept solutions for whic!

the objective functions increase in relative average (/? < 1̂

with a high probability at the beginning of the search when thi
temperature is high, and with a low probability at the end of th<
search when the temperature is low.

Archiving based on the non-dominance principle

Every time an individual is accepted, it is candidate to be
archived. The archiving strategy is the following :

• If the new solution is dominated by at least one archived
individual, the new solution is not archived.

• If the new solution is not dominated by any archived
individuals, the new solution is archived.

• If one or several archived individuals are dominated by
the new solution, they are removed from the archived
population.

Figure 3 shows examples of how the archived population is
updated, and finally converges (figure 4) to the trade-off surface
of all objective functions.

Adaptation of the « return to base » option

The traditional (single objective) «return to base» option
retrieves the best solution so far. In this algorithm, « return to
base » is regularly used, and retrieves any archived individual
(that means every individual has the same probability to be
chosen) so that the entire archived surface can spread out to
finally match the true trade-off surface.

Final algorithm

Using the same notation : F = [fv...,f.,...f I, the

algorithm of true multi-objective simulated annealing (MOSA)
is the following:

l» initialize

2 • randomly perturb Xn
 t 0 generate

3 • evaluate _pn + 1

= Exp\-

= £ l n / (Xn+l) and
J

accept Xn+l ^ ^ * e probability p



5 • if (Xn+i accepted) then

- update the archived population :
. do not archive Xn+\ i f dominated by one

archived individual,
. archive Xn+\ if n o t dominated by any

archived individual,
. remove archived individual if dominated by

Xn~ Xn+X
endif
6 • if (necessary) then
- « return to base » from any archived individual,

U. Xn=Ym

- goto 2
endif
7 • if (necessary) then Tk+l= a Tk

8 • if (convergence not reached) goto 2

where Ym is a randomly chosen archived individual.

This algorithm allows to really search for the entire trade-off
surface. Nevertheless, it is possible to restrict the search space
and impose constraints, like in traditional simulated annealing,
by adding in the G function penalty terms as defined
previously.

3. COMPARISON WITH A GENETIC ALGORITHM ON A
SAMPLE TEST

Comparison of this new method with GA has not been
possible so far on real fuel management problems. Therefore,
sample tests have been set up and treated with multi-objective
simulated annealing (MOSA) and multi-objective genetic
algorithm (MOGA).

Sample test

The sample test is to find the best permutation of a given
set of real values that minimize multiple linear functions :

Minimize simultaneously f . (X) \<j<J

-^ = (*i'*2 >-•*„) is a permutation of {n,r2>->ra)>

where
J is the number of objective functions,
n is the size of the problem,

Tf. and ay are given real values.

Real fuel management problems consist also in finding the best
permutation of given objects (fuel assemblies), but the objective
functions are highly non-linear and result of a neutronic
diffusion calculation. Nevertheless, this test is good enough to
compare easily different optimization methods.

Results

We have compared MOSA and MOGA on this sample
problem. Both methods need to tune several parameters to be
really efficient. The goal here is to prove the feasibility of the
MOSA approach. That is why we did not try to find the
optimum parameters for any methods.

We have tested this problem with up to 10 objective functions,
and with up to 20 objects in the given set of real values. The
conclusions are identical whatever the size of the problem.

Figure 5 shows results when using 2 objective functions and 10
objects. The points represent the final archived population for
MOSA and the final population for MOGA, after 20000
evaluations. An exhaustive calculation can provide the true
trade-off surface, which is not shown for clarity, but both
methods end up with a population that matches almost exactly
the true trade-off surface.

When the size of the problem increases, both method behave
about the same way, but the true trade-off surface becomes
harder to match.

Figure 6 shows how the archived population of MOSA
converges to the trade-off surface in the previous case.

As far as CPU time is concerned, on the tests we made, MOSA
turns out to be twice as fast as MOGA. The reason is that since
the objective function, here, does not cost anything (compared
to fuel management optimization for example), most of the time
is spent in the update of the population. In MOSA though, much
time is saved because not all the evaluated individuals are
candidate for the archiving.

4. APPLICATION TO NUCLEAR FUEL MANAGEMENT

Problem description

Fuel management optimization consists, giving an
inventory of fuel assemblies, in finding the best loading pattern
in the core. The objective functions of interest may be



economical : maximize the cycle length or minimize fresh fuel
enrichment, or they may be related to nuclear safety : minimize
the power peaking factors (corresponding to different
configurations with inserted control rods). Usually other safety
constraints are also considered.

Each evaluation of a loading pattern needs to solve neutronic
diffusion equations which takes roughly a second on a
workstation.

The FORMOSA / FORMOGA softwares

FORMOSA [2] is a fuel management optimization code
using simulated annealing. Any objective function can be
selected among the ones mentioned above. Usually the other
functions are treated as constraints with a penalty term
introduced in the objective function :

t
where

/ is the objective function of interest,

p is a penalty function,

X is a weighting parameter,
F is the resulting objective function.

FORMOSA , gives satisfactory results in mono-objective
optimization' with constraints, and becomes to be used
industrially.

FORMOGA [5] resembles FORMOSA although it does not
have all of its features, and therefore is far from industrial.
FORMOGA uses genetic algorithms, which gives equivalent
results, to FORMOSA.

Recently, some work [6] has been done to develop a multi-
objective version of FORMOGA, which gave nice results. The
purpose of the present work is to prove feasible that approach
when using a SA-based optimization software, in order to limit
the work needed to code the multi-objective option.

The new method described in section 2 has been implemented
in a prototype version of FORMOSA used at Electricite de
France. The first tests are presented hereafter.

Tests description

The objective function that EDF is interested in is the
power peaking factor in different operating configurations. In
fact, these factors have to remain under a safety limit That is
why we use the following objective function :

where
k is the operating configuration index,
Pj. is the calculated power peaking factor (on a quarter of

assembly basis') in configuration k,

Pkm is the safety limit of the pin power peak for

configuration k.

Therefore, this is a pseudo multi-objective approach, the
difference being the use of the Max function instead of a usual a
priori weighting.

The first test consists in a simultaneous minimization of 2
power peaking factors, PI and P2, corresponding to 2 operating
configurations (one with no control rods inserted, and one with
the temperature regulation control rods inserted). We compare
MOSA to 4 other calculations :
- PI minimization (no constraint on P2),
- P2 minimization (no constraint on PI),
- Pseudo multi-objectif, using the Max function, as defined
above, both safety limits set to I2,
- Pseudo multi-objectif, using a weighted function :

1 , 1
777
Xy i 1

which

corresponds to standard safety limits for those configurations.

We present the results obtained after 1 cooling cycle. For these
calculations, an average of 3000 loading patterns have been
evaluated.

The second test compares MOSA with pseudo MOSA (Max
function) with 8 objective functions (power peaking factors for
8 operating configurations). In these case, 1 cooling cycle with
4500 evaluations have been performed.

Results

Figure 7 presents the results of test 1. MOSA final archived
population is plotted and compared to the 4 other single (or
pseudo multi) objective optima. This figure shows that:

• the MOSA surface solution includes the Max function
result,

• the surface has solutions that dominate the solution
obtained with the weighted function,

1 The prototype version of FORMOSA used in this study does not have
the pin power reconstruction option.

2 The limits are set to 1 in order to have a case which differs as much as
possible from next one.



• the solution has solutions that have a lower (i.e. better) P2
value compared to the P2 optimization result,

• the best solutions in the surface with respect to PI are a
bit higher (i.e. worse) than the PI optimization result.

Without a priori information on the different objective
functions, the multi-objective simulated annealing method
(MOSA) provides, in a single run, a surface solution which, in
average, is as good as all the results obtained by different runs
when using different a priori information.

Table 1 presents the results of test 2. No graph is presented
since we are now in dimension 8. We can see that MOSA
results are as good or better than pseudo MOSA for 7 out of 8
configurations, the last being over by only 1 %. In average over
the 8 configurations, the power peaking factors obtained by
MOSA are 1.5 % lower.

2. P.J. Turinsky. PWR In-Core Nuclear Fuel Management
Optimization Utilizing Nodal - (Non-Linear NEMJ
Generalized Perturbation Theory. Joint International
Conference on Mathematical Methods and Supercomputers
in Nuclear Applications, ECS-ANS, I, 787, 1993

3. J.H. Holland, Adaptation in Natural and Artificial Systems,
University of Michigan Press, Ann Arbor MI (1975)

4. D.E. Goldberg, Genetic Algorithms in Search, Optimization,
and Machine Learning, Addison- Wesley, Reading MA
(1989)

5. P.W. Poon, G.T. Parks, Proc. Joint Int. Conf. Mathematical
Methods and Supercomputing in Nuclear Applications,
Karlsruhe, 1,777(1993)

6. G.T. Parks, Proc. Int. Conf. Math, and Computations,
Reactor Physics and Environmental Analyses, Portland, 1,
615 (1995)

CONCLUSION

Simulated annealing has always been considered as a pure
single objective optimization method. A multi-objective
approach based on the non-dominance principle had been
successfully applied to genetic algorithms since they manipulate
populations instead of individuals. We have adapted simulated
annealing mainly by developing an archiving procedure based
on the non-dominance principle. The traditional probability of
acceptance becomes a probability for potential archiving. Thus
the archiving population converges to the trade-off surface of
all objective functions.

We showed, on a sample test, that multi-objective simulated
annealing behaves as good as multi-objective genetic
algorithms, although no optimum tuning of the parameters have
been done in this study. We showed also that multi-objective
simulated annealing is adapted to treat some fuel management
optimization problems, although tests with objective functions
of different type remain to be performed.

This study has shown that a true multi-objective approach is
possible based on simulated annealing. The idea is to avoid
major coding when expanding the single-objective method to a
true multi-objective one, in a simulated annealing based code.

Figure 1 : Simulated Annealing
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Figure 3 : Updating the ranking population
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Figure 4 : Convergence of the archived
population to the trade-off surface
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Figure 5 : Comparison between MOSA &
MOGA on a sample test
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Figure 6 : Convergence of the archived
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Figure 7 : Fuel management problem :
Results of test 1

Table 1 : Fuel management problem : Results of test 2
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• Max Opt.
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Conf.

Max

MOSA

1

1.29

1.30

2

1.37

1.37

3

1.44

1.39

4

1.42

1.39

5
1.64

1.62

6

1.68

1.63

7

1.43

1.38

8

1.30

1.30

Power peaking factors (quarter of-assembly) for the 8
configurations

1,5 1,6
Pi

Power peaking factors (quarter of assembly) for
configurations 1 and 2.
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