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Abstract

Pseudo magnetic fields appear in the Born-Oppenheimer method for

molecules when conical intersections or electronic angular momenta are taken

into account. These fields are not real magnetic fields but they have the

same mathematical properties and can lead to real observable effects in the

dynamics of molecules. A general vector potential (gauge theory) approach

for including these field effects in the Born-Oppenheimer method is intro-

duced and applied to H 4- O2 scattering and the vibrational spectrum of

Na3(X) for zero total angular momentum (J = 0). The scattering results for

HO2 show significant shifts in the resonance energies and lifetimes due to a

"magnetic solenoid" type field originating from the Civ conical intersection

in HO2. Significant changes in the state-to-state transition probabilities are

also observed. The non-degenerate A\ and Ai vibrational spectra of Naa(X)

show significant shifts in the energy levels due to a "magnetic solenoid" type

field originating from the D3h conical intersection in Na3. These two exam-

ples show that the effects of pseudo magnetic fields can be significant and
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in many cases they must be included in order to obtain agreement between

theory and experiment. The newly developed gauge theory techniques for

treating pseudo magnetic fields are also relevant for including the effects of

real magnetic fields.

I. INTRODUCTION

In the Born-Oppenheimer treatment of molecules the adiabatic electronic wavefunction

depends parametrically on the nuclear coordinates. In the standard application of this

approach, the nuclear dependence of the electronic wavefunction is initially ignored, and

it is assumed that the effects due to the nuclear motion can be added in a perturbative

fashion.1 However, in the presence of a conical intersection this is not at all the case. In

1963 Herzberg and Longuet-Higgins2 showed that a real electronic wavefunction is double-

valued (i.e. changes sign) when the nuclear coordinates traverse a closed path encircling a

conical intersection. This sign change is certainly not a small effect and signifies that the

standard Born-Oppenheimer (BO) treatment needs to be generalized. In 1979 Mead and

Truhlar3 generalized the BO method by showing that the sign change can be accounted for

by introducing a vector potential (or gauge potential) into the nuclear Schrodinger equation.

In their approach the real double-valued electronic wavefunction is multiplied by a complex

phase factor which changes sign on encircling the conical intersection so that the resulting

complex electronic wavefunction is single-valued. However, in going to a complex single-

valued electronic wavefunction, the nuclear Schrodinger equation acquires a vector potential.

The resulting differential equations are identical to those of a charged particle moving in the

presence of a magnetic solenoid, and Mead later called this effect the "molecular Aharonov-

Bohm effect".4 In 1984, Berry5 considered a general quantum system with parametric time

dependence undergoing adiabatic time evolution. He showed that the "molecular Aharonov-

Bohm effect" was a special case of the more general geometric phase often referred to as

"Berry's Phase". Berry's influential paper generated much theoretical interest in this effect.



However, even though the geometric phase was first discovered in molecules many years ago,

it was not included in molecular scattering and bound state calculations until recently.6"11

Part of this delay was due to the fact that only in the past five to ten years have the necessary

numerical techniques and computer resources become available.

It is important to realize that the magnetic fields which appear in the generalized Born-

Oppenheimer method and give rise to the geometric phase are not real magnetic fields. They

are pseudo magnetic fields which represent internal coupling between the electronic and

nuclear degrees of freedom. However, since the resulting equations are formally equivalent

to those of electromagnetic theory, the theoretical and computational techniques that are

used to treat pseudo magnetic fields can be used to treat molecules in real magnetic fields.

The standard Born-Oppenheimer method which neglects the coupling between the elec-

tronic and nuclear motion is briefly reviewed in Section II. Conical intersections and elec-

tronic angular momentum are introduced in Section III and their treatment using a gen-

eralized Born-Oppenheimer method discussed. Some results of recent H + O2 scattering

calculations for zero total angular momentum (J = 0) which include the effects of the geo-

metric phase are presented in Section IV. The first calculations to include the effects of the

geometric phase in the vibrational spectrum of Na3(X) are presented in Section V. These

results clearly show that pseudo magnetic fields give rise to significant dynamical effects

(i.e. the geometric phase) and must be included in order to obtain the correct results and

agreement with experiment. The application of these techniques to real magnetic fields and

some conclusions are discussed in Section VI.

II. THE STANDARD BORN-OPPENHEIMER METHOD

The molecular Schrodinger equation is given by

HVtot = EVtot, (1)

where $ t o t is the total molecular wavefunction, H the total molecular Hamiltonian and E

the total energy. We restrict our present treatment to triatomic molecules (i.e. HO2, Na3,
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etc.). The six nuclear coordinates relative to the center of mass consist of three internal

and three orientational coordinates. The three internal coordinates are taken to be the

hyperspherical coordinates (p,Q,<f>) of Smith-Johnson12'13 except that the angle <f> is related

to the angle x of Pack-Parker14 by <f> — 2%- The (p,0,4>) are functions of the three internuclear

distances. The three orientational coordinates are taken to be the Euler angles which give

the orientation of the body-frame (BF) relative to the space-frame (SF). We use APH BF

axes fixed on the instantaneous principal axes of inertia.14 We differentiate between the two

types of coordinates by expressing x = (x, x) with x = (/>, 0, (f) denoting the three internal

coordinates and x — (a, /?,7) the three Euler angles.

After separating the center of mass motion, we can express H in SF coordinates as

H = -~V2 + h(x), (2)

where V2 is the 6-dimensional Laplacian with respect to the six nuclear coordinates x, fi is

the three body reduced mass fj, = (m^ WB m c / ( % + mB + mc))», and h(x) is the electronic

Hamiltonian which depends parametrically on the three internal nuclear coordinates. We

note that in the presence of real magnetic fields, the separation of the center of mass motion

is non-trivial and a more general treatment is necessary.15'16

As usual, we assume that the electronic part of the problem has been solved for the

electronic energy eigenvalues Vn and eigenfunctions cpa in BF coordinates

h(x) y>n(r; x) = Vn(x) <pn(r; x), (3)

where r denotes all of the electronic coordinates relative to the BF. The eigenvalues and

eigenfunctions both depend parametrically on the three internal nuclear coordinates x. We

neglect all internal magnetic interactions (i.e. spin-orbit) and consider only coulomb inter-

actions between the various constituents. Thus, the electronic Hamiltonian is real with real

eigenvalues and electronic eigenfunctions. In the presence of real external magnetic fields,

the electronic structure of a molecule is significantly altered and new ab initio techniques

must be used.17 Only simple diatomic molecules with hydrogen atoms have been treated in

detail.17-20



The total molecular wavefunction can be expanded in terms of a complete set (or almost

complete set) of electronic eigenfunctions

N

n=0

where N is in general infinite, the expansion coefficients \?n(x) are the "nuclear" wave-

functions and tp^ is the nuclear spin wavefunction. For low energies and a non-degenerate

ground electronic state, we can neglect the coupling to excited electronic states and truncate

the sum in Eq. 4 to only one term

*tot « *o(x) <Mr; x) ^ , (5)

where n — 0 denotes the ground electronic state. For degenerate states and higher energies,

more terms in the sum over n must be included. In the present work Eq. 5 is valid, and we

drop the subscript on the nuclear and electronic wavefunctions with the understanding that

they denote the ground electronic state.

If one substitutes Eq. 5 into Eq. 1, multiplies on the left by <^>(r;x), integrates over r

and uses Eq. 3, one obtains the standard Born-Oppenheimer (BO) equation for the nuclear

motion in the SF

This usual BO result neglects the electronic angular momentum and ignores geometric phase

effects. We note that in the derivation of Eq. 6 we used the fact that (<£>(x)| V|y>(x)) = 0 which

is straightforward to prove by differentiating the normalization equation {(p(x)\<p(x)) = 1 and

using the fact that \<p(x)) is real.

III. THE GENERALIZED BORN-OPPENHEIMER METHOD

We now generalize Eq. 6 to include geometric phase effects. The real ground state elec-

tronic eigenfunction <p(r; x) changes sign whenever the nuclear motion encircles a conical



intersection between the ground and first excited electronic states.2 Even if the actual in-

tersection lies very high in energy, it is important to realize that the sign change (geometric

phase) occurs for much lower energies. The scattering or bound state energy only needs

to be high enough so that the nuclear motion can encircle the intersection. For systems

with identical nuclei such as HO2 and Na3, the sign change of the electronic wavefunction

corresponds to a change in permutation symmetry. In order for the total wavefunction \Ptot

of Eq. 5 to remain single-valued and maintain the correct permutation symmetry for all

nuclear configurations, the nuclear wavefunction 'J(x) must also change sign. There is no

built-in mechanism to ensure that the nuclear wavefuntion changes sign in the conventional

BO approach of Eq. 6.

We denote the d dimensional internal nuclear parameter space by M. (d = 3 for tri-

atomics). The subspace of M. for which the ground and first excited state electronic eigen-

values become degenerate is denoted by V C M. which is of dimension d — 2.21'22 Thus, for

triatomic molecules the degeneracy manifold V is a ID curve in the 3D nuclear parameter

space M. The two conditions u(x) = 0 and v(x) = 0 which define T> can be expressed in

terms of any two diagonal cofactors of the matrix w(x) = h(x) — IVo(x) where h is the

electronic Hamiltonian and Vo is the ground state eigenvalue.22 In an infinitesimal region

near T>, the relevant part of the electronic Hamiltonian is a 2 x 2 matrix of the form3'21

( 8u 6v \ /COST? sinn

ov —ou j \ sin r\ — cos 77

where Su(x) and 6v(x) are infinitesimal displacements from the origin in the 2D Cartesian

space spanned by ueu and vev (see Fig. 1). The polar coordinates are denoted by (r, 77)

where r is the radial distance from the origin in uv space and 77 is the azimuthal angle around

the origin.

Almost by inspection we can write down the eigenvalues and eigenvectors of the electronic

Hamiltonian matrix of Eq. 7. The two eigenvalues are ± r which correspond to the upper

and lower cones in Fig. 1. The two corresponding eigenvectors are given by



- sin f \ /cosf\
2 (8)

It is clear that, due to the half-angle functional dependence upon the azimuthal angle 77, these

eigenvectors change sign (i.e. are double-valued) for any closed path in the nuclear parameter

space for which T) changes by 2TT. Equation 8 is valid only in the infinitesimal region near

the conical intersection. However, the sign change (double-valuedness) exists globally. That

is, any closed path in M. which encircles T> (no matter how far away from V) results in a

sign change in the adiabatic ground state electronic eigenvector.23 The global expression for

the angle n is given by rj(x) = ta,n~1(v(x)/u(x)) which is in general a complicated function

of the three internal nuclear degrees of freedom.24 Recently, techniques have been developed

to explicitly compute rj(x) for a general polyatomic molecule.22 However, for treating single

conical intersections in triatomic molecules (such as in HO2 and Naa) an explicit functional

form for TJ(X) can often be derived analytically.8 It is important to realize that the functional

forms of u(x) and v(x) are not unique. Hence, ??(x) is not unique. The only requirement

is that T)(x) change by 2TT for any closed path in M. which encircles V. This freedom in

choosing i] is called "gauge freedom" and different choices for 77 are related by U(l) gauge

transformations.8'22

Following Mead and Truhlar3, we multiply the real adiabatic (ground state) BF electronic

wavefunction by a complex phase

<pc(r; x) = exp(« -i/(x)) <?(r; x) , (9)

where / is an odd integer and 77 (x) is the azimuthal angle discussed above which changes by

2?r for any nuclear motion which encircles a conical intersection. The complex phase factor

cancels the sign change arising from the real electronic wavefunction y?(r; x) giving rise to a

complex continuous single-valued electronic wavefunction <pc(r;x). It is straightforward to

show that the different choices for I are related by gauge transformations.3 Hence, the choice

of / is matter of convenience although larger values of / make convergence more difficult.

If we do not neglect the electronic angular momentum, then the space-frame (SF) elec-



tronic wavefunction in not equal to the body-frame (BF) electronic wavefunction. The

complex SF electronic wavefunction, <£>c(r; x), is related to the complex BF electronic wave-

function of Eq. 9 via

/ ( r ; x ) = £/(«,/?, 7 ) / ( r ; x ) , (10)

where U is the rotation operator which transforms the electronic wavefunctions in the BF

to the SF. It is explicitly defined as25-26

U(a,P,-y) = e-iJ*ae-iJ»l3e-iJ*'1, (11)

where the Ji are the components of the total electronic angular momentum in the BF.

Using Eqs. 10 and 9, we repeat the same steps which lead to Eq. 6 to obtain the

generalized BO equation for the nuclear motion3'8'21'27

{^-(-i V - A(x))2 + e(x)] * c(x) = E tfc(x), (12)

where the complex nuclear wavefunctions \tc(x) are single-valued and A(x) is the vector

potential (or U(l) gauge potential) defined as3'8'21'27

x))), (13)

and e(x) is the effective scalar potential defined as8'27

e(x) = V(x) - f £ <^(x)| (V |^(x)}) • <v£(x)| (V Mj(x)» . (14)

By factoring the gradient operator as V = Vx + V^, we can express A(x) as

A(x) = A(x) + A(x,£), (15)

where

A(x)=--V x>/(x) , (16)

A(x,x)= i (v»(x)| U~\x) {V,U{x)) \<p{x)). (17)
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Equation 16 has the same mathematical form as the vector potential of a magnetic solenoid

located at the conical intersection.3'4 By taking the curl of Eq. 16, we find that the resulting

"magnetic" field is zero everywhere except at the conical intersection where it has a delta

function singularity3

B(x) = Vxx A{x) = -ln6(x)ez, (18)

where ez points along the z axis perpendicular to the uu-plane with the conical intersection

located at the origin (see Fig. I).3'21

The real nuclear wavefunctions ($) are constructed by applying the appropriate symme-

try projection operators and phase factors to the complex tyc (see Section IV).3'8 The change

in "phase" of a real nuclear wavefunction for any closed path C in the nuclear parameter

space is given by

« / = exp[/ A-dl]$i (19)

JO

where Wi and \P/ denote the initial and final real nuclear wavefunctions, respectively. By

using Stokes's theorem, we can express the line integral of A as a surface integral of B

which shows that the geometric phase (/3g) is equal to the "flux" of the pseudo magnetic

field through the surface S enclosed by C

pg = I A • dl = / B • ds. (20)
J C J S

For any closed path C which encircles the intersection, we find that j3g = — IK. That is, the

real nuclear wavefunction changes sign (is double-valued) around the conical intersection.

For any closed path C which does not encircle the intersection, we find that j3g = 0 and the

real nuclear wavefunction is single-valued (as expected).

The angular part of the vector potential is given by Eq. 17 and involves matrix elements

of the electronic angular momentum. Upon substituting the expression for U given by

Eq. 11 into Eq. 17 and using the commutation relations of the J7i, an explicit expression for

the A(x, x) can be derived.8 The resulting vector potential is similar in form to that of a

magnetic monopole.27""30
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Using the expression for |v?o(x)) given in Eqs. 10 and 9, we can express the factors which

appear in the effective potential e(x) as (for m ^ 0)

(vS(x)| (V |^(x))) = {^(x)! U~\x) (V£f/(x)) fo>m(x)> + {^o(x)| (Vx |y>m(x))). (21)

The first term on the right hand side of Eq. 21 is not necessarily small. The second term

is the non-adiabatic coupling matrix.3'21'31'32 By differentiating the electronic eigenvalue

equation of Eq. 3, multiplying on the left with tp(r; x) and integrating over r, we find that

(for m ^ 0)3'21

(VO(X)I (Vx \<pm{x)}) = —j-r —r-r . (22)

For low scattering and bound state energies (which we are considering), the denominator in

Eq. 22 is always much larger than the numerator. Then, the second term on the right hand

side of Eq. 21 is small and can be neglected.

For the molecules and energies which we are considering, the electronic angular momen-

tum is typically smaller than the other angular momenta in the molecule.8 Thus, we neglect

the terms which involve the electronic angular momentum: the A(x, x) and the first term

on the right hand side of Eq. 21. The relevant nuclear Schrodinger equation is then given

by Eq. 12 with e(x) = V(x) and A(x) = A(x).

IV. GEOMETRIC PHASE EFFECTS IN H + O2 SCATTERING

The computational techniques which are needed to solve the generalized Born-

Oppenheimer equation of Eq. 12 have only recently been developed.8 A straightforward

application of conventional techniques was not possible due to the singular behavior of the

vector potential terms. Instead, a new hybrid approach was developed which utilized both

a DVR (Discrete Variable Representation) and an FBR (Finite Basis Representation).8 By

using very large quadratures in the FBR, the singular behavior of the vector potential terms

could be integrated out and an accurate DVR representation obtained (via transformation
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from the FBR). The Sequential Truncation Diagonalization technique was implemented in

order to reduce the size of the final DVR Hamiltonian to be diagonalized.33 Two main

features of the hybrid method are: 1) It is highly parallelizable and is currently being im-

plemented on the Cray T3D34 and 2) It solves the complex Hermitian eigenvalue problem

of Eq. 12 by efficient diagonalization of a real symmetric matrix of the same dimension. A

detailed description of this technique can be found in Ref. 8.

The newly developed hybrid technique has recently been applied to low energy (non-

reactive) H + O2 scattering and HO2 bound state calculations for zero total angular mo-

mentum (.7 = 0).9>u These calculations were the first to include geometric phase effects in a

real molecule using the vector potential (gauge theory) approach. In this section we discuss

the symmetry effects on the rovibrational wavefunctions due to the pseudo magnetic field

(i.e. the geometric phase) which originates from the Civ conical intersection in HO2. The

effects on the resonance spectrum and the O2 vibrational relaxation probability are also

presented.

A 2D slice of the 3D potential energy surface (PES) for the ground (2 A") electronic state

of HO2 is plotted in Fig. 2. This DIM (Diatomics In Molecules) surface is the newest, most

accurate global representation to date and is based on approximately 900 very accurate

ah initio points.35"38 It is a double-valued surface which gives true conical intersections.

The O2 bond is fixed at 2.5 a© and the Rx and Ry coordinates denote the position of the H

atom relative to the center of the O2 bond. The two deep attractive wells are clearly visible

which represent the H atom being bound to one or the other 0 atoms. The lower cone

of the Civ conical intersection is clearly visible along the Ry axis with Rx = 0 (T-shaped

geometries). The two halves of the lower cone for the linear conical intersection are also

visible along the Rx axis with Ry = 0 (linear geometries). The minimum energy pathway

around the Civ conical intersection is always below the dissociation energy. Thus, even for

scattering energies just above threshold, nuclear motion around the C<iv conical intersection

is classically allowed and we expect significant geometric phase effects. The minimum energy

for the linear saddle point is 0.42 eV.35 Thus, if we restrict our scattering energies to below
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0.40 eV, nuclear motion which encircles the linear conical intersection is classically forbidden

and we can neglect the geometric phase effects originating from this intersection.

The real electronic wavefunction is double-valued around the Civ conical intersection.

This double-valuedness gives rise to unusual symmetry behavior of the electronic wave-

function under a permutation (V) of the two identical 16O atoms.8'10 The real electronic

wavefunction is simultaneously antisymmetric in front of the conical intersection (in the

dissociation region) and symmetric behind the conical intersection (across the C?v saddle

region). The nuclear spin wavefunction is always symmetric since 16O has zero nuclear spin.

Thus, in order for the total wavefunction to satisfy Bose statistics (160 is a spin 0 Boson)

for all nuclear geometries, the nuclear wavefunction must also be double-valued and exhibit

the same unusual permutation behavior.

As discussed in the previous section, the correct double-valued behavior of the real

nuclear wavefunctions is obtained by solving the generalized Born-Oppenheimer equation

of Eq. 12. The appropriate phase factor and projection operator is applied to the complex

solutions to obtain real double-valued solutions in the following way8'11

[i}¥ $ i ~ [ i ] # crj}¥ , $_ i a exp[i7)] # c , (23)

where or± = (1 ± V)/2 and the -f and — designate symmetric or antisymmetric asymptotic

symmetry (i.e. in front of the conical intersection). As discussed above, the nuclear spin of

1 60 is zero and the electronic wavefunction is antisymmetric asymptotically, so that only the

\P_ are physically allowed. The qualitative behavior of the $_ is shown in Fig. 3 where a ID

slice (solid curve) of the 3D real double-valued solution is overlaid on top of a stereographic

projection of the HO2 PES in hyperspherical coordinates.8 The Civ conical intersection is

clearly visible in the center of the plot as are the two deep attractive wells on either side.

The repulsive potential for x > 0 and the tops of the C^ and linear conical intersections are

cut-off for clarity. The curve is clearly double-valued and is simultaneously antisymmetric in

front of the Civ conical intersection and symmetric behind. The wavefunction changes sign

for one complete 2?r revolution around the intersection. Encircling the conical intersection
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twice brings the wavefunction back to its initial starting point.

The real double-valued nuclear wavefunctions are used to compute the scattering matrix

§ 8,14 gy c o mpU t ing the scattering matrix and its derivative at many different scattering

energies, a collision lifetime matrix Q can be computed as a function of energy.39 The trace

of Q (i.e. TrQ(E)) gives the resonance spectrum which is plotted in Fig. 4. The "spikes" are

quantum resonances where the H atom has collided with the O2 diatom to form a short lived

complex (resonance state). Many narrow (long-lived) and broad (short-lived) resonances

are clearly visible. The upper plot is computed with No Geometric Phase (NGP) using

the standard Bom-Oppenheimer equation of Eq. 6 (i.e. / = 0). The lower plot is computed

with the Geometric Phase (GP) using the generalized Born-Oppenheimer equation of Eq. 12

with / = 1. Significant differences between the two are clearly visible. Results for the entire

energy range between threshold (0.0978 eV) and 0.40 eV are presented in Ref. 11.

The scattering matrix is also used to compute state-to-state transition probabilities.

Figure 5 plots the (v = 0,ji) —+ (v = 1, Y^,jf) vibrational relaxation probability as a function

of energy for E > 0.29eV (the O"2(u = 1) channel opens up at 0.291 eV). The symbol ji

indicates that the open initial rotational quantum numbers of O2 have been Boltzmann

averaged. That is, all of the transition probabilities (v = 0,j;) —> (u = l,Y^jf) f° r e a c n

open ji are weighted by the appropriate Boltzmann factor and added together. The J2Jf

indicates that all final open rotational quantum numbers have been summed over. The NGP

results for the vibrational relaxation probability show much more oscillatory behavior than

the GP results. An underlying "stair-step" structure can be seen in both the NGP and GP

results by averaging out the oscillations (see the solid horizontal lines in Fig. 5). The slope of

the "staircase" (i.e. the average rate of increase of this transition probability with energy)

is approximately the same for both the NGP and GP results. However, the "staircase"

(i.e. the average transition probability) for the GP results is shifted lower in probability

(« 0.025 lower) than the NGP results. Thus, the "cumulative transition probability" for the

lowest vibrational transition in H + O2 (nonreactive) scattering for J = 0 is significantly

attenuated (RS 35%) by the geometric phase. The results for several other state-to-state
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transition probabilities are presented in Ref. 11.

The low energy H + O2 scattering results clearly indicate that the effects of a pseudo

magnetic field (i.e. the geometric phase) are real and must be included in order to obtain the

correct results. Work is currently underway to extend the scattering calculations to non-zero

J.34 The results of these calculations will eventually allow for a direct comparison with H

-f O2 scattering experiments. Based on the large differences seen in the J = 0 results, we

fully expect that the inclusion of geometric phase effects will be necessary in order to obtain

agreement between theory and experiment.

V. GEOMETRIC PHASE EFFECTS IN THE VIBRATIONAL

SPECTRA OF NA3(X)

The alkali metal trimer Na3 has been under intense theoretical40"49 and experimental50^57

investigation in recent years. Almost all interest has been focused on the nuclear dynamics

in the excited B electronic state. In fact, the vibrational spectra of Na3(B) was originally

believed to be the first example of the geometric phase effect in molecular spectra.51 However,

in recent years a more detailed theoretical treatment45"47 together with higher resolution

spectroscopy55 have reversed this original claim. It is now clear that there is no geometric

phase effect in the vibrational spectra for the B electronic state. The B state is of 2A'X

symmetry (instead of 2E' as was once thought) and exhibits an avoided crossing at the D^h

geometry with the nearby 2E' doubly degenerate state. Thus, the vibrational wavefunctions

are single-valued and the spectra can be classified using a pseudo-Jahn-Teller (P JT) coupling

scheme.45"47

Interestingly, the nuclear dynamics on the ground electronic state (Na3(X)) has received

very little attention (both theoretical and experimental) even though it is well known that a

conical intersection is located at the equilateral triangular configuration {D^h symmetry).40

The pseudorotational barrier is much lower in energy than the conical intersection and

the wells between the barriers are relatively shallow. Thus, even low vibrational states
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could exhibit significant geometric phase effects. Calculations which include geometric phase

effects in the vibrational dynamics have been performed for other alakli metal trimers such

as Li350'42'58 and CU342'59 using a two-state diabatic representation. The conical intersection

between the ground and first excited electronic states in these two molecules lies very low

in energy. Only the lowest few vibrational energies lie below the energy of the low-lying

conical intersection. Thus, an adiabatic (single electronic state) approximation is not valid

for these molecules and a coupled two-state calculation is required. While a careful two-state

calculation can certainly include geometric phase effects, the additional large non-adiabatic

effects in £13 and CU3 make it difficult to determine which effects are due to the geometric

phase. Until now, there has been no "clean" (i.e. dynamics on a single adiabatic ground

state electronic PES with a conical intersection) example of a geometric phase effect in

molecular spectra.

The first calculations to include the geometric phase in the vibrational dynamics of

a molecule using a single adiabatic ground state electronic PES have only recently been

performed.11 In these calculations, all 249 bound states of HO2 were computed up to the

dissociation energy. However, even though there is a minimum energy pathway around the

C2i/ intersection which lies below the dissociation energy, the PES is such that even the

highest bound states are localized over the deep attractive wells and have zero amplitude

in front of the intersection. Thus, they do not "feel" the effects of the geometric phase and

no shifts in the energy levels between the GP calculations and the NGP calculations using

an even (single-valued) basis set were observed. However, it is important to realize that the

correct physical states include the geometric phase and are therefore even across the Giv

saddle region instead of odd.8'10'60 Several recent calculations which were unaware of this

symmetry effect have computed the bound states using an odd (single-valued) basis set.61"64

There is significant splitting (up to 100 cm"1) between the energy levels of even and odd

symmetry which lie above the minimum C%v saddle point energy.11

A contour plot of the PES for Na3(X) for a fixed value of the hyperradius p = 8.71 ao

is shown in Fig. 6. This surface was fit by Thompson, et al.43 to the ab initio data of
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Martins, et a/.41 The value of p = 8.71 ao is chosen since it gives the minimum energy in

the wells. Motion along the hyperradius p corresponds to the symmetric stretch mode (Qs),

motion along the x axis corresponds to the bending mode (Qx), and motion along the y

axis corresponds to the antisymmetric stretch mode (Qy). A conical intersection occurs at

the origin (x = 0, y = 0) which corresponds to the equilateral triangular configuration {Dzh

symmetry). The three fold symmetry gives rise to three shallow wells which are equally

spaced at 120° intervals around the origin. The minimum energies relative to the bottom

of the wells for the pseudorotational barrier (i.e. the saddle points between the three wells)

and the conical intersection are 292.6 cm"1 and 962.1cm"1, respectively. Thus, the conical

intersection in Na3(X) lies high enough in energy so that for low-lying vibrational states the

adiabatic approximation is valid and the generalized Born-Oppenheimer method of Section

III can be applied to include geometric phase effects in the vibrational dynamics.

Unlike the zero spin 16O atoms in HO2, the 23Na atoms have non-zero nuclear spin (5 =

3/2) and are Fermions. Thus, the determination of the physically allowed products of the

vibrational, electronic, and nuclear spin wavefunctions is slightly more complicated than for

HO2. The total number of nuclear spin states is (25 +1) 3 = 64 which can be classified using

the irreducible representations of the permutation group S3. The irreducible representations

of ^3 are: A\ (symmetric), A2 (antisymmetric), and E (doubly degenerate). The number of

nuclear spin states of A\, A2, and E symmetry are given by: (25 + l)(25 + 3)(5 +1) /3 = 20,

(25 + 1)(25 - 1)5/3 = 4, and (25 + 1)(5 + 1)85/3 = 40, respectively.65 The real electronic

wavefunction is double-valued around the conical intersection (origin) and simultaneously

exhibits A\ symmetry across the three saddle points and Ai symmetry across the centers of

the three wells.40 We will first consider only symmetric nuclear spin functions. Then, in order

for the total wavefunction to satisfy Fermi statistics for all nuclear geometries, the vibrational

wavefunction must also be double-valued but exhibit the opposite symmetry behavior. That

is, it must be of Ai symmetry across the saddle points and of A\ symmetry across the wells.

The qualitative behavior of this real double-valued vibrational wavefunction is shown in

Fig. 7 which plots a ID slice of the 3D wavefunction around the conical intersection. For
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the antisymmetric nuclear spin states the symmetry is reversed. That is, a real double-

valued vibrational wavefunction must be of A\ symmetry across the saddle points and of

A2 symmetry across the wells. The qualitative behavior of this wavefunction is plotted

in Fig. 8. The nuclear spin states of E symmetry can only be combined with double-

valued vibrational states of E symmetry to produce a direct product representation which

simultaneously exhibits A2 symmetry across the saddle points and A\ symmetry across

the centers of the wells.66 Calculations of the double-valued vibrational wavefunctions of

E symmetry and the corresponding energy spectrum are currently underway and will be

presented in future work.67

The bound state techniques which were used to include geometric phase effects in the

vibrational spectrum of HO2 were modified to handle three identical nuclei and applied to

Na3.11>67 The relevant phase factors and projection operators for the Ai and A2 irreducible

representations of S3 are applied to the complex solutions \frc to obtain real double-valued

solutions $ with the correct A\ or Ai symmetry in the following way3

* = [(1 + ^123 + P321) t C ] ef'i* ± [{Vu + VK + VZ1) $ c] c"^" , (24)

where the + sign gives A2 symmetry and the — sign A\ symmetry (the symmetry designation

refers to the symmetry behavior across the wells). For X3 systems the most convenient choice

of odd integer / for the treatment of permutation symmetry is / = 3.3

The results of the 3D bound state calculations for the A\ and A2 vibrational energy levels

of Na3(X) are presented in Fig. 9. The energies for the lowest 25 states of both symmetries

were computed with the geometric phase (GP) using / = 3 and without (NGP) by setting

/ = 0. Since there are 5 times more A\ nuclear spin states than A2, the Ai vibrational

spectrum will be on average 5 times more intense than the A2 spectrum. Thus, the A\

energy levels are presented using solid horizontal lines while the A2 energy levels are denoted

by dashed horizontal lines. All energies are relative to the bottom of the Na3 wells. The long

horizontal dotted lines labeled by SP and CI denote the minimum saddle point energy and

the minimum conical intersection energy, respectively. Only the lowest (ground state) energy
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of A\ symmetry lies below the pseudorotational barrier (the minimum saddle point energy).

The other low-lying states of A\ and Ai symmetry lie above the pseudorotational barrier

but their wavefunctions remain localized over the attractive wells and no energy differences

between the GP and NGP results are observed. However, for the intermediate to high-lying

states, we see significant differences between the GP and NGP results for both symmetries.

The A\ GP energy levels are more closely spaced at high energies when compared to the A\

NGP spectrum while the A2 GP energy levels are less closely spaced at high energies when

compared to the Av NGP spectrum.

Table I gives the precise energy values presented in Fig. 9. Detailed convergence studies

indicate that the relative accuracy for the lowest ten energy levels is < 0.25 cm"1 while for

the higher levels it is < 1.0 cm"1.67 The absolute accuracy is estimated to be < 1.0 cm"1 for

the lowest ten energy levels and < 2.0 cm"1 for the higher ones. In comparing the GP and

NGP results in Table I, it is the relative accuracy which is important. Thus, any differences

between the GP and NGP energies for the low-lying states greater than 0.5 cm"1 are real and

due entirely to the geometric phase. We see that the GP and NGP energies for the lowest

two states of A\ symmetry and the lowest three states of A2 symmetry are identical (within

convergence errors). Significant splitting begins to appear in the third state of Ai symmetry

and the fourth state of Ai symmetry. For higher energies the wavefunctions become less

localized over the wells and the energy differences between the GP and NGP results for both

symmetries increase. The high-lying wavefunctions have significant amplitude all the way

around the conical intersection and therefore exhibit large geometric phase effects.

The bound state results for the A\ and Ai vibrational spectrum of Na3(X) clearly show

that geometric phase effects must be included in order to obtain the correct results. The

vibrational state assignments (i.e. the assignment of the symmetric stretch, bending, and

asymmetric stretch quantum numbers) for the A\ and A?, energy levels and the calculations

of the degenerate E spectrum and state assignments are currently underway.67 The results

of these calculations together with the present results will provide a detailed theoretical

understanding of the Nas(X) vibrational spectrum (for J = 0) including geometric phase
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effects. Unfortunately, direct comparison with experiment is not yet possible due to the lack

of experimental data and the limited accuracy of the PES for Na3(X). The Na3(X) PES

is based on relatively old ab initio data41 which could be improved by using more modern

electronic structure techniques. The only experimental results to date for the vibrational

levels of Nas(X) are based on two-photon ionization spectra of the hot bands.52 Only the

three fundamentals were reported. It has recently been proposed that stimulated emission

pumping or IR excitation could be used to measure the vibrational spectra of Na3(X) and

investigate geometric phase effects.48 Future theoretical work (i.e. the development of an

improved PES for Na3(X)) and new experimental data for many intermediate to high-lying

vibrational states should provide a "clean" example of the geometric phase effect in molecular

spectra.

VI. CONCLUSIONS

We have seen that pseudo magnetic fields appear in the Born-Oppenheimer method when

conical intersections or electronic angular momenta are taken into account. The pseudo mag-

netic field which originates from a conical intersection is that of a "magnetic solenoid". The

"magnetic solenoid" gives rise to a geometric (Berry) phase which can lead to real physical

effects in the molecular dynamics. The results of low-energy H + O2 scattering calculations

for J = 0 showed significant shifts in the resonance energies and lifetimes due to the geo-

metric phase associated with the C^ conical intersection in HO2. A significant attenuation

of the O2 vibrational relaxation probability was also observed. The first calculations to

include geometric phase effects in the vibrational spectrum of Na3(X) were presented. Sig-

nificant shifts in the intermediate to high-lying energy levels of A\ and A^ symmetry were

observed due the geometric phase associated with the D^h conical intersection. The results

of these calculations clearly show that the geometric phase is important and in many cases

it must be included in order to obtain the correct results and agreement between theory and

experiment.
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The pseudo magnetic fields and their associated geometric phase exist in the absence of

real external magnetic fields. However, recent ab initio calculations have shown that real

magnetic fields can induce conical intersections in the excited electronic energy levels of the

H} ion.18"20 Conical intersections are normally not allowed in diatomic molecules due to the

fact that there is only one internal degree of freedom (the internuclear distance). However, in

the presence of an external magnetic field, the orientation of the magnetic field with respect

to the internuclear axis of the diatom introduces an additional degree of freedom (i.e. the

PES is 2D instead of ID) so that conical intersections can exist. These results suggest an

interesting experiment where the rovibrational spectroscopy of an excited electronic state

of a molecule is measured in the presence of a magnetic field for varying field strengths.

If a conical intersection is created or destroyed at some critical value of the field strength,

then a sudden (discontinuous) jump in the rovibrational energy levels would be observed.

The sudden jump in the energy levels would be a direct consequence of the geometric phase

which suddenly "turns on" when the conical intersection is created or "turns off" when it

is destroyed. This approach would give experimentalist the ability to "turn on" or "turn

off" the geometric phase at will and measure the differences in the spectra. Unfortunately,

the field strengths required to significantly alter the low-lying electronic energy levels are

quite large (105 T) and are far beyond the current capabilities of continuous field laboratory

magnets (30 T). The situation may be more promising for high-lying electronic states but

then an accurate theoretical treatment becomes more difficult. The huge magnetic fields

found on the surfaces of astrophysical objects such as white dwarfs (102 —105 T) and neutron

stars (107 — 109 T) are certainly large enough to induce conical intersections in molecules.

Thus, geometric phase effects could contribute to the unusual behavior of the rovibrational

spectra of the molecules found in the atmospheres of these objects.

Another interesting effect due to real magnetic fields is the coupling of the center of

mass (CM) motion to the internal degrees of freedom.15 Thus, the CM motion can induce

transitions between different rovibrational and/or electronic states of a molecule which is

moving in the presence of a magnetic field. At the same time, magnetic fields also increase the
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binding energies in molecules which leads to deeper minima in the PES.17 20 For the Hj ion

for example, one of the rotational degrees of freedom acquires a vibrational character which

becomes more pronounced with increasing field strength.19 The resulting dynamics is that of

hindered rotation. Calculations of the rovibrational spectra of the Hjj" ion could be performed

including the CM coupling effects. The CM coupling is proportional to the field strength

and CM velocity.15 Thus, the transition probabilities between the rovibrational states could

be computed as a function of the field strength and the CM velocity. Comparison with

laboratory experiments might be possible since high beam energies (large CM velocities)

could be used to magnify the coupling effects (if needed).

The development of the necessary theoretical and computational techniques for includ-

ing the effects of real magnetic fields in molecular dynamics is far from complete. Recent

methods which use gauge theory techniques for treating pseudo magnetic fields should help

in the development of methods for including the effects of real magnetic fields.8 As discussed

above, effects due to both types of fields can be present at the same time. Since the two

types of fields are described formally by replacing the momentum operator p by p — A, a

general gauge theory approach which includes the effects of both types of fields would be

based on the replacement p —> p — (Apseuao + Areai) where Apseudo and Areai are the relevant

vector potentials for the pseudo magnetic field and real magnetic field, respectively. Much

more theoretical work is needed to develop accurate and efficient computational methods

for including the effects of magnetic fields in molecules. The study of magnetic field effects

in molecular dynamics is certainly an exciting area of research which should provide many

new theoretical and experimental discoveries.
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TABLES

TABLE I. The lowest 25 bound state energies of A\ and Ai symmetry for Na3(X) for zero total

angular momentum (J = 0). The energies are in cm"1 and are relative to the bottom of the Na3

wells. The symmetry designations refer to the symmetry across the wells.

State

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

GP (Ai)

238.5

295.5

349.3

399.4

439.0

446.5

487.6

495.1

528.3

533.9

546.1

565.5

587.6

594.2

601.0

627.2

628.3

637.4

646.5

656.1

679.5

681.4

NGP (Ax)

238.6

296.0

350.8

403.3

438.9

454.6

489.1

506.0

531.6

535.2

558.8

577.6

592.2

609.6

624.0

631.8

649.0

656.0

674.8

687.2

688.7

706.1

difP

0.1

0.5

1.5

3.9

-0.1

8.1

1.5

10.9

3.3

1.3

12.7

12.1

4.6

15.4

23.0

4.6

20.7

18.6

28.3

31.1

9.2

24.7

GP (A2)

341.4

397.2

449.5

495.9

531.6

540.9

578.1

593.3

626.4

639.2

644.4

675.9

695.4

696.6

713.5

733.4

749.8

752.5

761.2

794.8

799.5

801.1

NGP (A2)

341.3

397.2

449.8

499.5

534.4

547.2

586.4

593.9

632.6

637.8

643.3

672.4

690.5

695.6

708.0

718.0

739.7

741.4

747.1

769.5

775.1

788.6

diff15

-0.1

0.0

0.3

3.6

2.8

6.3

8.3

0.6

6.2

-1.4

-1.1

-3.5

-4.9

-1.0

-5.5

-15.4

-10.1

-11.1

-14.1

-25.3

-24.4

-12.5
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22

23

24

685.0

694.0

702.4

708.2

721.5

726.6

23.2

27.5

24.2

810.2

816.8

829.7

794.7

796.1

819.6

-15.5

-20.7

-10.1

aThis column is computed by subracting the GP (Ai) results (column 2) from the NGP (Ai) results

(column 3).

bThis column is computed by subtracting the GP (A2) results (column 5) from the NGP (A2)

results (column 6).
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FIGURES

FIG. 1. Perspective plot of a 2D slice of a PES near a conical intersection. The degeneracy

point is located at the origin in the uv plane. The radial distance from the intersection is denoted

by r and the azimuthal angle around the intersection denoted by 77. The adiabatic ground state

electronic eigenvector changes sign for any closed path in uv space which encircles the origin (such

as the dashed curve C).

FIG. 2. Perspective plot of a 2D slice of the 3D HO2(
2A") DIM PES. The 0 2 bond is fixed at

2.5 ao. The coordinates Rx and Ry give the position of the H atom relative to the center of the O2

bond. The energy is relative to the bottom of the asymptotic H + O2 channel. The deep attractive

wells and the C2V and linear conical intersections are clearly visible (see text for discussion).

FIG. 3. Perspective plot of the HO2 PES in hyperspherical coordinates with the hyperradius

p fixed at 4.9 ao. The xy coordinates are the stereographic projection of the surface of an upper

half sphere. The energy is in eV and is relative to the bottom of the asymptotic H + O2 well. The

double-valued function sin(?7/2) is overlaid on top of the PES (dark curve). Extending TJ over a 4x

range shows the full double-valued behavior by encircling the C2V conical intersection twice. It is

clear that the function is antisymmetric across the x axis in front of the conical intersection and

that it is symmetric across the x axis behind the conical intersection. The double-valued function

exhibits both symmetries simultaneously.

FIG. 4. Plot of TrQ° as a function of energy: the points are calculated and the solid curves

are a rational function interpolation. The energy is relative to the bottom of the H + O2 channel.

The upper plot was computed with No Geometric Phase (NGP) by setting I = 0 and the lower plot

was computed with the Geometric Phase (GP) using / = 1. Significant differences are observed in

the resonance energies and lifetimes (see text for discussion).
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FIG. 5. Plot of the (v = 0,j») —• (v = 1,5Zj/) ^2 vibrational relaxation probability as a

function of energy Boltzmann averaged over all open initial rotational quantum numbers and

summed over all final rotational quantum numbers. Averaging out the oscillations gives rise to

an underlying "stair step" structure (the solid horizontal lines). The GP results are significantly

attenuated relative to the NGP results and are less oscillatory.

FIG. 6. Contour plot of the Na3 PES in hyperspherical coordinates with the hyperradius fixed

at p — 8.71 ao. This is a stereographic projection of the surface of an upper half sphere. The

hyperangle 6 runs from 0 at the north pole (center of plot) to f at the equator (heavy circle).

The hyperangle <f>, the azimuthal angle, is measured from the positive z-axis and goes to w in the

counterclockwise direction and to — w in the clockwise direction. The contours are at 25, 100, 300,

500,800, 2000, and 20000 cm"1 relative to the bottom of the Na3 wells. The highly repulsive region

(> 20000 cm"1) is shaded.

FIG. 7. Perspective plot of the Na3 PES in hyperspherical coordinates with the hyperradius

fixed at p = 8.71 ao. As in Fig. 6, the x and y coordinates are the stereographic projection of the

surface of an upper half sphere. The energy is in cm"1 and relative to the bottom the Na3 wells.

The repulsive region for negative values of x and y has been cut away in order to view the central

region of the PES. The double-valued function sm(3?7/2) (for Na3 r) = <f>) is overlaid on top of the

PES (dark curve). Extending 7] over a 4 w range shows the full double-valued behavior by encircling

the Dzh conical intersection twice. It is clear that this function is simultaneously symmetric across

the three wells and antisymmetric across the three saddle points.

FIG. 8. Same plot as in Fig. 7 except that the double-valued function cos(377/2) (for Na3

j) ~ 4>)\s overlaid on top of the PES (dark curve). It is clear that this function is simultaneously

antisymmetric across the three wells and symmetric across the three saddle points.
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FIG. 9. The non-degenerate A\ and Ai vibrational spectra for Na3(X) for zero total angular

momentum (J = 0). The energies are in cm"1 and are relative to the bottom of the Na3 wells. The

horizontal dotted lines labeled by SP and CI denote the minimum energies of the saddle points and

the Dzh conical intersection, respectively. Due to the nuclear spin weighting, the A\ vibrational

energy levels are more intense and are drawn using solid lines. The less intense A2 levels are drawn

using dashed lines. The symmetry designations denote the symmetry of the wavefunctions across

the center of the wells. The intermediate to high-lying vibrational energy levels computed with the

geometric phase (GP) are significantly different than those computed without the geometric phase

(NGP) (see text for discussion).
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