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Abstract

A full implicit numerical procedure based on the use of a nine-point difference operator

is presented to solve the two dimensional (2-D) relativistic Fokker-Planck equation for the

current drive problem and synergetic effects between the lower hybrid and the electron

cyclotron waves in tokamaks. As compared to the standard approach based on the use of a five-

point difference operator [M. Shoucri, I. Shkarofsky, Comput. Phys. Comm. 82 (1994) 287],

the convergence rate towards the steady state solution may be significantly enhanced with no

loss of accuracy on the distribution function. Moreover, it is shown that the numerical stability

may be strongly improved without a large degradation of the CPU time consumption as in the

five-point scheme, making this approach very attractive for a fast solution of the 2-D Fokker-

Planck equation on a fine grid in conjunction with other numerical codes for realistic plasma

simulations. This new algorithm, based on an approximate matrix factorization technique, may

be applied to all numerical problems with large sets of equations which involve nine-point

difference operators.
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PROGRAM SUMMARY

Title of program: FP2DLHEC

Catalogue number: ACVL

Program obtainable from: CPC Program Library, Queen's University of Belfast, N. Ireland

(see application form in this issue)

Licensing provision: None

Computers: any computer or workstation

Program language used: FORTRAN

Memory required to execute with typical data: 4 Megabytes using a double precision arithmetic,

one species on a 200x100 grid points.

Number of lines in distributed program, including test data, etc: 1300. The memory size of the

code is 40 KBytes.

Keywords: Matrix factorization, nine-point elliptic difference equation, strongly implicit

procedure, Fokker-Planck, lower hybrid current drive, electron cyclotron heating, synergetic

effects.

Nature of physical problem: A new fast solver of the 2-D linearized relativistic Fokker-Planck

equation based on the use of a full implicit numerical scheme is presented for the current drive

problem and synergetic effects between the lower hybrid and electron cyclotron waves. The

code makes use of the accurate relativistic collision operators presented in Ref. [14].

Convergence rate for the steady state current drive solution may be strongly enhanced as

compared to partial implicit procedures used in Ref. [5], without loss of accuracy for the

electron distribution function.

Method of solution: The linearized relativistic Fokker-Planck equation is solved on a 2-D

domain. The 2-D equation is discretized using a nine-point stencil, and solved with a strongly

implicit procedure based on an approximate matrix factorization technique.



Typical running time: An execution on an Alpha server 4000 from Digital requires 28.5 ms per

iteration for a typical problem with 200x100 grid points. The typical number of iterations

ranges between 100 and 1000.



LONG WRITE-UP

1. Introduction

The Strongly Implicit Procedure (SIP) is an iterative method for solving systems of

difference equations that arise in determining numerical solutions of elliptic partial differential

equations [1]. It is based on an approximate matrix factorization technique which allows a

considerable reduction of memory size requirements and computational effort, while a high

convergence rate may be achieved. This method, whose effectiveness is closely related to the

implicit nature of the numerical scheme, is therefore very attractive for solving large sets of

linear algebraic equations which result from numerical discretization of partial differential

operators over a fine grid of mesh points. The SIP procedure has thus been applied

successfully for numerical resolutions of several problems like heat diffusion over a two-

dimensional rectangular grid [1,2] or a diamond-shape region [3], with various boundary

conditions. In most examples presented to illustrate the efficiency of the method, simple two-

dimensional (2-D) partial differential equations have been considered, involving only a five-

point difference operator. However, more complicated situations may occur, in which cross-

derivative terms could play an important role, like in Fokker-Planck equations [4]. In this case,

using a five-point difference operator requires to treat these cross-derivatives in an explicit

manner, a scheme which is well known to be less stable than a fully implicit one. Nevertheless,

this approach has been considered recently to calculate numerically the time-dependent solution

of the quasilinear 2-D relativistic Fokker-Planck equation in momentum space, which is of great

importance for an effective validation of non-inductive current drive scenarios in tokamaks [5].

It is based on the use of the NAG library routine D03UAF, a numerical implementation of the

SIP method for a five-point difference operator [6]. For simple cases, it is shown that the

steady state solution may be obtained after less than 100 iterations for 200x100 grid points,

which represents for similar parameters a significant improvement of the rate of convergence

with respect to other competitive procedures like the alternating-direction implicit method [4].

Since in realistic modeling of current drive problems one has generally to couple the

Fokker-Planck equation with other equations describing transport, wave propagation (ray-

tracing or full-wave) or MHD, the need of a fast solver becomes crucial in order to keep

computational time and memory size requirements at an acceptable level, especially for complex

cases in which several iterations are necessary to calculate a self-consistent solution [7]. In

order to fulfill this condition, a full implicit approach to solve the Fokker-Planck equation

appears therefore as a very attractive procedure, because of the usual stability improvement

provided by this numerical scheme in the determination of the steady state solution [8]. Indeed,

a significant enhancement of the global rate of convergence is expected as compared to the five-

point difference method, since time steps of larger sizes may be often considered in the time

integration of the multidimensional diffusive initial value problem. For this purpose, a
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generalization of the SIP procedure to a nine-point difference operator has been developed. In

Sec. 2, a general discussion of the SIP method is presented, with a particular emphasis on the

differences between five-point and nine-point difference schemes. Recurrence relations which

are used to perform the approximate factorization of the nine-point difference operator, and the

matrix modification technique to achieve rapid convergence of iterations are given in Sec. 3.

The computational scheme and the choice of iteration parameters are discussed in Sec. 4. An

application of the nine-point SIP procedure is presented in Sec. 5 by solving the quasilinear

two-dimensional relativistic Fokker-Planck equation for the lower hybrid and the electron

cyclotron current drive problems in tokamaks, and results are discussed in Sec. 6. Finally, the

description of the program is presented in Sec. 7, and conclusions are given in Sec. 8.



2. The Strongly Implicit Procedure (SIP)

The Strongly Implicit Procedure belongs to the family of approximate matrix

factorization techniques, based on an extensive use of matrix sparsity [9]. It is devoted to

matrices whose non-zero terms lie on a finite number of diagonals, a case which is encountered

for second order elliptic partial differential equations in two independent variables. This method

may be also applied to time-dependent parabolic partial differential equations in two-space

dimensions. Indeed, for time-dependent problems, the solution at each time step may be

expressed in terms of an elliptic equation if the Crank-Nicholson or other form of implicit time

integration is used. In matrix notation, the set of equations to be solved is

AX = B (1)

where A corresponds to the five or nine-point difference operator including boundary

conditions, and X is the vector of unknown quantities. The right-hand side term B of equation

(1), contains all explicit terms which may arise from possible external sources or sinks, or

cross-derivatives when only a five-point difference scheme is considered. If the two-

dimensional topologically-rectangular mesh is made of MxN grid points, the total number of

equations is MN, while the size of the matrix A is MNxMN. Each row of matrix A consists

of coefficients of the unknown in one equation of the set. By ordering the set of equations in a

sequence of increasing values of the index grid points m and n, with n being held constant at

each of its value between 1 and N until m has taken on all possible values in its range

1 < m < M, all non-zero terms of A lie on a finite number of diagonals. For a five-point

difference scheme, non-zero coefficients of A are aligned along five diagonals, the main one

{A[o]} and two adjacent diagonals {Af.ij, A[i]}, while further diagonals {A[_M], A[M]} are

located away on each side of the principal diagonal at a distance of M elements, as shown in

Fig. 1. A nine-point difference scheme leads to four additional diagonals {A[.M-1], A[_M+I],

A[M-l], A[M+i]}, which lie respectively on each side of the outer diagonals of the five-point

difference scheme. For the sake of simplicity, each diagonal is labeled by its distance from the

main diagonal measured in terms of number of elements, with a positive sign for the upper side

of the matrix and a negative one for the lower side.

For very large systems of equations which result from a discretization of the differential

operator over a fine grid of mesh points, a direct inversion of equation (1) leads usually to a

prohibitive computational effort even if the sparse structure of matrix A is well taken into

account [7]. This is especially important when repetitive inversion must be carried out, in order

to follow time dependence of X, or if B itself is a weak function of the solution X. Indeed, the

number of operations for each direct inversion by Gaussian elimination is O(NM3), making this

approach a very expensive one. However, if A may be factorized into a product of a lower

triangular matrix L and an upper triangular matrix U, LU = A, a strong reduction of the
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computational effort may be foreseen. Indeed, aside from the time required to perform the

matrix factorization itself which represents a computational effort equivalent to a direct matrix

inversion, each further inversion needs only (XNM2) operations for each triangular system of

equations. If NM is large enough, a substantial gain may therefore be expected as soon as the

number of iterations for an accurate estimate of the solution is greater than unity. This well

known and elegant approach is well suited for diagonal dominant matrices, a sufficient

condition to ensure that matrix factorization is possible [8]. It corresponds usually to some

constraints on the differential operator, which may restrict the domain of study, or lower the

rate of convergence. One must recall that the lack of diagonal dominance is usually a sign that

the numerical problem is ill-conditioned, and in this case it is usually very difficult to get the

solution by any numerical method. The standard procedure to overcome this difficulty is to

perform a matrix preconditioning in order to recover conditions of diagonal dominance.

However, it is usually not an easy task to find a matrix P with a reduced computational effort,

so that matrix P-1A becomes strongly diagonal dominant. Indeed, the easiest technique which

consists to choose P as a diagonal matrix whose coefficients correspond to the principal

diagonal of A is often useless, even if the condition number of P~ A may be significantly

reduced by such a method as compared to its initial value for A .

Though matrix factorization appears to be a very attractive procedure for band diagonal

matrices, it is still a heavy technique when M becomes large. Indeed, both L and U triangular

matrices contain M+l or M+2 non-zero diagonals whether a five or a nine-point difference

scheme is considered. Such an approach requires therefore a high storage capacity, in addition

to the large number of operations that have to be performed at each matrix inversion, which is

of the order of OCNM2) as mentioned above. However, a further significant reduction of the

computational effort may be foreseen, when A may be characterized by a full diagonal

dominance, and a partial one for each group of diagonals. In this latter case, coefficients of the

matrix A fulfill the following requirements | A^oji) | > X | A^i) |,

i) j, at each row i, where J = 0 or J = -M, 0, M for five-point or nine-

point difference schemes respectively. As a consequence, most of the non-zero coefficients

of L and U are very small, except at locations of non-zero terms of A. It is then natural to

define an approximate factorization of A in which only diagonals of L and U located at

positions of the diagonals of A are kept. Let L and U be the new lower and upper triangular

matrices respectively, which contain only three or five diagonals whether a five-point or a nine-

point difference scheme is considered. The product LU gives then a new matrix A whose

number of diagonals is augmented by two or four additional ones, according to the type of

difference scheme, as illustrated in Fig.2. In the modified matrix A, values of non-zero

coefficients which lie on the new diagonals with respect to A are almost negligible, while other

elements are nearly identical to those of A. The fact that matrix A contains additional diagonals
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of non-zero terms is due to an incomplete balance between all arrangements of diagonals which

have to be taken into account in the calculation of LU, as compared to the product LU. For

both difference schemes, it is always possible to adjust elements of L and U so that

coefficients of A fit exactly those of A on the same diagonals. In this case, LU may be

expressed as A + E, where E is an error matrix which contains two or four diagonals of very

small elements, whether a five-point or a nine-point difference scheme is considered. The

computational effort to find the solution X of the system of equations (1) by an iterative method

is then strongly reduced. Indeed, in this case, the partial factorization of A and each matrix

inversion require both only O(^NM) operations, where C, is the number of points involved in

the difference operator, usually much lower than M. The standard strategy to solve the set of

equations (1) is based on the implicit iteration procedure [1],

(A + E) X(k+1) = (A + E)X(k) - p(AX(k)-B) (2)

in which the (k+l)st iterative step X(k+1) of X is expressed from the knowledge of X at the

(k)st step. The iteration parameter P may be adjusted for an improvement of the rate of

convergence, using a Chebyshev acceleration technique [7]. However, it has been shown that

values of P other than unity do not give much better results in general for the SIP procedure

[1]. Replacing A + E by the product LU which is calculated only once before to start the

whole iterative procedure, and defining an increment A and a residual R by,

R(k) = B-AX{ k ) (4)

equation (2) becomes

p« (5)

It is then solved by two successive inversion steps, evaluating respectively forward and

backward solutions from triangular systems of equations,

LVk+1> « (6a)
(6b)

Even if the approximate factorization technique enables a considerable saving in the

number of operations per iteration step and a drastic reduction of the required storage capacity,

all these advantages may be hindered by a weak convergence rate towards the final solution. In
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point of view, with respect to the general problem of the resolution of large sets of linear

algebraic equations. Indeed, the SIP method may be considered as a standard Richardson

iterative procedure based on matrix splitting and matrix preconditioning [10]. If A + E is

identified to the preconditioning matrix P, equation (2) may be expressed as

(8)

provided A + E is non singular. It appears that the initial system of equation (1) is effectively

preconditioned, because it is replaced by P~ AX=P~ B in the iterative scheme. As coefficients

of matrix P are usually close to those of A, the condition number of P~ A is significantly

reduced as compared to that of A. From (8), it can be shown that the series {X(k\ k = 0, 1,

...} converges if the condition

(9)

is fulfilled, where p is the spectral radius and I the identity matrix. Here, p is defined by the

standard relation p(C) = max | Xi |, where X[ are eigenvalues of the matrix C. Since

p(C) < J C | for any norm [10], a sufficient condition of convergence for the series {X(k\ k = 0,

1,...} defined by (8) is

11 - pP~xA | < 1 (10)

From relations (9) and (10), neither diagonal dominance nor positive definiteness of matrices

A and P = A + E are fully required to ensure convergence towards the solution X. However,

the lack of full and partial diagonal dominance as discussed above leads usually to large

coefficients in the error matrix E which results from the approximate factorization procedure,

so that condition (10) may be not satisfied because the product P~ A is far from the unitary

matrix. In this case, the SIP iterative method becomes strongly unstable.

From this general approach, it is also possible to give some trends on the rate of

convergence 5R of the SIP procedure towards the solution of the system of equations (1). Its

asymptotic value is given by the relation

9?(1 - pP^A") = -lnp(l - pP^A") (11)

For the case P = 1 which is usually considered in the SIP method, the condition for a fast

convergence corresponds to p = 0, or P-1A -1. Therefore, in order to converge with a reduced

number of iterations using the SIP method, the approximate matrix P = A + E should be as

close as possible to A, i.e. all coefficients in the error matrix E must be very small. Such a
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condition is again usually fulfilled when matrix A is characterized by a full diagonal

dominance, and a partial one for each group of diagonals.

From general considerations, it appears that the SIP procedure provides an attractive

approach to solve large sets of linear algebraic equations, but only for restricted types of

difference operator. When, both full and partial diagonal dominances are satisfied, the SIP

method is expected to be stable and high convergence rate towards the solution may be

achieved. Even if such constraints are not strictly required and may be relaxed in very specific

situations, it turns out that in most cases, they give useful guidelines in view to estimate the

range of applicability of the method for determining the solution of the system of equations (1)

in an efficient manner.

11



3. Approximate factorization of the nine-point difference operator

From the sparse structure of matrices A, L and U, it is natural to use band diagonal

matrices in a so-called compact form, which results if the matrix is tilted 45° clockwise, so that

its nonzero elements lie in a long and narrow matrix with NM rows, and a number of columns

which depends of the type of difference scheme. Elements that are wasted space in this compact

form are set to zero for the sake of simplicity, but they will not be referenced by any

manipulations and can have arbitrary values. In addition, without lack of generality, it is

assumed that an appropriate diagonal preconditioning of A has been performed, so that all

matrix coefficients may be set to unity on the major diagonal, while off-diagonal terms are

normalized accordingly. Apart from the fact that storage memory is saved in such a way, it

turns out that round-off errors are usually reduced by this procedure, because the use of large

numbers in calculations is avoided. Therefore, matrix A in its compact form has respectively

four or eight columns, whether a five or a nine-point difference scheme is concerned. Much in

the same way, L and U have three and two columns respectively for a five-point difference

scheme, while for the case of a nine-point difference scheme, both matrices have two additional

columns. In its compact form, matrix U has one column less than L, because all main diagonal

elements have fixed arbitrary values. In calculations, they are all set to be unitary.

For the nine-point difference scheme, coefficients of matrices L and U are given by

recurrence relations

L[_M_i](i) = AhM_!](i) (12a)

(12b)

L[_M](i)U[i](i-M) + Lt-M+i]^ A^+ut i ) (12c)

tW -M](i)U[M-i](i-M) + Lhl](i)= Ahl](i) (12d)

-M-l) + L^WUtMiCi-M)

^ L[0](i)= 1 6 )

(12f)

(12g)

(12h)

while the four new diagonals of error matrix E which result from the incomplete canceling

between diagonal coefficients of L and U are in the same matrix notation

E[-M+2]0) = Lt-M+ijWU^i-M+l) (13a)
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(13b)

(13d)

Following the procedure described in Ref. [1], matrix A + E is modified in such a way

all error contributions EX in equation (2) are counter-balanced by approximate equal terms.

Suitable coefficients are obtained from a Taylor expansion of the solution X in the vicinity of

the grid point (m,n). Indeed, additional diagonals, which result from the incomplete matrix

factorization of A , as shown in Fig. 2, correspond to contributions of new grid points in the

difference scheme at locations (m-2,n), (m-2,n+l), (m+2,n), (m+2,n+l) respectively, as

displayed in Fig. 3. Neglecting second order terms,

X{m-2,n) = 2X(m-l ,n) - X{m,n) (14a)

X{m-2,n+l) = X(m-l,n+l) + X[m-\ji) - X[m^i) (14b)

X(m+2,n) = 2X(m+l ,n) - X[m,n) (14c)

X(m+2,n-l) = X[m+l,n-\) + X(m+l,n) - X[m,n) (14d)

Such a technique is valid, provided variations of X between grid points are smooth

enough so that relations (14a-d) are good approximations. It is worth to note that second order

corrections may be fully considered in a nine-point difference scheme. However, they have not

provided so far better results as compared to first order corrections, a fact which has been also

observed for the five-point difference operator [1]. As a consequence, they are not considered

in this study.

In the method for calculating L and U, it is useful to introduce an iteration parameter a ,

whose value is a function of the mesh and type of the differential operator [1-3]. By multiplying

the right-hand sides of relations (14a-d) by a, a continuous modification of the matrix

A + E may be obtained from a = 0, which corresponds to no modification, to a = 1 where

cancellation in the terms of EX is second order. Using this approach, (A + E)X is just replaced

by (A + E - (xEJX in equation (2), where E is a five-diagonal matrix {E[_M+1j,

% - ! ] ' % l ' %!> %M-i]}» whose coefficients are

( l 5 a )

i-1) ( 1 5 c )
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(15e)

It is worth to note that such a partial cancellation is possible because A + E - oE can be

factorized much in the same way than A + E . Indeed, it can be shown that the right-hand side

of each equation in (12) may be modified by adding linear combinations of E[_M+2](i),

E[_2j(i), E[2](i) and E^i+2ji)as defined by relations (13a-d), without leaving some coefficients

of L and U undetermined. By assigning different weights to E ^ ^ / i ) , Ef_2](i), E[2](i) and

E[M+2]W' a fen^y °f easily factorable matrices like A + E may be defined. However, there

are limits on the values of the weights which can be employed, and a special attention must be

paid to select among various factorizations the one which result in rapid convergence. This

problem is addressed in Sec. 4.

Finally, coefficients of matrices L and U including correction terms are given by new

recurrence relations

(16a)

(16b)

(16c)

- 2aL[_M_,](i)U[M_1]{i-M-l)}/{l + a U ^ i - l ) }

L[0](i)= 1 - L ^ ^

- l ) + ^ O ^ )

(16g)

(16h)

If diagonal elements L[_M-i](i). Lt_M+1](i), Up^^i) , Vm+lji) and / ^ ^

A[M_i](i), Ap^+^i) are set to zero in expressions (16a-i), it is straightforward to verify that

recurrence relations derived for a five-point difference scheme are well recovered [2].

The knowledge of all elements of matrices L and U enables to carry out the two-steps

elimination process given by equations (6) for the determination of vector A^k+1^ which is the
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increment of X in going from iteration level (k) to (k+1). Using the residual R̂  ' at iteration

level (k), the forward solution V^k+l^ is then given by

and the backward solution A^k+1' is

The numerical procedure can be optimized by combining the incomplete factorization

described by equations (16a-i) with the calculation of the forward solution within a common

loop, element by element. In such a way, lower triangular matrix elements are stored as scalars,

which enables to save 6NM storage locations. The backward solution is calculated in a separate

loop, and consequently a temporary workspace of dimension 4NM has to be considered.

In some specific conditions, it may be more convenient to use a non-standard matrix

notation, which refers to the grid system used in setting up the difference equation instead of

the location within matrix A. In this case, values of the difference operator at the grid point

defined by subscript (m,n) are given by relations

L [_M-i](m,n) = A [_M_i](m,n) (19a)

(19b)

{ ^ / ^ ^ } ^ f ] } (19c)

L [ - i H = {Ahl](m,n) - L[_M](m,n)U[M_1](m^-l) - Lt-M-ijCOUp^m-M-l)

\ , L ^ J ^ •* L - - — J - • ! _ » - • . - J * r ^ I ' l l *J * ' ' J îTiJX " / / 1 / \ ^ \
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- CtL[1](m,n)U[M_1](m-l,n)}/L[0](m,n)

) = {A p^/ivi) - L [-i^m^pfM+^m-l ,«)}/£ [0](m,/T) (19h)

'") = A[M+i]K«)/L[O](m,n)

In this notation, the forward solution V^k+1^ is given by

(20)

and the backward solution A^k+1' is

(21)

From expressions (19-21) it is possible to recover relations (16-18) using the prescription

i = m + (n-l)M.
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4. Computational scheme

As shown in Sec. 3, the approximate factorization technique corresponds to a matrix

transformation from a nine to a thirteen-point differential operator which involves grid points at

locations (m-2,n), (m-2,n+l), (m+2,n), (m+2,n+l) respectively. Though matrices L and U

determined by recurrence relations (16a-i) may be used directly in the SIP computational

scheme to calculate X, it turns out that such an approach is not fully satisfactory, because a

specific direction of the mesh of grid points is considered, as illustrated in Fig. 3. Therefore,

the numerical scheme is not optimized, and the rate of convergence of the iterative method may

be considerably reduced, depending upon the type of differential operator. In order to use a

more symmetric algorithm with respect to all directions around the central node (m,n), it is

desirable to introduce a slight variation of the basic procedure described in Sec. 3. Following

the standard technique which has been introduced for the five-point numerical scheme [1], it

consists simply to carry out calculations of all coefficients of L and U as given by relations

(16a-i), and to reverse at each iteration step the ordering of subscripts m or n alternately, while

a permutation of the coefficients of A is done according to the rules reported in Table 1. A full

iteration cycle corresponds therefore to four successive reordering of the grid points.

Finally, the determination of the iteration parameter a is chosen on the basis of the

standard procedure described for the five-point scheme [1-3]. Indeed, it turns out that the

method used to estimate the best maximum value amax, which has been found to be dependent

upon the particular problem being solved, does not modify significantly the global convergence

rate of the SIP procedure, even for highly non-uniform problems [3]. It is therefore not critical

to specify new selection rules for a and a ^ in the nine-point scheme and a is defined in the

numerical algorithm by the relation

e-i
1 - a = (1 - a ^ J T , with 8 = 1,2,...,9 (22)

which enables a high density of values near ot,^ for a fast damping of the low frequency errors

and fewer as a approaches zero, for an efficient decay of the high frequency errors [1].

Following the prescribed procedure, the order of selection of a values has also been found to

affect the convergence, and a selection which has given good results in many problems

corresponds to the sequence ? = {9,6,3,8,5,2,7,4,1}. Moreover, the value of a is kept

constant during each complete iteration cycle, which corresponds to four iteration steps in the

case of the nine-point scheme.

The maximum value a ,^ is defined by

tmax= fN_ 2 + 2 (23)
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where N and M are the number of grid points in each direction respectively, and ^ is a free

parameter ranging between 0 and [(N-l) +(M-l)2y2. Such a simple estimate of a ^ has

produced usually very fast convergence rates for Z, ~ 0(1-10), either for uniform or non-

uniform problems. However, the procedure may diverge using amax as defined in (23), and if

such a case occurs, it is recommended to lower a,,^, by increasing ^ as suggested in ref. [11].
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5. Application of the algorithm

The nine-point scheme has been used to determine the numerical solution of the 2-D
relativistic Fokker-Planck equation by a full implicit procedure, except for the collision term
representing the effect of bulk electrons on the hot electron tail which requires a special
treatment [4]. Following notations that are detailed in Ref. [5], the normalized 2-D Fokker-
Planck equation may be expressed in the simplified form

(24)

f+1

where f is the electron velocity distribution function, f° = — f<i|i is the isotropic part of the
* / - l

Maxwellian bulk and the hot electron tail [12], and f1 the first Legendre correction defined as

r1
f *(p) = i f{p)\id\L in the spherical coordinate system (p, \i = p^/p = cos0). The test

-i

electron flux in momentum space S is defined by

VS = i-(p2SP) -1±( /T7&) (25)
2

where

Dcy ( -\LY+L(y £ J l — I j

Bt(p) 91
-p-r- (27)
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Dlh and Dcy are respectively quasilinear diffusion coefficients for lower hybrid and electron

cyclotron waves [13], e the normalized external electric field, co the frequency of the wave

launched in the plasma, 0)c the electron cyclotron frequency, Z the ion charge, and the collision

operators A(p), Bt(p), F(p) as given in Refs. [5,12] using the Beliaev-Budker collision operator

[14]. Here Y= (l + P2Pth) • w n e r e Pa, = vd/c *s the thermal velocity normalized to the speed of

light. The thermal velocity v,,, is defined by the Maxwellian average
r

vfh =
 v2fm(p)d3P' w h e r e T

e
 ls the D U ^ electron temperature and fm(p) denotes the

3ne I

relativistic Maxwellian distribution function given in normalized units by

fm(p) = —e-P'^1). ^ the limit 0e = T e / f m e C
2 j« 1, which corresponds to plasma

(2fl)

conditions in tokamaks, — « —11 - - 6 +-r-9 I [5]-
C2 mev 2 e 8 ey

The numerical discretization is carried out on the computational domain defined by 0 < p

< pmax and -1 < [i < 1 at grid positions

Pi = (i-l)Ap, { i = l , . . . ,N} (28)

and

Hj = -1 + 0-2) An, {j = 2 , . . . , M-l} (29)

with Ap = Pmax/(N- 1) and Ap. = 2 / ( M - 3). To enforce symmetry at boundaries \i = -1 and

H = 1, one extra-point is added at j = 1 (\i{ = m) and at j = M (\iM = \iM_2)- Following Ref. [5],

the electron distribution function at time t is represented by its value at the grid points f; j =

f(Pi,p.j), and Eq. (24) is translated onto the numerical grid in a conservative form as

At

lij (30)

where f*: is the new value of the distribution function at time t + At. The time differencing

assumes an implicit discretization for the distribution function f, with the exception of I. When

a five-point difference operator is considered to solve numerically the Fokker-Planck equation,
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values of the distribution function at grid points fj_1j_1,fi_l_1:_ 1,fi_i:+j and fi+1;+1 must also be

treated explicitly [5], and Eq. (24) becomes

(31)

which involves a five-diagonal matrix of f. Conversely, for a nine-point scheme, all grid
points fj_i j_i»ri+ii_i'fi_ij+iandfi+1 ;+1may be treated implicitly, and the new form of the

numerical equation to be solved is

aijtlj-l + aij?j-l+ ^j^+lj-l

(32)

with a nine-diagonal matrix of f. Matrix coefficients are

(33)

(34)

(35)

Ap 2Ap
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1 1 1
4

ApA(l

CO

1 n t O c

1 n ( B c

(36)

£Ll
cij = "

Ap I Mj|
(37)

1 1 1 1

i
2 A

A
At

MJ+1/2|

V

dij=dij =
Ap 2Ap
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1 1
4ApA^

1__1 1_
4ApAnk

1 1
4ApA|i

(38)

n—hi—

nco.

1 1 1
2 An2

e ; ; = —• (39)

C;; = C;; — •

( 4 O )

1 1

(41)

1* - ' - 1 +
ncoc

co~
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The value of f in Eqs. 42 and 43 is taken from the previous iteration. Discretization of f

at half grid is calculated using the standard method which favors the upwind side of the average

[15]. Such a weighting is needed, because f is often a strongly varying function of p. If Eqs.

3f
26 and 27 are expressed in the model form - a— + % then f at half grid points is determined

ap
from the relation

J (44)

where

(45)

and

g(x)=I l— (46)
x e x - l

This weighting is such that a Maxwellian is an exact steady-state solution when no RF

or external electric field are applied, and when the distribution function of background electrons

is kept Maxwellian. This result is the consequence of the exponential decrease of the numerical

errors as a function of p for the various moments of f, when such an appropriate weighting is

considered [4].

Instead of centering the distribution function f at half-grid points as discussed in Ref.

[4], it is calculated at grid positions. With such a finite difference scheme, a special attention

has to be paid to internal flux boundary conditions, in order to avoid large numerical

instabilities which may prevent the Maxwellian distribution to be the exact steady-state solution

of the Fokker-Planck equation without RF or external electric field. Indeed, when fluxes are

determined on edges of the cells, they are not required at internal boundaries since from Eq. 25,

S11 and Sp are naturally multiplied by zero, respectively at p = 0 and when l-(x2 = 0. Therefore,
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for the condition \J 1 - u2 S^ = 0 to be fully satisfied at l|il = 1 for all p values when f is

determined at grid positions, the local angular symmetry of the solution f has to be enforced by

adding two extra grid points at j = 1 and j = M, with the conditions fu = fip3 and f_ M = f;M2.

Much in the same way, the condition p2Sp = 0 is fulfilled at p = 0 to second order, when the

relation

rill

f

is satisfied at the first grid point i = 1. Therefore, c^ = c^ = 1 and d^ = dtj = — ^ for all j

values, where f" is the Maxwellian solution. With such boundary conditions, no numerical

instabilities are observed after more than 10000 iterations when no RF or external electric field

are applied, even if the distribution function f at p = 0 is not enforced at each iteration step, for

IPma*

r p dp = 1 to be exactly satisfied. This procedure is

nevertheless applied in view to provide the excess density to pull an electron tail to the bulk

distribution function in presence of RF power or an external electric field, and force the

normalization condition exactly. On the high-p boundary, the electron distribution function is

simply set to zero. Though the standart free-flowing boundary condition is not applied [4], the

runaway rate is still very well estimated [5], which confirms that no boundary conditions

should be specified here because the Fokker-Planck equation reduces to the hyperbolic type on

this boundary.
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6. Results

Numerical simulations have been carried out for various set of parameters which are

relevant of the lower hybrid/electron cyclotron current drive problems, including synergetic

effects between the two heating methods, and for lower hybrid current drive in presence of an

Ohmic electric field. For all cases, a comparison between the five and nine-point schemes is

presented, in order to illustrate improvements that may result from a full implicit procedure to

solve numerically the 2-D relativistic Fokker-Planck equation. Calculations are carried out using

a constant lower hybrid quasilinear diffusion operator within a velocity domain where strong

wave-particle resonance takes place. It is set to

•pjlh _ i 0 » ™ *•" • niuM. (AX)

~S 0 otherwise

where v//min and v//max corresponds to lower and upper bounds of the lower hybrid power

spectrum respectively. For simulations which involve the lower hybrid wave, Do is set to 0.5,

with v//min = 3, v//max = 8 and p,,,^ = 30. The bulk electron temperature is Te = 3 keV, and Z = 1.

The interaction of electron cyclotron waves with a given group of electrons requires a

more refined description. As shown in Ref. [13], the electron cyclotron diffusion coefficient

may be expressed in the form:

= Decexp [- (N//res - N^/ANj] (49)

1 I nCOcl
where N/Aes = —5— y . Calculations are restricted to the case

P//PthV © 7

CO
thT < 1, and

Dre can be written for the harmonic 2coc in the form D60 = Djjpj_, where Dx is a constant factor.

When electron cyclotron current drive is considered, wave parameters are Dx = 0.04, N,, = 0.4,

AN,, = 0.03 and 2(£>jG) = 1.0, while values of all other parameters in the simulations are not

changed as compared to the case of the lower hybrid current drive.

Improvements of the rate of convergence that result from the use of the nine-point

difference operator, as compared to the five-point scheme, are estimated for NxM = 200x100

grid points and Nit = 500 iterations steps (Nit = 1000 for combined lower hybrid and Ohmic

electric field simulations). To illustrate performances of the two numerical methods,

calculations of the normalized current density j are carried out. It is defined from the relation

26



(50)

Indeed, it is well known that this moment of the electron distribution function has usually a

slow rate of convergence, as compared to the normalized RF absorbed power pabs [5,13], and

therefore any significant numerical improvement may lead to a strong reduction of the CPU

time consumption for an accurate estimate of the current drive figure of merit j/pabs in a steady

state non-inductive current drive regime. For a more reliable and systematic comparison

between five and nine-point difference schemes, a Maxwellian background in the collision

operator is assumed throughout this section, i.e. f° = fm. However, main numerical

improvements that result from the use of the nine-point scheme remain still valid when weak

non-linear corrections are considered to solve the 2-D Fokker-Planck equation, as introduced in

Eq. (24). Relative performances of the two methods are compared by a standard criterion which

doesn't require a prior knowledge of the steady state solution. The convergence towards the

steady state current value is assumed to be achieved after Ksip iterations when relative

variations | Aj/j | of j remain bounded by a factor T| during Kav iteration steps. Throughout this

section, T| is set to 2xlO'\ Kav = 15 for lower hybrid current drive, the synergy with the

electron cyclotron wave, and an Ohmic electric field. As the rate of convergence is usually

much faster for electron cyclotron current drive, a lower value for Kav is more appropriate to

compare the numerical performances, and it is set to Kav = 5. The stabilizing parameter ^ of the

SIP procedure is adjusted so that no numerical divergence takes place. Except in some specific

studies, it ranges usually from 30 to 100, as used routinely with the five-point scheme [5].

Normalized time steps much larger than unity are considered, At = 10, 100, 1000, in view to

estimate efficiency of the nine-point scheme for the calculation of the steady state current

density value. Relative improvements between five and nine-point schemes are characterized by

two parameters: the relative gain in the number of iterations defined as Gsip = 1 - Ksip(9p)/

Ksip(5p) for the SEP procedure, and the relative gain in CPU time, GCPU = 1 - Tcpu

(9d)/Tcpu (5d), where Tcpu is &e CPU time required to achieved Ksip iterations.

Calculations are carried out on a workstation Alpha server 4000 from Digital.

The normalized current evolution as a function of the number of iteration steps for the

lower hybrid current drive problem is reported in Fig. 4. By increasing time step At from 10 to

1000, the number of iterations necessary to reach the steady state current value is decreased by

a factor 4 for the nine-point scheme, while only a reduction of a factor 2 is observed for the

five-point SIP procedure. For the largest time step, At = 1000, the full implicit method leads to

a strong increase of the convergence rate Gsn> = 0.589 as indicated in Table 2. Since the nine-

point scheme requires approximately twice more calculations per iteration step as compared to

the five-point procedure because of four additional non-zero diagonals, the observed relative
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gain in CPU time remains modest in this case, of the order of GCPU = 0-196. Indeed, whatever

the heating method, it is shown that the CPU time per iteration step which is given by the ratio

Tcpu/KsiP' is constant, of the order of 14.6 ms for the five-point scheme, and 28.5 ms for the

nine-point procedure, the latter method being approximately twice more long as expected from

numerical arguments. By increasing the SIP stabilizing factor £ from 30 to 60 at fixed time step

At = 100, the rate of convergence is slightly lowered for the nine-point difference operator, and

the number of iterations required to get the steady state solution goes up from 56 to 88, as

expected from general considerations discussed in Sec. 4. Such a tendency is however not

observed for the five-point procedure, but it is likely due to the type of criterion used to define

the level of the steady state solution. Indeed, for both schemes, fast oscillations of j with very

small amplitudes as a function of the number of iterations are observed, leading to some

uncertainties on the determination of the threshold above which the steady state solution is

assumed to be reached. Nevertheless, the rate of convergence remains very fast for the nine-

point case, even if £ is multiplied by a factor three. As the use of large values of \ leads to a

significant stabilization of strong numerical instabilities, the nine-point scheme provides

therefore the interesting opportunity of a stable matrix inversion procedure together with a fast

convergence rate. Such a result is especially important when the 2-D Fokker-Planck solver has

to be used in conjunction with ray-tracing or full-wave codes [16,17], for realistic estimates of

the lower hybrid power deposition profile and lower hybrid current drive efficiency.

Though the gain in iteration steps reaches Gsip = 0.589 when At = 1000, it is

interesting to note that an exact LU matrix factorization provides a much larger gain for the

number of iteration, of the order of GLU = 0.76, as shown in Fig. 4, and the steady state

solution may be therefore obtained after only 12 iterations using the nine-point scheme. Such a

result clearly illustrates that the full implicit procedure to solve the Fokker-Planck equation

allows a very fast rate of convergence, and a significant stability improvement as compared to

the five-point scheme, for which large oscillations around the steady state solution are initially

observed before convergence. When At is increased up to °°, the differential equation to be

solved becomes elliptic, and only the nine-point scheme remains numerically stable. From this

comparison, it is clear that a partial matrix factorization technique leads to a significant increase

of the number of iterations required to achieve convergence, as compared to an exact

factorization procedure. However, - in the case here considered, the ratio
Ksip(9pyKLU{9p) = 5 remains much less than 2M/£ » 22.2 as discussed in Sec. 2, and a net

gain is achieved with the SIP method in terms of the total number of calculations to be

performed. Nevertheless, it is important to point out that convergence is determined from a

macroscopic criterion of the electron distribution function, i.e. the current density j . For a very

accurate estimate of f at high p-values, which is critical for simulations of the non-thermal

bremsstrahlung emission at high energy [16], the required number of iterations to converge

towards the steady state solution may be significantly larger, and in this case a nine-point

scheme is usually much more efficient than a five-point scheme, as will be explained later on.
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In some cases, the exact LU matrix factorization technique itself may be competitive with the

SIP method, though the number of calculations per iteration to be done is much larger. Such a

case is illustrated by a detailed analysis of the rate of convergence of the distribution function f

at p;/ = 25 and p± = 0 for the lower hybrid current drive problem with a fixed time step At =

1000, and for various values of the stabilizing parameter £. For £ = 100, GCPU = 0.445 from

Fig. 5, indicating that an effective convergence of the distribution function in the high energy

requires twice more time than the current density. This effect is the consequence of the low

collisionality of fast electrons, and the resulting long time scale for an effective build-up of the

distribution function in this part of the momentum space. However, even if these electrons may

have a high parallel component to their momentum values, their overall contribution to the

current density remain low, as they represent a nearly negligible fraction of the current carrying

electron population in the case of lower hybrid current drive. When 2; is increased, the number

of iterations required to achieve convergence becomes larger, but the stability of the numerical

procedure is strongly improved, either for the five or the nine-point schemes. An indication of

such an improvement is the reduction of the slight oscillations of the numerical solution around

the average steady state value, though their amplitudes remain always bounded with respect to

the convergence criterion. While a rapid increase of K ^ is observed for the five-point scheme,

it remains at a modest level for the nine-point case, as shown in Fig. 5. Consequently, it is

found that Gsn> reaches 0.85, leading to a gain in the CPU time consumption of the order of 3,

i.e. Gcpu = 0.67, which is moreover nearly independent of "t, above \ = 1000. Such a result

confirms that the nine-point scheme is a very attractive procedure since it combines both a high

rate of convergence and an improved numerical stability, which is of primary importance when

Fokker-Planck calculations have to be used in conjunction with other codes, for realistic plasma

simulations.

For the case of electron cyclotron current drive, a more significant improvement of the

rate of convergence is observed with respect to the lower hybrid current drive problems when

the nine-point difference scheme is used, as shown in Fig. 6 and Table 2. The number of

iteration steps required to reach the steady state solution is reduced by nearly a factor 4 as

compared to the five-point scheme, leading to an effective gain of the CPU time consumption of

the order of Gcpu * 0.5, when At = 1000 and \ = 30. Such a result illustrates that depending

upon the type of operator and the range of parameters, the use of a nine-point difference scheme

may lead to dramatic improvements of the numerical performances, without occurrence of large

numerical instabilities. However, simulating electron cyclotron experiments may be much more

difficult, especially at high power level and for low density plasmas. The fact that the rate of

convergence is faster for ECRH than for LH simulations here presented is simply the

consequence of the narrow resonance domain of the momentum space over which the electron

cyclotron quasilinear diffusion takes place. In this case, the number of iterations required for

convergence is similar between the nine-point SIP procedure and the standard LU factorization

technique. This is an indication that matrix of f is well-conditioned for this example, and that
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conditions of full and partial diagonal dominance are fulfilled, as defined in Sec. 2. This is
illustrated in Fig. 7, where the relative weights of off-diagonal terms are calculated from
relations x5p = | 1 - | a | - | b | - | d | - | e | | / | c | and

X_ = | l - | a~ - | a | - | a + | - | b | - | d | - e ~ - | e | - e+ | | /lc| at each row, for the five and nine-

point schemes respectively. It is clear that contribution of off-diagonal terms is more important

for the lower hybrid current drive problem here adressed, since % > 1 at some rows. Therefore,

L and U matrices that result from an approximate matrix factorization technique exhibit strong

differences with L and U determined from an exact matrix factorization of f, and the SIP

procedure requires more iterations to reach the steady state solution and may be moreover

numerically unstable. Conversely, for the case of electron cyclotron heating, off-diagonal terms

remain small enough for the SIP method to be very effective in terms of number of iterations,

as compared to an exact matrix factorization technique, to reach the steady state solution. From

this analysis, it is useful to define a global parameter A ^ j = j ^ X %5p[9p](X5p[9p] > 1).
all rows

which gives an indication of the number of row where % > 1, with a weighting proportional to

the departure from % = 1. As shown in Fig. 7, A5pt9p] = 0 for the electron cyclotron heating

example, and 8.04xl0"3 for the lower hybrid current drive, whatever the numerical scheme.

This difference arises from the use of a large value of the quasilinear diffusion coefficient Do in

lower hybrid current drive simulations, while the Dx remains weak in the case of electron

cyclotron heating. If the numerical scheme becomes strongly unstable when very large values

of Do or D± have to be used like in most realistic simulations, typically when A5p[9p]» 1 %, the

only way for recovering a stable numerical scheme is to lower A5p[9p] by an increase of the

relative weight of the main diagonal. This usually requires a reduction of the time step At, from

Eq. (37), when the size of the grid is fixed.

The nine-point difference scheme leads also to a strong reduction of the number of

iteration steps, in the case of synergy between the lower hybrid and the electron cyclotron

waves for the current drive problem, as shown in Fig. 8. The similar levels for the steady state

non-inductive currents which are obtained either by the five and nine-point methods provide an

effective cross-check that the full numerical procedure is correct. Indeed, except in case of large

numerical instabilities, the solution of the Fokker-Planck equation should be independent of the

way it is calculated. A contour plot of the steady state solution of the electron distribution

function obtained with the nine-point scheme is shown in Fig. 9.

Finally, the case of lower hybrid current drive in presence of an Ohmic electric field,

which often gives more difficult-to-treat distributions as compared to simulations of lower

hybrid or electron cyclotron current drive alone, is presented to illustrate the ability of the nine-

point SIP procedure to be used effectively with a large variety of current drive scenarios. In the

calculations, e is set to 0.01, while all other parameters are similar to previous lower hybrid

simulations. As shown in Table 2, except for the case At = 100, £ = 30, for which the 9-point
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scheme is marginally stable, a systematic gain in the number of iteration is observed from the

five to the nine-point schemes. For the case of a high stabilizing parameter £ = 100, a net gain

in CPU time consumption is observed, of the order of 8%. This result confirms the superiority

of the nine-point SEP procedure with respect to the five-point one for large values of the

convergence parameter £,, which offer a more flexible approach for solving the 2-D Fokker-

Planck equation in term of numerical stability, without a large degradation of the CPU time

consumption. A contour plot of the steady state solution of the electron distribution function

obtained with the nine-point scheme is given in Fig. 10.
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7. Description of the code

The code is made up of four elements, the main routine and three subroutines which are

respectively dedicated to calculate the hyperbolic sine (function S11ABF from the NAG

library) and inverse the matrix which results from discretization of the 2-D Fokker-Planck

equation (sip5d for the five-point scheme, and sip9d for the nine-point one). The language

program used is FORTRAN 77, and no specific features for its installation are required on any

computer. Successful runs of this program have been carried out on several machines like

workstation or personal computers, provided the available RAM memory and storage capacity

are large enough with respect to the data size. Standart conditions with a 200x100 grid points

require 4 Megabytes using a double precision arithmetic.

The code calculates the relativistic electron distribution function f in spherical

coordinates (p, u.), writes it in the ASCII file 'distr.dat', and for the determination of the

contour plot as displayed in Figs. 9 and 10, a transformation into the cylindrical coordinates

(p//5 px) must be carried out. At each iteration step, the code prints the number of iterations, the

density which should remains close to unity, the normalized current density j as defined in Eq.

50, the absorbed power p ^ , as defined by Eq. 20 in Ref. [13], and finally the ratio j / p ^ .

Input data are MODE (5 or 9 wether the five or nine-point solver is used), APARAM

which corresponds to the convergence parameter £ defined in Eq. 23. The number of iterations

Nit is given by NITS, and the integration time step At is identified to DTT. The momentum

space is divided into Nl values in the momentum direction, and N2 angle values. The upper

boundary of the momentum domain p , ^ is given by PMAX, while the electron plasma

temperature Te and the effective charge are respectively TE and Z. When the truncated electron-

electron collision operator is used, the parameter TRUNC should be set to unity, otherwise its

default value is zero. The normalized Ohmic electric field e is identified to EPS, and for lower

hybrid current drive simulations, the quasilinear diffusion coefficient D"1 is given by DDIF.

Lower and upper bounds of the lower hybrid power spectrum v ^ and v ^ corresponds

respectively to VI and V2. Finally, the quasilinear diffusion coefficient Dx for the EC wave is

. given by DPERP. As discussed in Sec. 5, the EC wave power spectrum is assumed to be

gaussian, centered at a N,, value DNRES, with a half-width AN,, given by DNPAR.

All matrix coefficients defined by Eqs. 33-41 are calculated in loop DO 4 in the code.

Matrices in Eqs. 42,43 are determined in loop DO 502, and when the truncated electron-

electron collision operator is taken into account, it is estimated in loop DO 503. In the loop DO

3, the electron distribution function f is first initialized to a Maxwellian, denoted T(I,J). The

iteration process for the inversion of the Fokker-Planck matrix is carried out until the maximum

number of steps is reached. At each step, values of the matrix coefficients I;j are up-graded

using the new value of the distribution function, provided simulations are performed with the

truncated electron-electron collision operator.

32



Results displayed in Fig.9, which correspond to combined lower hybrid and electron

cyclotron current drive, are obtained using the following parameters: MODE = 5 or 9,

APARAM = 100, NITS = 500, Nl = 200, N2 = 100, DTT = 1000, PMAX = 30, TE = 3.0,

TRUNC = 1, Z = 1, EPS = 0, DDIF = 0.5, VI = 3.0, V2 = 8.0, DPERP = 0.04. For this set

of input parameters, last output values are 500, 1.00000000000000, 0.500974666933865,

2.985524592877149E-002, 16.7801219299646 for the five-point scheme, and 500,

1.00000000000000, 0.502253631950919, 2.987857855853293E-002, 16.8098234983632

for the nine-point scheme.

Much in the same way, parameters for the synergy between Ohmic electric field and the

lower hybrid wave are: MODE = 5 or 9, APARAM = 100, NTTS = 1000, Nl = 200, N2 =

100, DTT = 1000, PMAX = 30, TE = 3.0, TRUNC = 1, Z = 1, EPS = 0.01, DDIF = 0.5, VI

= 3.0, V2 = 8.0, DPERP = 0.00. For this set of input parameters, last output values are 1000,

1.00000000000000, 0.733532704150034, 1.315936447081011E-002, 55.7422591172351

for the five-point scheme, and 1000, 1.00000000000000, 0.734892274862668,

1.317205759594355E-002, 55.7917599061353 for the nine-point scheme. The contour plot of

the corresponding electron distribution function is displayed in Fig. 10.
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8. Conclusion

An extension of the Strongly Implicit Procedure (SIP) for solving nine-point elliptic

difference equations is presented. This approximate factorization technique whose efficiency

has been verified for matrix inversion related to five-point elliptic difference equations is applied

to solve a full implicit procedure the 2-D Fokker-Planck equation for the lower hybrid and

electron cyclotron current drive problems in tokamaks, including synergetic effects between the

two types of wave. The interesting case of combined lower hybrid current drive with an Ohmic

electric field is also adressed. After a general discussion in order to set the range of applicability

of the method, the approximate factorization of the nine-point difference operator is derived. A

standard computational scheme is used to speed up the rate of convergence. From numerical

examples, it is shown that the nine-point difference scheme leads to large improvements of the

rate of convergence for the estimate of the normalized steady-state non-inductive current, as

compared to the five-point case, though the number of calculations per iteration is twice more

important. It is found that the number of iterations which are necessary to calculate the steady

state solution is a very weak function of the stabilising SIP parameter when the nine-point

scheme is considered. The nine-point scheme is therefore a very attractive method to solve the

2-D Fokker-Planck equation in conjunction with other numerical codes for realistic plasma

simulations, where both high rate of convergence and numerical stability are required to

determine steady state current drive solutions with large quasiiinear diffusion coefficients. It

may be also very useful for most 3-D Fokker-Planck codes [18 - 21], since they use usually 2-

D inversion techniques as a consequence of operator splitting between dynamics in

configuration and momentum spaces. The approximate factorization technique may be

moreover extended without difficulty to more complex banded matrices, when, for example, a

full implicit treatment of trapping effects must be considered. Nevertheless, in such a case, the

gain in term of rate of convergence which results from the implicit nature of the numerical

scheme may be counterbalanced by a larger number of calculations per iteration step, and the

overall CPU time consumption may be as large as standart matrix inversion based on full LU

matrix factorization, though storage requirement remains still much lower. Additional work

needs to be done to evaluate how the method will perform in this case.

The stability of the SIP procedure is discussed in details. When large diagonal

dominance is achieved for each group of non-zero diagonals in the matrix used to determine the

electron distribution function, the SIP method may be as efficient as the standard LU

factorization technique, in terms of rate of convergence, with a considerable saving both in

memory space and CPU time consumption. However, the SIP procedure is by construction

more sensitive to departure from diagonal dominance, as it is based on an approximate

factorization technique based on a Taylor expansion. A global parameter A is derived to identify

the possible onset of numerical instabilities in this case. For a fixed grid size, the only way to
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recover a stable numerical scheme is to reduce the time step so that A < 1%, when quasilinear

diffusion coefficients are very large.

The broad range of applicability of the approximate matrix factorization technique with a

9-point difference operator makes it very attractive for realistic simulations of a lot of plasma

conditions which require both good numerical stability and high rate of convergence, together

with reduced storage requirement. It is especially well designed when 2-D Fokker-Planck

calculations represent a significant part of a computational problem to be solved, like self-

consistent non-inductive current drive simulations [16,17]. The possibility to consider all

derivatives in an implicit manner leads to strong improvements in terms of CPU time

consumption and stability for a given integration time step, as compared to standart alternative

direction implicit (ADI) and relaxation methods [4]. For some very challenging problems, the

9-point SIP procedure may provide an interesting technique to solve the 2-D Fokker-planck

equation. Tough this question is beyond the scope of the present study, especially because of

the specific nature of such problems, additional work needs to be done to evaluate the

performances of the method.
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TEST RUN OUTPUT

The results displayed in Fig.9 are obtained using the following parameters: MODE = 5

or 9, APARAM = 100, NITS = 500, Nl = 200, N2 = 100, DTT = 1000, PMAX = 30, TE =

3.0, TRUNC = 1, Z = 1, EPS = 0, DDIF = 0.5, VI = 3.0, V2 = 8.0, DPERP = 0.04. The first

ten output values for the nine-point scheme are:

density J Pabs J/P.abs

2 1.00000000000000 2.

3 1.00000000000000 9.

4 1.00000000000000 0.

5 1.00000000000000 0.

6 1.00000000000000 0.

7 1.00000000000000 0

8 1.00000000000000 0.

9 1.00000000000000 0,

10 1.00000000000000 0,

11 1.00000000000000 0

152442584199542E-

745596397680331E-

137524641325250

198210739106493

194230715886862

197514723285765

205171010626081

211869451034207

216959401196430

219117608351068

•002 2.436847000349440E-002

•002 2.492799235659903E-002

2.001736907616068E-002

2.202336118253487E-002

2.426705099643713E-002

2.476272564874481E-002

2.523853179974997E-002

2.623531466819737E-002

2.638451130819031E-002

2.643094815334593E-002

0.883289998875960

3.90949911178886

6.87026555797646

9.00002217934287

8.00388625364405

7.97629170905814

8.12927678416357

8.07573508127334

8.22298350203217

8.29019099427689
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Figure Captions

Fig. 1. Matrix representation of the difference equation. Full lines correspond to locations of

coefficients for a five-point difference operator. The four dashed lines correspond to additional

elements arising in a nine-point difference scheme.

Fig. 2 . Matrix factorization of A + E for five-point and nine-point difference schemes. Dashed

lines correspond to locations of elements of the error matrix E which result from the

incomplete factorization of A.

Fig. 3. Grid-point system in the neighborhood of the (m,n) node. Diamond-shaped points

correspond to contributions of the new grid points in the nine-point difference scheme because

of the incomplete factorization procedure of A. Crosses correspond to all other new grid points

which may also contribute to the modified nine-point difference scheme.

Fig. 4. Lower hybrid current drive simulations. Full and dashed lines correspond respectively

to the nine and five-point schemes. Arrows indicate the number of iterations used to calculate

the steady state current density value, (a) At = 10, \ = 30. (b) At = 100, \ = 30. (c) At = 100, §

= 60. (d) At = 1000, 4 = 100- In this plot, simulations carried out with an exact LU

factorization technique are reported in thick lines, for the same time step.

Fig. 5. Study of the rate of convergence as a function of the stabilizing SIP parameter c for the

electron distribution function f at pf/ = 25 and p±= 0 for lower hybrid current drive. Full and

dashed lines correspond respectively to the nine and five-point schemes. At = 1000 for all

simulations, (a) Number iterations K^p required to achieve convergence, (b) Gain in iteration

and CPU time consumption for the SIP procedure.

Fig. 6. Electron cyclotron current drive simulations. Full and dashed lines correspond

respectively to the nine and five-point schemes. Arrows indicate the number of iterations used

to calculate the steady state current density value, (a) At = 10, £ = 30. (b) At = 1000, % = 30. (c)

At = 1000, t = 60.

Fig. 7. Relative weights of off-diagonal terms. At = 1000 for all cases. Parameter A which

characterizes diagonal dominance is reported for each case, (a) electron cyclotron, five-point

scheme, (b) electron cyclotron, nine-point scheme, (c) lower hybrid, five-point scheme, (d)

lower hybrid, nine-point scheme.

Fig. 8. Simulation of synergy between lower hybrid and electron cyclotron waves. Full and

dashed lines correspond respectively to the nine and five-point schemes. Arrows indicate the
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number of iterations used to calculate the steady state current density value. Parameters are: At =

1000, \ = 100.

Fig. 9. Contour plot of the steady state solution of the electron distribution function obtained

with the nine-point scheme for the synergy between lower hybrid and electron cyclotron waves.

Parameters of the simulation correspond to results displayed in Fig. 8.

Fig. 10. Contour plot of the steady state solution of the electron distribution function obtained

with the nine-point scheme for the synergy between lower hybrid and Ohmic electric field (e =

0.01). Parameters are: At = 1000, % = 100.

Table 1. Rules of permutations for coefficients of matrix A as a function of the order of

subscripts m and n.

Table 2. Gain in CPU time consumption and iteration (italic) with the SIP procedure, for the

lower hybrid and electron cyclotron current drive including synergetic effects, and for

combined lower hybrid current drive and Ohmic electric field.
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(At, $)

(10, 30)

(100, 30)

(100, 60)_

(1000, 30)

(1000, 60)

(1000, 100)

LH alone

Gn>H (Gstp)

-0.496 (0.234)

0.349 (0.663)

-0.562 (0.2)
-

-

0.196 (0.589)

EC alone

GrPti (GUP)

0.268 (0.600)

-

0.491 (0.717)

0.227 (0.577)

-

LH + EC

-

-

-

-0.03 (0.463)

LH + e

GrPIT (G^

-0.766 (0.095)

-1.820 r-0.445;

-0.351 (0.30S)
_

-0.289 (0.339)

0.077 (0.527;

Table 2
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