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SYNTHÈSE :

La maintenance des composants des réacteurs à eau pressurisée nécessite des
études complexes afin d'éviter divers processus d'endommagement, sous l'effet des
sollicitations fluides, dont les problèmes d'usure et de fatigue vibratoire. La
connaissance des excitations turbulentes agissant sur ces composants est, dans ce
cadre, indispensable. La simulation numérique de ces excitations, instationnaires et
aléatoires, reste encore hors de portée dans les configurations industrielles, en dépit du
développement rapide des codes de dynamique des fluides, ces dernières années. Ces
forces peuvent parfois être mesurées de manière directe, à l'aide de capteurs d'effort.
La mesure directe reste cependant le plus souvent très délicate, en particulier lorsque
l'excitation considérée est répartie.

Une méthode inverse permettant d'identifier une excitation aléatoire
quelconque répartie agissant sur un système dynamique, à partir de la mesure de la
réponse du système en quelques points seulement, a donc été mise au point. Cette
méthode, dont le domaine d'application dépasse largement le cadre des interactions
fluide-structure, est implantée dans le logiciel MEEDEE.

La présente note aborde la formulation théorique du problème et la méthode de
résolution mise en œuvre. Dans un souci de clarté, seules des structures de type poutres
sont considérées mais les développements mathématiques présentés sont facilement
généralisables à tout type de structure. Cette méthode est basée sur une décomposition
spatiale orthonormale du champ d'excitation et ne nécessite, ainsi, aucune hypothèse
particulière relative à la distribution de l'effort le long de la structure, contrairement
aux processus d'identification usuellement utilisés (modèles de type Corcos). La
technique mise en œuvre afin de déterminer les coefficients de Fourier de cette
décomposition orthonormale est présentée en détail. Le problème d'estimation inverse
étant le plus souvent mal-posé ou mal-conditionné, un processus de régularisation est
introduit. Le problème de minimisation associé à ce processus est formulé, pour un
paramètre de régularisation quelconque. Une méthode permettant de résoudre le
problème de minimisation et d'estimer le paramètre de régularisation optimal est
finalement proposée.
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EXECUTIVE SUMMARY:

_. Ox A ^v.

In many practical situations, it is difficult, if not impossible, to perform direct
measurements or calculations of the external forces acting on vibrating structures.
Instead, vibrational responses can often be conveniently measured.

This paper presents an inverse method for estimating a distributed random
excitation from the measurement of the structural response at a number of discrete
points.

This paper is devoted to the presentation of the theoretical development. The
force identification method is based on a modal model for the structure and a spatial
orthonormal decomposition of the excitation field. The estimation of the Fourier
coefficients of this orthonormal expansion is presented. As this problem turns out to be
ill-posed, a regularization process is introduced. The minimization problem associated
to this process is then formulated and its solution is developed.
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AN INVERSE METHOD FOR THE IDENTIFICATION OF
A DISTRIBUTED RANDOM EXCITATION ACTING ON A VIBRATING STRUCTURE

THEORY

S. Granger, L. Perotin

Electricite de France (EDF)
Research and Development Division

6, Quai Watier
78400 Chatou - FRANCE

1. INTRODUCTION

Maintaining the PWR components under reliable operating
' conditions requires a complex design to prevent various damaging
processes, including fatigue and wear problems due to flow-induced

Tn~*p1irticuTir7~fclTowTel̂ ^
acting on these components is required for structural damage
prediction. However, in spite of the rapid development of CFD codes,
the numerical simulation of such unsteady random forces is still
impracticable, at least in industrial configurations. These forces can
sometimes be measured directly by force transducers, but generally,
direct force measurement is also extremely difficult or impossible,
particularly when a distributed external loading is considered. Under

these circumstances, it would be beneficial if the forces could be
computed indirectly using structural response measurements together
with a dynamic model of the structure.

Indirect estimation of turbulent buffeting forces usually assumes
a phenotnenological analytical model of the force cross-spectral
density. This analytical model, which is generally Corcos' model or
one of its variations (Corcos 1963. Blevins 1990, Chen 1987. Lin
1987, Gagnon & Paidoussis 1994. Axisa et al. 1990), depends on
some a priori unknown parameters and functions of frequency. These

functions and parameters can then be estimated by fitting measured
response data to the structural response computed from the Ibrce
cross-spectral density model. For example, turbulent buffeting forces
acting on tube arrays in cross-flow have been estimated in tht.s way
(Granger 1990, 1991). The results so obtained compare favourably
with direct force measurements (Granger 1991). However, a major
disadvantage of this procedure is that an analytical model must be
assumed for the force cross-spectral density. The usual force cross-
spectral density phenomenological models have been derived
essentially from experiments made on plane surfaces in parallel How
or internal flow in tubes. They can thus be expected to describe
adequately only rather simple turbulent flows. Even in such cases,
they are not always reliable (Lin 1987).

Indirect force identification methods, which do not rely on arty
assumed phenomenological force model, have been developed i'or
estimating deterministic (harmonic or transient) forces (Stevens 1987.
Dobson & Rider 1990). Generally, a set of discrete equivalent forces
is sought that will cause a structural response as close as possible to
the measured one. The locations of the equivalent forces must be a
priori prescribed, but they can be adjusted by trial and error. Although
apparently simple, these indirect force identification processes turn
out to be ill-posed and ill-conditioned, as many inverse problems



(Karlsson 1996, Tikhonov & Arsenin 1977, Tarantola 1987, Press et
al. 1992). Consequently, the results are often very sensitive to noise in
response measurement and structural model errors.

The inverse method presented in this paper allows the estimation
of a distributed random excitation acting on a dynamic system, with
no a priori assumption about the force cross-spectral density.
Although it has been originally developed to help improving the
prediction of wear problems due to flow-induced vibration in certain
PWR components, this method has a quite larger range of application.

Part 1 is devoted to the theoretical derivation of the force
identification algorithm. The identification process is based on a
modal model for the structure and a spatial orthonormal
decomposition of the excitation field. The estimation of the Fourier
coefficients of this orthonormal expansion is developed. As this
problem turns out to be ill-posed, a regularization process (Tikhonov
& Arsenin 1977) is introduced. The minimization problem associated
to this process for a given regularization parameter is then formulated
and its solution is developed. A method for estimating the optimal
regularization parameter is finally proposed. Part 2 is devoted to the
application of this force identification method to a practical flow-
induced vibration problem.

2. IDENTIFICATION OF A RANDOM EXCITATION FROM
STRUCTURAL RESPONSE : GENERAL PRINCIPLES
In order to simplify the following development, the force

identification method will be presented for a one-dimensional
continuous linear structure. For example, to set the ideas, we can
consider the flexural vibration of a multi-supported beam in flow,
excited by a distributed turbulent buffeting force, f(x, t), 0 < x £ L, as
depicted in fig. 1. However, the extension to any dynamic system
which admits a modal representation is straightforward. The
vibrational displacement, u(x,t), is assumed to be measured at m
points X],...,xm . Nevertheless, the theoretical development can also
be readily adjusted to take vibrational velocity, acceleration or strain
measurements into account. The random excitation, f(x,t), is assumed
to be a stationary Gaussian process with zero mean. It is therefore
completely defined by its cross-spectral density, S^{xux2,a), for
any circular frequency, w, and any 0<xux2 £L. In what follows, we
will show that the structural response measurements can be processed,
in order to first identify a modal model of the structural system in
flow and then estimate the distributed random loading, f(x,t).

2.1 Orthonormal Decomposition Of The Excitation Reid
Let {^(x)} be a complete set of orthonormal functions in the interval
[0, L], with respect to an inner product ( . , . ) which will be
subsequently specified. The Fourier expansion of f(x,t) can be
expressed as:

/(*•') = (I)

where the terms ctj(t)= ( / , <p,} are the Fourier coefficients of/with

respect to g>,.

Therefore, the identification off(x,t) from the measured response data
amounts to estimating the Fourier coefficients defined by Eq. (1). A
method for determining these Fourier coefficients is presented in the
following section. In particular, a set of orthonormal functions, q>-,,
suited to this estimation is derived, together with the associated inner
product.

2.2 Estimation Of The Fourier Coefficients Of The
Orthonormal Expansion

2.2.1 Modal Model. The present indirect force identification
method rely on a modal model (Thomson 1965) of the structural
system in flow. The vibrational response is thus expanded in terms of
the mode shapes, <j>;{x), and modal coordinates, qiit), as follows

(2)

The mode shapes satisfy the following orthogonality property:

L

>j(x) dx = mfij . (3)

where m(x) denotes the mass per unit length of the structure in flow
(i.e., including added mass) and 5,-,-is Kronecker delta. The
generalized equations of motion in the modal basis can be written as

(4)

T

0
u(x, t)

Figure 1. Flexural vibration of a multi-supported beam
subjected to a distributed external loading.

where #;,<»; , m-, and Qt{t) are respectively the modal damping
ratios, natural circular frequencies, modal masses and generalized
excitations.
The modal parameters £,-, a>-, , m; and <pj(x) completely define the
dynamic model of the structure. In practice, they can be estimated in
flow by a modal identification method requiring only structural
response measurements, like the IMENE method (Granger 1990).
More specifically, from the structural response data, the IMENE
method provides first the number of modes, n, in the frequency band
under consideration and then, for each mode, estimates of the modal
damping ratio, the natural frequency and the mode shape values at the
measurement points. An estimate of the mode shape at any point



0<x<L can be.then obtained by fitting the identified mode shape
values at measurement points to a theoretical model of the mode
shape. For example, if the flexural vibration of a beam is considered,
a theoretical model for the mode shape can be analytically derived
from the eigenfunctions of the Bernoulli-Euler equation (Thomson
1965). For very complex structures, a finite element model can be
used. Once the mode shapes have been estimated, the modal masses
can be computed from Eq. (3).
The generalized excitations are related to the actual physical loading
by the following equation :

(5)

As f(x,t) is a stationary Gaussian process, the random

processesQ-,{t), <?;(:) and u(;c,f)are also stationary Gaussian. They

are thus completely defined by their cross-spectral densities, i.e.,

S a o , 0 ) ' SW/-(a0and Sm{xux^a), respectively.
Once the modal parameters have been identified, the vibrational
response data are used anew for estimating first the modal
coordinates, via S?? .(©)for \<i,j<n, then the generalized

excitations, via Sfle.(<y) for l<i,j<n, and lastly the physical

random excitation, via Sjff(,x},x2,a>) for any 0<xux2<L.

2.2.2 Identification Of The Modal Coordinates. The
relation between the first n modal coordinates and the displacement
response can be obtained from Eq. (2) as follows

(6)

where e(x,t) is an error term including measurement noise, model
error and the influence of higher modes on the vibrational response.
Defining u(t) , q(t), s(t) and [^] as

(8)

(9)

(10)

<?(<) =

where uk(t)=u(xk,t) and sk(t) = e(xk,t) for k=\,..., m, Eq. (6)can

be rewritten in matrix form as

( i i )

When the number of measurement locations, m, is greater than the
number of modes, n, an estimate of q can be sought as the least-
squares solution to Eq. (11). This amounts to finding the n-

dimensional vector random process q(t) that minimizes |[^]?—K| ,

where the norm is defined as

(12)

for any stationary vector random process x(t) ; ^ ^ ( o ) ] ) being the

trace of the cross-spectral matrix ^^(f i))] .

From the solution of the least-squares problem, the cross-spectral

matrix characterizing q(t)can be derived from the cross-spectral

matrix of the m-dimensional vector process of measured responses,

u(t), as follows

(13)

2.2.3 Identification Of The Generalized Excitations
Equation (4) relates the vector of generalized excitations,

Q(t) = (Ql(t),...,Qn(t))
T, to the modal coordinates. In the direct

problem, this equation is integrated in order to find the modal
coordinates from the knowledge of the generalized excitations.
Conversely, the inverse problem considered here consists in
estimating the generalized excitations (the cause) from the modal
coordinates (the effects).

Defining [#(&>)]as the nxndiagonal matrix whose diagonal

elements are given by

1- (14)

where J = *f-i, Eq. (4) immediately yields the relation between the

cross-spectral matrix of the estimate of g(?), Q(i), and the cross-

spectral matrix of q{i), i.e.

where z denotes the complex conjugate of z.

2.2.4 Identification Of The Physical Distributed
Excitation. Once the generalized excitations have been estimated,
the Fourier coefficients of the orthonormal expansion of /(jf,r)can be
determined. Inserting Eq. (1) into Eq. (5), we obtain

dx = (16)



This equation can be used to identify the first n Fourier coefficients,

a , , from the n generalized excitation estimates, Q ,i=l,...,n. In

general, this would require a matrix inversion, which could be a III—
conditionned process. However, the set of orthonormal functions,

|^y(x)}, and the associated inner product can be chosen in order to

avoid this matrix inversion. We thus define the inner product as

M=p -dx
{x)

for any two functions, v(x), w(x), in the interval [0, L]. Let

(17)

(18)

It can be easily verified from the orthogonality property of the mode
shapes (Eq. (3)) that the tpt's given by Eq. (18) are indeed orthonormal
with respect to the inner product defined by Eq. (17). With this
particular choice for the set of orthonormal functions and the
associated inner product, Eq. (16) immediately yields the following
estimates of the Fourier coefficients of f(x,t):

(19)

Finally, from Eqs. (1), (18) and (19), it turns out that the external
loading, f{x,t)\ can be approximated by

(20)

Note that this truncated series representation involves a low-pass
filtering of the spatial distribution of f{x,t). The cross-spectral
density of the distributed random force estimate can be immediately
computed from Eq. (20) as follows

( 2 1 )

for any circular frequency, a>, and any 0<x] ,xz<L.

3. ANALYSIS AND REGULARIZATION OF THE ILL-POSED
STEP OF THE FORCE IDENTIFICATION PROCEDURE
Unfortunately, the force identification method, as presented in
section 2, turns out to be an ill-posed problem (Tikhonov & Arsenin
1977, Press et al. 1992). This originates from the way the generalized
excitations are estimated from the modal coordinates, via Eq. (4) or,
equivalently, Eq. (15). This estimation indeed involves temporal

differentiation of the modal coordinates that can map small errors in
the modal coordinate estimates onto unacceptably large errors in the
identified generalized excitations. For example, assume, to simplify,
that the estimation errors in the n modal coordinate estimates can be
considered as n independent white noises. The spectral density of the
estimate of any modal coordinate is thus equal to the true spectral
density plus the constant white noise spectrum of the estimation error.
The amplitude of this white noise spectrum may be sufficiently small
to be deemed as negligible at this step of the estimation process.
However, Eq. (15) shows that the next step, i.e. the estimation of the
generalized excitation, will unboundedly amplify the error spectrum
as frequency increases, leading to an unrealistic estimation of the
generalized excitation spectral density, at least as soon as frequency is
high enough . This phenomenon is illustrated hi the second part of
this paper. In order to overcome this problem, the estimation of the
modal coordinates, as presented in section 2.2.2, has been modified
by the introduction of a regularization process (Tikhonov & Arsenin
1977).

3.1 Reqularization Of The Modal Coordinate Estimation
The basic idea behind the regularization process is to replace the-
unconstrained least-squares problem of section 2.2.2 by a constrained
optimization problem which would guarantee that the process Q(t) is
sufficiently regular (remember that the more regular a given process,
the quicker the decrease of its spectral density al infinity). In practice,
on the basis of a priori knowledge about the problem and its data, it is
not too difficult to guess a reasonable upper bound of the magnitude
of the estimation error s(t) in Eq. (11). We can thus require that the

modal coordinate estimate should satisfy |[^]?-«fl ^ <5]|«1|2 , where

8 represents our guess about the relative error magnitude. Of all the

processes q{t) satisfying this relation, we seek that which makes

Q(t) the most regular (i.e., the smoothest) in the sense that |2(| has
the minimum value. This yields the constrained minimization problem

minimize

q

subject to -«f z
(22)

where B is the differential linear operator which transforms q[i) into

Q(t), according to Eq. (4). Tikhonov & Arsenin (1977) have shown

that this problem is equivalent to the following one

minimize

la

subject to

-«f + a\\Bqaf (23a>

(23b)

Problem (23) is easier to solve than Problem (22). A solution of
Problem (23), which is numerically efficient, will be developed in the
following two subsections. In subsection 3.2 we will first develop the
solution of the unconstrained least-squares problem (23a), for a given



regularization parameter, a . Then, in subsection 3.3, we will present
a method allowing a to be determined so as to meet condition (23b).

3.2 Solution Of The Minimization Problem (23a), For A
Given Reqularization Parameter
t h e solution of Problem (23 a) will be formulated in the frequency

domain. Let the finite Fourier transform of a process x{t) be defined

as
T

x(a>,r)= \x(tyJmdt
i • (24)

From the Wiener-Kinchin relationship (Bendat & Piersol 1980), the
norm defined by Eq. (12) can also be expressed in terms of
x(a>, 7") as follows

Ilxll2 = - L h m

(25)

where x* is the hermitian transpose of vector x and £( ) denotes

mathematical expectation.

In this subsection, where all the calculations will be done in the

frequency domain, x(a, t) will be simply denoted by x, as there is

no risk of confusion with x(t). With this convention, let S^ ' be the

error term defined by

Sx ' = (26a)

L
I

= •

u

0

• + •

«S0 )

(26b)

Eqs. (25) and (26) show that Problem (23a) is equivalent to

minimizing r 0 ' . In what follows, by means of changes of variables
11 D

and orthogonal transformations, this minimization problem will be
reset in a simpler form which an explicit solution can be derived
from.
Let vector ya and matrix [<P] be defined as

9a

Equation (26b) can then be rewritten as follows

0

(27)

HI[ J = -
u

0

• + •

•P

4«i"

(28)

where /„ is the identity matrix of order n. At this point, from Eq. (28),
an efficient method, proposed by Lawson & Hanson (1974), can be
developed to solve the minimization problem. This method proceeds
according to the following steps :
Step 1 : write a singular value decomposition of [<£]

0

[vf (29)

where Sv,- > 0 , ; = l,...,n, are the singular values of [ 0 ] ,

Note that, in the present case, as [<P] depends on <o, this also holds

true for [u], [V] and 5v;..

Step 2 : introduce the orthogonal change of variables pa = [K] ya

and left-multiply Eq. (29) by the orthogonal matrix

UT: 0

0 : V'

which yields

m-n

0

0

0

aW2Jn .

H .
0

• + -

4 ! )

(30)



where S^ = [ufs^ and $ = [vf S^ .

Denoting L f : 4'M by^ 1 ' , as [U], [V] are orthonormal,

|k(1)|| = |M0)||- Therefore, Problem (23a) is also equivalent to

minimizing i? ' .

Step 3 : eliminate the submatrix a1'2/,, in Eq. (30) by means of left-
multiplication by appropriate Givens rotation matrices (see Lawson &
Hanson (1974) p. 191 for details). We thus obtain

N
0

+ 0

0

0

0
\l/2

-.

u
I J

= •

h

• + •

(31a)

where

M =
g) gn

l/2 l/2

l/2

(31b)

(31c)

(31d)

(31e)

As the Givens rotation matrices are orthonormal, the norm of the error
term is still unchanged

l/2

-K1-H-
'Consequently, Problem (23 a) is also equivalent to minimizing

which is straightforward considering the simplicity of Eq. (31a). The
optimal solution for pa is immediately given by

s
Svf
0

+

0

a

S i '

g».

(32)

Taking this solution and the above changes of variables into account,
the optimal solution for qa is obtained as follows

<?« = \I\B,

0

o"

[y]

0

Svf+a
0

(33)

where the m x « matrix [[/„] contain the first n columns of [U\ .

From Eq. (33), the cross-spectral matrix of the modal coordinate
estimates can finally be written as

(34a)

where

I/\E

0

o"
/Ml

• -

[V{coj\
Svf(a>)+a

(34b)

The computational procedure based on Eq. (34) is numerically very
efficient like any method based on the singular value decomposition
or orthogonal transformations.

3.3 Determination Of The Optimal Requtarization
Parameter

In what follows, the results of subsection 3.2 will be embedded
in a root finding procedure which allows determining a so as to
satisfy Eq. (23 b).
Taking Eqs. (25), (26), (30) and (31e) into account shows that

(35a)

i.e.

In -
da>

(35b)

Let en and eM be defined as

e2
0 = p2(a) = —

i
) d

i=i

(36a)

(36b)

10



Eq. (36b) shows that em is equal to the norm of vector g . From Eq.

(31 e), em is therefore also equal to || u ||. Hence, taking Eqs. (35b)

and (36) into account, Eq. (23b) can be rewritten as

where
y = \la

1

R{y)-ej = O ( 3 7 a )

(37b)

• da (37c)

(37d)

Eq. (37) can be solved numerically for y , using Newton's method

(Press at ai. 1992). As R(y) is a positive strictly decreasing convex

function, it can be shown that this algorithm always converges

quadratically to the root, ys , of Eq. (37), when initialized by

/ o = 0 (see fig. 2).

Figure 2. Global convergence of Newton's method for the
solution of Eq. (37).

Of course, Newton's method could have been used to solve Eq.(23b)
directly. However, in this case, no global convergence property can be
guaranteed.
The above root finding procedure can even be further refined.

Considering the functions of the form R(y) •> ll c a n D e shown that
the global convergence of Newton's method is insured for any

J5>—. Furthermore, the best convergence rate is obtained for

P= — . Consequently, our globally quadratically convergent

iterative root finding algorithm can be finally written as follows

\ (38)

where R{y) denotes the derivative of R{y) with respect to r .

3.4 Summary Of The Regularized Modal Coordinate
Estimation
From the above development, the regularization method, used to
estimate the cross-spectral matrix of the modal coordinates, can be
summarized as follows, for a given circular frequency, a :

(i) compute matrix [<P] from Eq. (27);

(ii) compute the singular value decomposition of [0\ from

Eq. (29);

(iii) compute the spectral densities Sg.g.(tf)),fromEq. (31e);

(iv) find the root, ys , of Eq. (37), via the iterative algorithm

described by Eq. (38);
(v) set a = 1 / ys and compute the cross-spectral matrix of the

modal coordinate estimates from Eq. (34).

4. CONCLUSION
An inverse method for estimating turbulent buffeting forces

acting on vibrating structures has been presented. This method does
not require any assumed phenomenological force model. From the
vibrational responses measured at a given set of points, a modal
model of the structure is first identified. Using the modal parameters
identified, the structural response data are then processed further to
estimate the cross-spectral densities of (i) the modal responses and (ii)
the generalized excitations. Lastly, the generalized excitation
estimates are used to compute a truncated series approximation of the
distributed random force cross-spectral density. In this process, the
generalized excitation estimates are derived from the modal
coordinate estimates via the generalized equations of motion in the
modal basis. Due to the temporal differentiation involved, this step of
the force identification procedure turns out to be an ill-posed problem,
i.e., small changes to the input data can make very large changes to
the answers obtained. In order to overcome this difficulty, a
regularization method has been developed for obtaining modal
coordinate estimates which guarantee that the subsequent generalized
excitation estimates will be sufficiently regular. Finally, an algorithm,
which has proved to be numerically efficient, has been proposed for
solving the constrained minimization problem arising from
regularization.

This force identification method has been implemented into t i e
MEIDEE software of the Research and Development Division of EDF.
It has been used for estimating distributed random forces induced by
complex turbulent flows, in order to improve the prediction of wear
problems due to flow-induced vibration in certain PWR components.
The second part of this paper presents an application of this method
on a flow-induced vibration experiment which has allowed a detailed
practical validation of the above theory.

11
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