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I. INTRODUCTION

In recent work [6] Kowalenko and FVankel have derived asymptotic expansions for a

particular Kummer function $(1,1 + a; — x) that arises in the response theory of an ultra-

cold magnetised Bose plasma. They were primarily concerned with developing small and

large magnetic field expansions, corresponding to large and small \a\ expansions of this

Kummer function, for their future study of the dielectric properties of this fundamental

quantum mechanical system.

When studying this function, which they referred to as the Bose Kummer function, but

which also arises in the response theory of magnetised Fermi plasmas, e.g., the magnetised

degenerate electron gas, Kowalenko and Frankel related it to another Kummer function

$(a, a +1 ; z) and then derived asymptotic expansions for the latter Kummer function. The

latter Kummer function is even more important than the Bose Kummer function because it

is related to the ubiquitous incomplete gamma function. Thus, Kowalenko and Frankel have

actaully derived new asymptotic expansions for the incomplete gamma function. However,

one question not asked in [6] was how accurate the new expansions were. Therefore, by

adapting the analysis presented in [6] the present paper aims to study here the accuracy

of the large \a\ asymptotic expansion for this important special function of mathematical

physics, particularly for values previously considered to be invalid value such as small and

large \x\.

This paper is organised as follows. Sec. 2 begins with a summary of the main results

given in [6] although the presentation here is different. In the next section we describe how

to evaluate the special polynomials c*. (x) arising in the main asymptotic expansion given in

Sec. 2 in terms of the tree diagrams presented by Kowalenko and Frankel. In Sec. 4 we apply

our results to a related special function, the generalised or Hurwitz zeta function while in

Sec. 5 we show how the coefficient of xj in the special polynomials, i.e., c£, is intimately

connected with the number of branches j belonging to each path in these tree diagrams. The

total number of contributions to each c{ is shown to be the number of j part partitions that
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sum to k excluding partitions with unity in them. The contribution from each path to cj.

is related to the partition corresponding to that path. As a consequence, we derive general

expressions for the three highest and the three lowest order coefficients of the polynomials. In

Sec. 6 we provide estimates for the remainder of the asymptotic expansion. The evaluation

of an exact expression for the remainder of the asymptotic expansion, however, is dependent

upon developing formulae for all c£, but because of the "fanning out" or recursive nature

of the Cfc(x) developing such a result is a formidable exercise. As a consequence, we only

present estimates for the remainders in the small and large x limits. In Sec. 7 we describe the

technique of Mellin-Barnes regularisation, which facilitates the evaluation of the divergent

series in the estimate of the remainder for the large |a;| limit. Sec. 8 begins by showing how

Mellin-Barnes regularisation can be used to 'exactify' the Hurwitz zeta function. Specifically,

we show for the first time to our knowledge how an asymptotic expansion consisting of a

divergent series can be summed to yield the exact values of the originating function that

it represents. By exactification we mean that the technique is used to evaluate the exact

remainder of the asymptotic expansion given in Sec. 4 irrespective of whether truncation

occurs before or after the optimal point. As a consequence, we show that beyond the optimal

point the asymptotic expansion not only begins to diverge, but that the remainder also begins

to diverge in the opposite sense, which goes against the traditional notion of trying to bound

the remainder of a truncated asymptotic expansion. Then we present a numerical study of

our asymptotic expansion for the incomplete gamma function. Here we shall see while

it is possible to exactify the asymptotic expansion for the Hurwitz zeta function, it is not

possible to do so for the asymptotic expansion given here for the incomplete gamma function

because of the recursive nature of the Ck(x) polynomials. Thus, not all asymptotic expansions

can be exactified. Nevertheless, we apply Mellin-Barnes regularisation to our estimates for

the remainder and hence, show that the asymptotic expansion for the incomplete gamma

function is not only very accurate for large values of \a\, but also for small values of |a| when

|#| is large. Finally in Sec. 9, we summarise the main achievements of this paper and discuss
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our intentions regarding future work. To our knowledge it is the first time that partition

theory has been employed in analysing an asymptotic expansion while the technique of

Mellin-Barnes regularisation should be of great interest to those mathematicians, who wish

to obtain numerical values from the divergent series and asymptotic expansions encountered

in their studies.

II. THE ASYMPTOTIC EXPANSION

In this section we begin by summarising the main results from [6], which are required for

the development of the various asymptotic expansions given here. To derive their large |a|

asymptotic expansion of the Bose Kummer function, Kowalenko and Prankel [6] considered

the following series representation

oo xk
$ ( 1 , 1 + a; -x) = e -*$(a , a + l;z)= ae~x ] P . (1)

k_0 Ki [K + a)

Although they were concerned with developing a large |a | expansion for positive values of

x, in the present paper we shall consider negative values of x because the series on the r.h.s.

of Eq. (1) is related to the incomplete gamma function 7(0;, x) by

Prom Eq. (2) we see that the series on the r.h.s. is not defined when a is equal to a non-

positive integer, i.e., the incomplete gamma function is meromorphic. As a consequence, the

asymptotic expansions presented in this section will not be valid for a equal to a non-positive

integer.

In developing a large \a\ asymptotic expansion for $(1,14-a; —x) Kowalenko and Prankel

concentrated upon developing a large \a\ asymptotic expansion for <&(a, a + 1; x). First, by

considering Re a > 0 they used the method of expanding most of the exponential as outlined

in [4] to obtain

~.k »nn / ™.J-2 ™,J.3 ~,-/-4 ™.J-4 \

• (3)
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At times we shall be called upon to use a generalisation of Si(a, x), a series first studied by

Ramanujan (see [1]) and which is defined as

with Re s> 1. Now evaluating the integral in Eq. (3) and using Eq. (2), one obtains

ex / x x x 3x2

a + x\ (a + x)2 (a + x)3 (a + x)4 (a + x)4

+ X)"6)) . (5)
T +
(a + x)5 (a + x)5

It is shown in Appendix A of [6] that the above expansion can be written in terms of special

polynomials c* (x) as

e-inax-aj(a,xeiK) = ex £ck(x) V(k + l)(o + x)~^k+1) . (6)
fc=0

In addition, by using the theory for the analytic continuation of Laplace integrals given in

[10], Kowalenko and FVankel show that the range of applicability of Eq. (6) can be extended

into the entire complex plane except for a equal to non-positive integers. That is, Eq. (6) is

valid for |arga| <n. In this paper we aim to study the Ck(x) in detail since their coefficients

will be necessary in estimating the remainder of the asymptotic expansion for the incomplete

gamma function.

There are two sets of conditions where either Eq. (3) or Eq. (6) is not very effective.

While both sets are concerned with the behaviour near the transition or turning point of

the asymptotic expansion, i.e., —x « a, they arise from studying the large and small \x\

behaviour of the polynomials Ck(x). In [6] it was found for small |x| that Ck(x) = O(l)

while for large |a;| the Ck(x)=O(x^k^). As a consequence, Eq. (3) breaks down when either

ja-f-#| < 1 and \x\ < 1 or \i/x(a/x+l)\ < 1 and \x\ > 1. In fact, to guarantee good numerical

accuracy the bounds on \a + x\ and \y/x(a/x +1)| should be higher. We shall show in Sec.

8 how to adapt Eq. (6) so that the first set of conditions can be handled. Furthermore, to

capture the behaviour near the transition point, for Re a > 0 Eq. (3) can be written as
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xk
 x r°

_ :!(fc + a) =€ Jo "'" \* 3! ' 4! 5!

Eq. (7) can then be evaluated by using Nos. 2.3.15.3 and 2.3.15.4 from [13]. The ensuing

result can be analytically continued into the complex plane whereupon — x can be replaced

by z to yield

Thus, it can be seen that a complementary error function (a special case of the incomplete

gamma function) dominates the asymptotic behaviour near the transition point, particularly

for large values of z.

Both the asymptotic expansions given above are not very effective when \<x + x\ and

|a;| are small, i.e., less than unity. Although we show in Sec. 8 how to adapt Eq. (6) to

handle this case, it should be noted that Kowalenko and Frankel [6] derived an alternative

asymptotic expansion for |a | < 1 , which could also be described in terms of the polynomials

Ck(x). Specifically, they found

Although we shall not study Eq. (9) in detail, it should be noted that this equation can

be used to determine large and small \x\ expansions, provided general expressions for the

coefficients of the Ck(x) in both limits are known, which we aim to determine in the present

paper.

Strictly speaking, the ~ symbol should appear in Eq. (6) instead of the equals sign, not

only because the series diverges as a typical asymptotic series after reaching an optimal value,

but also because analytic continuation of the method of expanding most of the exponential

does not guarantee that subdominant asymptotic series of a complete asymptotic expansion

have been evaluated. In Sec. 4 we shall see that when studying the asymptotic expansion

of a related function, the generalised zeta function, no subdominant terms is required to
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establish equality between the actual values of the function and its asymptotic expansion.

That is, Eq. (6) represents the complete asymptotic expansion for the incomplete gamma

function for the Stokes region given by |arga| < ir. With regard to the divergence of the

series in Eq. (6), we shall see in Sec. 4 that it can be tamed by using Dingle's theory of

terminants [4].

To develop the asymptotic expansion for arga = 7r but not for a equal to a non-positive

integer, we need to examine the behaviour of Eq. (6) expansion near the negative real axis

to observe whether a Stokes discontinuity may arise. According to Ch. 1 of [4], such a

discontinuity occurs when the coefficients of the late terms of the asymptotic expansion all

have the same sign, that is they do not oscillate in phase. As we shall see shortly, the

Ck(x) in Eq. (6) are polynomials with positive coefficients and are multiplied by an overall

phase factor of (—l)k. Hence, for a < —1, it can be seen that if 0 < a; < - a — 1 (the upper

bound ensuring that |a + x\ > 1 as explained below), then all the late terms in Eq. (6) have

the same sign and thus, a Stokes discontinuity exists. For x > —a, the late terms in Eq.

(6) oscillate and so, a Stokes discontinuity does not exist. Although a Stokes discontinuity

appears when we consider 0 < x < —a and arga = ?r, it only means that a subdominant

term may need to be included to obtain the complete asymptotic expansion for Si(a, x).

Typically, this subdominant term contains a Stokes multiplier, S, which equals zero for the

asymptotic expansion of S(cc,x) as explained above. As one moves across a Stokes line,

to leading order the Stokes multiplier jumps to a value of S + 1 while on the line itself,

it becomes 5 + 1/2. For more details see [2]. While our aim is not to evaluate the extra

subdominant asymptotic series, we can still use Eq. (6) for arg a=w but, on this occasion,

the equals sign should be replaced by the ~ sign for the asymptotic expansion given by Eq.

(6) can never equal the actual value of Si(a,x), even after the divergence coming from the

late terms in the expansion is resolved by using the theory of terminants [4]. For those, who

remain unconvinced by our argument concerning the utility of Eq. (6) for arga=7r, we shall

see from the numerical examples presented in the next section that Eq. (6) is, indeed, valid

for arga=7r except, of course, for a equal to zero or a negative integer. As |arga| increases,
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i.e., as we move away from the negative real axis into the next Stokes region, we expect Eq.

(6) to become less accurate since the missing subdominant term in the complete asymptotic

expansion will become more dominant.

In Sec. 8 we shall also see that the asymptotic expansion given by Eq. (6) is valid for

large x and small |a|. In fact, the asymptotic expansion is valid for all values of a and x

greater than unity but breaks down for those values where \a + x\ < 1 as exemplified in the

next section. The point x = — a represents a turning point in the asymptotic expansion for

Si(a,x) but is not a singularity, which can be seen for Re a > 0 by writing Si(a,x) in the

following integral representation as

Sl(a,x)= f°°dt exp(-crt + :wr*) . (10)
Jo

The above integral is still convergent when x = — a and hence, indicates that no singularity

exists near the turning point. We should note that the case where x is negative requires

special study, which appears in Sec. 4. From this study we shall develop the large |a|

asymptotic expansion for the incomplete gamma function, which agrees with the main result

given by Temme [14-16].

III. EVALUATION OF THE ck(x)

The polynomials Ck(x) in Eq. (6) can be determined via a recursion relation by utilising

the results given in [14-16] or by a novel graphical approach devised in [6]. The latter

approach is able to produce the first 16 values of Ck(x) given in Table I more rapidly than

direct calculation from the recursion relation. To construct the tree diagram for Ck(x), one

begins by drawing branch lines to all the pairs of numbers that can be summed to k where

the first number is less than or equal to the second and must not equal unity. For example,

in Fig. 1, which displays the tree diagram for cu(x), we draw branch lines to (0,11), (2,9),

(3,8), (4,7) and (5,6). Whenever a zero appears as the first number in a pair, the path stops

as evidenced by (0,11) in the figure. For the other pairs, one now draws branch lines to



A numerical study of a new asymptotic expansion 9

all the pairs of numbers which sum to the second number adopting the prescription that

the first number of each new pair is less than or equal to its second member and that it

must not equal unity. Hence, for (2,9) we get paths branching out to (0,9), (2,7), (3,6) and

(4,5). This recursive process continues until each path terminates with a pair containing a

zero. However, this is not all that is needed to produce the final tree diagram for each Ck(x).

Duplicated paths involving the same partition need to be removed so that the Cfc(x) in Eq.

(6) can be evaluated. That is the final form of the tree diagram must contain only the total

number of distinct partitions which sum to k. E.g. for Cn(x) the path consisting of (2,9),

(3,6), (3,3) and (0,3) is equivalent to (3,8), (2,6), (3,3) and (0,3) since they both involve the

partition into 11 by three threes and one two. We can see immediately the rule for deciding

the partition corresponding to a particular path; take the left member of each pair along

the path and the right member of the terminal pair. Since the path branching out from

(3,8) involves the same partition, we remove it from the tree diagram. We do likewise for

all other duplicated paths until we end up with a diagram such as that displayed in Fig.

1. Thus we see that the total number of paths in each tree diagram for Ck{x) is connected

to a well-known problem in the theory of partitions: the number of distinct ways one can

sum positive integers less than or equal to k to k excluding those partitions containing a

particular value (in our case unity).

We are now in a position to describe the evaluation of Ck(x) in Eq. (6). We have already

seen that each path in a tree diagram corresponds to a partition. Each partition, in turn,

yields a contribution to the value of Ck(x) based on the parts comprising it. Let k (i must

be less than or equal to fc/2) be the number of parts in a particular partition of a tree

diagram and let rii be the number of times each part appears in that partition. Then the

contribution to Ck{x) from this partition is (-l)kxi/li\-"lilni\'-'ni\. Hence, the contribution

to cn(x) from the path through (2,9), (3,6), (3,3) and (0,3) is -x*/2\ • (3!)4. Summing all

the contributions from the paths belonging to a tree diagram yields the value for each Ck(x)

in Eq. (6) and after some algebra one obtains the values listed in Table I. We shall derive

expressions based on this partition approach that enable us to evaluate the first three and
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last three coefficients of all the Ck{x) shortly. The other coefficients for the higher k values are

perhaps best obtained by encoding the algorithm described here into a computer programme

written in a recursive language with pointers such as C.

An alternative method of determining the polynomials, Ck(x), is by the realisation that

these polynomials are simply the coefficients for the generating function of exp(x(e-t — 1 +t)).

That is

00

exp^e- ' -H-£) ) = £>*(a:)*fc , (11)
fc=O

with CQ(X) = 1, Ci(x) = 0 and c2(x) = x/2\. By differentiating Eq. (11), one obtains the

following recursion relation

This method is about as quick as the graphical approach for the first few polynomials but

suffers from the amount of intense calculation required for the higher values of k. Thus,

one must encode the above into a computer code to obtain several of the Ck (x) presented

in Table I. Furthermore, the method suffers in that one is not able to see how each of

the coefficients in the polynomials is evaluated, which, as we shall see, will be required in

the evaluation of estimates for the remainder of the asymptotic expansion given by Eq.

(6). In addition, although the construction of the tree diagram can be aided by the tree

diagrams of the preceding Ck(x), evaluating Ck(x) via the graphical approach does not require

a knowledge of all the preceding Ck(x), which the recursive approach requires. Hence, the

graphical approach is superior to the awkward and onerous recursive approach.

IV. APPLICATION TO THE HURWITZ ZETA FUNCTION

As an example of an extension of the asymptotics for Si(a,x) or e~max~a^(a,xet7r),

Kowalenko and Prankel [6] develop the large \a\ expansion for Ss(a,x) in Appendix B,

which, as mentioned previously, was first studied by Ramanujan [1]. By utilising the integral

representation for the gamma function, they show that Ss(a, x) can be written as
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f°°
S,(a, x) = T(s)"1 / dt t*'1 exp(-crt + xe~*) . (13)

JO

Then after application of the method of expanding most of the exponential, they obtain

S.{atx) = V(s)-lex J2ck(x) ?{k + s)(a + x)^k+s) , (14)
fc=0

where the Ck(x) are the same as those evaluated above. As a consequence, they are able to

apply this result in the development of a large positive q expansion for the generalised zeta

function, £(s, q), which for R e s > l can be written as

•flm I r»\ find y*. (n*\

• (15)

It should be noted for s equal to a positive integer n+1 that £(n+l, q) = (—]

where ip(n\x) is the polygamma function. Hence, for s = n + 1 the foregoing analysis

is applicable to the polygamma function. If we let cj. denote the coefficient of x^ in the

expansion of Ck{x), then Eq. (15) can be written with the aid of No. 3.194.3 from [5] as

q-
q

_T(4)_ _ J_v (s+5)

2r(5) w ^ Kq ' ' K '
5T(3)
6r(5) 2r(5)

where [x] is the greatest integer less than or equal to x.

In their recent study of the statistical mechanics of magnetised pair quantum gases,

Daicic et al [3] have evaluated the large q expansion of the generalised zeta function by

using Mellin transform techniques. They obtained

4 .
W>V-8_1+ 2 to r(s)r(2k + 3)

where the 5fc are the Bernoulli numbers. Since B2 and B4 equal 1/6 and —1/30 respectively,

Eqs. (16) and (17) agree. Hence, the relationship between c{ and the Bernoulli numbers is

c?j+2k
3=1

B2k - T(2k + 1) E c?j+2k T(j + 1) , (18)

while we also find
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2fc+l

^ 1) = o . (19)

An expression for the remainder of the asymptotic expansion for ((s, q) can be obtained by

using the theory of terminants [4]. Thus, with the aid of No. 9.616 from [5], which relates

B2n to C(2w), we find that Eq. (17) can be written as

^ 1 2)

where the remainder term RN(S, q) is given by

A2N+,{2imiq) + A2N+s(-2nniq)\

^F^ J •
In Eq. (21) As(x) denotes a terminant as given on p. 406 of [4] and has the following

convergent integral representation

ts e~t

Hence, RN(S, q) can also be written in a convergent integral representation as

r<*> piN+s e-t

( 2 3 )

Values for the remainder can then be obtained by utilising numerical integration codes such

as the NIntegrate routine that belongs to Mathematica [17]. We shall carry out the numerical

evaluation of the remainder in addition to examining the accuracy of the above asymptotic

expansion in the next section.

V. EVALUATION OF THE COEFFICIENTS OF ck{x)

Let us now examine c£ in order to obtain better error estimates for the above asymptotic

expansion than those given in [6]. Prom the tree diagrams we can see that each ĉ  consists of

contributions from all distinct j'-part partitions which sum to k. For example, cf3 consists of

all the contributions due to the distinct partitions which sum to thirteen with five positive

integers, where each integer is greater than or equal to two. Since c\ consists of all the 1-part
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contributions, we see that cjc = (—l)k/k\ for k > 2. The situation becomes more complicated

for the other c{ because they include partitions with repeating parts. Let us first consider

ĉ fc+i which consists of the contributions for A; > 2 due to all pairs of integers (j, I) where

j > 2, j <l and j + l = 2k + 1. Then we find that

* 1
Clk+1=~j?2j\(2k + l-j)\ • (24)

On the other hand, c\k for k > 2 will consist of all pairs (;, I) where j > 2, j < I and

j + I — 2k. Here we must note that the pair (k, k) has a repeated part and its contribution

will be divided by an extra factor of 2!. Hence, we find that

k 1 14§ ' (25)

Eqs. (24) and (25) can be combined into one result to give

1 l + M)' ^ -

where No. 4.2.1.6 from [13] has been used to obtain the final result. Hence, from Eq. (26) we

see that cf2 and cf3 respectively equal 37/24-9! and —157/6 • 11!, the former result agreeing

with the value presented in Table I.

The situation becomes more complicated as one considers higher values of j since the

evaluation of c£ includes partitions with repeating parts of varying frequency. For example,

in addition to evaluating the contribution to c| from partitions containing different/unequal

parts, one must evaluate the contributions from 3-part partitions where a part may occur

twice or even three times. These cases must be handled separately. After some manipulation

one eventually obtains

[(fc-3j-2)/2] / k - 3jf - I -

to [ I

2cos(7rfc/3)\
3 J ' (27)
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Values for cl from Eq. (27) are best determined by using a mathematical software package

such as Mathematica [17]. Thus, it is found that c\x and cf2 yield respectively values

of —139/6 • 8! and 563/10! as given in Table I while the undispiayed cf8 and cf9 equal

413461/2 • 16! and -65689/2 • 16! respectively.

The evaluation of c{ becomes more difficult as the value of j increases if one follows

the above procedure. Nevertheless, as we shall see, the results given above can be used to

obtain accurate error estimates for our asymptotic expansion of the Bose Kummer function

for small values of x. However, the error estimates are not applicable for large x, which we

consider now.

To study the large |x| behaviour of the $(1,1 + a; —x) we note that the highest power

of £ in cjfc(x) (k>4) arises from the partition with the greatest number of parts or the path

with the most branches on it in the corresponding tree diagram. Thus for k = 21 (I, an

integer) the highest power of x in c* (x) is due to the partition consisting of / twos, which,

in turn, means that c^ = 1/(2!)' • J!. For the case where k = 21 + 1, the partition with the

greatest number of parts is the one with I — 1 twos and one three, which is represented here

by {2*-\3}. For example, see the path consisting of (2,9)-(2,7)- (2,5)-(2,3)-(0,3) in Fig. 1.

Hence, (4+1 = - 1 / 3 ! • (2!)'"1 • (I -1)!. The contribution to ck(x) from the partition with the

most parts in it can be represented generally by

i r i + (-Dfc . ( i ) i 1 f28)

3r(fc/2-i/2)J • ^ ;

Thus, according to Eq. (28), c^ and c\2 equal respectively —5/16 • 6! and 1/64 • 6! (in

agreement with Table I) while the undispiayed c\s equals 1/512 • 9!.

The next highest power of x in Ck{x) arises from the paths consisting of I — 1 branches or

those partitions with I — 1 parts. For k=2l these are the partitions with I — 3 twos together

with all the distinct 2-part partitions excluding unity that sum to 6, i.e., the partitions,

{2'~2,4} and {2'~3,32}. For k=2l +1, the partitions contributing to the next highest power

of Ck{x) are those with I — 3 twos together with all the distinct 2-part partitions excluding

unity that sum to 7 and an additional partition consisting of I — 4 twos and three threes.
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Thus, ĉ jb+i consists of the contributions from {2l~2, 5}, {2'~3,3, 4} and {2'~4,33}, which in

Fig. 1 correspond to the paths (2,9)-(2,7)-(2,5)-(0,5), (2,9)-(2,7)-(3,4)-(0,4) and (2,9)-(3,6)-

(3,3)-(0,3). The contribution to the second highest power of x in Ck(x) can be written

generally as

4"1 = 2,_3 4, 31(f _ 2), [(1 + (~l)fc)(^ ~ l)/2 + ((-l)fc - 1)((* - 1/2)1/9 - 1/30)] , (29)

where I = [k/2]. Thus using Eq. (29) we see that c\x and cf2 equal 37/36 • 6! and 385/24 • 8!

as given in Table I while the undisplayed cf8 and c\9 equal 85/64 • 10! and -127/96 • 10!

respectively.

To determine the coefficient of the next highest power of x in Ck(x), i.e., xl~2, all the

partitions with 1—2 parts need to be considered. These correspond to all paths that terminate

with I — 2 branches in a tree diagram. For k — 21 the (I — 2)-part partitions are {2'~3,6},

{2<~4,3,5}, {2l~\ 42}, {2'~5,32,4} and {2'~6,34}. For k = 21 + 1 the (I - 2)-part partitions

are {2<"3,7}, {2<"4,3,6}, {2'~4,4,5}, {2'"5,32,5}, {2'"5,3,42}, {2<-6,33,4} and {2'- r,35}.

As a consequence, we arrive at the following result for the coefficient of a;'"2 in Ck(x):

1-2 _ (1+ (-!)*) |"20Z3- 60^ + 31^ + 15] ((-l) fc - 1)
°k ~ 2l~2 (I - 3)! 6! [ 108 J + 2'~2 (I - 3)! 7!

x 2 8 ^ - 8 4 ^ - ^ + 147^-541 (3Q)

From Eq. (30) we find that ^ and c4
2 respectively equal -139/6 • 8! and 5509/216 • 8! as

given in Table I while the undisplayed c[s is found to equal 11683/1152 • 10!.

The pattern developing here is that (I — m)-part partitions begin with the partition

terminating with (I — m — 1) twos. Then the partitions with (l — m — 2) twos and with each

of the two remaining parts greater than or equal to three must be included. The next set of

partitions are those with (I—m—3) twos and the three remaining parts greater than or equal

to three. The process continues until one has only twos and threes in the final partition,

e.g., the (I — 3)-part partitions for k = 21 + 1 will stop at {2'~10,37}. For sufficiently low

values of k the final partition may only consist of threes, e.g., the final partition required to

evaluate c4
2 is {34}.
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All the expressions derived for the c\ above have been used to evaluate the Ck (x) appear-

ing in Table I with the exception of c\b, which was evaluated by summing all the contri-

butions from the 4-part partitions (excluding unity) that sum to 15. Although it becomes

increasingly more difficult to derive general expressions for the c?k when 3 < j < [k/2] — 2,

it is possible to contruct a computer code to evaluate them individually. Because this code

would incorporate our tree algorithm, it would have to be written in a recursive language

with pointers such as C.

VI. ESTIMATES FOR THE REMAINDER

We now turn to the problem of evaluating estimates for the remainder of the more general

asymptotic expansion given by Eq. (14). To do so, we recast this equation as

Ss(a,x) = e*r(s)-1 £ (a
{+l. E4** + * * • ( * ) .

fc=0 \ a + X> j=X

where the remainder term, RNyS(x), is given by

As before I equals [k/2]. To simplify the procedure of evaluating RNtS(a, x), define Rj
Ns(ct, x)

by

& (a x) c T

The above definition is valid for all N > 1 but requires modification to take into account

that each c{ only contributes to the remainder above a certain k. That is c\ contributes to

the remainder for k > 2 while <% only contributes for k > 4. Hence, we shall need to modify

the lower limit of the summation in Eq. (33) for each value of j that we study. Whenever

the R3
N^(a,x) yield a divergent series, we shall use the technique of Borel summation to

terminate the series as described in Ch. 21 of [4]. Now using the fact that c\ = (—l)k/kl

from the preceding analysis, one finds that Rl
Ns(a,x) is given by
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where No = max[N, 2]. The series representation for the above 2F\ hypergeometric function

is divergent except for s = 1 and \l/(oc + x)\ < 1 but it can be cast into a convergent

representation by Borel summation. Thus,

r ( s )

Putting s = 1 in Eq. (34) yields i?jyr0(o;,x) for the Bose Kummer function, which is

X - O("- 2 ) ) • (36)( (

This result was first obtained in [6].

To determine the next order correction in small x for the remainder we introduce Eq.

(26) into Eq. (33) to obtain

) - N 2FX (N + S, 1;N; ^ ) |e ( iV-4) , (37)

xJ \ a + x/1

where Q(x) is the Heaviside step-function. For the case of the Bose Kummer function or

rather Si(ot,x), Eq. (37) becomes

Rir(a,x) = T— ' , . r . , i -\ @(N - 4)
NK ' {a + x)N+1 [a + x + 2 ct + z + 1 a + x + l\ v '

= (~^+feX [-Na + 2N~l + N-1 + O(a~1)] 0(JV - 4) . (38)

The next order correction is obtained by introducing Eq. (27) into Eq. (33) but its evaluation

is formidable. Thus we see that the determination of higher order small x corrections

to the remainder becomes exceedingly complicated. As far as this paper is concerned,

when conducting our numerical analysis in the next section of the asymptotic expansion for

the Kummer function of Bose plasmas, we shall only use Eq. (34) as our estimate for the

remainder for small x.
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To evaluate remainder estimates of Ss(a, x) in the large x limit, which, as mentioned

previously, is the case when studying the small magnetic field limit for the charged Bose

gas, we must consider the partitions with the most number of parts in them or the highest

powers of Ck(x) but, unlike the preceding evaluations, these estimates will not contain a

fixed number of parts due to the recursive nature of the Ck(x). However, this fact will enable

us to circumvent the problems encountered above when considering only a fixed number of

parts in the evaluation of remainder estimates such as i?^s(a,a:). From Eq. (32) it can be

seen that the leading order contribution to the remainder for large x comes from summing

all the xl terms, where I is dependent upon k, not on fixed values of j as in the small x case.

Thus, if we denote the contribution to the remainder by the largest power in each Ck(x) by

Rl
Nt(a,x), then

<>,*) = ** t rr(t)
5)

 (a+*U. • <39>
k=max[N,2] i \S) \ a + X>

The lower limit has been altered to take into account that Rl
N$(afx) only makes a contri-

bution when k > 2. Now putting N" = [iV/2], we find that the above equation can be written

as

l) 2T(5)

_
X 2"T(iV'+!)(« +a;)2"7+' { } ' ( j

where z = x/2(a + x)2. By utilising No. 8.381.4 from [5] and Dingle's theory of terminants

[4], Eq. (40) can be written as

~kOpx

it cos-"- '* [im + S) cos(S-l)t

+ 2) , i O U
1 c o s ( s + 2 ) t c o s t

_

where fc0 = maxfA^, 1].
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The terminant, As(—x), in Eq. (41) is the second type of basic terminant given in [4]

and corresponds to the situation where the asymptotic expansion is on a Stokes line. It has

the following integral representation

i it3 p~y

where x is real and positive and P denotes that the principal value is to be taken.

For the special case of 5 = 1, Eq. (40) becomes

1/2) Afco_1/2 ( - — ) - 2k0r(k0 + 3/2)

x Afc0+1/2 ( - £ ) + 2r(fc0 + 5/2) (Afc0+3/2 ( - £ ) - Afc0+1/2

2

which is another form of the result given in [6]. On the other hand for s = 2, Eq. (40) yields

0 + 3/2)Afc0+1/2 ( - ^ ) + 2(fc0 + l)r(*b + 5/2) (Afco+3/2 ( - ^

- Afc0+1/2 ( - ^ ) ) + 2r(fc0 + 7/2) (Afc0+5/2 ( - £ ) - 2Afc0+3/2 ( - ^

0 ( i V - 2 ) . (44)_ _

Eqs. (43) and (44) have been obtained by integrating by parts, which in general can be

applied to all Rl
Ns(a,x) where 5 is a positive integer, although the final results will become

progressively more complicated as s increases.

Now let the contribution to the remainder from the next leading power in the cjt (x) be

denoted by It!tf3(a,x). By utilising Eq. (29) this term can be written as

( 4 5 )
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where I = [k/2] as before. The lower limit in Eq. (45) has been modified to take into account

that Rlx*(a,x) only begins to make a contribution when A; = 6 as indicated in Table I. By

putting ki = max[A^,3] we find that Eq. (45) becomes

s ) * f c e * [ 1 , 3 (2k + s) ( 1
fc^9a;(a + a;)sr(s) [r(A;-2) 2T(fc-l) a + x \9 F(k - 3)

1 3 \] _ (l-(-l)N\ FJ2N1 + s) zN'e*
+ 2T(k-2) + 10r(k-l))\ { 2 )

By utilising from the analysis of Rl
Ns(a,x) that

00 r(2k 4-n)zk 9° r*/2
E .V = - r(fe0 + o - b + l)(4z)fc0 / rft cos(a-2b + l)tcos2k0+a-1

{tehfi) (47)

one can write Eq. (46) as

i 2 " ' [ + s + 3)cos(s + 5)t

x A*'+'« ( " S ^ T ) + 1 r ( f c l + s + 2)

+ 5 + 5) cos(s+

4) COS(5 + 6)* Afc1+s+3 {-4zcos2t)
 + 5

X COS!

6 ) - <«>

Determination of the next order correction whilst possible leads to an even more complicated

expression. Again as far as this paper is concerned we shall only utilise Eq. (41) as our

estimate of the remainder in the large x limit.

We have seen that it is a formidable exercise to derive an exact expression for the entire

remainder of Sx(a,x) as given by Eq. (6), or its more general counterpart given by Eq. (14)

due to the recursive nature of the expansion. We have evaluated some of the terms belonging
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to the remainder in both the small and large x limits but still need to ascertain how accurate

these estimates are. This issue and the question of how accurate the expansion given by Eq.

(6) is, are studied in the next section.

VII. MELLIN-BARNES REGULARISATION

In order to carry out an extensive numerical analysis of the results presented in the

previous sections, we need to introduce the technique of Mellin-Barnes regularisation. Here,

our aim is to express the the remainder in terms of Mellin-Barnes integrals and then to

evaluate the ensuing expressions numerically. The approach of expressing the remainder

in terms of Mellin-Barnes integrals is not new and has been employed by Wood [18] and

Paris and Wood [12] in their study of the asymptotics of the gamma function, by Paris

[11] in studying the smooth transition of a Stokes multiplier across a Stokes line and by

Kowalenko et al [7] in their study of the asymptotics of the generalised Euler-Jacobi series,

Sp(a) = Y^Lo exp(—anp). To familiarise the reader with this technique, we shall begin our

analysis by studying the generalised or Hurwitz zeta function, whose asymptotic expansion

as given by Eq. (15) represents the first extension of the asymptotics for Si(a,x) to be

examined in this paper.

We have already seen by employing the Mellin transform technique that the asymptotic

expansion for the generalised zeta function can also be written in the form of a finite sum

and a remainder term as exemplified by Eq. (20). Through the application of the theory

of terminants, which relates the divergence in an asymptotic series to the behaviour in the

neighbourhood of a singularity of the originating function as described on p. 406 of [4], the

divergent series that appear in the remainder of the asymptotic expansion given by Eq.

(15) can be recast into a convergent integral representation as given by Eq. (21). How-

ever, evaluating these integral representations via standard numerical routines may require

an inordinate amount of CPU time and memory to obtain the desired level of accuracy.

Hence, a different technique is needed, which we have described previously as Meliin-Bames
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regularisation [7].

Mellin-Barnes regularisation is based upon the fact that any complex power series of the

form, S(z) = Y^'kLo f{k)zk, be it convergent or divergent, can be expressed via the Cauchy

residue theorem as

L ) y ( ) ( () (49)
•

c-ioo

where |arg(—z)\ < n/2. In Eq. (49) the contour C is closed to the right from c + zoo to

c — ioo and encompasses all positive integers greater than Re c. In addition, the poles of

f(s)V(l + s) must lie to the left of the above line integral. Provided |arg(—z)\ < n/2, the

line integral converges even if S(z) is divergent. However, the arc integral, which vanishes

for a convergent series, may not vanish for a divergent one. Nevertheless, we can regularise

or renormalise the series by omitting this arc integral. In essence this omission is similar

to that employed by Hadamard, who after omitting the infinite part of a divergent integral

was able to show that the remaining finite part obeyed the ordinary rules of integration as

discussed in [8].

In our study of the generalised Euler-Jacobi series we found that our original terminant

integrals when numerically evaluated yielded precisely the value obtained by evaluating

the Mellin-Barnes line integral except that the latter approach was able to give results of

much greater accuracy and far more quickly than the former. For example, in one instance

we found that it took 17 CPU hr to evaluate a terminant integral to 8 significant figures

using standard techniques whereas it only took 1.2 s to evaluate it via the Mellin-Barnes

regularisation.

We have already seen that there are basically two types of terminants that arise in asymp-

totics. The first of these arise from divergent series whose terms increase in magnitude but

vary in phase. Due to this variation in phase, these series can be cast into a convergent

integral representation by a summation technique as evidenced by Eq. (22). For these series

the Mellin-Barnes line integral gives the same result as that obtained by applying standard

integration techniques on the convergent integral representation. The second type of termi-
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nant arises from divergent series in which the phases of the terms remain the same, i.e., do

not alternate, even though the magnitudes of the coefficients increase. Borel summation of

these series yields

Y;r(k + b)zk= dt1—— . (so)

Unlike the former case, a singularity appears on the line of integration at t = \fz. As

explained on p. 411 of [4], this is a manifestation of the Stokes phenomenon.

When we evaluate the Mellin-Barnes line integral for the second type of divergent series

using the NIntegrate routine in Mathematica, it is found for ph z — 0 that the line integral

yields not only the principal value but also an imaginary contribution due to the semi-circular

residue, which it should not. We attribute this to the way that Mathematica handles the

multi-valued function of (—I)3 in the original line-integral as discussed on p. 564 of [17].

To overcome this problem, we note that whenever a Stokes line/discontinuity occurs, i.e.,

phz = 0 for the divergent series in Eq. (50), (—z)5 should be replaced by z* COS(TTS) in Eq.

(49) according to the prescription given on p. 12 of [4]. This, however, is equivalent to using

Eq. (49) and dropping the imaginary contribution that arises. We shall address the whole

topic of Mellin-Barnes regularisation and the Stokes phenomenon in more detail in a future

publication. For the present, as long as we neglect the imaginary contribution, we can use

Eq. (49) to evaluate the second type of divergent series for phz = 0.

VIII. NUMERICAL RESULTS

To begin our numerical study, let us see how the Mellin-Barnes regularisation works

for the more familiar generalised or Hurwitz zeta function, whose asymptotics were shown

to be related to the asymptotics of the Kummer function for Bose plasmas via Eq. (15).

However, unlike the asymptotics for this Kummer function, we found that the remainder

could be expressed by a single convergent integral as given by Eq. (20). If we terminate the

asymptotic series at the AT-th term as in Eq. (21) and denote this by £#, then the remainder

(denoted here by AN) can be expressed in the Mellin-Barnes line integral form of
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" /[
4nH L [S) y-l/4-ioo

x r(i + *)r(-t)l , (51)

where z — —1/An2q2. In Tables II we present values of the Hurwitz zeta function for 5 = 5

with q equal to 0.5 and 2.5. We can see from these tables that for the larger value of q, S/v

exhibits the typical behaviour of an asymptotic expansion [9] in that after a certain number

of terms (asterisked in Table II) Sjv approaches a value closest to the actual value of £(5, q)

before diverging as N increases. For q<l, S r̂ is not a good approximation to C(s>?) f°r

any value of N. For example, none of the values for SJV in Table II comes close to the actual

value of £(5,0.5), which equals 32.1448 to 6 significant figures. Nevertheless, we can see that

for any value of N and q, the sum of S^ and A^ as determined from Eq. (51) always gives

the exact value of £(5, q). Thus, the divergence in E/vr is compensated by the divergence in

the opposite direction of A#.

The results in Tables II justify our earlier remark of replacing the ~ sign by an equals

sign in Eq. (6). In our study of the asymptotics of the generalised Euler-Jacobi series, we

found that as a increased, it became more apparent that the value of the dominant series

combined with its terminant did not yield the exact value for the series unless we included

the values obtained for the sudominant series and its terminant. However, we have seen

that as q decreases, corresponding to increasing a in the generalised Euler-Jacobi series, the

sum of the asymptotic series given by Eq. (21) and its terminant remainder always yields

the actual value for the generalised zeta function. This, therefore, means that there is no

subdominant series that needs to be included to obtain the complete asymptotic expansion

for the generalised zeta function. We have seen from Eq. (15) that the complete asymptotic

expansion for the generalised zeta function can be obtained by integrating our asymptotic

expansion for Ss(a,x). As there are no subdominant terms missing in the final asymptotic

result for the generalised zeta function, there is no extra subdominant term missing in Eq.

(15). Hence, the ~ sign is replaced by an equals sign in Eq. (15).

Rather than considering the incomplete gamma function directly, we shall present a
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numerical study of the asymptotic expansion for Si{a,x) or e~ina x~a 7(0;, xein) and the

application of the Mellin-Barnes regularisation technique to some of the remainder terms

given in the previous section. Since it was not possible to give a single expression for

the remainder of Eq. (6) due to the recursive nature of the Ck(x), we shall only consider

application of the regularisation technique to R]^g(a, x) and Rl
Ns(a,x) and then put s — 1.

Although we neglect other terms comprising the remainder, which can also be evaluated by

the regularisation technique, we shall nevertheless obtain very accurate results for Si(a,x).

Prom the above material and utilising the result for c\ given in the previous section, we

find that the regularised Mellin-Barnes line integral for Rx
N3(ot,x) can be written as

k,a,., - e(2 - «, ae [£ /XT TOr H

where zo = (a + x)~l. The corresponding form for Rl
Ns(a,x) is obtained by Eq. (28) and is

given by

Rl
N>s(a, x) = 0(3 - N)h(s, N) + O(N - 4)/2(s, N) , (53)

where

Il(s,N)=Re Z°
°+4x2ex / -

and

( V{2t + N + s) _ zor(2t + N + s + l)\
! )

/

(•- 1/2+tOO / T-^N*

U(> I I

-1/2-ioo \ 2 y
_ 2

r([JV/2] ) \ • { }
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Putting 5 = 1 into these results yields

i J-i/2-ijoo

X /T(2t
V r( •3) 3 T{t + 2)

and

I2(1,W) = r 1 / 2 + i

7-1/2-io

/ ( * + [AT/2] + 1) 3 V(t + [N/2]) J 2W2]+2 Tri

r/2+
J-l/2-i

• (57)f-i/2-ioo V 2 ; [r(t + [N/2] + l) 3 r(* + [JV/2]) y T([N/2]+l)

In the proceeding analysis we shall denote the sum of Rjfti{oc, x) and Rl
N1{a, x) by A^ (a, x),

which will represent our error estimate for the asymptotic expansion given by Eq. (6). Note

that Rl
N<1 and Rl

Nyl correspond to R^ and Rl
N of the previous section.

In Table III we present an asymptotic analysis of 5i(10,1) or 7(10, —l),whose exact value

to six decimal places is 0.249028. In the second column of the table we present the values

generated by truncating the asymptotic expansion given by Eq. (6) up to N = 13. That

is, we only introduced 13 of the Cfc(a;)into our Mathematica programme, which we deemed

sufficient for our analysis. In accordance with our analysis of the generalised zeta function

we denote the terminated values appearing in the second column of Table III by XW(10,1).

We can see that by terminating our asymptotic expansion after nine of the Ck(x), we have

attained the actual value of <Si(10,1) to six figures. Since Eq. (6) is asymptotic, the values in

this column will approach an optimal value of Si(10,1) before diverging as N increases. We

do not observe this because we have not gone beyond Cw(x). In the third and fourth columns

of the table we present the values of Rjftl(10,1) and Rl
Njl(10,1) respectively. These values

also decrease as N approaches the optimal value but A^(10,1) will diverge as iV increases

from the optimal value. In the next column we present the values obtained by adding the

error terms of A#(10,l) to S#(10,l), which we denote by 5^(10,1). As expected, this
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column exhibits more accurate values of Si (10,1) than the values in the second column. To

gauge the accuracy of the values in the fifth column we present the differences between these

values and the actual value of 5i(10,1) in the final column of the table.

We can see from the results in Table III that Ejv(a, x) is very accurate for N > 6 and is

extremely accurate when A^(a, x) is included. In fact, for N < 6 where it is evident that the

accuracy of Eyy(10,1) begins to wane, the inclusion of A^(a,x) almost maintains the high

level accuracy obtained for the higher values of N. Thus, we can see that the inclusion of

the Aff(a, x) in our asymptotic analysis improves the accuracy of the asymptotic expansion

given by Eq. (6) substantially. The accuracy can be further improved by including the

Mellin-Barnes form for R2
Nyl(x) and Rl^\(x) given in the previous section. If these should

prove insufficient, then one would have to evaluate more higher order terms as described in

the same section. These terms are needed particularly when N begins to diverge from the

optimal value since not only does £jv(a, x) diverge but the remainder also diverges in the

opposite direction as we saw in our analysis of the generalised zeta function.

Although the asymptotic expansion given by Eq. (6) was derived for large |a|, it is also

effective for small values of |a| provided that |a + x\ is greater than unity. For example,

truncating Eq. (6) at the optimal value of N = 7 for Si(l, 10) or —0.17(1, —10), yields a

value of 2202.48 compared with the exact value of 2202.55. Interestingly, if we include the

first order error estimates, these actually produce a less accurate result than that obtained

by truncation. This is because the first order error term for large \x\ yields a value of 9.38

for N — 1 while the first order small \x\ term yields a value of 9.42 x 10~4. Thus for large \x\

and small |c*|, we need to consider higher order large |a;| error terms, e.g., Eq. (45), in the

remainder, so that a more accurate result than the truncated expansion can be obtained at

the optimal point.

In Table IV we present a numerical study of Sy(0.1,0.01) or 10°-2e-iir/107(0.1, -0.01),

whose exact value is 10.0091. As we can see, the asymptotic expansion for Si(a, x) breaks

down when |ct + x| < 1, that is for x in the neighbourhood of the transition point —a.

The closest value to Sx(0.1,0.01) is 9.18227 which occurs for N = 1 and N = 2. Then
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the asymptotic expansion begins to diverge. Our error estimates only worsen the situation

indicating that the neglected higher order terms in the remainder must be considered. As

we observed in the study of £(5,0.5) (Table II), since the optimal point occurs at the first

term, this represents another indication that the asymptotic expansion is no longer effective.

Therefore, to obtain the exact value for the function, we require the complete remainder

term. Although we have been unable to produce an expression for the complete remainder,

we can, however, use the shift formula, No. 8.356.5 from [5] so that the asymptotic behaviour

of the incomplete gamma function can be described by Eq. (6) rather than Eq. (refsix) in

the neighbourhood of the transition point. Thus, we find

(a, x) = F(a) xa e • (58)

where N is arbitrary positive integer such that \a+N—x\ > 1. The larger \a+N — x\ is,

the better the accuracy. If we put a = 0.1 and x = —0.01 in Eq. (58) and multiply it by

lO02e~i7r/l0, then we should have an accurate asymptotic expansion for Si(0.1,0.01). Indeed,

if we let N = 7 and truncate the first sum at k — 9, then using Mathematica on a Pentium

computer, we obtain a value of 10.0091 + 4.444089 x 10~16 i. In fact, the real part agrees

with the exact value to 16 significant figures while the imaginary can be viewed as zero to

the same number of figures.

It should also be mentioned that this shifting technique can be applied in situations

where the remainder using Eq. (6) is considered to be too large. The shifting technique

increases the number of terms required to reach the optimal point as well as the accuracy

of the expansion. As a consequence, the error, which is a minimum at the optimal point

anyway, becomes even smaller for increasing N. Hence, the problem of determining the

remainder more accurately than in Sec. 6 can be avoided by using the shifting technique.

The shifting technique, however, cannot be employed for the second set of conditions given

in Sec. 2, where Eq. (6) breaks down when |x| is very large. This is because \(a+N)/x+l\

must be greater than unity and for very large |a;|, \N\ would also have to be very large.

Thus, the second sum on the r.h.s. of Eq. (58) would involve a very large number of terms,
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which may prove to be too awkward to evaluate numerically. For these cases, it might be

better to use the asymptotic expansion given by Eq. (8) or the result given in [14-16], which

also incorporates the complementary error function behaviour near the transition point.

We now examine a situation where a is negatively large by presenting in Table V the

results of our analysis for Si(—10.1,1) or exp(10.1 wr)7(—10.1, — 1), whose value to eight

decimal places is -0.30298697. Here we see that as N increases, the difference between

Si(-10.1,1) and S# (-10.1, 1) decreases steadily reaching the low value of -3.56598 x 10~6

when TV = 13. Hence, the asymptotic expansion becomes more accurate as N increases but

eventually it will reach an optimal value before diverging. Nevertheless, we see from these

results that Eq. (6) is indeed applicable to negative real values of a.

Although the asymptotic expansion for Si(a, x) has been derived for large |or|, it is

also applicable for large |a;| and small |a|. This can be seen from Table VI where we

present the values obtained for Si(—1.1,100) or 1022 exp(l.l«7r) 7(—1.1, —100), whose value

to ten significant figures is 2.746393214 x 1041. As in the previous table we see that the

asymptotic expansion becomes more accurate as N increases such that the difference between

Si(-1.1,100) and 5^( - l . l , 100) attains a minimum value of 1.03439 x 1032. As expected,

we also note that the dominant contribution to the error is from Rl
N1(—l.l,100).

IX. CONCLUSION

We have seen from the numerical analysis presented here that the asymptotic expansion

derived in [6], i.e., Eq. (6), when terminated close to its optimal value yields values that

are extremely close to the actual values of the Si((x,x) or e~%™ x~a j(a,xem) except in the

neighbourhood of the transition point x = — a. For the case of |c*| and \x\ both small, we can

use the shifting technique given in Sec. 8 to obtain very accurate values for the incomplete

gamma function. For very large \x\ and near the transition point, however, Eq. (6) breaks

down because the asymptotic behaviour is dominated by a complementary error function as

can be seen from Eq. (8). Eq. (6) is not only applicable to the large |a| region excluding
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the neighbourhood of the transition point, but is also applicable for large \x\ and small |a|.

Our error estimates have generally improved the accuracy of the truncated Eq. (6). If the

error estimates fail to improve the accuracy of the asymptotic expansion, then higher order

terms in the remainder such as Eqs. (38) and (45) should be included in the analysis.

The present paper has, therefore, been primarily concerned with studying the numerical

accuracy of a new asymptotic expansion for the incomplete gamma function in regions

not included in its derivation. By using partition theory we have also developed general

formulae which give the the three leading small and large \x\ coefficients of the polynomials

Ck(x) appearing in this asymptotic expansion. As a consequence, we have been able to

produce a greater number of these polynomials and in a more expedient manner than in [6].

In future work we aim to demonstrate the importance of these polynomials by investigating

their appearance in the asymptotic expansions of other special functions in mathematical

physics.

Aside from examining the numerical accuracy of a new expansion for the incomplete

gamma function, this paper has raised some profound issues concerning the field of asymp-

totics and divergent series. First, for the case where the complete asymptotic expansion

for a function is known, one can use the technique of Mellin-Barnes regularisation to eval-

uate the exact values of the function from the expansion even on a Stokes line. Thus, a

complete asymptotic expansion can be regarded as another representation of the original

function. This is of particular importance to applied mathematicians and theoretical physi-

cists because in many problems only the asymptotic expansion is known and not the actual

solution. Our numerical technique can be used to evaluate the exact answers in regions far

away from the limiting point of the expansion provided that the asymptotic expansion is

complete. We have also seen that while we were able to evaluate exact values for the Hurwitz

zeta function using its asymptotic expansion, we could not do so for the incomplete gamma

function because of the recursive nature of the Ck(x) polynomials. This meant that it was

not possible to determine all the general relations for the coefficients of the Ck{x). Here, we

presented general relations for the three lowest and highest order coefficients. While not all
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asymptotic expansions can be evaluated exactly by employing Mellin-Barnes regularisation,

it can, however, be used to give very accurate results. In a future work, we aim to apply this

technique and the ideas generated from this paper in a study of the anharmonic oscillator,

namely to the Bender-Wu asymptotics.

Another issue raised in this paper concerns the notion of bounding the remainder of an

asymptotic expansion. We have seen from our study of the Hurwitz zeta function that it is

meaningless to develop bounds for the remainder because as one goes beyond the optimal

point in an asymptotic expansion, both the remainder and truncated part will eventually

diverge in opposite directions. Clearly, the behaviour of the remainder is just as important

as the truncated part of the complete asymptotic expansion, particularly as one moves away

from the limiting point. In our example of the Hurwitz zeta function the limiting point

was q = oo. We showed for large q, e.g., q = 2.b, that the truncated part of the asymptotic

expansion gave very accurate values for the Hurwitz zeta function, even for some truncations

beyond the optimal point. Thus the remainder was not so crucial for large q, although one

would never obtain the exact value for the function without it. However, for small q values,

the remainder was required to give the exact value of the function irrespective of the number

of terms included in the truncated part.

X. ACKNOWLEGEMENTS

V.K. is grateful to the Australian Research Council for the support provided by an

Australian Research Fellowship. We also thank Prof. M.L. Glasser of Clarkson University

for his interest in this work since its inception.



A numerical study of a new asymptotic expansion 32

REFERENCES

[1] B.C. Berndt, Ramanujan's Notebooks Part I, Springer-Verlag, New York, 1985, p. 64.

[2] M.V. Berry, Uniform asymptotic smoothing of Stokes' discontinuities, Proc. R. Soc.

Lond., A 422 (1989), 7-21.

[3] J. Daicic, N.E. Frankel, R.M. Gailis and V. Kowalenko, Statistical mechanics of the

magnetized pair quantum gases, Phys. Rep., 237 (1994), 63-128.

[4] R.B. Dingle, Asymptotic Expansions: Their Derivation and Interpretation, Academic

Press, London, 1973.

[5] I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series, and Products, Academic

Press, New York, 1980.

[6] V. Kowalenko and N.E. Frankel, Asymptotics for the Kummer function of Bose plasmas,

J. Math. Phys., 35 (1994), 6179-6198.

[7] V. Kowalenko, N.E. Frankel, M.L. Glasser and T. Taucher, Generalised Euler-Jacobi

Inversion Formula and Asymptotics beyond All Orders, London Mathematical Society

Lecture Note Series 214, Cambridge University Press, Cambridge, 1995.

[8] M.J. Lighthill, Introduction to Fourier Analysis and Generalised Functions, Cambridge

University Press, Cambridge, 1959, Ch. 3.

[9] P.M. Morse and H. Feshbach, Methods of Theoretical Physics, McGraw-Hill, New York,

1953, p. 434.

[10] A.F. Nikiforov and V.B. Uvarov, Special Functions of Mathematical Physics, Birkhauser,

Basel, 1988, p. 380.

[11] R.B. Paris, Smoothing of the Stokes phenomenon using Mellin-Barnes integrals, J.

Comp. Appl. Math., 41 (1992), 117-133.



A numerical study of a new asymptotic expansion 33

[12] R.B. Paris and A.D. Wood, Exponentially-improved asymptotics for the gamma function,

J. Comp. Appl. Math., 41 (1992), 135-143.

[13] A.P. Prudnikov, Yu.A. Brychkov and O.I. Marichev, Integrals and Series. Vol. 1: Ele-

mentary Functions, Gordon and Breach, New York, 1986.

[14] N.M. Temme, Uniform asymptotic expansions of the incomplete gamma functions and

the incomplete beta function, Math. Comp., 29 (1975), 1109-1114.

[15] N.M. Temme, The asymptotic expansion of the incomplete gamma functions, SIAM J.

Math. Anal., 10 (1979), 757-766.

[16] N.M. Temme, Asymptotic inversion of incomplete gamma functions, Math. Comp., 58

(1992), 755-764.

[17] S. Wolfram, Mathematica, Addison-Wesley, Reading, 1991.

[18] A.D. Wood, Exponential asymptotics and spectral theory for curved optical waveguides.

In: Asymptotics beyond All Orders, (H. Segur, S. Tanveer &: H. Levine, eds.), Plenum

Press, New York, 1991, 317-326.



A numerical study of a new asymptotic expansion 34

FIGURES
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FIG. 1. The tree diagram for en.
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TABLES

TABLE I. The polynomials cjt (x) in the asymptotic expansion for Ss (a, x)

k Cfc(x)

0 1

1 0

2 x/2!

3 - x / 3 !

4 x/4! + x2/4 • 2!

5 - (x/5! + x2/2-3!)

6 x/6! + 5x2/6 • 4! + x3/2 • 4!

7 - (x/7! + 4x2/3 • 5! + x3/2 • 4!)

8 x/8! + 17x2/8 • 6! + 7x3/24 • 4! + x4/16 • 4!

9 -(x/9! + 41x2/12 • 7! + 137x3/36 • 6! + x4/12 • 4!)

10 x/10! + 167x2/30 • 8! + 65x3/48 • 6! + x4/16 • 4! + x6/32 • 5!

11 -(x/11! + 92x2/10! + 139x3/6 • 8! + 37x4/36 • 6! + 5x5/16 • 6!)

12 x/12! + 37x2/24 • 9! + 563x3/10! + 5509x4/216 • 8! + 385x5/24 • 8! + x6/64 • 6!

13 -(x/13! + 157x2/6 • 11! + 137x3/10! + 260x4/27 • 8! + 763x5/8 • 9! + x6/32 • 6!)

14 x/14! + 629x2/14 • 12! + 731x3/24 • 10! + 1727x4/6 • 10! + 1211x5/24 • 9! +

273x6/16 • 9! + xr/16 • 8!

15 -(x/15! + 2728x2/35 • 13! + 24571x3/30 • 12! + 773x4/9 • 9! + 1627x5/72 • 9! +

791x6/6 • 10! + 7x7/16 • 8!)
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TABLE II. Values for the asymptotic expansion and remainder term of C(5,g) for q = 0.5 and

2.5

N

0

1

2

3

4

5

6

7

8

9

10

C(5,0.5) =32.1448

* 20.00000 *

46.66667

-28.00000

484.00000

-5148.00000

12.14476

-14.52191

60.14476

-451.85524

5180.14476

S ^ + Ajv

32.1448

32.1448

32.1448

32.1448

32.1448

C(5,2.5) = 0.0130732

0.011520

0.01322667

0.01303552

0.01308795

0.01306488

0.01306488

* 0.01306705 *

0.01308068

0.01309395

0.01309395

0.01302801

AN

0.00155317

-0.0001535

0.00003765

-0.00001478

0.00000829

0.00000829

0.00000611

-0.00000752

-0.00001137

-0.00002078

0.00004516

E/v + Aiv

0.0130732

0.0130732

0.0130732

0.0130732

0.0130732

0.0130732

0.0130732

0.0130732

0.0130732

0.0130732

0.0130732
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TABLE III. Values of the asymptotic expansion for Si (10,1) and remainder estimates

N

1

2

3

4

5

6

7

8

9

10

11

12

13

0.247117

0.247117

0.249159

0.248973

0.249041

0.249024

0.249030

0.249027

0.249028

0.249028

0.249028

0.249028

0.249028

^ ( 1 0 , 1 )

1.87209 x 10~3

1.87209 x 10~3

-1.70190 x 10"4

1.54719 x 10~5

-1.40653 x 10~6

1.27867 x 10~7

-1.16242 x 10~8

1.05675 x 10~9

-9.60681 x lO"11

8.73346 x 10~12

-7.93951 x 10-13

7.21774 x 10~14

-6.56158 x 10"15

iJkfl(10,l)

3.60337 x 10~5

3.60337 x 10~5

3.60337 x 10~5

3.60337 x 10~5

-1.46015 x 10~5

7.42503 x 10~7

-1.34986 x 10-6

-1.83565 x 10"8

-1.39402 x 10-7

-7.35234 x 10~9

-1.63557 x 10"8

-1.35007 x 10~9

-2.16856 x 10~9

5^(10,1)

0.249025

0.249025

0.249025

0.249025

0.249025

0.249025

0.249028

0.249027

0.249028

0.249028

0.249028

0.249028

0.249028

Si-S>N

3.37283 x 10-6

3.37283 x 10-6

3.37283 x 10~6

3.37283 x 10~6

3.37283 x 10~6

3.37283 x 10~6

-1.14442 x 10~7

5.95694 x 10~7

-1.06372 x 10~7

1.20419 x lO"7

-3.94133 x 10"8

3.06799 x 10~8

-1.41951 x 10"8
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TABLE IV. Values of the asymptotic expansion for 51(0.1,0.01) and remainder estimates

N

1

2

3

4

5

6

7

8

9

9.18227

9.18227

16.7709

-52.2169

593.76

- -5677.86

59189.3

-680824

8.9106 x 106

#^(0.1,0.01)

0.752029

0.752029

-6.83663

62.1512

-565.011

5136.46

-46695.1

424501

-3.8591 x 106

^ ( 0 . 1 , 0 . 0 1 )

71.2400

71.2400

71.2400

71.2400

52.4252

622.572

544.825

5492.38

5042.60

5^(0.1,0.01)

81.1743

81.1743

81.1743

81.1743

81.1743

81.1743

13039.1

-250831

5.05655 x 106

Si — Spj

-71.1652

-71.1652

-71.1652

-71.1652

71.3149

-71.1652

1173.98

-250841

-5.04645 x 106
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TABLE V. Values of the asymptotic expansion for Si(—10.1,1) and remainder estimates

N

1

2

3

4

5

6

7

8

9

10

11

12

13

Sw

-0.298712

-0.298712

-0.302319

-0.302716

-0.302890

-0.302943

-0.302964

-0.302974

-0.302978

-0.302981

-0.302982

-0.302983

-0.302983

^(-10.1,1)

-8.79529 x 10~3

-8.79529 x 10~3

-9.66516 x 10~4

-1.06211 x 10~4

-1.16715 x 10~5

-1.28258 x 10~6

-1.40943 x 10~7

-1.54882 x 10~8

-1.70200 x 10~9

-1.87033 x 10~10

-2.05531 x 10-11

-2.25858 x 10~12

-2.48196 x 10~13

^(-10.1,1)

-1.94320 x 10-4

-1.94320 x 10~4

-1.94320 x 10~4

-1.94320 x 10~4

-6.36396 x 10~5

-1.57716 x 10"5

-7.88121 x 10~6

-1.81171 x 10"6

-1.14473 x 10~6

-2.65203 x 10~7

-1.92715 x lO"7

-4.66749 x 10~8

-3.70459 x 10~8

^(-10.1,1)

-0.307702

-0.307702

-0.303480

-0.303016

-0.302959

-0.302960

-0.302972

-0.302976

-0.302979

-0.302981

-0.302982

-0.302983

-0.302983

Si-S*N

-4.71493 x 10~3

-4.71493 x 10~3

-4.93353 x 10"4

-2.94432 x 10~5

-2.15359 x 10~5

-2.71380 x 10~5

-1.46030 x 10~5

-1.14336 x 10"5

-7.57257 x 10~6

-6.06282 x 10~6

-4.77606 x 10~6

-4.09391 x 10~6

-3.56598 x 10"6
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TABLE VI. Values of the asymptotic expansion for Si (—1.1,100) and remainder estimates

N

1

2

3

4

5

6

7

8

9

10

11

12

13

Si

2.71802

2.71802

2.74580

2.74552

2.74638

2.74635

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

V

X

X

X

X

X

X

X

X

X

X

X

X

X

1041

1041

10"

10"

10"

1041

1041

1041

10"

1041

1041

10"

1041

2.75100

2.75100

-2.78159

2.81253

-2.84381

2.87544

-2.90743

2.93976

-2.97246

3.00552

-3.03895

3.07275

-3.10693

1,

X

X

X

X

X

X

X

X

X

X

X

X

X

100)

1 039

1039

1037

1035

1 033

1031

1 Q 2 9

1029

1025

1 0 23

1 0 2 X

10l9

10l7

8.67050

8.67050

8.67050

8.67050

1.47587

4.34844

-8.33435

3.00032

-1.17641

2.60676

-2.62177

2.69645

-5.29970

1

X

X

X

X

X

X

>

X

>

X

>

X

>

,100)

10"

10"

10"

10"

1 036

1036

clO 3 3

1 035

c 10 3 4

10 3 4

c 1 0 3 3

1 033

clO32

s*(-i.

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

2.74639

1,

X

X

X

X

X

X

X

X

X

X

X

X

X

100)

10"

1041

10"

10"

10"

10"

1041

10"

1041

1041

1041

1041

1041

Si-

8.83960

8.83960

8.83960

8.83960

8.83960

8.83960

1.57830

1.74276

2.84181

3.41843

5.28762

7.04377

1.03439

5*

X

X

X

X

X

X

X

X

X

X

X

X

X

*
N

1034

1034

10 3 4

1034

1034

1034

1034

1034

1033

1 0 33

1032

1032

1 0 32
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