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ABSTRACT
A model suggesting an asymmetric double-well form for the effective vibra-
tional potential for the apical oxygen atoms in YBa2Cu3O7 is formulated
in the pseudo-spin representation and its phase diagram is studied. A set
of parameters is found for which a spontaneous polarization may occur at
a temperature close to the superconducting Tc, implying the possibility of
formation of a ferroelectric state in the temperature region 90K-250K.

1.Introduction
A major role for the superconductivity in YBa2Cii3O7 has been ascribed by

several authors (see e.g. [1, 2]) to the apical oxygen ions (denoted as 0(4)). In
particular, the debate on possible lattice instability associated with the O(4)-ions in
YBa2Cu307 keeps still on. T-dependent EXAFS studies [3]-[5] show a split position
i.e., a double-well potential for the 0(4) motion. High temperature Raman measu-
rements [6, 7] indicate significant softening and broadening of the 0(4)-derived A9

mode characteristic of anharmonicity. This mode exhibits in addition an anomalous
suppressed isotope effect urging the authors to conclude on anharmonicity of this
mode [8]. The nuclear pair-distribution analyses of the elastic and inelastic neutron
scattering data [9] for Tl and La-based cuprates clearly indicate a split position for
the apical atoms,too whereas the Rietveld refinements do not show any noticeable
anomaly [10]. Theoretically it has been demonstrated that a strong el-ph coupling
brings about an effective double-well potential for the infrared (IR) active mode in-
volving the in-phase vibration of 0(4) atoms [11]. First principles LDA calculations
[12] of the Raman (R) mode potential involving the 0(4) predict a single-well poten-
tial, but an asymmetric one with considerable cubic and quartic terms. Furthermore
a tunneling model related to 0(4) vibration has been assumed to account for the
linear specific heat term at low temperatures [13]. On the other hand, other aut-
hors stress that a double-well potential can not be reconciled with R as well as IR
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measurements [14]. In this context it would be of great interest to look for a model
which would interpolate between a single-well potential and a double-well one depen-
ding on certain external factors. In our opinion, a good candidature is offered by an
asymmetric double-well potential (ADWP). Recently the 0(4) ion was proposed to
fluctuate between two inequivalent positions created by the asymmetric interaction of
0(4) with the two nearest-neighbour copper atoms along the c-axis ( chain Cu(l) and
plane Cu(2) ) whereby one of the positions is supposed to be a metastable one [15].
The reason for this asymmetry is attributed to the different bonding of 0(4) to these
copper ions. Taking the energy difference between these two positions as considerably
larger than kT one might expect that the metastable position is not occupied and the
ion remains largely in the stable position behaving itself like in a single-well potential.
However, if in the course of measurements the ion is excited by heating up and/or
by means of other excitations ( e.g. photons in EXAFS ) it could be activated to
overcome the barrier or tunnel through it towards the metastable position setting up
the double-well character of the potential.
Here we formulate a two-sublattice model Hamiltonian which we treat in the mole-
cular field approximation (MFA). We then present the results and a discussion of the
consequences for thermodynamics and other experiments arising if one assumes such
an ADWP for the 0(4) motion.

2. Model
We start with a two-sublattice pseudo-spin model described by the following

Hamiltonian (in the absence of external fields)

- SI £ .(Sft + SJ2) (1)

where the indices 1 and 2 refer to the two sublattices, Jij and Ktj are the effective in-
teraction constants among 0(4) ions in the same and different sublattices, respectively
and i,j denote the sites. Q is the tunneling frequency in the one-particle double-well
potential and A is the asymmetry parameter. The lattice model is shown in Fig.( 1).
In YBa2Cu3O7 the stable position becomes close to the Cu(2)-O(2,3) plane according
to the abrupt Cu(2)-O(4) bond length decrease upon doping [17]. By symmetry, the
two asymmetric double-well potentials for the two 0(4) ions on either sides of the
inversion plane (basal plane containing the Cu(l)-O(l)-chains) form mirror images of
each other as depicted in Fig. 1. Note that the abscissa represents the c-axis of the
elementary cell, i.e. it is perpendicular to the Cu-0 planes. We denote the oxygen
sublattice, which has the deeper minimum on the left (right) side by 1(2), the respec-
tive oxygen atom by O4(l)(O4(2)). We mention that the two-sublattice model with
ADWP was applied firstly to the study of ferroelectricity of the Rochelle salts [18].
It is noteworthy that depending on the magnitude of A the potential can change
from a symmetric double-well to a quasi-single-well form. The pseudo-spin operator
Sz is assumed to equal -1/2 (+1/2) if the 0(4) ion is in the left (right) well. The Sx

operator describes the difference in the occupation of the two-lowest states.
To consider the thermodynamical properties we have first to evaluate the free energy
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F. Since we can not exactly determine F of the system described by Eq.(l) we have
to compute an approximate value Fappr. We do it by employing the Bogoliubov varia-
tional principle. For this purpose we introduce a trial Hamiltonian Ho chosen in the
following form and describing a system of non-interacting pseudo-spins in the MFA.

hz
nS

z
n — / j tOj n , (2)

t,n=l,2 t',n=l,2

where n=l,2 is the sublattice index. Then for the true free energy F we have the
following estimation from above:

F = - T l n T r ( e - w ) < F = Fo+ < H - Ho >0, (3)
appr

where

< A >0=
 v _ ^ ;- (4)

and

FQ = -T(ln2cosh—- -f In2cosh-—) (5)

is the exact free energy of our trial system with molecular fields hn = y/(Q2 +
The condition of stationarity i.e.,

yields now the following coupled nonlinear equations for the average value of the
pseudo-spin < S°n > at site i in the sublattice n

In the same manner, requiring 6F/S < S?n >= 0 we obtain for the components of the
molecular field in the two different sublattices

h\ = J<Sl> +K < Sz
2 > - A ,

hz
2 = J<S*> +K < SI > + A . (7)

Here K = J^j Kij a n d J = Z)j^fi- Using Eqs.(l-7) one arrives at the following
expression for the free energy Fappr in Eq. (3)

Fappr =
J-(< S{ >2 + < SI >2) + K < SI >< S* > -
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, (8)

The T-dependences of the sublattice polarizations are given now by the solutions of
the two coupled Eqs. (6).

3. Results and Discussion
We have iteratively solved the coupled nonlinear equations for the sublattice

polarizations ( 6) taking into account the Eqs. 7 and 8. Since we are concerned with
the thermodynamics for simplicity the tunneling term can be safely neglected without
losing any physics, i.e. we set £1 = 0 . We have choosen the model parameters such
that T\ is approximately 90 K (i.e. Tc of YBa2Cu3O7 ) whereby we fixed A = 33 meV.
In Fig. 2 the sublattice polarizations vs. temperature are shown for a few selected
sets of K and J represented by the dimensionless parameter a = (J-f- K)/A. As one
sees the polarizations in the two sublattices are equal in magnitude, but opposite in
sign except for a temperature region between T\ and Ti- Outside of this region

and the net polarization defined by

a = < S{ > + < Sz
2 > , (9)

is zero as shown in Fig.( 3) although < Sf > / 0. For T\ < T < T-i a spontaneous
polarization takes place i.e. o becomes nonzero on approaching Xi=90K from the
low temperature side or T2=230K from the high-temperature side. It means that in
this temperature range the free energy has its minimum for a ferroelectric state i.e.
when 04(1) is localized in the deeper (or higher) well of its potential whereas 04(2)
is localized in the higher( or deeper) well of its potential. This is visualized in Fig. 1
by the Ul, U2 configurations.
In fact YBa2Cu307_r was found to be both pyroelectric and piezoelectric, implying
the existence of a macroscopic polarization directed along the c-axis [19]. Moreover
sign reversal and an increase of the magnitude of the spontaneous polarization with
doping has been reported [20]. However it should be noted that this finding has
sofar not been confirmed by other groups although similar effects are seen but they
disappear after thermal cycling of the samples.
This could be an indication on possible composition dependence of the ferroelectric
behaviour. In the present model the composition changes can be simulated by the
interaction parameters J, K. The dependence of the net polarization on the variation
of these parameters is shown in Fig. 3. One sees that a small change in the parameter
a = (J -f K)/A strongly influences the magnitude of the polarization. Its increase
by only 10% is almost sufficient to completely suppress the macroscopic polarization.
Thus the absence of macroscopic polarization does not necessarily deny the asymme-
tric double-well structure of the potential. Contrarily it could explain in a natural
way why the ferroelectric effect has not been observed in all samples.
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A question at hand concerns the relationship of this ferroelectric ordering of apical
oxygens to metallicity and superconductivity since empirically these two phenomena
are believed to be mutually excluding ones. According to recent experimental data
the c-axis conductivity shows metallic behaviour at high T and nonmetallic one at
low T . In Ref. [21] basing on high-resolution thermal-expansion experiments it was
proposed that lattice instability may be a limiting mechanism for Tc i.e. the highest
Tc attained for optimum doping was found to coincide with a temperature at which
the cuprates reveal distinct lattice instability. T-dependent ion channeling experi-
ments of the oxygen sublattice in Y E ^ C ^ O ? - ! point also on some anomaly in the
c-axis displacements of the apical oxygen atoms [22] upon cooling through the su-
perconducting Tc.
For some special pairing scenarios ( (bi)polaronic [23, 24] or two-component [25] )
employing the anharmonic feature of 04 our model should bring about certain im-
plications worth to be studied. Next we discuss briefly some implications of the as-
sumption of our model for the vibrational properties. For this purpose we introduce
phonon modes corresponding to the IR and R modes defined as follows

Qtu = (l/2)(5|i + ,%), Qtg = (1/2)(S£ - S?2). (10)

For the IR mode Q^u, involving in-phase displacements of 04(1) and 04(2) (see Fig 1)
the two Ul and U2 configurations are degenerate and therefore the only possible form
of the potential for the IR mode is a symmetric double-well potential. We recall that
similar conclusion has been drawn in [11].
For the R normal mode Q,s associated with the two 04 atoms involving anti-phase
displacements of these atoms i.e. 04(1) is displaced to the right (or left) well while
04(2) is displaced to the left (or right) one as represented in Fig. 1 by Gl and G2
configurations. These two configurations differ by an energy 2A ~66 meV ( 11)
which gives an estimate for the energy of the Ag Raman active mode in an effective
asymmetric potential.
In terms of these new phonon variables the Hamiltonian (1) can be rewritten as
follows

Q>U + QigQjg)] -

- Qt9Q39) + 2A £ Qig - il ]T( S* + S?2) (11)

It is readily seen that this Hamiltonian is symmetric with respect to the Q{u variables
while it is asymmetric in terms of Qig. Therefore one can conclude that within the
present model the potential for the IR active mode is of a symmetric double-well type
whereas for the R mode one has an asymmetric double-well one. These conclusions
have important consequences for the IR and Raman spectroscopies. They concern
the (non)-existence of low frequency tunneling modes, change of phonon energy and
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the symmetry breaking of optical selection rules which were discussed in [14] and
[26] at length.
Let us compare the wavefunctions corresponding to the two lowest eigenstates $0, ^1
and higher excited states $n in the asymmetric and symmetric double-well potentials
with similar barrier heights. In the case of a symmetric double-well the wavefunctions
are spread symmetrically or (antisymmetrically) over the two wells implying that the
minimal root mean square amplitude (RMSA) of the displacement is given by the
distance between the minima. As for the asymmetric potential the lower eigenstates
are localized in the one (deeper) well whereas the higher eigenstates are delocali-
zed. Therefore at low temperature when only the lowest eigenstates are occupied the
RMSA given by

>- E-^-'-'*-^'*) (12)

would have a behaviour essentialy like in a single well potential. The double-well cha-
racter of the potential will come into light when the higher levels become occupied
e.g. if the temperature is raised or the particle is excited by other excitations. The
Debye-Waller factor or the RMSA provides information as to the vibrational potential
is directly accesible by INS. As stressed in [10] the INS data do not lend support
for a double-well potential for the 0(4) atom since the temperature dependence of
the RMSA < u2 > does not show any noticeable anomaly in the temperature depen-
dence.
As mentioned above, however in a sufficiently asymmetric double-well potential at
low temperatures the ion could behave itself as though in a single-well potential. We
have calculated the RMSA for harmonic, ADWP and SDWP (symmetric double-well
potentials) as function of temperature. They are compared in Fig.( 4). At low tempe-
ratures the RMSA in the SDWP is bounded by the distance between the two minima
of the potential while that one of the harmonic oscillator by the zero-point amplitude.
The RMSA in the ADWP tends to a value inbetween due to the different population
in the two wells. Therefore under certain circumstances it might be difficult by com-
paring the Debye-Waller factors to distinguish a harmonic potential from an ADWP.

4. Conclusions
To summarize, we have studied a simple model with an asymmetric double-well

form for the vibrational potential for the apical oxygen in YBa2Cu307. sit was shown
that it might the origin for ferroelectric behaviour. We found that the magnitude of
the macroscopic polarization is strongly dependent on the interaction constants bet-
ween the apical oxygen sites. Thus, the absence of macroscopic polarization does
not rule out the possibility of realization of our model. The effective potential for
the IR active mode involving the vibration of 0(4) ions might be of a double-well
form. We note that a similar conclusion has been drawn in charge transfer models
and we arrived at the same picture by an alternative way. As for the Raman active
mode, it is tempting to conclude a double-well potential with a considerable asym-
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metry which can be regarded at lower temperatures essentially as a single-well one.
The T-dependence of the RMSA in the asymmetric double-well potential interpolates
between those ones of the symmetric double-well and the harmonic potentials depen-
ding on the magnitude of the asymmetry energy A.
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Figure 1: The potentials for the two 0(4) ions along the c-axis and the ion displace-
ments corresponding to the IR (U1,U2 configurations) and Raman (Gl,G2 configu-
rations) modes (dashed and solid lines, respectively, see also text).
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Figure 2: The temperature dependence of the sublattice polarizations.
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Figure 3: The T-dependence of the net polarization for the interaction constants J, K.
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Figure 4: The temperature dependence of the RMSA for harmonic (squares), asym-
metric double-well (stars) and symmetric double-well (triangles) potentials.


