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ABSTRACT

The geological disposal of spent nuclear fuel deep in the bedrock requires research for structural data of
the rock medium. The bedrock is characterized by fracturing on different scales from microscopic hair
cracks to deep and long crustal fractures. Also the intact rock has porosity on different scales. Frac-
tures and porosity are the main research areas in the characterization studies because fractures and
porosity control the groundwater flow and radionuclide migration.

In the electromagnetic characterization of rock, the conductivity and permittivity of the rock medium
are utilized. Electric conductivity is an important petrophysical quantity in galvanic and low frequency
characterization. When high frequencies are used, permittivity is also an important property. In
general, conductivity as well as permittivity are frequency dependent and complex quantities. The
electromagnetic properties of fractured and porous media are anisotropic. In this report, a basic
assumption is that the medium is anisotropic in terms of electrical conductivity.

In this report, the results of a joint research project carried out in 1991-1997 by STUK and the
Electromagnetics Laboratory of the Helsinki University of Technology are presented. The main purpose
was to create computational models for electric potential responses when the medium is anisotropic
and is bounded by (1) a perfect magnetic conductor, (2) a perfect electric conductor, and (3) an anisotrop-
ic impedance surface. Furthermore, (4) the geometry of two anisotropic half spaces and (5) a layered
medium were considered. The solutions of the problems were made using image theory. For modeling
(6) the electric potential in anisotropic medium with inhomogeneities, an integral equation was formu-
lated. Also (7) a wedge structure was treated as an extension to the traditional two parallel plate model
of fracture geometry.

The equivalentization of fracturing with anisotropy (8) forms quite an extensive area of research. This
research work still continues.
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TIIVISTELMÄ

Käytetyn ydinpolttoaineen geologinen loppusijoitus syvälle kallioperään edellyttää rakenteellisen tie-
don tuottamista kallio-väliaineesta. Suomen kallioperän rakennetta luonnehtii eri mittakaavoissa
esiintyvä rakoilu. Rakoilua on mikroskooppitason halkeamista aina maankuoren pitkiin ja syviin
ruhjeisiin asti. Lisäksi ehjälläkin kivimateriaalilla on tiiviydestään huolimatta aina erityyppistä ja
-asteista huokoisuutta. Rakoilu ja huokoisuus ovat muodostuneet keskeisiksi tutkimuskohteiksi kalli-
on karakterisointitutkimuksissa, koska raot ja huokoisuus kontrolloivat pohjaveden virtausta ja radio-
nuklidien kulkeutumista.

Rakoilleen ja huokoisen kallion sähkömagneettisessa karakterisoinnissa hyödynnetään kallio-väliai-
neen sähkönjohtavuutta ja permittiivisyyttä. Sähkönjohtavuus on tärkein väliaineominaisuus tasa-
virralla tai matalataajuisella vaihtovirralla tehtävässä karakterisoinnissa. Korkeilla taajuuksilla per-
mittiivisyydellä on ratkaiseva merkitys väliaineen sähkömagneettisessa käyttäytymisessä. Sähkönjoh-
tavuus, kuten permittiivisyyskin, on yleisesti taajuudesta riippuva eli dispersiivinen ja kompleksinen
suure. Rakoilleen ja huokoisen kallion sähkömagneettiset ominaisuudet ovat mm. rakoilusta johtuen
anisotrooppisia. Perusoletuksena pidetään, että rakoilu kontrolloi kallion anisotrooppisuusrakennetta.

Tässä raportissa esitetään tulokset, jotka on saatu Säteilyturvakeskuksen ja Teknillisen korkeakoulun
Sähkömagnetiikan laboratorion yhteishankkeessa vuosina 1991-1997. Tavoitteena oli luoda laskennal-
liset, mittakaavasta riippumattomat mallit sähköpotentiaalikenttävasteille, kun väliaine on sähkön-
johtavuudeltaan anisotrooppista ja väliaine rajautuu (1) täydelliseen eristeeseen, (2) täydelliseen joh-
teeseen sekä (3) anisotrooppiseen impedanssireunaan. Edelleen on tarkasteltu (4) kahden aniso-
trooppisen puoliavaruuden ja (5) kerrosrakenteen geometriaa. Probleemat ratkaistiin kuvaperiaatteel-
la. Myös (6) epähomogeenisen väliaineen karakterisointia varten kehitettiin integraaliyhtälöihin poh-
jautuva malli. Lisäksi tarkasteltiin (7) kiilageometriaa tavallisimman rakogeometrian eli kahden yh-
densuuntaisen tasopinnan yleistyksenä.

Rakoilun ekvivalentisointi anisotropiaan (8) muodostaa oman varsin keskeisen ja laajan ongelmaken-
tän. Tähän liittyvä tutkimus jatkuu edelleen.
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1 INTRODUCTION

The characterization of fractured, porous rock is
one of the leading problematics in the studies of
the geological disposal of spent nuclear fuel. This
is due to the fact that groundwater flow and radio-
nuclide migration will take place mainly in frac-
ture systems. Especially old, Precambrian crystal-
line bedrock, like that in Finland, includes many
fractures, fissures and joints on different geomet-
rical scales from microscopic haircracks to deep
and long fracture zones in the crust. We use in
this report the term 'fracture' to mean any kind of
breakage of rock.

The geological disposal concept used in the site
selection process was based on the "intact block"
thinking, i.e. that the bedrock is divided by frac-
ture zones into mosaic like blocks which are intact
enough to host a repository for spent nuclear fuel
(Salmi et al., 1985). Actually, there is fracturing on
all scales and everywhere. Thus, the term intact
rock is relative and perhaps somewhat mislead-
ing. In strict sense, intact rock does not exist.
Besides fracturing, there is always porosity in
between and also inside mineral grains in rock.
Consequently, we can conclude that fracturing is
scale-dependent.

Fracturing is an inherent property of crystal-
line bedrock. The genesis of fracturing is due to
the different complex geodynamical processes oc-
curing on and inside the Earth, right from the
very beginning of the formation of rocks and
continuing to the present via different eroding
and weathering phenomena (Ramsay, 1967). The
dating of the fractures is also an important issue.
Fractures may be open or fully filled with mineral
material or something between these two ex-
tremes. In saturated conditions below the ground-
water table they include water. They can form

clear distributions in rock with definite direction
and openness, or be randomly distributed in all
directions with varying openness.

Much work for the characterization of fractur-
ing has been done in the preliminary and detailed
site investigations made in Finland for geological
disposal of spent nuclear fuel (Teollisuuden Voima
Oy, 1992; Posiva Oy, 1996).

The efforts for the characterization of fractured
rock are based either on direct or indirect meth-
ods. Among indirect characterization methods one
group is of special interest and that group is
composed of the methods based on electromagnet-
ic interaction (Majer et al., 1992). Also in Finland,
in the studies for final disposal of nuclear wastes,
the static and dynamic electromagnetic methods
have been widely studied and used more or less
successfully for fracture characterization during
different investigation phases. The work covers
general feasibility studies from the early 1980's to
the detailed site investigations in the late 1990's
(Peltonen and Rouhiainen, 1980a, 1980b; Poi-
konen, 1983; Griffioen, 1983; Rouhiainen, 1984;
Saksa, 1985; Rouhiainen, 1987, 1989; Saksa and
Korkealaakso, 1987; Saksa et al., 1991; Heikkinen
et al., 1991, 1992a, 1992b, 1992c; Carlsten, 1991;
Ohberg et al., 1994; Peltoniemi et al., 1993; Mur-
su, 1995; Paananen, 1993, 1997).

It is quite an old idea to use electromagnetics
in the characterization of fractured rock (Allaud
and Martin, 1977). However, the lack of a deep
understanding of the electromagnetic responses of
fractured media has hindered the development of
appropriate characterization techniques and the
full use of the power of existing electromagnetic
methods. Thus, at present, the main problems lie
in the studies for material models of fractured

11
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media and their electromagnetic responses.
There were strong technical and scientific mo-

tivations when STUK started its research work in
electromagnetic fracture characterization in the
summer 1991. As a summary, these motivations
were:

• the relevance of the subject also on
international level, and

• the strong scientific community and the
traditions in electromagnetism in Finland.

• the crucial importance of the characterization
of fractured rock in the studies for geological
disposal of spent nuclear fuel, also regarding
the safety aspects,

• the central role which electromagnetic
methods have in the study of geological
formations, especially in Finland,

• the scarcity of appropriate material models for
fractured rock,

• the scarcity of computational models for
calculating the responses of fractured rock,

We took as a basis for our research work the 'para-
digm' that fractured medium is anisotropic in cha-
racter. In autumn 1991 STUK made a research
contract with the Electromagnetics Laboratory of
the Helsinki University of Technology. The main
purposes were to formulate and to solve some spe-
cific problems of anisotropic media in static elec-
tric conditions, and to develop the equivalent ma-
terial model in anisotropic terms for fractured
rock. The research was supported partly by STUK
and partly by the Academy of Finland until 1995,
and thereafter solely by the Academy of Finland
and the Ministry of Education.

12
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2 ANISOTROPIC STUDIES OF
FRACTURED ROCK

In the geophysical literature there are many pa-
pers which relate fractures to the anisotropic prop-
erties of rock. For example, in seismics there has
been strong progress when fracturing is charac-
terized by means of rock's mechanical anisotropy
(Hood, 1991; Schoenberg and Douma, 1988;
Schoenberg and Muir, 1989; Hornby et al., 1994;
Murai et al., 1995).

Also electrical properties can be correlated to
fractures. A classical work by Le Masne and Vas-
seur (1981) studied electromagnetic responses of
fractured media using its anisotropic character as
a starting point. To study geohydraulics by the
electrical method, Campbell (1977) developed a
method for estimating macroanisotropy for hori-
zontally and vertically fractured aquifers. Dar-
boux-Afouda and Louis (1989), and Lane et al.
(1995) used DC measurements to detect fractures

in crystalline bedrock in terms of anisotropy.
These studies were related to hydrogeological
problems. Salem (1994) studied the electric and
hydraulic anisotropies of basin reservoirs. Sasaki
(1994) studied anisotropic resistivity tomography
for the characterization of fractured rocks. A
monograph dealing with anisotropy in geoelectro-
magnetism has been written by Negi and Saraf
(1989). It includes the description of different
ways to use anisotropy in geophysical problems.

As a summary, we can conclude that fractured
rock mass is anisotropic on different geometrical
scales. The basic problems are how the fracturing
can be translated to anisotropy and vice versa,
and how to calculate the responses of anisotropic,
i.e. fractured, medium (Figure 1). These are also
the questions studied in STUK's research project
which will be described next.
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Figure 1. A schematic view of fractured rock and its representation as a positive definite and symmetric
electric conductivity dyadic.

13



S T U K - Y T O - T R 1 4 5

3 THE HIGHLIGHTS OF THE PAPERS
I-XIV

3.1 General

The purpose of the research project has been to
develop analytical computing methods for the
electromagnetic problems related to anisotropic
medium and which are relevant in the geophysical
study of fractured medium. During the first phase
of the project in 1991-1992 the static image prin-
ciple for a conducting anisotropic half space prob-
lem was considered with certain restrictions.

During the second phase in 1993 the develop-
ment of image theories for anisotropic medium
was continued. The formulations were applied to
the solution of an integral equation describing an
anisotropic body in an anisotropic environment.

During the third phase in 1994 in addition to
previously mentioned topics the modelling of frac-
tured rock was carried out by using the assump-
tion of homogeneous anisotropic medium.

During the fourth phase from 1995 onwards
the restrictions related to the image theory of
anisotropic ground could somewhat be relaxed,
and thus the theory has been generalized. As a
new problem, a wedge structure in ground has
been studied as a generalization for the tradition-
al parallel plate model of a fracture.

Next a more detailed description will be given.

3.2 Perfect electric conductor or
perfect magnetic conductor
boundary

The simplest problem is the one where an aniso-
tropically conducting half space (with a conductiv-
ity dyadic a) is bounded by either an ideally con-
ducting or magnetically conducting boundary. The
latter situation corresponds to the case when
above the anisotropic half space there exits non-

conducting air. This problem was solved with the
aid of an image source (Paper I).

The result was an image principle which can be
formulated as: if a point source of current is
within an anisotropic half space bounded by a
conducting or a magnetically conducting bound-
ary, the boundary can be removed and be substi-
tuted by a point image source whose amplitude is
the same or opposite to the original source de-
pending on the character of the boundary. The
image point is not in the reflection point but is
displaced in lateral direction depending on the
anisotropy. If the normal direction of the boundary
is an eigenvector of the conductivity dyadic, then
the lateral displacement is zero.

3.3 Impedance boundary

The former problem was extended to the case of
an impedance boundary which means a thin layer
with conductivity depending on direction. At the
beginning, the image source could only be solved
in the case when the anisotropy of the half space
and that of the boundary are similar, i.e. in the
direction of the plane, the resistivity of the half
space and the resistivity of the plane are multi-
ples of the same dyadic. Physically this situation
corresponds to the case when a thin boundary
layer and a half space beneath that layer have
become anisotropic due to the same compression
mechanisms. Thus the anisotropy is in both layers
similar.

According to the developed image theory the
impedance boundary can be removed when a com-
bination of a point and a line source is taken as an
image of a point source (Paper II). The image
point source is displaced in lateral direction by the
same manner as in the previous case (Paper I).

14
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The image line source obeys an exponential law. It
was also checked that when the conductivity of
the impedance boundary becomes infinite or zero,
the solutions of ideal conductor and magnetic
conductor are obtained because the line source
will disappear wholly in these situations.

3.4 Two half spaces

The problem of two anisotropic half spaces was
first solved in the case when the anisotropies were
similar on the boundary plane, i.e. the transverse
components of the resistivity dyadic were multi-
ples of each other. In literature this problem has
been studied (without image principle) in the spe-
cial case when the normal direction of the bound-
ary is an eigenvector of each conductivity dyadics.
It turned out that even in a more general case
than this, simple expressions are obtained for both
reflection and transmission image sources. The re-
flection and transmission image amplitudes are
seen to obey simple expressions similar to those
for two isotropic media with effective isotropic con-

ductivities of the form yozdeter. However, the

locations of the images do not coincide with those
of the isotropic theory. It is seen that in general
the reflection image is shifted laterally and the
transmission image both laterally and axially from
those of the isotropic case (Paper III). Later this
problem was generalized to the case when the dif-
ference between the lateral similarity was as-
sumed to be small (Paper XI).

3.5 Layer problem

The next problem dealt with the case when there
is an anisotropic intermediate layer between two
anisotropic half spaces. In this intermediate layer
the anisotropy has the same similarity condition
as in the previous case. The image theory gives a
line of point sources which depends on the region
where the field is calculated. When the thickness
of the layer is reduced an impedance boundary is
got which lies between two anisotropic half spac-
es. Then the point sources are coming closer and
closer and finally they form a continuous line
source. Paper IV and Paper V deal with the lay-
er problem.

3.6 Perfect anisotropic surface

The anisotropic surface impedance problem treat-
ed above was restricted to a similar case where
the impedance had similar anisotropy as the half
space bounded by it. This could easily be handled
by an affine transformation which changes the
surface impedance to isotropic and at the same
time the half space becomes isotropic in the plane
direction. Finally, this could be solved by old theo-
ries. In order to get a generalization to this prob-
lem the following basic problem was studied: iso-
tropic half space is bounded by a perfect anisotro-
pic surface the impedance of which is zero in one
direction and perpendicular to this direction it is
infinite. It turned out that the image of a point
current source is a magnetic current distribution
which is the line current of a transverse quadru-
pole (Paper VI).

Further, it turned out that the image problem
of a perfect anisotropic impedance surface could
be solved also in the frequency domain by using
the division of the original source into its TE and
TM parts (with respect to the direction of conduc-
tivity). Because the fields of TE and TM sources
are not coupled through a surface like this the
problem was divided into two parts. These parts
are reduced to simple conducting and magnetical-
ly conducting plane problems.

The perfect anisotropic surface is called in
antenna technology the 'soft and hard surface'.
This name was also used in the title of the article
(Paper IX). A similar theory could also be derived
for the surface problem with parallel conductor
wires (Paper X). In the geological context this
case could be realized if the ground had a thin
layer of good conducting material in one direction.
In this case the TE part will be transmitted and
the TM part reflected from it.

3.7 General anisotropic surface

The static surface impedance problem was gener-
alized to the case where the impedance has two
independent values in perpendicular directions. It
turned out that the image of a point current source
is the combination of an electric line and magnetic
line current source. The magnetic image current
is zero if the surface is isotropic. The electric cur-

15



S T U K - Y T O - T R 145

rent component is zero if the anisotropy is perfect
as shown in the previous problem 3.6. By an affine
transformation the isotropic half space could be
transformed to anisotropic and the surface imped-
ance will become anisotropic in a different man-
ner. Because the anisotropies have no connection
with each other they can be chosen independently
(Paper VII).

3.8 The formulation of integral
equations

The image theory developed for the half space can
be applied to problems where a body is in the
anisotropic half space and affecting the external
field. The formulation is made using an integral
equation technique. This was studied in the case
when the body is small as compared to the dis-
tances from the boundaries and from the current
source. A closed form solution could be obtained
for the polarization within the body when the body
was replaced with a current dipole (Paper VIII).
The method can be applied to large bodies by solv-
ing the integral equation numerically.

3.9 The potential anomaly due to
a wedge in conducting ground

The location and characterization of an anomaly
source is one of the main problems in geoelectro-
magnetism. In Paper XII an anomaly of a wedge
was studied when the primary current source is
on the surface of the ground. The conductivity of
the wedge is isotropic and it differs from the value
of the surrounding rock. Actually a new Green
function was developed for the steady state poten-
tial in the ground plane when the ground has an
arbitrary wedge. Both analytical and numerical
calculations are needed for the determination of
the potential anomaly on the ground surface.

3.10 Anisotropic modelling of the
electrical conductivity of
fractured bedrock

Paper (Report) XIII deals with the problem of
an anisotropic modelling of electrical conductivity
in the case of fractured bedrock. The different ty-
pes of discontinuities on all scales in rocks can be

viewed as an inhomogeneity. In some cases there
are reasons to assume the influence of the discon-
tinuities on electrical conductivity is anisotropic
in character. An effort has been made to use
electromagnetic mixing rules in the definition of
an equivalent homogeneous anisotropic conducti-
vity tensor for such fractured rock mass. An equi-
valent homogeneous anisotropic conductivity ten-
sor is given for a case of ellipsoidal particles embe-
dded in an isotropic background medium. The el-
lipsoids have a certain orientational distribution
and an example of disk-like inclusions is studied.
The theory is limited to direct or quasi-static cur-
rent sources. Real fracture orientation and con-
ductivity data have been got from the disposal
studies carried out in Finland.

3.11 Electrostatic image method
for the anisotropic half space

A very general formulation was given in Paper
XTV for an electrostatic image method for the ani-
sotropic half space. Electromagnetic image theory,
well known for a point charge in front of an isotro-
pic dielectric half space, is generalized to the case
where the half space may be anisotropic, characte-
rized by a symmetric and positive-definite permit-
tivity dyadic. The theory is derived through Hea-
viside operational calculus involving manipula-
tions with pseudodifferential operators. As a re-
sult, the image of a point charge is seen to consist
of a point charge at the mirror image point plus a
continuous distribution of a surface charge filling
an angular sector the apex of which lies at the
image point. The surface charge is shown to obey
a simple analytic law. The angle of the image sec-
tor depends on the amount of transverse anisotro-
py of the half space. For decreasing anisotropy,
the angle becomes small and the angular image
can be approximated by a quadrifilar line charge
coinciding with the result recently obtained by
these authors for the case of small anisotropy. Nu-
merical tests confirm the validity of the image
expression. The result can be readily applied to a
wide variety of electrostatic problems involving
sources and obstacles in front of an anisotropic
half space, making the numerical development of
a Green function for the anisotropic half space
obsolete.
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4 CONCLUSIONS

The present project has been set up to find met-
hods for computing electromagnetic fields in
geophysical anisotropic conducting regions with
natural boundaries. Because of previous knowled-
ge in the area, the image method has been taken
as the basis; fields due to original sources can be
simply expressed as integrals of original and ima-
ge sources in problems for which an image theory
can be found. In the project, several image theo-
ries have been found for several varieties of the
anisotropic layered ground problem. The project
continues as a modeling of fissured and porous
rock by a homogeneous anisotropic conducting me-
dium.

It has been shown in the Papers I-XIV that
even in simple geometric cases the electric re-
sponses can be quite complicated and not easily
interpretable. Especially anisotropy, i.e. fractur-
ing, will cause effects that are not explainable by
isotropic models. From the authority's point of
view this means that, when assessing field meas-

urements and their interpretations to geological
models, care should be taken because we do not
fully govern the structure of anomaly sources and
we can not be sure of the results of interpreta-
tions. Perhaps the best way at present is to have
alternative, distinctive and different geological
structural models explaining the measured physi-
cal fields and geological observations.

The project has also shown that there may
exist new methods which have potential to devel-
op to practical tools for the characterization of
fractured rock. However, much research and de-
velopment are still needed to have such methods
in real use. It is worthwhile to mention that the
new ideas realized during the project and pub-
lished in the papers have already been referred to
in the international scientific literature (Das,
1996; Das and Li, 1996; Li and Uren, 1997a,
1997b, 1998; Radioactive Waste Management,
1994, 1997). Thus the scientific discussion has
begun (Lindell and Flykt, 1998).

17



S T U K - Y T O - T R 145

REFERENCES

Allaud, L.A. and Martin, M.H., 1977. Schlumberg-
er, The History of a Technique. John Wiley & Sons,
New York—London—Sydney—Toronto, 333 p.

Campbell, D.L., 1977. Model for estimating elec-
tric macroanisotropy coefficient of aquifers with
horizontal and vertical fractures. Geophysics, Vol.
42, No. 1, 114-117.

Carlsten, S., 1991. Borehole radar measurements
performed on preliminary investigation areas in
Finland for final disposal of spent nuclear fuel.
Nuclear Waste Commission of Finnish Power
Companies, Report YJT-91-14, 113 p.

Darboux-Afouda, R. and Louis, P., 1989. Contribu-
tion des mesures de l'anisotropie electrique a la
recherche des aquiferes de fracture en milieu
cristallin au Benin. Geophysical Prospecting, Vol.
37, 91-105.

Das, U.C., 1996. Direct current electrical poten-
tials in an arbitrarily anisotropic medium. Explo-
ration Geophysics, Vol. 27, No. 1, 33-35.

Das, U.C. and Li, P., 1996. Analytical solution for
direct current electrical potentials in an arbitrari-
ly anisotropic half-space. Journal of Applied Geo-
physics, Vol. 35, 63-67.

Griffioen, A., 1983. Geophysical borehole methods
used in determining the suitability of crystalline
rock mass for final disposal of nuclear waste.
Nuclear Waste Commission of Finnish Power
Companies, Report YJT-83-16, 67 p.

Heikkinen, E. (ed.), Saksa, P. (ed.), Hinkkanen, H.
(ed.), Kurimo, M., Ahokas, H., Ohberg, A., Front,
K., Pitkanen, P., Vaittinen, T, Cosma, C, Heikki-
nen, P., Keskinen, J., and Korhonen, R., 1991.
Geophysical investigations in the Veitsivaara
area, Finland, Summary report. Nuclear Waste
Commission of Finnish Power Companies, Report
YJT-91-20, 79 p. + Appendices.

Heikkinen, E., (ed.), Paananen, M., Ahokas, H.,
Ohberg, A., Front, K, Okko, O., Pitkanen, P.,
Cosma, C, Heikkinen, P., Keskinen, J., and Kor-
honen, R., 1992a. Geophysical investigations in
the Kivetty area, Finland, Summary report. Nu-
clear Waste Commission of Finnish Power Compa-
nies, Report YJT-92-15, 94 p. + Appendices.

Heikkinen, E., (ed.), Paananen, M., Kurimo, M.,
Ohberg, A., Ahokas, H., Okko, O. Front, K., Hassi-
nen, P., Pitkanen, P., Cosma, C, Heikkinen, P.,
Keskinen, J., Honkanen, S., and Korhonen, R.,
1992b. Geophysical investigations in the Olkiluoto
area, Finland, Summary report. Nuclear Waste
Commission of Finnish Power Companies, Report
YJT-92-34, 101 p. + Appendices.

Heikkinen, E., (ed.), Kurimo, M., Ohberg, A.,
Ahokas, H., Okko, O. Front, K, Pitkanen, P.,
Hassinen, P., Cosma, C, Heikkinen, P., Keskinen,
J., Honkanen, S., and Korhonen, R., 1992c. Geo-
physical investigations in the Syyry area, Finland,
Summary report. Nuclear Waste Commission of
Finnish Power Companies, Report YJT-92-35, 110
p. + Appendices.

Hood, J.A., 1991. A simple method for decompos-
ing fracture-induced anisotropy. Geophysics, Vol.
56, No. 8, 1275-1279.

Hornby, B.E., Schwartz, L.M., and Hudson, J.A.,
1994. Anisotropic effective-medium modeling of
the elastic properties of shales. Geophysics, Vol.
59, No. 10, 1570-1583.

Lane, J.W. Jr., Haeni, F.P., and Watson, W.M.,
1995. Use of a square-array direct-current resis-
tivity method to detect fractures in crystalline
bedrock in New Hampshire. Ground Water, Vol.
33, No. 3, 476-485.

18



S T U K - Y T O - T R 145

Le Masne, D. and Vasseur, G., 1981. Electromag-
netic field of sources at the surface of a homogene-
ous conducting halfspace with horizontal anisotro-
py: application to fissured media. Geophysical
Prospecting, Vol. 29, No. 5, 803-821.

Li, P. and Uren, N.F., 1997a. The modelling of
direct current electric potential in an arbitrarily
anisotropic half-space containing a conductive 3-D
body. Journal of Applied Geophysics, Vol. 38, No.
1, 57-76.

Li, P. and Uren, N., 1997b. The electrical potential
arising from a point source in an arbitrarily aniso-
tropic half-space with regolith cover. Exploration
Geophysics, Vol. 28, 361-362.

Li, P. and Uren, N.F., 1998. Analytical solution for
the electric potential due to a point source in an
arbitrarily anisotropic half-space. Journal of Engi-
neering Mathematics, Vol. 33, No. 2, 129-140.

Lindell, I.V. and Flykt, M., 1998. Comment on
'The modelling of direct current electric potential
in an arbitrarily anisotropic half-space containing
a conductive 3-D body' by Ping Li and Norm F.
Uren. A response submitted to Journal of Applied
Geophysics.

Majer, E.L., Lee, K.H., and Morrison, H.F., 1992.
Geophysical methods for fracture characterization
in and around potential sites for nuclear waste
disposal. Lawrence Berkeley Laboratory, Califor-
nia, USA, Report LBL-33614, August 1992, 14 p.

Murai, Y., Kawahara, J., and Yamashita, T., 1995.
Multiple scattering of SH waves in 2-D elastic
media with distributed cracks. Geophysical Jour-
nal International, Vol. 122, No. 3, 925-937.

Mursu, J., 1995. Characterization and location of
deep bedrock fractures by geophysical techniques
(in Finnish with an English abstract). Helsinki
University of Technology, Department of Material
Science and Rock Engineering, Laboratory of En-
gineering Geology and Geophysics, Research Re-
port TKK-IGE A17, 126 p.

Negi, J.F. and Saraf, P.D., 1989. Anisotropy in
Geoelectromagnetism. Methods in Geochemistry
and Geophysics, 28. Elsevier, Amsterdam—Ox-
ford—New York—Tokyo, 238 p.

Paananen, M., 1993. Mise-a-la-masse measure-
ments and galvanic connections as a part of flow
path investigations at Palmottu U-Th-mineraliza-
tion, southwestern Finland (in Finnish with an
English abstract). Geological Survey of Finland,
Nuclear Waste Disposal Research, Report YST-81,
18 p. + 19 Appendices.

Paananen, M., 1997. Mise-a-la-masse method in
structure investigations of crystalline bedrock (in
Finnish with an English abstract). Geological Sur-
vey of Finland, Nuclear Waste Disposal Research,
Report YST-96, 69 p. + 62 Appendices.

Peltonen, E. and Rouhiainen, P., 1980a. Kalliop-
eran tutkimusmenetelmat ydinjatteen loppusijoit-
tamisessa. Osa I Tutkimusten sisalto (in Finnish
with an English abstract).Voimayhtib'iden ydin-
jatetoimikunta, raportti YJT-80-07, 101 p.

Peltonen, E. and Rouhiainen, P., 1980b. Kallio-
peran tutkimusmenetelmat ydinjatteen loppusi-
joituksessa. Osa II Menetelmakuvaukset. Voima-
yhtioiden ydinjatetoimikunta, raportti YJT-80-08,
208 s.

Peltoniemi, M., Bars, R., and Vaisanen, M., 1993.
Modeling of airborne electromagnetic anomalies
related to fractured bedrock and overburden. Nu-
clear Waste Commission of Finnish Power Compa-
nies, Report YJT-93-18, 129 p.

Poikonen, A., 1983. Application of electrical and
thermal borehole logging to structural and hydro-
geological investigations of crystalline bedrock.
Technical Research Centre of Finland (VTT), Re-
search Reports 212, 80 p.+ 8 Appendices.

Posiva Oy, 1996. Kaytetyn polttoaineen loppusijoi-
tus Suomen kallioperaan, Yksityiskohtaiset sijoi-
tuspaikkatutkimukset 1993-1996. (Final disposal
of spent fuel in the Finnish bedrock, detailed site
investigations 1993-1996.) Report POSIVA-96-19,
188 p. + 5 Appendices.

19



S T U K - Y T O - T R 145

Radioactive Waste Management, 1994. Static im-
age principle for anisotropic conducting half-space
problems: Impedance boundary. Abstract 1280.
RWM, Vol. 94, No. 5, p. 16.

Radioactive Waste Management, 1997. Anisotrop-
ic modelling of the electrical conductivity of frac-
tured bedrock. Abstract 438. RWM, Vol. 97, No. 1,
p. 94.

Ramsay, J.G., 1967. Folding and fracturing of
rocks. International series in the Earth and plane-
tary sciences. McGraw-Hill Book Company, New
York—San Francisco—St. Louis—Toronto—Lon-
don—Sydney, 568 p.

Rouhiainen, P., 1984. Final disposal of spent fuel,
geophysical borehole logging (in Finnish with an
English abstract). Nuclear Waste Commission of
Finnish Power Companies, Report YJT-84-01, 55 p.

Rouhiainen, P.J., 1987. Engineering geophysical
studies of the Loviisa nuclear power plant site,
Finland. Geophysical Prospecting, Vol. 35, No. 9,
1015-1029.

Rouhiainen, P., 1989. Geophysical borehole meth-
ods in fracture analysis of crystalline bedrock of
the Loviisa site. Nuclear Waste Commission of
Finnish Power Companies, Report YJT-89-01,113 p.

Saksa, P., 1985. Borehole geophysical investiga-
tions of Lavia deep testhole, Finland. Nuclear
Waste Commission of Finnish Power Companies,
Report YJT-85-06, 82 p. + 19 Appendices.

Saksa, P. and Korkealaakso, J., 1987. Application
of geophysical methods in environmental and mu-
nicipal engineering, Theoretical study. Technical
Research Centre of Finland, Research Reports
505, 124 p.

Saksa, P. (ed.), Paananen, M., Ahokas, H., Ohberg,
A., Pitkanen, P., Front, K., Okko, O., Vaittinen, T.,
Cosma, C, Heikkinen, P., Keskinen, J., and Kor-
honen, R., 1991. Geophysical investigations of the
Romuvaara area, Finland, Summary report. Nu-
clear Waste Commission of Finnish Power Compa-
nies, Report YJT-91-15, 77 p. + Appendices.

Salem, H.S., 1994. The electric and hydraulic
anisotropic behavior of the Jeanne d'Arc basin
reservoirs. Journal of Petroleum Science and En-
gineering, Vol. 12, 49-66.

Salmi, M., Vuorela, P., and Kuivamaki, A., 1985.
Geological site selection studies for the final dis-
posal of spent nuclear fuel in Finland (in Finnish
with an English abstract). Nuclear Waste Com-
mission of Finnish Power Companies, Report YJT-
85-27, 37 p. + Appendices.

Sasaki, Y, 1994. Anisotropic resistivity tomogra-
phy: A model study for characterization of frac-
tured rocks. SEG International Exposition and
64th Annual Meeting - 1994, Technical Program:
Expanded Abstracts, Society of Exploration Geo-
physicists, pp. 252—255.

Schoenberg, M. and Douma, J., 1988. Elastic wave
propagation in media with parallel fractures and
aligned cracks. Geophysical Prospecting, Vol. 36,
No. 6, 571-590.

Schoenberg, M. and Muir, R, 1989. A calculus for
finely layered anisotropic media. Geophysics, Vol.
54, No. 5, 581-589.

Teollisuuden Voima Oy, 1992. Final disposal of
spent nuclear fuel in the Finnish bedrock, prelimi-
nary site investigations. Nuclear Waste Commis-
sion of Finnish Power Companies, Report YJT-92-
32E, 324 p.

Ohberg, A., Saksa, P., Ahokas, H., Ruotsalainen,
P., and Snellman, M., 1994. Summary report of
the experiences from TVO's site investigations.
Nuclear Waste Commission of Finnish Power
Companies, Report YJT-94-15, 87 p.

20



PAPER I

Lindell, LV., Ermutlu, M.E., Nikoskinen, K.I.,
and Eloranta, E.H. Static image principle for
anisotropic conducting half-space problems: PEC
and PMC boundaries. Geophysics, Vol. 58, No. 12,
1993,1861-1864.

Reprinted with permission of the authors and the publisher.



GEOPHYSICS, VOL. 59, NO. 12 (DECEMBER 1993); P. 1861-1864, 3 FIGS.

Short Note

Static image principle for anisotropic-conducting
half-space problems: PEC and PMC boundaries

Ismo V. Lindell*, Murat E. Ermutlu*, Keijo I. Nikoskinen*, and Esko H. Eloranta*

INTRODUCTION

The image principle for an isotropic half-space bounded by
perfect electric conductor (PEC) or perfect magnetic con-
ductor (PMC) plane is presented in most elementary text-
books on electromagnetics. It is perhaps not so well known
that this principle can also be generalized to anisotropic
media in the static case, because it is not covered in leading
monographs of geoelectromagnetics (Wait, 1982; Ne'gi and
Saraf, 1989; Eskola, 1992). The anisotropic image method
can be applied to geologic media that exhibit anisotropic
electrical conductivity caused by the fractures and fissures in
the rock. Such structures are important in the sites for
disposal of nuclear waste. The characterization of these
structures by electrical geophysical methods is very essen-
tial because they form the main paths for groundwater flow.
The air-ground boundary can be treated as a PMC plane
representing the nonconducting medium. Otherwise the me-
dium is assumed to be linear (ohmic) and homogeneous in
terms of electrical conductivity. The image method pre-
sented is also relevant to problems arising in the traditional
ore prospecting where a conducting ore body buried in an
electrically anisotropic host rock generates secondary elec-
tric fields (Asten, 1974; Eloranta, 1988).

Simple formulation of the image principle in the static case
is possible since the static Green's dyadic is known analyt-
ically. Unfortunately, this is not possible for the time-
harmonic case in general, since the analytic Green's dyadic
is not known.

THEORY

Consider a conducting half-space with symmetric conduc-
tivity dyadic d in the region z > 0. The other region z < 0 is
either PEC defined by aj = « or nonconductor (PMC) with
ô  = 0. The source is described as a volume current source
/(r), which gives the current / at a point z = h on the z-axis.

The problem here is to find an equivalent source (image
source) in region z < 0, filled with the anisotropic medium 6%
giving the correct reaction to the anisotropic half-space.
According to the image theory, there exists an infinite
number of equivalent sources (Lindell, 1988) giving exactly
the same reaction field. There is no direct way to derive the
image principle, but intuition must be used to find, hopefully,
one with simple properties.

GREEN'S FUNCTION FOR HOMOGENEOUS
ANISOTROPIC SPACE

Let us first consider the static Green's function G(r) in
homogeneous anisotropic space. To have a dimensionless
quantity we denote the dyadic relative conductivity by o> =
67<x0, where a0 can be arbitrarily chosen, for example, as
(det a)m, for normalizing the conductivity. Here, br is
assumed to be a positive definite symmetric dyadic. The
Green's function satisfies the Poisson equation

V • 6% • VG(r) = -8(r) (1)

plus the condition of regularity at infinity. The equation (1)
can be reformulated through the affine transformation
(Lindell, 1992)

with

5(r) = 5(ar
1- • r') =

in the form

with

S(r') S(r')

(2)

(3)

(4)
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1/2r') = VdetarG(o-r"-T').

Lindell et al.

(5)

Since the well-known solution for equation (4) is

1
(6)

4irVr' • r'

for the solution of equation (1) we can write the expression

G'{b7m • r) 1
G(r) = •

4TrVdet bT V r • a "
(7)

This is the Green's function for the homogeneous anisotro-
pic medium. In literature, it is usually derived through
coordinate scaling (Eskola, 1992). The potential caused by a
point source

i(r) = /8(r - r0)

at r = r0 can be written as

I
<t>(r) = — G(r - r0)

(8)

det br V ( r - r0) • b;1 • (r - r0)
(9)

The surfaces of constant potential are obviously ellipsoids,
because they satisfy the equation

(r-r0) •• - l (r-r0) = c, (10)

where c is a constant and br ' is a positive definite dyadic
(Gibbs, 1960). The ellipsoids are centered at r = r0 and the
axial directions are the eigenvectors of b~', which are the
same as those of br. When the set of equipotential surfaces
is cut by a plane, the result is a set of equipotential curves,
which are concentric ellipses.

The boundary problems

Turning now to the problem of the anisotropic half-space
bounded by a PEC or PMC boundary, we can identify these
with the corresponding interface problems of two half-
spaces with respective infinite or zero conductivities cr, of
the second half-space. The scalar potential <J>(r) caused by
the point source / at r0 = nzh in front of the interface
satisfies the Poisson equation

(11)

The boundary conditions at the interface for o-j = » and
ai = 0 , can be written, when r x denotes the two-dimen-
sional (2-D) position vector at the interface, from the conti-
nuity of tangential component of E and normal component of
* • E in the two respective forms:

and

a.

6(r) = 0

V6(r) = 0, forr = r x . (12)

Let us try to find a point image source /,(r) at r = r, in a
homogeneous anisotropic space that together with the orig-
inal source would satisfy one of these boundary conditions.

The PEC boundary

For a lr = =, the sum of potentials from these two sources
must vanish at the interface. Thus, we can write

4TT-O-0 Vdet br\/br ' : ( r x - nzh)(rx - nzh)

- 1 /

_ - r,)(rx - r,-)
(13)

This equation should be valid for all values of the transverse
position vector r±. In particular, in the limit case |rx | -» »,
the two square roots become the same, and therefore we
must have

/« = - / • (14)

Thus, the square roots must in fact be the same for all values
of r x . From this, we obtain at r x = 0,

and, finally, we have

(15)

(16)

Because equation (16) must be valid for any direction of r x

nonnal to uz, the vector b~l • (r,- - u,/z) must actually be
parallel to uz. Thus, there exists a scalar T such that we can
write

r,- = uzk + 7br (17)

Substituting this in equation (15) we have an equation for T,
which has two solutions. The first one T = 0 does not interest
us, because it simply puts the image charge right upon the
original charge r,- = uzh, canceling its potential everywhere
and not only on the surface z = 0. The other case,

2k

6>:uzu-

leads to the solution for the image position

2hbr •u,
r, = nzh - -.

(18)

(19)

The z -component of the image vector can be seen to satisfy

ii- • r,- = -h (20)

for all conductivity dyadics br. Thus, the depth of the image
point is the same as the height h of the original source, but
the lateral position is shifted to the side by the vector which
is shown in Figure 1,

r ; -r- hvz = 2h
a. x (u ; x o>) • u.

(21)
a r : u . u .

The expression (19) can be checked for known special cases.
For the isotropic case br = o>/, r,- = u./z — 2u./z = -u.h,
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which is the well-known isotropic mirror image point. The
same result is obtained if uz is an eigenvector of the
conductivity dyadic, i.e., it satisfies o> • uz = crzuz.

The PMC boundary

To treat the case with the second half-space filled with
medium o-j = 0 we first write the potential caused by the
original and image charges. Because of the boundary condi-
tion, uz • d r • V<j>(r) must vanish for T — T±, which leaves us
with the equation

[ar ':(rx -uzh)(r± - nzh)] m -

x[*;"I:(r-rl-)(r-r,)r
3/2«0.

•r,)

(22)

This must be valid for all values of the transverse position
vector r x . Taking |rx | -* », we will get the same equations
for the image point [equation (15) and equation (16)] as
above and the image charge is simply

/,- = / , (23)

in accord with the isotropic image theory. Thus, the image is
shifted from the mirror image position in the same manner
for both the PEC and the PMC case.

NUMERICAL EXAMPLE

Let us consider potential fields in a tilted uniaxially
anistropic conducting medium with the axis parallel to the
unit vector v = uz cos 0 + uy sin 0. Let us write the
conductivity dyadic as

fr = a/ + pvv, (24)

where I is the unit dyadic. The relative conductivity is a + p
along the axis v and a in orthogonal directions. For this
medium, the location of the image point is

r, = u./i -

= -uzh - uy

2/i(ctu, + P cos 6v)

a + p cos2 6

p sin 26

a + 9
(25)

Thus, the image is shifted from the z axis by an angle 6,,
satisfying

tan 8,
2p sin 6 cos 6

a + P cos2 6 '
(26)

This angle is seen to be zero for 6 = 0 and 6 = ir/2, which
correspond to uz being along the eigenvectors of CT. The
image shift angle 6, can be shown to be maximum when the
tilting angle 6 satisfies

cos 6 =
2a

(27)

The tilting angle 6, of the image point as a function of the
dipping angle 0 of the uniaxial medium has been shown in
Figure 2 for different values of the coefBcient of anisotropy
/ = V(a + P)/a.

The potential, caused by a point source in the homoge-
neous anisotropic half-space bounded by magnetically con-
ducting (PMC) boundary, is produced by the original and
image sources;

4ira

where /, = / and r, are given in equation (25),

(28)

>

h

h

>

iZ

I

a=CTrtr0

e. .
• h

FIG. 1. Geometry of the problem. The boundary surface at
z = 0 is either perfectly electrically conducting (PEC) or
perfectly magnetically conducting (PMC). The image /,• of
the point source I is shifted transversely because of the
anisotropy of the medium.

i -0.6

0.2 0.4 0.6

e
FIG. 2. Tilting angle 0, of the image point as a function of the
dipping angle 0 of the uniaxial medium for difFerent values of
the coefficient of anisotropy/= V(a + P)/a of the medium.
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FIG. 3. (a) Equipotential curves in the y-, z-plane for the
original (dashed) source in an anisotropic medium with the
parameters a = 4, p = - 3 and the image (dotted) source
caused by a PMC (nonconducting) half-space. The amplitude
of the original current / and its location z = h have been
taken as unity, (b) Equipotential curves in the y-, z-plane for
the total potential caused by the original and image sources
of Figure 3a.

a a(a + p) vv

and det ar = a (a + P). Equipotential curves in the
y-, z-plane for the original and image sources are given in
Figure 3a with the parameters a = 4, p = - 3 . The shift of the
image source can be observed very nicely. In Figure 3b
equipotential curves in the y-, z-plane for the total potential
has been shown.

CONCLUSION

The image principle was discussed for the problem of DC
source in anisotropic half-space bounded by either perfectly
conducting (PEC) or perfectly isolating (PMC) planes in
terms of coordinate-free vector algebra. As an example, a
uniaxial medium was considered. The method will be ex-
tended to impedance boundaries in the subsequent Part II
paper.
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Static image principle for anisotropic conducting
half-space problems: Impedance boundary

Ismo V. Lindell*, Murat E. Ermutlu*, Keijo I. Nikoskinen*, and Esko H. Eloranta*

ABSTRACT

The image principle developed for static problems
involving an anisotropic half-space and bounded by
either a perfect electric or magnetic conductor is
extended to problems with an anisotropic surface
impedance boundary. Such a boundary can be applied
to approximate a thin layer of anisotropic conducting
material above the anisotropic half-space. The prob-
lem is limited by requiring similar anisotropy for the
surface impedance and the transverse part of the
resistivity dyadic of the half-space. It is seen that,
instead of a point image for a point source, the image
consists of a combination of a point image and a line
image obeying an exponential law. The effect of the
impedance surface on the potential field of a point
source is considered in terms of a numerical example.

INTRODUCTION

One of the basic problems in the electrical study of the
earth is how to characterize the geologic medium in terms of
electrical conductivity. Especially when dealing with a me-
dium with fractures, joints, and cracks, it would be advan-
tageous to include their effect in the material parameters or
in the constitutive equations. One way to do this is to assume
that the electrical conductivity of the geologic media is
anisotropic, i.e., to have Ohm's law in a tensorial (dyadic)
form (Le Masne and Vasseur, 1981; Darboux-Afouda and
Louis, 1989; Li and Pedersen, 1991). The electrical and
electromagnetic responses of an earth whose principal axes
of anisotropy are parallel to and perpendicular to the earth's
surface are extensively discussed in geophysical literature.
Also the case of dipping anisotropy is discussed when the dc
transmitters and receivers are on the earth's surface
(Bhattacharya and Patra, 1968; Negi and Saraf 1989). How-
ever, mathematical solutions for dipping anisotropy prob-

lems with sources and observation points inside the aniso-
tropic medium are still very scarce. The works by Asten
(1974), Eloranta (1988), and Lindell et al. (1993) give some
examples.

Solution methods for problems involving anisotropic media
can be applied to research for the disposal of high level
radioactive waste in the crystalline bedrock. The identifica-
tion, localization, and characterization of fractures, joints,
and other discontinuities by electrical geophysical methods
is very essential because such structures form the main paths
for groundwater now. Groundwater flow is the main mecha-
nism of radionuclide transport from the repository to the
biosphere.

In another paper (Lindell et al., 1993, published in this
issue) the image-source method is developed for the problem
of an anisotropic half-space with either a perfectly electri-
cally conducting (PEC) or a perfectly magnetically conduct-
ing (PMC) plane boundary. The objective of this paper is to
extend the method to the case of a surface impedance
boundary. Physically this approximates a thin, highly con-
ducting layer at the interface between the air and the ground
by a sheet of infinitesimal thickness and finite conductivity-
thickness product. From the geological point of view this
means that we have, e.g., an electrically thin overburden or
a weathered layer. The image problem is first solved for an
isotropic conducting half-space and after this, through affine
transformation (Lindell, 1992), for the anisotropic half-
space. It is seen that, because of the transformation, the
surface impedance becomes anisotropic with anisotropy
similar to that of the half-space. "Similarity" here means
that the component of the resistivity dyadic parallel to the
boundary of the half-space is a scalar multiple of the surface
impedance dyadic. The similarity in the anisotropy of the
surface layer and the half-space can be justified if a geolog-
ical formation process can be considered as an affine trans-
formation, i.e., one which by imposing stress in a certain
direction makes similar strain in two layers of the earth. The
image resulting from the impedance boundary is no longer

Manuscript received by the Editor June 29, 1992; revised manuscript received April 30, 1993.
•Helsinki University of Technology, Electromagnetics Laboratory, Otakaari 5A, Espoo, Finland 02150.
^Finnish Centre for Radiation and Nuclear Safety, P. O. Box 268, Helsinki, Finland 00101.
© 1993 Society of Exploration Geophysicists. All rights reserved.
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just a point source, but a combination of a point source and
a line source obeying an exponential law.

THEORY

The image source for the anisotropic impedance surface
bounding an anisotropic medium can be found through a
suitable affine transformation from the corresponding isotro-
pic problem. To do this, the image principle for an isotropic
surface impedance on an isotropic half-space must first be
developed, because we could not find such a theory in the
literature. Existing image theories for corresponding isotro-
pic time-harmonic problems (Keller, 1981; Felsen and
Marcuvitz, 1973; Lindell, 1992), however, provide a hint
on how to find the form of the image function.

The surface impedance can be applied to model a conduct-
ing layer that has a large conductivity and a small thickness.
Because this is an asymptotic approach, its success in
application to layers with finite thickness is dependent on the
error tolerated (this is typical to all asymptotic approaches).
As a rule of thumb we can say that when the distance of the
source and the field point are sufficiently far from the layer
(meaning several layer thicknesses), the approximation will
work.

IMPEDANCE BOUNDARY CONDITIONS

In this section we first derive the equations for the scalar
potential governing the problem. Consider an isotropic con-
ducting half-space z > 0 with conductivity cr0

 an(^ a planar
boundary at z = 0 with a surface impedance Zs, as depicted
in Figure 1. The problem is to find boundary conditions for
the scalar potential function <f>(r).

The electric field and the current density functions in an
isotropic conducting medium satisfy the conditions

V x E = 0,

V • J = i,

J =

(2)

(3)

^ z

h . I

-h

CTo

FIG. 1. Geometry of the isotropic problem: conducting
half-space terminated in a surface impedance Zs. The image
of a point source is a combination of a point and a line
source.

where i denotes the volume source of current. In practice,
the sources are dipolar so that the volume integral of the /
function over the whole space is zero.

Introducing the potential <)> by

E=-V<(),

leads to the Poisson equation

V2<f> =

(4)

(5)

for the potential.
At z = 0, the tangential electric field component and the

surface current density J^ satisfy the condition

E,=ZSJS. (6)

The charge flowing in the surface current comes from the
normal component of the volume current density:

~Uj J = -Jz. (7)

The transverse component of the volume current and the
surface current have the following relation:

J , — (8)

so the boundary conditions for the tangential and normal
volume current components are,

V, • J, =a0ZjV, • Jj = -o0ZsJz. (9)

If there are no sources for the volume current at the
boundary then

V • J = V, • J, + u, • VJZ = 0, (10)

which inserted into equation (9), leads to a boundary condi-
tion for the normal current component alone:

u, z - <JOZSJZ = o. (11)

Finally, inserting Jz = a o £ z = - a o u z • V<)> gives the
following boundary condition for the potential function:

(u z-V-a0Z s)(u2-V<t>) = (12)

For the limiting case Z, = », uz • V<j> = 0, which is the
correct condition for a PMC boundary and for the limiting
case Zj = 0, (uz • V)2<)> = 0, which in a sourceless region
with V2<)> = 0 corresponds to V2(}> = 0. Since there is no
primary source on the boundary surface and the potential
vanishes at infinity, 4> — 0 on the boundary (PEC). The same
result follows directly from equation (6) because E, =
-V,<j> = 0 on the boundary implies that the boundary is at
a constant zero potential.

ISOTROPIC HALF-SPACE IMAGE

Now we are ready to find the image solution for the
impedance-surface problem. Consider the point current
source with total current /0

i(r) = / 0 8 ( r - u . A ) (13)

in the conducting isotropic half-space z > 0. Thus, the
potential <t> satisfies the Poisson equation
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v>o> = - ^ (14)

plus the boundary conditions (12). The problem is to find an
image current in the homogeneous conducting region z < 0
which, together with the original source, satisfies the correct
conditions (12) at z = 0.

A point image current alone cannot satisfy the boundary
condition (12). Analogy with time-harmonic image theory
(Lindell, 1992) suggests a combination of a point source and
an exponential line source, where the point source is located
at the mirror image point -u.h and the line image goes from
this point to infinity as an extension of the line connecting
the original and the image points. (This solution can be
obtained through Fourier transformation in x- and y-coordi-
nates, solving the resulting one-dimensional (1-D) differen-
tial equation for the potential, and inverse transforming.)

Thus, assume an Ansatz image of the form

/,8(r Aerzb(p)U(-(z + h)), (15)

with unknown parameters / , , A, and T, where U(x) is the
Heaviside unit step function. Condition p = r - uzz denotes
the transverse position vector. Element T is assumed posi-
tive so that when z -*• - » , the potential integral will
converge. The total potential arising from the original and
the image source is of the form

4>(r) =

/ .

~h)

-h Ae~z'dz'

- z') '

with

D{z - z0) =

(16)

(17)

Applying the boundary condition operator (12) to the three
terms of equation (16) gives

D(z-h)

1

dh2 ° 5 dh\ D(h)'

d'

(18)

j\dh2

d
r'sdh

(19)

«fcj-, ' [dz

/

• -h d

- x ^ Z '

d

d~z

i?(z-z-;

A < ? T Z '

dz'

D(z-z')
<fc'

f-h
+ I [ T - < T 0 Z J

D(z - z')
dz'

</ Ae"

dzD(z

d? 1

dh D(h)
(20)

The integral term involving (T — <JQZS) is eliminated by
choosing

7 = <JQZS, (21)

whence for a0 > 0 and Zs > 0 we have T > 0.
The boundary condition (12) requires that the sum of

equations (18), (19), and (20) vanish for all p, which leads to
two conditions. First, the two terms with the double differ-
entiation d2ldh2 cancel if

/, = -/o- (22)

Second, the three terms with the single differentiation dldh
cancel if

o-oZj/o - CTOZ,/,- - Ae "T* = 0. (23)

The amplitude A can now be solved in the form

A = 2aoZsIoe
a<>z'h = 2 T / 0 C T A . (24)

It is convenient to denote the coordinate along the line
source starting from the image point by

i=-k-z, (25)

whence the image current source density has the functional
form

(26)

The line image starting from the mirror image point £ = 0, or
z = -h, goes to £ -»• oor or z -» -=» and converges because
the normalized surface impedance T = CTQZ^ is a positive
quantity. A converging exponential image source gives rise
to a finite potential in the region z > 0.

Expression (26) gives the PEC and PMC images as limiting
cases. To show this, equation (26) is first written in the form

• /({, p ) = / 0 - [d - (27)

Taking T = 0 implies /,(£, p) = -/08(0&(p), whereas
T = » implies i,(£, p) = +/08(O8(p). These cases corre-
spond to the PEC and PMC boundaries, respectively.

AFFINE TRANSFORMATION

If the original half-space z > 0 is anisotropic with sym-
metric and positive definite conductivity dyadic a, the po-
tential equation can be written as
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V-dr-Vcf> = 8 ( r - r 0 ) , (28)

where the dimensionless relative conductivity dyadic d r has
been introduced through

(29)

so that det d r = 1.
The following affine transformation can be applied to

transform the anisotropic problem to an isotropic problem:

• V = b! •V, r - » r ' = dr
1/2-r. (30)

This takes the anisotropic Poisson equation (28) into the
isotropic form

V'24>'(r') = - — 8 ( r ' - r ' o )

with

and

1/2 r1).

(31)

(32)

(33)

The last expression shows that the original point is shifted
from its location on the z-axis. The equation of the boundary
surface uz • r = 0 corresponds to the equation

uz • <rr • r = 0, (34)

which represents an inclined plane going through the origin
normal to the unit vector

n =
Vu z • o> • uz

(35)

Comparison of equations (33) and (35) shows that the point
source in the isotropic problem is not along the line from the
origin normal to the plane (34) except when uz is an
eigenvector of d.

ANISOTROPIC HALF-SPACE IMAGE

Let us now consider the relation between the surface
impedance conditions of isotropic and anisotropic spaces
through the affine transformation. The relations between the
vector fields are

E' = -V'<J)' = d,1/2 • E, J ' = cr0E' = dr"
1/2 • J. (36)

The isotropic surface-impedance boundary condition

n ' x ( E f - Z ; j i ) = 0 (37)

can be written as

\ ^ r *&') L^r " V*-* — ^S^r * J j ' J — " w " /

or

= br " 2 - [ u , x (E- Z'sbr
 ! •

using the dyadic identity (Lindell, 1992)

(39)

(A-a) x (A-b) = (det A ) ( A " ' ) r - ( a x b), (40)

This means that the vector in square brackets in
equation (39) must be zero, which gives rise to the anisotro-
pic surface impedance boundary condition

E, (41)

The dyadic (b~l), denotes the transverse part, i.e., projec-
tion on the .ry-plane, of the relative resistivity dyadic b~!:

(uz -d,T'-u z)u zu z . (42)

Consequently, in the affine transformation, the isotropic
surface impedance is transformed to an anisotropic imped-
ance in general. It remains isotropic only when the dyadic d
is uniaxial with its axis along u., in which case the dyadic d,
as well as d " ' , is isotropic in the transverse plane. Define the
normalized magnitude of the surface impedance T by

or

(43)

The image obtained for the isotropic problem can now be
transformed to the anisotropic case. The source current 70 at
rf) in isotropic space is also /Q in anisotropic space at r0 =
Uj/i. The image line starting from the mirror image point r]
in the isotropic case

rj = (7 - 2n'n') • r'o = b~m • \uzh - 2
d r • uzh

(44)

can be written in terms of a coordinate £' along the line as

rj(£') = r} - n'£' = r'o - 2n'(n' • r'o + i'12). (45)

The image current density on this line can now be written
according to equation (26):

//(£') = /<>[—&(£') + 2Te~T{ £/( — £')]- (46)

Transforming back to the anisotropic problem gives the
image line defined by

uth-2

J(£') = uzk - 2dr • n'(n' • r'o + £72)

br -uz

u - • or • Uj

with

(47)

(48)

The starting point of the image line is the mirror image of the
original point laterally shifted by the vector p,-

r,(0) = -uzh + pj, p; = 2h
uz x (uz x d , ) -u z

u.
(49)
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Thus, the image in the anisotropic case lies along the straight
line passing through the original source point nzh and the
image point r,(0), Figure 2.

On this line, the image current function can be written in
the form

(50)

NUMERICAL EXAMPLE

Consider a tilted uniaxial conducting medium with the axis
parallel to the unit vector v = az cos 9 + uy sin 9. The
conductivity dyadic is written as (Lindell, 1992)

o> = al + (51)

where the conductivity values a. and a + p are assumed to be
positive. In matrix form in a Cartesian coordinate system
this can be written as

0 0

a + p sin2 9 p sin 6 cos 9

P sin 9 cos 9 a + p cos2 9

(52)

For example a = 4 and p = - 3 correspond to metafonnic
rock of graphite slate type (Asten, 1974). The relative
conductivity is a + p along v and a in orthogonal directions,
when the lateral shift of the image point is from
equation (49):

sin 29
= ~Uy

a + cos2 9
(53)

The surface impedance dyadic is a multiple of the dyadic

p)

1 a + p cos2 9

a a(a + P)
(54)

FIG. 2. Geometry of the anisotropic problem. The image of a
point source in an anisotropic half-space terminated by an
anisotropic surface impedance is a combination of a point
source and a line source. The direction of the line source is
seen from the geometry.

which is obtained through dyadic algebra (Lindell, 1992) or
from the matrix (52). Thus, the surface impedance dyadic is

(55)

The normalized surface impedance T gives, in some sense,
the mean impedance of the surface when compared to the
mean resistivity of the half-space, l/a0 = l/det(a), which is
arbitrary in the present example. The eigendirections on the
plane are ux and uy; for 9 = 0 the surface impedance is
isotropic.

The potential resulting from a point current source can be
written analogously to equation (16), with the Green's func-
tion changed to that of the anisotropic medium as seen in
Lindell et al. (1993):

4>(r) =
h

4iTcr0JD<J(r - r,

/ ;

~ T0) = V(r-ro)-a7'-(r-r0).

(56)

(57)

The distance function can be written for the uniaxial
medium in the following form, [obtainable, e.g., through the
matrix expression (52)], for numerical computation:

Da(r-r0) =
(x-x0)

2 (y - y0)2 + (z - ZoY
1

p[cos 9 (y - y0) - sin 9 (z - z0)]
2] m

a(a + P)

(58)

Because of the exponential image function, the last term
of equation (56) resembles the Laplace transform integ-
ral. Unfortunately, an analytic representation for the
resulting image field could not be found from any transform
tables.

Figures 3a and 3b depict equipotential surfaces resulting
from a point source in an anisotropic half-space bounded by
an anisotropic surface impedance in the vertical plane in-
cluding the source and the axis of the medium for parameter
values indicated in the figure caption. Figure 3a gives the
equipotentials and Figure 3b their decomposition into those
caused by the original source and the image (i.e., the
reaction of the impedance surface). The direction of the
image line drawn in the figure helps in seeing how the
reaction can be thought of as arising from an image below the
boundary.

CONCLUSION

An image principle is developed in the present paper for
problems involving an anisotropic conducting half-space
bounded by an anisotropic surface impedance. The two
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a)

FIG. 3. Equipotential contours in the vertical plane x = 0 for a point source atx = O, y = 0, z = / i ina uniaxial conducting
medium (a = 4, (3 = -3) with the axis at the angle 8 = 0.4 (radians) above an anisotropic impedance surface with the normalized
surface impedance T = 0.1. The height is h = 2.21 (arbitrary units of length). Contours are for (a) the total potential and (b)
the potentials caused by the original point source (solid lines) and the image source (dotted lines). The original source is at the
center, and the axis of the medium along the major axes, of the equipotential ellipses. The dashed line denotes the direction of
the image line in the region z < 0.

anisotropies were assumed similar in the sense that both
are transformed to isotropic ones through the same affine
transformation. If this is the case, the anisotropic imped-
ance surface can be replaced by an image source that
for a primary point source is composed of a point and
a line image source. The surface impedance can be ap-
plied to approximate a layer of finite thickness when
both the source and the field points are sufficiently far from
the layer.

Analytic models, like the one developed here, are
important for understanding the electric potential fields
in an anisotropic medium and they can be used in geo-
physical studies for specific situations. The anisotropic surface
impedance model can be used to simulate, for example, a
fractured weathered zone overlying a similarly fractured sub-
stratum.
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Abstract. Direct-current image principle, previously developed for an anisotropic
half space bounded by a perfectly electrically or magnetically conducting plane or
an impedance surface, is extended to problems with two anisotropic half-spaces.
The anisotropies of the two spaces are restricted to be similar in the transverse
plane, in which case the image expressions can be solved analytically. In fact, only
in this case, for a point current source, there exists a point image source for
reflected fields and a point image source for transmitted fields. The reflection and
transmission image amplitudes are seen to be obey simple expressions similar to
those of two isotropic media with effective isotropic conductivities. However, the
locations of the images do not coincide with those of the isotropic theory, it is seen
that in general the reflection image is shifted laterally and the transmission image
both laterally and axially from those of the isotropic case.

Introduction
Problems involving anisotropic media have

been of vital interest in geoelectromagnetics,
because of the anisotropic nature of both me-
chanical and electromagnetic parameters in the
crustal layers of the earth. The effects of
anisotropy in geophysical studies using direct
current (dc) methods were first considered by
Slumberger in 1920 as cited by Negi and Saraf
[1989] and Bskola [1992]. However, the image
method, so popular in electrostatics and elec-
trodynamics does not seem to have been ap-
plied to a large extent to dc problems involving
anisotropic media.

In earlier studies by us, image theory was

developed for problems of anisotropic conduct-

Copyright 1994 by the American Geophysical Union.
Paper number 93RS02821.
0048-6604/94/93RS-02821$08.00

ing half space bounded by a perfectly electri-
cally conducting (PEC) or perfectly magneti-
cally conducting (PMC) plane [Lindell et al.,
1993a]. The theory was further generalized to
anisotropic impedance planes as well [Lindell et
al., 1993b]. It was seen that, like in the isotropic
case, the image of a point source giving the cor-
rect field reflected from a PEC or PMC plane is
a point source, but its location is not at the mir-
ror image point but shifted laterally from that
point. In the anisotropic impedance boundary
case, corresponding to a thin resistive layer, the
image turned out to be a point source plus a
line source with exponentially decaying density.
However, the solution required a relation be-
tween the anisotropies of the surface impedance
and the conductance of the medium.

In the present paper, the image method is
developed further to solve the problem of two
anisotropic conductive media with a planar in-

431
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terface. Also, in this case, to have a point image
for a point source, the transverse anisotropies
of the two media must be related so that their
transverse resistivities have the same anisotropic
ratio. With this restriction, the locations and
amplitudes of the reflection and transmission
images can be determined. The amplitudes can
be calculated from formulas similar to those of
the isotropic case with certain equivalent con-
ductivity values. In the special case when the
normal to the interface is an eigenvector of both
conductivity dyadics, these equivalent conduc-
tivities are simply geometric averages of the
normal and transversal conductivities. Simi-
lar transverse anisotropies in the same two me-
dia can arise mathematically if two transversely
isotropic media have been subject to the same
affine transformation. Physically, this means
that a homogeneous force has acted on two
transversely isotropic media so that they are
similarly deformed.

With a change of symbols, the present im-
age theory is also applicable to anisotropic elec-
trostatic problems (dyadic permittivity I) or
anisotropic magnetostatic problems (dyadic per-
meability p).

Theory
If the transverse anisotropy of two half

spaces separated by a plane are the same, it
can be shown that the image of a point source
in the interface is a point source, because in
both media a point source gives rise to equip o-
tential ellipsoids, whose transverse cross section
has the same elliptical form and orientation.
For more general anisotropic media the ellipses
diifer in form and/or orientation, whence im-
ages necessarily become more complex. Thus in
the present study we can start with the ansatz
that the images are simple (no multipole) point
sources. The anisotropic half space is interesting
for geologists and has been studied extensively
by Wait [1981, 1982].

Let us consider two anisotropic half-spaces

with symmetric and positive definite conduc-
tance dyadics, a* for z > 0 and W for z < 0,
Figure 1. The dyadics are assumed to have a
special condition to be specified later.

Let us assume a point current source, emit-
ting the total current I in the upper medium:

i(r) = IS(r - u2h) = IS(z - h)S(p). (1)

The problem is to find image sources which give
correct potentials in each of the half-spaces.

Potential Problems

Let us assume a simple point image for the
reflection potential:

(2)

acting in the medium a"1" and a point image for
the reflection potential:

(3)

acting in the medium a . This assumption is
not valid for general conductivity dyadics, as we
shall see. One of the objectives of this paper is
to find conditions for the medium dyadics under
which the simple point images are valid.

•I

Figure 1. Geometry of the problem. The plane
z = 0 separates two anisotropic conducting media
with similar transverse resistivity dyadics.
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The potential functions in each homogeneous
medium due to original and image sources can
be written in the form [Lindell et al., 1993a]

47rl?+(r) +

If

(4)

(5)

with

D+(r) = - i : (r - nzh)(r - nzh),

(6)

(7)

2?f(r) =

(8)
Here the dyadic notation originated by J.W.
Gibbs has been applied [Gibbs and Wilson,
1960; Lindell, 1992].

There are two conditions of continuity for
the potential at the interface z = 0, that is, for
r = p. First, the potential itself is continuous:

(9)

and second, the normal component of the cur-
rent density J = W • E = — W • V<j> is continuous:

Both equations are valid for all two-
dimensional vectors p. They can be written
more explicitly as

IT
Dt(p) "*" D+(P)

t
(11)

+

w i t h zf = nzrf a n d zT = uz • T~

Image Solutions
It is obvious from (11) and (12) that a sum

of three functions of these forms can vanish only
if all three r(p) functions are multiples of the
same function of p. This gives us the possibility
of obtaining the image position vectors rf.

Reflection image. The image giving the
exact reflected field is obtained after a consid-
eration similar to that given by Lindell et al.
[1993a] and the result is exactly the same:

r^ — — uzn =
a

(13)

with zf = —h and t denoting the transverse
part. This implies that the two D+ functions
actually coincide at the boundary:

D+(p) = D?{p). (14)

Thus the depth of the reflection image equals
the height of the original source h, but in ad-
dition to that the image is shifted sideways by
an amount depending on the anisotropy of the
upper medium (Figure 2). The lower medium
has no effect on this shift.

Transmission image. It turns out that
a simple point transmission image cannot be
found unless special relations between the two
conductivity dyadics are satisfied. These rela-
tions are found from the continuity conditions
at the interface. First, the proportionality of
the two functions D* and DT is written in the
symmetric form

cr+(^+)~1 : {pp - 2puzh + uzuzh
2)

= ^ - ( F T 1 : {pp - 2prf + rTrT), (15)

where o-± are scalar coefficients. Because \p\ can
have any value, we can consider the case p
leading to the asymptotic condition

oo

[*+(W+)Tl-*-(*-)71}:pp = 0, (16)

valid for all directions of the polar vector p.
Because the dyadic in square brackets is sym-
metric, it is not difficult to show that (16) re-
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o+

Substituting this and (14) in the first continu-
ity condition (11) we arrive at the first relation
between the current amplitudes:

(21)

y The second interface condition (12) can be writ-
ten as

-h

Figure 2. The reflection image point depends only
on the conductivity dyadic Tr and thus has the same
location as for an ideally conducting lower half-space.

quires that its components that are transverse
to z must vanish and we have the relation for the
transverse components of the resistivity dyadics:

If this kind of relation is not satisfied by
the two medium dyadics, there are no simple
point image solutions. The coefficients tr* can
be defined uniquely by requiring that the two-
dimensional determinant of the dyadics in (17)
is unity, which can be shown to be equal to [Lin-
dell, 1992]

= 1 . (18)

Denoting tf* : u z u z = <rf, the scalars <r+ and
<r_ can be solved in the form

o = (19)

The two other conditions will be considered
later to find the image position vector r~. In-
serting (17) in (8) we see that, for points at the
interface, the D functions satisfy

(20)

-it) = \IT^
V detr

(22)

after substituting the relations (14) and (20).
The image current amplitudes can be readily
solved in the form

(23)
* +h+a-zr '

_
2<r+h

a+h

«r+det(r (24)

These expressions still carry the unknown
quantity z~, the height of the transmission im-
age. Let us find the transmission image vector
r̂ ~ from (15). Taking the part of the equation
which is linear in p, from a condition of the form
X'p = 0 for all p, it is concluded that x must be
a multiple of u2, whence we obtain the equation

"* • uzh — (25)

where a is an unknown scalar. Another equation
is obtained from (15) by setting p = 0:

After substitution of r~ from (25) in (26), we
have a quadratic equation for a:

a2 - 2ahP + h2Q - 0,

pq
Uz-q'

Q =

q = a l<r • u 2

(27)

(28)

^ • u , . (29)
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The solution which satisfies u2 • rf > 0 can be
written as

p . q

-q)* + «*-q(u,-p-p~-p)J. (30)

Inserting the coefficient a and solving r̂ ~ from
(25), we have the transmission image vector in
the form

ri = h ~ • P - «q> (31)

whose z component can be elaborated after some
algebra in the form

*i =

»y (p • q)2 P) - (uz • q)p ~

"*\
(32)

det(f~ I<T7)

Thus unlike in the isotropic case, the height
of the transmission image zT does not coincide
with that of the original source, and, in addi-
tion, there is a lateral shift of the image (Figure
3).

From (32) it is seen that the height of the
transmission image equals that of the original
source, zT = h, only when the condition

= det(f-/<rj) (33)

is valid. When u2 is an eigenvector, this takes a
simpler form as is seen in the next section.

Image currents. The image currents are
finally obtained by substituting the expression
of z7 in (23) and (24):

If =

'f =
yo-r

+
=/.

(34)

(35)

These are seen to correspond to the well-
known isotropic image expressions when equiv-
alent isotropic conductivities are defined as

r (36)

However, the image locations are not in the sim-
ple positions of the isotropic problem; instead,
the reflection image is shifted laterally and the
transmission image both axially and laterally.
In fact, the transmission image location (31) has
the following simple expression, as is seen after
some algebra:

with the lateral shift vector denned as
(37)

a • u . <T • u
PT = - *

The lateral shift of the transmission image is ob-
viously absent if the two media satisfy the con-
dition

• (39)

Figure 3. The transmission image point depends on
both conductivity dyadics. It coincides with the orig-
inal source point foi similar anisotropic media with
one of the eigenvectors along the direction normal to
the boundary if the ratio of normal and transversal
eigenvalues of W and a are the same.
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This is automatically satisfied if uz is an eigen-
vector of both conductivity dyadics.

Special Case
The previous expressions are essentially sim-

plified if we assume uz to be an eigenvector of
both dyadics W^ and W. By choosing the x and
y axes along the two transversal eigenvectors of
both dyadics, the conductance dyadics can be
written as

+ <r+Uyiij, 4- <r+uzu2, (40)

W = <r~\xxvL^ + <r~UyUj, + <r~\izviz, (41)

and the transverse similarity relation requires
that the condition

o r
(Tx

(42)

be valid.
In this case we have no lateral shift in the

image vectors:

rf = -uzh, (43)

r, = 1 1 ^

- IVZVX , »l»j| IAA\

and the image amplitudes obey the simple laws

7+

(45)

These expressions, again, bear similarity to
those of the isotropic problem with equivalent
isotropic conductances denned as

or (47)

Also, in this case the analogy is not complete,
because although the reflection image now co-
incides with that of the isotropic problem, the
transmission image does not. It does so only if
the ratio <rz/<rx, or Gzl<*y> is the same in both
media.

In Figures 4a-4d, a numerical example of
the potential and current distribution arising
from a point source above an interface of
two anisotropic media is depicted. The up-
per medium has the conductivity dyadic W^ =
1.5uxU3- + Uyiiy + u zu z , and the lower medium
has the dyadic W~ = 3uzUx + 2UJ,UJ, + 2u zu z .
The figures do not give absolute values, so the
conductance units are arbitrary. The transverse
anisotropy is similar in the two media because
<Tx/<r* — (Tx/trJ = 1.5. In Figure 4a, the
equipotential contours are given in both media.
It is seen that, at the interface, the potential
is continuous. In Figures 4b and 4c, the cur-
rent distribution together with the equipotential
contours is given in the yz plane containing the
original source, in terms of arrows which show
both the direction and amplitude (length of the
arrow). Figure 4b gives the current in the up-
per medium and Figure 4c in the lower medium.
The two figures could not be combined since the
magnitudes in the lower medium are smaller in
magnitude so that the figure would have lost in-
formation. Also, the vertical scale of the two fig-
ures is different. In Figure 4d, the current flow
pattern and equipotential contours are given in
the horizontal xy plane passing halfway from the
original source and the interface (z = 1), show-
ing the anisotropy in the horizontal directions.

Checking the Result
(46) To gain confidence in the present theory,

some special cases have been considered for
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- 4 - 3 - 2 - 1 0 1 2 3 y 4

Figure 4a. Equipotential contours in the yz plane in two anisotropic half-spaces, for a point
source on the z axis at z = h = 2. Conductance dyadic (arbitrary units) for z > 0 is <r =
1.5uxU* + Uyiiy + uxUx and, for z < 0, W — 3u,u s + 2uyUy +

- 4 0 y 4
Figure 4b. Current flow pattern and equipotential contours (dashed curve) due to the point
current and medium parameters of Figure 4a, in the yz plane of the upper anisotropic half-space
z > 0. The arrow length gives the relative magnitude of the current.

which we know the result from previous anal-
yses. Also, the present result has been de-
rived through a totally different transmission-
line method for the analogous electrostatic prob-
lem of two anisotropic dielectric half-spaces [Lin-
dell and Nikoskinen, 1994].

A check for the present theory through a
nonstatic image theory is obtained for the spe-

cial case of isotropic upper and uniaxial lower
medium with axis normal to the interface. The
reflection image for a dipole source has been
solved in the frequency domain by Lindell et at.
[1990] for the dielectric problem. It is not im-
portant to present the notation or the results of
the reference here, it is essential to know that,
by taking the limit u -* 0, after some algebra we
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Figure 4c. Current flow pattern and equipotential contours (dashed curve) due to the point
current and medium parameters of Figure 4a, in the yz plane of the lower anisotropic half space
z < 0. The arrow length showing the magnitude of the current is scaled differently from that of
the upper half-space in Figure 4b because of the great difference in magnitude.
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Figure 4d. Current density flow and equipotential contours (dashed curve) in the xy plane at
z = h/2 = 1, for the same problem as in Figure 4a.

can show that the image given by Lindell et al.
[1990] consisting of a point and a line source re-
duces to a mere point image, and its expression
corresponds to that given in the present paper.

A second check for the theory is obtained
through a recent paper by Wait [1990], where

explicit expressions for potentials were given for
the case when u z is an eigenvector of both me-
dia. They can be compared to (4) and (5) by
inserting the expressions for the image currents
and image vectors. Assuming the transversal
conductances and <rf, satisfying the con-
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tinuity condition <r+ /a* = <rx /<ry , the poten-
tials can be written as

IT

(48)

(49)

with

£ + £ + i £ ^ (50)

(51)

These together with the image current ampli-
tudes (45) and (46) are seen to correspond to
those given by Wait [1990], after some change
in notation.

Conclusion
Image principle has been developed to static

dc problems with two anisotropic conducting
media separated by a planar interface. The ob-
jective was to restrict to such media for which
a simple point image theory could be found.
It was seen that this requires the transverse
anisotropies of the two media to be similar, that
is, the transverse parts of the resistivity dyadics
of the two media must be multiples of each
other. Simple expressions for the image current
amplitudes and locations were derived. In the
general case, the images are shifted from the
points predicted by the isotropic theory. The
theory can be extended to layered media with
similar transverse anisotropies, resulting in se-
quences of point images.
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Image method for electrostatic problems
involving planar anisotropic media based on transmission-line analogy

I. V. Lindell, K. I. Nikoskinen

251

Contents Static problems involving anisotropic media
have long been in the interest of geoelectromagneticists.
Solving problems of that kind have been, however, quite
cumbersome and lengthly, involving coordinate scaling
procedures with lots of indexed variables. The image me-
thod stands as an attractive alternative since no coordina-
tes are involved and the image concept gives a quasi-phy-
sical quantity which can be handled just like ordinary
physical sources. The present paper gives a simple method
for deriving the image sources based on a transmission-
line analogy. The problems treated are PEC (perfectly
electrically conducting) and PMC (perfectly magnetically
conducting) boundaries together with anisotropic impe-
dance boundaries and interfaces of two anisotropic media
with similar anisotropies.

Abbildungs-Methode fur elektrostatische Probleme mit planaren
anisotropen Materialien basierend auf der Transmission-Line
Analogie
Ubersicht Statische Probleme mit anisotropen Medien sind
schon lange von Interesse auf dem Gebiet des Geo-Elektro-
magnetismus. Die Losung der Probleme unter Verwendung
von Mafistabsfaktoren fur die Koordinaten war muhsam
und aufwendig. Die Abbildungs-Methode ist eine attraktive
Alternative, da keine Koordinaten verwendet werden. Das
Abbildungs-Konzept ergibt eine quasi-physikalische Grofie,
die wie eine normale physikalische Quelle behandelt wer-
den kann. Der vorliegende Aufsatz beschreibt eine ein-
fache Methode fur die Ableitung der abgebildeten Quellen
auf Basis einer Transmission-Line Analogie. Die behandel-
ten Probleme sind WPEC- (perfekt elektrisch leitende) und
»PMC"- (perfekt magnetisch leitende) Berandungen mit
anisotropen Impedanzubergangen und Trennflachen
zweier anisotroper Medien mit ahnlichen Anisotropien.

1
Introduction
Static problems involving anisotropic media have long be-
en in the interest of geoelectromagneticists [z-4]. Solving
problems of that kind habe been, however, quite cumber-
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some and lengthy, involving coordinate scaling procedures
with lots of indexed variables. The image method stands
as an attractive alternative since no coordinates are invol-
ved and the image concept gives a quasi-physical quantity
which can be handled just like ordinary physical sources
[5].

A series of studies on the images in various problems
involving conducting anisotropic media have been recently
studied by the present authors [6-8], applying affine
transformations and field matching principles. In the pre-
sent paper, a simple alternative, transmission-line analogy
is introduced and it is seen that the results are obtained
in a more straightforward manner. In fact, a simple image
principle can be written for PEC (perfectly electrically con-
ducting) and PMC (perfectly magnetically conducting)
boundaries as well as for impedance surface and interface
problems where the anisotropies of the media or impedan-
ce boundary satisfy certain similarity conditions. The pre-
sent treatment of the problem is also different from the
previous ones that it is given in terms of electrostatics and
permittive media. It can, however, be easily translated to
DC problems by a suitable change of symbols.

Transmission-line analogy
Starting from the basic equations of the electrostatic pro-
blem in an anisotropic dielectric medium,

FxE(r) = (1)

(2)

(3)

the electric field can be derived from a scalar potential <p
satisfying a Poisson equation. If the source is a point
charge Q at a point on the z axis, z = h, the equation reads

(4)

The dyadic permittivity e is assumed symmetric and posi-
tive definite.

When the planar boundaries and interfaces of the pro-
blem are perpendicular to the z axis, we can make use
of the transmission-line theory in solving the problem.
First let us make the Fourier transform to the Poisson
equation (4) in the transverse plane (xy plane) with the
two-dimensional Fourier vector K. This replaces the trans-
verse gradient operator by the vector -jK and gives us the
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equation as the current on the transmission line, (14) gives us one
of the transmission-line equations

£*<P'\z) - 2jK • £ •

= -Q5(z-h),

(16)
- e: KK0(z)

(5) The other one is obtained from this through differentia-
tion and substitution in (13):

where prime denotes differentiation with respect to z. This
equation can be written as I' (z) + eJfUiz) = Q e'^diz -h). (17)

(is)with

r$\ The complex propagation factor is

Jdetl
= b=-

a=-
K • I • u2

(7) while the characteristic impedance of the transmission line
has the form

(8)

The expression for b can be rewritten when the vector
identity

( a - a ) ( b - b ) - ( a - b ) 2 = ( a x b ) 2

is applied:

b = — |(£1 / 2-K)x(£1 / 2-u2) |

(19)

It is seen that, unlike for the isotropic case, y depends on
tg\ the medium, because the b parameter is a function of £.

Solution to (13) in homogeneous space, decaying out-
side the source for z~* ± » , can be readily written

(10)

The last expression is based on the dyadic identity [5]

(k • a) x {A • b) = (det I ) I" 1 T • (a x b) . (11)

Because the dyadic £ is symmetric and positive definite, its
square root is a dyadic whose eigenvectors are the same
as, and eigenvalues positive square roots of, those of £.

The equation (6) has the form of that of a transmission
line if we define the voltage U(z) as

(12)

whence the potential is

Q .a(z_h)

2bezz

(20)

(21)

Thus, (6) can be written as

U"(z) ~b2U(z) = -—
£

e-> - h). (13)

The current quantity can be written in terms of the z
component of the flux density, which in Fourier space ta-
kes the form

- j K <p(z)

For interface problems it must be remembered that the
quantities that are continuous at the boundary are not
U(z) and 7(z), but the potential <f>(z) and the normal com-
ponent of the flux density, D2(z). However, if the boundary
is at z = 0, also the voltage and the current are continuous.

PEC and PMC boundaries
For PEC and PMC boundaries at z = 0, the boundary con-
ditions are vanishing of the total voltage U{z) and current
I(z), respectively. Let us mainly consider the PEC problem.

3.1
PEC boundary
Given the incident voltage L7,(z),

(22)

Hence, if we define

(14) it is easy to find Ur{z), the voltage reflected from the PEC
boundary at z = 0, because first, it must be of the form of
voltage decaying to +°°:

(15) (23)
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and second, it must satisfy the boundary condition
[7,(0) + l7r(0) = 0, which leads to the expression

n
nf-\— x Jah -Hz+h)

2bez
(24)

This would look like the voltage due to an image source
of charge -Q at the point z = -h. However, the final quan-
tity is the potential, which has the form

2bez

Ibe,
(25)

If this is compared with the expression of the incident po-
tential,

2DEZ

(26)

we see that, without the factor e~2'"\ the potential would
be that arising from a charge - Q at the mirror image
point z = -h.

The effect of the factor e~2'"h can be easily found from
the inverse Fourier transform for the potential:

{2nf\
dSK (27)

The exponential factor can be combined with the expo-
nential kernel function in the form

(28)

which means that, in the final potential expression, the
effect of the exponential factor is to replace Q by Q - Qr, in
the potential arising from the mirror image point r=-uz/x.

Thus, there is a lateral shift of the reflection image
point due to the anisotropy of the medium. This effect
was shown nicely in [9] without mathematics for mechani-
cal waves in an anisotropic medium. The shift in the
reflection image is given by the lateral vector

(2i • u2h\ 2u2 x (uz x f) • uji
: — = ; > (2*>
•zz } L £zz

where Ox denotes component transverse to z. Thus, the po-
tential is a function of (© - QT)2 + (z - z7)

2, which means that
the reflection image lies at the point

rr = gr = ~uxh + uz x uz x
2e • uzh

(30)

It is seen that if u2 is an eigenvector of the permittivity
dyadic £, there is no shift of the image from the mirror
image point zr - -h. In this case, the position of the image
due to a PEC plane is not affected by the anisotropy.

3.2
PMC boundary
The image corresponding to the PMC boundary surface
can be derived in a similar manner and the only differ-
ence comes through the boundary condition J,(0) + 7r(0) = 0,
which gives the image charge the value +Q instead of -Q
as in the PEC case.

The interface problem
The interface between two anisotropic permittive media is
attacked with the previous transmission-line method. The
incident voltage and current due to the point source in
medium 1 at z = h are obtained from (22) and (16) for
z<h as

U,{z)=:

Ii(z) = -elzzU'(z) = ~e-iaiht-'

The reflected quantities have similar dependence on z:

(31)

(32)

(33)

(34)

(35)

(36)

The equations of continuity at the interface between me-
^ 1 and 2> v a I i d for Ae potential and the normal compo-
nent of ±e flux density> are vaJid for ±e voltage ̂  „ , . .
r e n t q u a n t i t i e s a S weU when the interface is at z=0 :

while the transmitted quantities can be written as

+ UXO) = U,(0),

The latter can be written as

UAO) 17,(0)

z,
1 1

(37)

(38)

(39)

(40)

The reflected amplitude is obtained from (37) and (39) in
the familiar form

(41)

with the reflection coefficient defined by
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R =
£, Bbi - det £1 )(uz x K) • f t~' • (uz x K) - x K) • £2~' • (uz x K)

£, V(uz x K) (uz x K) + Vdet £2 V(u2x K) • £2"
] • (u, x K)

(42)



Archiv fur Elektrotechnik 77 (1994)

254

Similarly, the transmitted amplitude is obtained in the
form

inverse permittivity dyadics satisfy

[7,(O) = r^ [7 , (O) ,

with the transmission coefficient defined by

2 Vdet £2

(43) i.e., the two media must have similar transverse inverse
permittivity anisotropies. The scalars £i and £2 can be made
unique by requiring that the two-dimensional determinant

T=\-R=
x K) • £2"' • (u2 x K)

i V(u2xK)-£f ' -(u zxK) + )det£2 V(u2xK) • If1 • (u 2xK) '
(44)

Note that the transmission coefficient is actually defined
through 7,(0) = 77,(0).

Thus, the reflected and transmitted voltages are

RQ

Ut(z) = T — [7,(0) ehz = (46)

where the transmission image height is a function of K:

/det &
• (47)

The corresponding potential expressions are now easily
obtained in the form

RQ

TQ

(48)

(49)

It is not obvious how the images can be found for general
permittivity dyadics £1, e2, because of the complicated
dependence on the Fourier parameter K. Let us limit
the problem so that the images are solvable in explicit
form.

4.1
Similar transverse anisotropies
If the two permittivity dyadics satisfy a certain relation,
the K dependence in the reflection and transmission co-
efficients vanishes, and simple point images are seen to
emerge. The condition that R and T do not depend on K
requires that the following ratio is a number z indepen-
dent of K for all transverse vectors K:

(uz x K) • If1-(uzxK)
• = T . (50)

Written in another way we require that the following
equation be valid for all transverse vectors K:

(u2 x K) • [£?' - (u2 x K) = 0. (51)

of the dyadic a equals unity, i.e., the product of its two
eigenvalues is unity. In dyadic notation [5] this can be ex-
pressed as the condition

(45) r< (53)

which for both permittivity dyadics can be expressed as

(54)
2

= 1.
2 -•**.-••*•--• "•* deteu

The scalars £[ and £2 can be solved in the form

£1 = £2 = (55)

For dyadics £i, £2 of this kind we can write the complex
propagation factors in the form

(56)

(57)

Since the propagation factors are not the same in general,
the transmission image does not coincide with the original
source as in the isotropic case.

The impedances are

1 1

Z, = -

I, V(u2xK)-d-(u2xK)'

1

£2 V(u 2 xK)-d-(u 2 xK) '

(58)

(59)

which shows us that the reflection and transmission co-
efficients, indeed, do not depend on K:

R =

T=

y£izz det

Veia det

2 \

£1

£1

-

+

zz det

'XL

\ZZ

£2

det

det

£2

£2

det fj + det £2

(60)

(61)

Thus, there must exist two numbers £1 and £2 and a two-di-
mensional dyadic a such that the transverse parts of the

These expressions resemble those of the isotropic medium.
In fact, if we define effective isotropic permittivities of the
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two media as

4y[e^detT2, (62)

the amplitudes of the reflection and transmission images
RQ and TQ come directly from the isotropic formulas.
However, the locations of the images are not predicted by
the isotropic analogy unless further special conditions for
the two media are met.

The correct image expressions can now be written for
the interface of two anisotropic media with similar trans-
verse inverse permittivities. The reflected potential has the
Fourier space expression

RQ

RO
—-^
2b}£lz

(63)

_ *iS\zz det S\ - Vfij» det l2

Vf i s det £1 + V^zs det £2

whose position is the same as in the PEC case,

(64)

(65)

It is noteworthy that the reflection image point does not
depend on the dyadic e2.

The transmitted potential can be written through (46)
in the form

(t)t(z) =

with

det

det (!2/f 2

(66)

(67)

This gives us the height of the transmission image. It is
seen that this does not equal h unless a special condition
between the two permittivity dyadics is valid. The trans-
mission image is also shifted laterally in general. The late-
ral shift vector Q, is defined by

from which we have

Qt=- ft —

SH,x*x P---2-1
det

(£2/£2zz)
(69)

there is no lateral shift of the transmission image. If ur
is one of the eigenvectors of both media, this condition is
automatically satisfied.

42
Eigenvectors normal to interface
The expressions become simpler in the special case that uz

is an eigenvector of the two dyadics. In this case, all three
eigenvectors of the two dyadics are the same and the ratio
of the two transverse eigenvalues is the same for both me-
dia because of the similarity of the transverse anisotropies.
Without loss of generality let us denote the two other
eigendirections by ux and u, and the corresponding eigen-
values by £ixx and e^ for the ex dyadic and similarly, e2xx

and e2yy for the s2 dyadic. The similarity condition now
reads

which can be interpreted like in the PEC case as being due
to a point source

2yy
or (70)

The determinant functions are simply

det s1 = slxx£iyyElIX, det £2 = . (71)

Because in this special case we have K • ?i • v^ = K • £2 • uz = 0,
the lateral shift for both images vanishes. The reflection
image lies at

(72)

and the transmission image at

(73)

It is seen that the transmission image lies at the original
source point only if the ratio of the longitudinal to trans-
verse eigenvalues is the same in both media, i.e., if £ic/£ix

equals ZizJtjxx-
The ratio of the impedances has the form

det£2

Z2 V £i= d e t *i

and the ratio of the complex propagation constants is

(74)

(68) £1 =
72

(75)

These again show that the reflection and transmission
coefficients can be calculated as if the admittances of the
transmission lines were proportional to either ^

The lateral shift of the transmission image is different
from that of the reflection image, which does not depend
on £2 at all. It is seen that, if the transverse components of refraction at the interface and the transmission image is
the vectors e • uj4V£« det I are the same in both media, located at the original source point.

or
i.e., geometric average of the normal and transverse

permittivities. This analogy is known in geoelectromagne-
tics for DC problems involving dyadic conductivities satis-
fying a similar special condition [10]. The propagation fac-
tors are the same if the ratio of the normal and transverse
eigenvalues is the same in both media, whence there is no
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-h

Q

Pr
Qr

Fig. 1. Geometry of the problem. The reflection image appears shifted
laterally from the mirror image location

h Q

-h

Fig. 2. Geometry of the impedance plane problem. The line image
is laterally shifted from that of the isotropic problem

Anisotropic impedance boundary
Let us consider the electrostatic problem of an anisotropic
sheet, which is a condensed dielectric slab. When the mag-
nitude of the permittivity dyadic of the slab becomes infi-
nitely large and the thickness of the slab infinitely small
so that their product is finite, the result is an anisotropic
sheet. When the medium behind the sheet is PMC (e = 0),
the sheet becomes an impedance boundary. This case is
studied here.

A tangential component of the electric field will give
rise to an electric surface flux Ws (dimension As/m) in the
sheet, which is proportional to the field. The proportiona-
lity is represented by a two-dimensional surface permitti-
vity ('admittance') dyadic es as

"^ = £VE(. (76)

It is obvious that, to be able to apply previous methods,
the transverse anisotropy of the medium must be similar
to that of the impedance sheet, which limits the freedom
in choosing the dyadic es.

The condition (76) can be written for the potential as

) ) , (77)

(78)

Because of the continuity of the electric flux, the normal
component of the flux density on the surface must be the
source of the surface flux. This can be written mathema-

which in the Fourier space reads

tically as

, 0).

The Fourier transform of this equations is

(79)

(80)

Substituting Ws from (78) in this equation gives us the re-
lation

Dz(0) = -(K • ss • K) 0(0), (8a)

which in terms of equivalent voltage and current quanti-
ties can be written as

(82)\ = -ZJ(0), ZL = (K-es-K

The reflection coefficient is now

ZL-Z eJ>-K-is-K
R = -

• (83)
hzz VTuzXK) • r 1 • (u zxK) + K • I s• K

At this stage we must assume that is and e are dependent
on one another so that for all K vectors we can write

(u,x K) • r 1 • (U.X K) = rK • £s • K,

which induces the following condition:

(84)

(85)

Thus, the surface permittivity dyadic is defined by one
single scalar, r. Writing

x det £

the reflection coefficient is reduced into

lbo
bo =

x d e t l

The reflected voltage has the earlier expression

(86)

(87)

(88)

and the reflected potential is

(89)

Since R is not a constant but a function of the Fourier
variable K, it is best to express it as an integral

0
(90)

whence the reflected potential is

oo

(91)
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Substituting £ = —z' - h, this can be written as
-h

= l-Qd(z' +h) + 2b0Q

Ibe*
-2jah -z') i i

(92)

The image source can now be identified by comparing this
expression with the potential due to a line charge q(z') in
the region z' < 0. Its Fourier transform for z > 0 reads

o

0(z)= qiz')^— e0""™2-1''dz'. (93)

Thus, we see that the term in square brackets in (92) cor-
responds to the image line charge as a function of z:

= \-Q6(z + h)

x[7(-(z + h)), (94)

and the factor e"2'0* creates a similar shift in the trans-
verse direction as in the PEC and PMC expressions:

= q,{z) 6(Q- (95)

It is seen that the line image is shifted sideways, parallel
to the z axis, by the amount of Qr.

The previous theory simplifies for an isotropic medium
s = el and boundary is = es(I- u^iz), in which case we have
T = lies,. In fact, from (95) we can write

(z + h)). (96)= Q — d(z + h) -i— e I U(—I £> J
It is easy to show that the special cases of PEC and PMC
boundary are optained from this expression. For the PEC
case, es -* 00, the exponential term simply vanishes leaving
the negative point image charge. For the PMC case, es-*0,
the exponential term becomes a delta function 2d(z + h),
which cancels the first delta function and leaves us with a
positive point image charge.
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Static image principle for anisotropic layered medium
using transmission line analogy

M. E. Ermutlu
Electromagnetic Laboratory, Helsinki University of Technology, Espoo, Finland

Abstract. Anisotropic medium in electrostatic problems has been a great interest
for geophysicists because it allows the use of more realistic models in geophysical
studies. Problems involving planar anisotropic medium have been studied by
different authors and image principles of these kinds of problems, like an anisotropic
half-space bounded by a perfectly electrically or magnetically conducting plane, an
impedance surface, or two similar transverse anisotropies, have been applied. Same
examples are also considered by using transmission line analogy. This paper deals
with a static problem involving layered anisotropic structure consisting of three
different media with similar transverse anisotropies. A transmission line analogy is
exploited to derive an electrostatic solution for reflection and transmission problems.
A quasi-physical interpretation of these solutions in terms of image sources is given.

1. Introduction

Electrical conductivity anisotropy is a very
common property among geologic media in dif-
ferent geometric scales owing to the formation
process of the media, like crystallization, sedi-
mentation, deformation, folding, fracturing, etc.,
and anisotropic medium is an important concept
in geophysics because it allows the use of rele-
vant and realistic mathematical models of the
ground. That is why geoelectromagneticists axe
interested in solving different kinds of static and
dynamic anisotropic electromagnetic problems.
Problems involving planar anisotropic medium
have been studied by different authors [Wait,
1982; Negi and Saraf, 1989; Eskola, 1992] and
image principles of these kind of problems, like
an anisotropic half-space bounded by a perfectly
electrically or magnetically conducting plane [
Lindell et al., 1993a], an impedance surface [
Lindell et al., 1993b] or two similar transverse

anisotropies [Lindell et al., 1994a], have been
recently developed. The static image theory is
extended for layered media using transmission
line analogy since there exists a close analogy
between propagation of potential and the flux
density and the propagation of voltage and cur-
rent along a transmission line [Lindell et al.,
1994b]. By using this relation in transmission
line analogy, one can directly formulate an elec-
tro or magnetostatic problem in terms of famil-
iar circuit concepts where the contribution of an
anisotropic structure is taken into account by
dyadic impedances.

In the present paper, general theory will be
given for anisotropic layered media. Excitation
is a static point current source that can be lo-
cated in any layer of the structure. A series of
computed potential figures are presented, which
show, in addition to the physical solution, the
corresponding images that can be concerned to
be equivalent sources for the layered structure.

Copyright 1994 by the American Geophysical Union. 2. Theory

Paper number 94RS00448.
0048-6604/94/94RS-00448S08.00

Solutions of static image problems involving
anisotropic medium, electrically (PEC) and mag-
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neticaUy (PMC) conducting boundaries, impe-
dance boundaries, and two anisotropic conduc-
tive media have been found using transmission
line analogy, but, however, there exists sim-
ple image sources only if the transverse parts
of inverse permittivity dyadics of both medium
are factors of each other [Lindell et al., 1993a].
These results are also derived by Lindell et al.
[1993a, b, 1994a] in a direct manner using con-
ductivity dyadics. Let us first briefly repeat the
analysis given by Lindell et al. [1994b] in terms
of conductivity dyadics.

The scalar potential <£(r) due to a point cur-
rent source I at ro = vizh in an anisotropic
medium with dyadic conductivity "a satisfies the
Poisson equation

V • = • V</>(r) = -I6(r - uzh) (1)

In order to derive the equations related to trans-
mission line analogy, let us make two-dimensio-
nal Fourier transformation to the Poisson equa-
tion (1) by denning

# K , z)= i
Js

(2)

where p denotes the two-dimensional component
on xy plane of the vector r. Suppressing the K
dependence and writing <f>(z) instead of <£(K, z),
the Poisson equation (1) can be written as

2jK • W • nz4>'(z) -

- 16{z - h). (3)

where' and " are the first and second derivatives
respectively, with respect to z, and azz denotes
the zz component of the conductivity dyadic,
(i.e., u2u2 : <T). Equation (3) can be written in
a scalar form

= -— S(z-h), (4)
ozz

a =
Ka

°zz (5)

(6)b = —Jozzo : KK -
°zz V

The parameter b above can be rewritten using
vector and dyadic identities [Lindell, 1992] in
frvmnaforms

(7)

Note that since the dyadic a is here assumed
symmetric and positive definite for physical rea-
sons, its square root is a dyadic whose eigenvec-
tors are the same and eigenvalues are positive
square roots of those of W.

Let us define voltage U(z) as

U{z) = e-jaz<f>(z] (8)

{Lindell et al., 1994b] which enables one to rewrite
(4) as

U"(z) - b2U(z) = -—e- j a h S(z - h) (9)
&ZZ

The transmission line current quantity can be
defined as the z component of the current den-
sity, which in Fourier space takes the form

Jz = uz • J = - u 2 -W-(uz—

= -arJ—
'"ydz

Hence if we define

+ja)<fi{z) = -ozze>azU'{z). (10)

= e~j"Jz(z) (11)

as the current on the transmission line, (10)
gives us one of the transmission line equations

£/'(*)+J_J(2) = 0 (12)

by denning and the other one is obtained from first trans-
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mission line equation (12) through differentia-
tion and substitution in (9):

I\z) + czzb
2U(z) = Ie-jahS(z - h) (13)

Equations (12) and (13) are in the transmission
line equations form that can be found in the lit-
erature [e.g., Jordan and Balmain, 1968] with
complex propagation factor

7 = 6 = uz x K) • a • (u, x K),

(14)
and characteristic impedance of the transmis-
sion line

Z =
1

bo. VdetWy/(nz x K) • a * • (u^ x K)
(15)

It is seen that the 7 factor depends on the
medium since the b parameter is a function of
a.

The solution to (9) in homogeneous space,
that decays outside the source for z -» ±00, can
be written

U(z)= e-jahe-b\z-h\

2bazz

where the electrostatic potential is

loaz

(16)

(17)

Note that the quantities that are continuous due
to boundary conditions are not U(z) and I(z)
but are the potential 4>{z) and the normal com-
ponent of the current density Jz{z).

3. Anisotropic Layered Medium

Anisotropic half-space with PEC, PMC, impe-
dance boundaries, and two anisotropic conduc-
tive media are only problems so far analyzed
using transmission line analogy [Lindell et al.,
1994b]. In the literature, a solution for a two-
layer problem is given by Wait [1990] that is,
however, limited for cases having the exciting

Figure 1. Geometry of the problem. _Three
anisotropic medium with conductivities ~o\, W2, and
F3. Medium 2 lies between medium 1 (2 > 0) and
medium 3 (z < —d). The excitation current I is at
z = h, which is shown in medium 1, but it also can
be in other media depending on the value of h.

source at the interface of two media. In the fol-
lowing, the transmission line method is general-
ized to a layered media problem.

Let us study the solution of the Poisson equa-
tion in a layered structure consisting of two half-
spaces and a layer between them (—d < z < 0).
The conductivity dyadics in respective domain
are denoted by ~o\ (z > 0), W2 (0 > z > —d),
and CT3 (—d > z). Excitation current is at z = h
which is shown in medium 1 in Figure 1, but, de-
pending on the value of h, the excitation current
might be in three different media.

4. Source in Medium 1

Let the source lie at z = h in medium 1, with
cfi. The first interface is at z = 0, and the second
one is at z = —d. The incident voltage and
current due to the point source in medium 1 at
z — h are obtained from (12) and (16) as

Ui(z) = (18)

(19)
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4.1. Reflected Potential in Medium 1

The reflected voltage at medium 1 can be writ-
ten in the form

UT(z) = (20)

where R is the reflection coefficient at the in-
terface z = 0. Considering Figure 2, which is
representative of the geometry of the problem
in terms of transmission lines, the reflection co-
efficient can be written in the form

— Z\
(21)

where Zin is input impedance at the first inter-
face z — Q and Z\ is the characteristic impedance
of medium 1. The input impedance of a loaded
transmission line is well known [Jordan and Bal-
main, 1968]

= Z2
Z3 + Z2 tanh(72rf)
Z2

(22)

where Z2 and Z3 are the characteristic impedan-
ces of the layer and the half-space starting at z =
—d, respectively, and 72 is the wave propagation
factor in the layer. The definition for this factor

ZiOfi

Z2,Y2

Z3.Y3

Figure 2. Representation of the geometry of prob-
lem with transmission lines. Note that although the
voltages U(z) and currents l{z) are continuous at
boundary z — 0, they are discontinuous at boundary
z — —d, contrary to potentials and normal compo-
nents of current densities that are continuous.

and impedances in any of the media have the
following expressions:

7(1,2,3) = &(1,2,3) =
0^(1,2,3)

^KxK^cF^-KxK) (23)

and
(24)

So the reflection coefficient is

Zin - Zi Z2Z3 -Z1Z2 + {Z
R __

Zin + Zi Z2Z3 + Z1Z2 + {Z\ + Z1Z3) tanh(72<2)

(Z2 - Zi)(Z3 + Z3)e~»d + {Z2 + Zi){Z3 - Z2)t-
nd

(Z2 -

which can be written in the form

R =

where

Z2 — Z\
#23 =

— Z2

(25)

(26)

(27)

The reflection coefficient (26) can also be writ-
ten in terms of exponential functions in a series
form:

R = R12 + T12T21 (28)

recognizing R2\ = —R\2 and the transmission
coefficients

T12 = 1 + R12 T2i = 1 + R21 = 1 - -K12 (29)

Note that the reflection coefficients can be writ-
ten in terms of conductivity dyadics and Fourier
variable K using (23) and (24).

Let us write the incident and reflected poten-
tials using the transformation equation (8) and
voltage equations (18) and (20):

(30)
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<t>T{z) =
R I -ttti (z+h) e-bi (z+h) c-2ja, h

-2i*,h •

When the conductivities of medium 2, and 3
have the same value (i.e., #23 = 0), the infinite
sum of the reflected potential (31) disappears.
Comparing the incident potential (30) and re-
maining part of the reflected potential (31), it
is seen that the reflected potential is due to a
current at mirror image point z - -h by omit-
ting the exponential factor e~2iaih. Effect of the
factor e~2iaih can be seen by taking the inverse
Fourier transform of the potential:

( 3 2 )

The exponential factor can be combined with
the exponential kernel function as

e-jK(p-pT)

The vector pT gives the lateral shift of the image
corresponding to the reflection and this is seen
due to the anisotropy of the medium;

Pr = ~
_ 2uz x (uz x nzh

O\zz

(34)
which is the result for interface problems as dis-
cussed by Lindell et al. [1994b].

4.2. Transmitted Potential in Medium 3

Transmitted potential in medium 3 can be
found in terms of incident potential by writing
boundary conditions at both interfaces,

(35)

and transmitted potential in medium 3 is

4>t(z) = TUi(0)—

(36)
where T is the transmission coefficient which is
well known from the transmission line analogy
and is given in a form:

T = T12T23 (37)
n=0

The exponential terms e ^ 3 " ' 2 ) and e
d{-bi~^ in

(36) appear because the potential and the nor-
mal component of the current density instead of
voltage and current are continuous at the bound-
ary. Transmitted potential in medium 3 in an
open form is

n = 0

e(b3+ja3)(z+d) e -

4.3. Potential in Medium 2

(38)

Finding potential in medium 2 is straight for-
ward since reflection to medium 1 and transmis-
sion to medium 3 are known. Using boundary
conditions (35), the potential in medium 2 can
be written in the form:

where

RT+ = T l 2

71=0

= Tll2

(39)

(40)

(41)
n = l
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4.4. Limitations of Conductivity Dyadics and

The transmitted potential in medium 3, (equa-
tion (38)), can be also thought of as arising
from image sources such as reflected potential
in medium 1. But since the amplitude of the
image current and the exponential part of the
reflected and transmitted potential (equations
(31) and (38)) are dependent on the Fourier pa-
rameter K, the process of finding the amplitudes
and locations of images is not dear and seems
complicated. Therefore some simplification of
the problem seems necessary.

In order to get rid of the K dependence in re-
flection and transmission coefficients and to find
a linear factor between the complex propaga-
tion factors in different media, the conductivities
must satisfy the following conditions

1

2

(42)

where T\ and T<I are independent of K.
Equation (42) gives us a two-dimensional dya-

dic Zt such that the transverse parts of the resis-
tivity dyadics satisfy

Equation (43) is made unique by restricting the
two-dimensional determinant of the dyadic a to
be equal unity [Lindell et al., 1994b]. Equation
(43) simplifies the complex propagation factors
and impedances as follows

7(1,2,3) = &(l,2,3) =
\

d e t g ( l,2,3) ,

^(i,2,3)«det<7(li2,3)>/(uz x K) • a • (ur x K)

(45)
respectively, which reduce the reflection and trans-
mission coefficients as

y&\zz{

V &lzz{

V °2

V °2

deta! - ^(T2»det73

d e t * + ^2zzdetW2

«deta2 - V<T3zzfetoz

2\/a2«det^2

(46)

(47)

(48)

(49)
+

which are seen to be independent of the Fourier
parameter K.

5. Images

Since the transmission and reflection coeffi-
cients are independent of the Fourier parame-
ter K, it is a simple task to calculate the in-
verse Fourier transform of the transmission line
potential giving us the spatial. Here this step
is omitted because the interpretation of the re-
flected and transmitted potentials in terms of
images can be made already in Fourier domain.

5.1. Images Corresponding to Potential
in Medium 1

Comparing the reflected potential (31) with
the incident potential (30), the potential can be
thought of as arising from image current

^ ( u , x K ) . 5 - ( u s x K ) , (44) T12T21I ~ rt>2ln) (50)
n = l
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value of W2 and d can be found:

, Zi= -nzh + u2 x uz x [ a\'U* ], (51)

01«

with

Pki = T~ =6;

(52)

(53)

where k and / are medium numbers 1,2, or 3.
Here we can check our results with impedance

boundary case [Lindell et al., 1992b]. When the
thickness of the medium goes to zero that W2 -*•
oo, the input impedance at the first interface
z = 0 can be approximated as

Z' =
b2d'

(54)

Note that the same result can be obtained when
W3 —*• 0 and d —• 0. So the reflection coefficient
is reduced to

Z2 -f Z\b2d Z2 + Z\b2d

2Z2 1
- 1 +

where b = Z\d,

00

Tb~2
=l{

(55)

(56)

where
(57)

r:r(C) = - (

(321 = 2

745

(59)

where r is defined by Lindell et al. [1993b]
as Zs = 7"(<^1)t, with Zs denoting the sur-
face impedance. Numerical comparisons will be
shown in later sections.

5.2. Images Corresponding to Potential
in Medium 3

Similarly to reflected potential in medium 1,
the image current that realizes the transmitted
potential in medium 3 can be written as

where

*,n = \-d

uz x uz x

(2n

(61)

5.3. Images Corresponding to Potential
in Medium 2

Using the same procedure to find the images
in medium 1 and medium 3, image currents that
are realizing the potential in medium 2 can be
written as

Zx
- P2i,B)+

" r22)n) ] , (62)
n = l

where
^ 0 - (58) P2i,n = (2nd-

When we compare the result of Lindell et al.
[1993b] with (57) and (58), conditions for the u,xu,x

\C\zz
h- (63)
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and
r22,n = (-2nd - 012h)uz+

u 2 x u , x l —=-h + —*-(2nd + fad) \-uz.

(64)
Note that for a source at z = —h < — d (in
medium 3) with h and d as positive numbers, the
solution in the above subsection can be used by
redefining the coordinate system and changing
the variables;

Z —• —Z — d (T\ —* O3 O3 —>• O\.

The z-axis is turned to the opposite direction.
Now — d is mapped to the origin, the origin
is mapped to z' = — d, and the source is at
z' — h' — —h — d which is now in medium 3
with conductivity W3. Putting the new variables
in the previous solution, the image sources cor-
responding to the reflected potential in medium
3 and image sources corresponding to the trans-
mitted potential in medium 1 can be written.

6. Source in Medium2

Let source be at z — —h > —d which is in
medium 2. To find the image sources that are
realizing the transmitted potentials in medium
1 and medium 3, transmission coefficients are
needed. These coefficients can be found by writ-
ing the boundary conditions and solving them,
or they can be written directly by using trans-
mission line analogy.

Writing incident potential from the source at
z — —h in medium 2 as

the transmitted potential to medium 1 and medi-
um 3 can be written as

4>ti -

(67)

where T\ and T3 are transmission coefficients
and are of the form

Ti = T2i (

(68)

(
\7l=0

\n=\

(69)
n=l /

So the image current that gives the transmitted
field in medium 1 is

Z
IT\ = T2il— n ^ ( r — rri,n)+

(70)
n = l

where

uzxu2x
\ <?\zz

j32i(2nd± h) -
a1z

•u2 (71)

and the image current that gives the transmitted
field in medium 3 is

n = l

(72)

where

Uj X U; X -(d-h)-

(73)

Potential in medium 2 can be found directly by
writing the boundary conditions. Images that
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are realizing the potential in medium 2 except where D(T — r,) is distance function and can be
the incident potential can be written in the form written for the uniaxial medium in the form

/a = D(T) = - rt) =

- ln.n)
(x~Xiy

a
n = l

(74)

where

/3[cos0(y - yi) - sin0(z - ZJ
a{a + p)

(82)

,— >. The lateral shift of the point images that are
i,n = (2nd + h)uz - U : x u , x f — — - J (nd + A), realizing reflected and transmitted potentials in

all cases has a common factor which is
(75)

r22,n = (2nd - h)\ix - u 2 x u , x ( — — I ,
V ai" J

uz x uz x
a nz

/?sin20
• (83)

(76) In Figure 3, equipotential contours for the to-
, _ « tal and reflected potentials in medium 1, trans-

3>Il = -(2nd - A)uz + u 2 x u , x ( U l ) (nd - h), mitted potential for medium 3, and potential in
^ ffl" ' medium 2 are shown for arbitrarily chosen con-

(77) ductivities for three media. Note that potentials
/ 2 f j . Uln<A satisfy the boundary conditions. In Figure 4,

r24,n = -(2nd + A)uz-UiXU:X ^ ^ J , o n l y t k e reflecte(i potential is shown in physical
and nonphysical regions that have the location

(78)

7. Numerical Examples

Let us consider potential fields in a tilted uni-
axial conducting medium with the axis parallel
to the vector v [Lindell et al, 1993a, c]. Let us
write conductivity dyadics for all three medium
as

^1,2,3 = 0:1,2,3/ + #l,2,3Vi,2,3Vl,2,3 ( 79)

where / is the unit dyadic and

vi,2,3 = uz cos 0i,2,3 + uy sin #1,2,3. (80)

The conductivities are 01,2,3 + /?i,2,3 along the
axis v and a in orthogonal directions.

Potential due to a current Ii at r,- in a medium
with conductivity W can be written as

Ii
4> = - r,)

(81)

Figure 3. Equipotential contours in the yz plane for
total (solid line) and reflected (dotted line) potential
in medium 1, potential in medium 2, transmitted
potential in medium 3 when parameters realizing the
conductivity dyadics are c*i = 4, /?i = —3 Q\ = 0.4
(radians), a2 = 9, & = -5.98 02 = 0.5 (radians),
a3 = 1, 03 = -0.344, and 63 = 1-2 (radians). The
+ sign shows the location of original current where

A 2 d
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1 0 •

Figure 4. Equipotential contours in the yz plane
for the reflected potential in medium 1 with the same
parameters in Figure 3, and z < 0 is a nonphysical re-
gion where image sources are located and illustrated
with * signs in the plot.

of point images. The reflected potential has in-
teresting contours. This is because first image
has a negative amplitude and the rest have pos-
itive amplitude so that the first two point images
behave like a dipole source.

Figure 5. Equipotential contours for the reflected
potential in the yz plane for impedance boundary
case. The conductivity of medium 3 is J73 = 0. The
excitation current is in medium 1 at z = 2.21 and the
interface between medium 2 and 3 lies at z = —0.5.
Parameters that are characterizing medium 1 and 2
are ax = 4, ft = - 3 , 0i = 0.4 (radians), a2 = 160,
02 = —150, and 9j = 0.175 (radians), respectively.
Note that z < 0 is a nonphysical region where image
sources are located and shown with * signs in the
plot.

In Figure 5, theory of Lindell et al. [1993b]
is compared numerically with results given in
the present paper. Considering a problem with
a layer of high conductivity and small thick-
ness which is given in (43) and (59), we can
replace the layer and half-space below it by an
impedance surface characterized by the follow-
ing conductivity parameters:

(84)02

COS 9o =

2dr

-—)

As an example, equipotential contours for the
reflected potential (Figure 5) is shown also in
nonphysical region z < 0 in order to see the
image locations when W3 = 0, d = 0.5, and
r = 0.1 [Lindell et al, 1993b]. When two results
are checked, fine agreement has been detected,
though the distance of medium 2 d is not zero
and ~di is not very big, so in a layer case there
are discrete images, not continuous images, and
the amplitude of the first image point is not —1
as found by Lindell et al. [1993b] but Ri2. For

5

0

-5

-10

-11

( (f(R
• . • • • ' • • ' ; •

\ *», * * . ' - . * * * . * * - •

...
-10 20

Figure 6. Equipotential contours in the yz plane
for the total (solid line) and reflected (dotted line)
potential in medium 1, potential in medium 2, and
transmitted potential in medium 3 when a\ = 0.
The parameters realizing the conductivity dyadics
are a2 = 9, & = -5.98, 62 = 0.5 (radians), and
<*3 = 4, 03 = - 3 , 83 = 0.4 (radians). The excitation
source is at the interface between medium 1 and 2
2 = 0, and thickness of the layer medium is d = —5.
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Figure 7. Equipotential contours in the yz plane for
the transmitted potential in medium 3 with the same
parameters in Figure 6, and z > —d is a nonphysical
region where image sources are located (designated
with * signs in the plot).

specific problems, limitations of theory of Lin-
dell et al. [1993b] can be found by comparing
the two theories, but this is not the aim of this
paper.

In Figure 6, potentials are computed when the
source is in medium 2. Medium 1 is taken as
an air ^i = 0, and source is put just on the
boundary bet-ween medium 1 and 2. Finally, in
Figure 7, the transmitted potential in medium
3 is computed in whole space, where z > — d is
nonphysical region, to show the image locations.
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Image Theory for DC Problems Involving
a Conducting Half-Space Bounded by a
Perfect Anisotropic Impedance Surface

Ismo V. Lindell, Fellow, IEEE, and Mikko J. Flykt

Abstract—Image theory is developed for the canonical direct
current problem involving a point current source in a conducting
half-space bounded by a planar perfect anisotropic surface (PAS).
The anisotropy of the surface is perfect in die sense that it has
infinite conductivity in one direction and zero conductivity in the
perpendicular direction. A PAS plane can be realized by a layer
of perfectly conducting parallel wires isolated from one another.
It is seen that the image of a current point source is a quadrupole
transverse-magnetic current extending along a half-infinite line.

I. INTRODUCTION

IMAGE sources can be defined for problem involving a
primary source in a homogeneous space region bounded by

an interface or an impedance boundary. The image source is an
equivalent source in the homogeneous medium, replacing the
boundary and the region behind, and giving correct fields due
to the replaced region. Theories for finding image sources have
been successfully developed for various geometries in static
and dynamic electromagnetic problems involving interfaces
between different media and impedance surfaces [1]. The
advantage over finding the Green function of the structure is
obvious if there exist computer codes for homogeneous media
with corresponding Green functions. This makes it simple
to insert the image sources like any physical sources in the
program, while forming a new Green function would imply
making a new code.

In electrostatic or static current (dc) problems, the image of
a point source in a perfectly conducting (PEC) or insulating
(PMC) plane is well known to be a point source in the mirror
image position with the same magnitude and opposite or
similar sign, respectively, as the original source [2]. Also, for
an isotropic impedance (resistive) surface, it has been shown
that the image of a point dc source is a combination of a point
source at the mirror image point and a line current source
starting from the mirror image point and extending to infinity
[3], [4]. If the impedance surface is a layer of conductive
material upon an insulating plane, the image is a set of point
images going to infinity. When the thickness of the layer is
reduced, the point images approach one another to form the
continuous exponential line image in the limiting case [5].
These image theories have been generalized through affine

Manuscript received May 17, 1993; revised January 3, 1994. This work
was partially funded by the Finnish Centre for Radiation and Nuclear Safety.

The authors are with the Electromagnetics Laboratory, Helsinki University
of Technology, Espoo, Finland 02150.

IEEE Log Number 9216507.

transformations to media with anisotropic conductance and
surface impedance, in which case there must exist a relation
between the anisotropies of the medium and the surface
impedance [4]. The present study is more general in the sense
that there is no such relation required between the anisotropies
of the surface impedance and the conducting medium, which
is actually isotropic.

As a first step towards a theory in the frequency domain,
which would be of importance to EMC problems involving
shielding surfaces, we consider the static problem. It can be
formulated in terms of electrostatic charges in a dielectric
medium or as a dc problem with static currents in a conducting
medium. Through an obvious change of symbols these two
cases can be transformed to one another. Let us choose
the dc formalism because the PMC medium can be better
visualized as a perfect insulator. As the basic problem we
consider an isotropic conducting half-space bounded by a
perfect anisotropic surface (PAS). This kind of a surface is
assumed to have zero impedance in one direction and infinite
impedance in the perpendicular direction and it can be easily
realized by laying perfectly conducting wires tightly parallel
on a plane and insulating them from one another but not
from the conducting half-space. The ensuing image problem
is a canonical one and not known to have a previously given
solution. The result can be straightforwardly generalized to the
case when the conducting half-space is anisotropic by making
an affine transformation to the problem. This is not, however,
done in the present paper.

n. THEORY

A. Basic Equations

The dc problem of fields in a conducting medium is nor-
mally formulated in terms of the current density vector J(r)
and the electric field vector E(r) as

V x £ = 0 VJ=i (1)

where i(r) is the current source function. In the isotropic
conducting medium these vector functions have the relation

J = aE (2)

where a is the conductivity of the medium.
Let us, however, assume another source of fields, the

magnetic current density function Jm(r). It gives rise to an

0018-9375/94504.00 © 1994 IEEE
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electric field satisfying

= -J (3)

To have a static solution, the magnetic current must satisfy
the condition V • Jm = 0. Otherwise, there would arise a
time-dependent magnetic field as well.

In a homogeneous conducting medium the field due to a
point current source i(r) = IS(r — r ' ) can be written in terms
of the scalar potential E(r) = -V<£(r), which is the solution
of the Poisson equation

(4)

The solution is well known [2]

(5)

(6)

On the other hand, the electric field due to a magnetic cur-
rent is divergenceless and can be derived from a divergenceless
vector potential E(r) = V x F(T), which satisfies

V2F = Jm V • F = 0. (7)

The solution for the electric field due to a magnetic current
element of length L: Jm(r) = ImL6(r — r1) can be written
in a form similar to that above

F(T) = -
AirD

E(r) = V x F(r) = -
Im£x(r-r')

(8)

(9)

Due to continuity, at the ends of the magnetic current element
there must arise time-dependent magnetic charges which give
rise to a nonstatic magnetic field. However, since we are only
interested in the electric field, we simply ignore this effect.
When the magnetic current elements are joined to make a
magnetic current loop, the magnetic field disappears.

B. The Boundary Condition

At an anisotropic impedance surface the tangential electric
field Et and the surface current Js satisfy the condition

t — Zs • Js. (10)

The impedance surface is assumed to occupy the xy plane.
In the reciprocal case [6], the surface impedance dyadic is of
the diagonal form

ZS = ZXUXUX + ZyUyUy. (11)

For the PAS condition considered here, the conductivity is
assumed infinite in the x direction with Zx = 0 and zero in

h .,

/
/

z
/ y

/
/

- C l m

Fig. 1. Geometry of the problem of two horizontal magnetic current elements
ImL and ? • J m £ . The dyadic U will be chosen so that anisotropic boundary
conditions are satisfied at the plane z = 0. The anisotropic surface can be
realized by parallel PEC wires insulated from one another.

the y direction with Zy = oo. This requires the following
boundary conditions for the field and the surface current:

• E = 0 • J s = 0. (12)

Since it is not obvious how to transform the latter condition
to the electric field, let us derive the condition from the follow-
ing problem. Consider a homogeneous space of conductivity
a with two point sources of the same current located at mirror
image positions: i± — IS(r ±uzh). From the symmetry we
see that, on the surface z = 0, the field E must be tangential
satisfying the conditions

uz • E = 0 («2 • V)E = 0. (13)

This means that the xy surface acts as an isolating film because
the normal current is zero. Now let us add two sets of thin
PEC wires parallel to the x direction on both sides of the xy
plane so that the symmetry is retained. The resulting case is
such that we have infinite conductivity in the x direction but
no conductivity in the y direction on the xy plane, which is
exactly the property of the anisotropic surface. The condition
uz E = 0 is, however, no more valid and the second condition
in (13) is valid only for the tangential field. Thus the two
conditions for the electric field at the present PAS impedance
are

• E = 0 (ttz • V)E • ttj, = 0. (14)

These boundary conditions are applied in the sequel for the
determination of images.

C. Image of a Horizontal Magnetic Current Element

Assuming the z axis vertical, instead of considering the
electric current source, let us start with a problem of two
horizontal magnetic current elements:

Jm(r)=ImL6(r-uzh)

and

Fig. 1. Here, C is a two-dimensional dyadic (no component in
the uz direction) and we try to determine it so that the correct
boundary conditions are satisfied, i.e., so that the two magnetic
current elements are images of one another.
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The electric field due to "these sources is

ImL x (r - uzh) (W-ImL)
E{r) = 4^Dl i

with

= y/{r±uzh)-(r±uzh). (16)

At the xy plane with z = 0 we have D+ = D- — Do =
Jo2 + h2 and

E(z = 0) = -
ImL x (p - uzh)

(C-ImL)x
(17)

If we wish this to satisfy the first condition of (14), we must
have

p-[ux x ( J m - -uzh = 0 (18)

for all horizontal vectors p and J m . The first term can be seen
to vanish identically, because the vector in square brackets
is vertical. Thus we_have the first condition for the two-
dimensional dyadic C

1ty-(I- C) = 0. (19)

The second condition of (14) requires the derivative of the
y component of the field at the xy plane to satisfy

which leads to the second condition

= 0 (20)

(21)

Equations (19) and (21) are seen to define the two-dimensional
dyadic C uniquely

C = —«x (22)

This is a reflection operator in the xy plane, because it changes
the sign of the x component of the vector 7 m , i.e., it gives the
mirror vector with respect to the ttj, direction.

Now we can write an expression for the image of a
horizontal magnetic current element ImL8{r - uzh). It is of
the form

+ uzh). (23)

To check this result, we consider two special cases. If the
original element is parallel to the y axis, the electric field has
no y component, whence the impedance plane acts as a PEC
plane with a vanishing electric field. In this case, the image
should be +ImL. On the other hand, if Im is parallel to the x
axis, the electric field has no x component and the impedance
plane acts as an insulator (PMC plane), whence the image
should be —ImL. The image (23) is seen to satisfy both of
these conditions.

Fig. 2. The image of a circular magnetic current loop is a circular strip of
magnetic surface current which flows along hyperbolic lines.

D. Image of a Magnetic Current Loop

Knowing the image of a horizontal magnetic current element
gives us a possibility to form the image of any horizontal mag-
netic current loop. For example, a circular magnetic current
loop of radius a with the magnetic current density function

Jm(r) =

has the image

Jmi{r)=:&-uiplmi

- a)S(z - h) (24)

- a)6(z + h)

cos<p)Im6(p - a)6(z + h). (25)

This can be best visualized as a narrow circular strip of
magnetic surface current, whose direction is not along the strip
but points into different directions on the strip. The magnetic
surface current can be shown to flow along hyperbolic lines
as seen in Fig. 2. In fact, if we write the equation of the
hyperbola in the form

x2 - y2 = p2cos2tp = c2, (26)

the flow is along the vector

uz x V(x2 -y2 - c2) = 2xuy + 2yux

= 2p(ux sin <p + ttj, cos ip) (27)

because this is the direction of (25). The asymptotes of the
hyperbolic flow are obtained for cos2p = 0, i.e., they are at
the angles <p = ±7r/4, ±3TT/4. We may also write the image
source (25) in the form

= - — V x
2a

cos2tp)

•Im6(p-a)6(z (28)

The image of a small magnetic current loop in the limit o —*
0 is of interest. Because a highly concentrated vector function
can be expressed in terms of its delta function expansion [6],
we can write in the xy plane

Jmi(p) = 6(p)Jjmi(p')dS'-^

•I p'Jmi(p')dS' (29)
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The first term gives zero because the total magnetic moment
vanishes due to the symmetry

(30)f"u'6(p' - a)p'dp'dip' = 0.
Jo

The second term involves a magnetic quadrupole moment
dyadic which is not zero

7mi = Jp'Jmi(p')dS'

= ImJp'u'v6(p'-a)dS'-d
, 2 * _

= -a2Im u'pu'pd<p'xuz-C
Jo

= -Tca2lmuz xW. (31)

Since this is now the leading term of the expansion, the image
of a small magnetic current loop can be written as the magnetic
quadrupole source

Jmi(r) = -Trni • V6(P)S(z + h)

Pmi = (32)

The coefficient Tra2Im equals the moment of the original small
magnetic current loop and is assumed to be finite in the limit
a —> 0 and Im -* co.

E. Image of an Electric Current Source

To get the image of an electric current point source i(r) =
I8(r — uzh), we have to apply equivalence between electric
and magnetic currents. Two sources are called equivalent if
they produce the same field outside the sources. Combining
the electric and magnetic current sources, we have an equation
for the electric field

V2E = - + V x (V2F) = - V i + V x Jm. (33)

If there exists a relation

Vi(r) = aV x J m ( r ) (34)

between the electric and magnetic currents, they are equiva-
lent. We know that a source which is of the form V 2 / ( r ) gives
rise to no field outside its support [7], [6].

Writing the circular magnetic current in the form

Jm = u^ImS(p - a)6(z - h)

= Vx[uzImU{a-p)6{z-h)\ (35)

where U{x) is the Heaviside unit step function, we can write

<jV x J m = (VV - V27) • [u2aImU(a - p)6(z - h)) (36)

whence, discarding the V2 term, we can identify the equivalent
electric current as

t(r) = V • [uzaImU(a - p)6(z - h)}

= aImU(a - p)8'(z - h).

Fig. 3. The magnetic current loop is equivalent to a dipolar electric current
source with disc-formed source and sink electrodes.

h

/
/

z
, y

i /

/
S

Y\ ''mi

Fig. 4. The image of an electric current point source is an infinitely long
quadrupole magnetic current.

This is a dipolar current with two disc-like current sources
of opposite sign (a source and a sink) at the top and bottom
of the magnetic current loop, Fig. 3, and it corresponds to
the well-known equivalence of magnetic dipoles and electric
current loops.

Now we are in a position to find the image for an electric
current point source. In fact, a long dipolar current source
with the other end extending to infinity and discarded can be
written as

i(r) = aJm3U(a — p)8(z - h)

= V-[uzaJm,U(a-p)U(z-h)] (38)

where Jma is the magnetic surface current density on the long
tube corresponding to the disc-formed electric current source.
When the radius o tends to zero, i(r) becomes a point source.
The total current / of the source is obtained through integration

I = <rJm.7ra2 (39)

Thus the image of a point source of current / is the quadrupole
magnetic current extending on the line —h < z < —cc, as
depicted in Fig. 4. Its expression is

&71Q,
- a)U(-(z + h))

• V6(p)U{-(z + h)). (40)

(37)

Jmi(r) =

This is the final result of this paper. For any current source
there must exist a sink, which is just another source with neg-
ative current and has a corresponding image. A combination
of a source and a sink makes a current dipole which can have
any orientation.
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The mathematical form of the image of a point current
source is simple but its physical nature appears complicated
because the image of an electric current source is a magnetic
current. Nevertheless, in terms of (40), it is easy to build up
the image corresponding to any extended current source. Each
point of the original current source distribution gives rise to
a quadrapole magnetic current line and the total image can
be readily obtained through integration. Generalization to an
anisotropic impedance surface with different and finite surface
impedances in the two orthogonal directions is under study.

HI. CONCLUSION

Image theory was developed for the canonical dc problem
involving a current source in an isotropic conducting half-
space bounded by a perfect anisotropic surface (PAS) with
zero and infinite conductivities in two orthogonal directions.
It was seen that the image of a current point source is a
transverse quadrupole magnetic current line. Such an image
for an electric current point source may appear somewhat
unnatural. The field due to the PAS impedance can, however,
be quite straightforwardly computed from the magnetic image
source in integral form, which is the essence of the image
theory in general. The theory can be applied, for example, in
forming integral equations for obstacles in front of the PAS,
because the surface plane can be replaced by the image of the
(unknown) current quantity of the obstacle and Green function
of the homogeneous space can be applied. Existing computer
codes for the homogeneous space can be used in problems
involving the PAS, provided the magnetic current excitation is
included. The theory can be seen as a first stage towards the
more interesting one involving time-harmonic sources.

Note Added in Proof

The arrowhead of Im in Fig. 3 should be reversed.
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Image theory for DC problems involving a conducting
half-space above an anisotropic impedance surface

I. V. Lindell and M. J. Flykt
Electromagnetics Laboratory, Helsinki University of Technology, Espoo, Finland

Abstract. A novel image theory is introduced, applicable to dc problems
involving current sources in an isotropic conducting half-space bounded by a
planar, reciprocal, anisotropic impedance surface. The theory is a generalization
of dc problems involving an isotropic impedance surface or a perfect anisotropic
impedance surface with zero and infinite resistivities in two orthogonal directions
on the plane, previously analyzed by these authors. The image for a point current
source is a combination of an electric line current source and a transverse
quadrupole magnetic line current source. The magnetic current component
vanishes for vanishing anisotropy, while the electric current component vanishes
for perfect anisotropy, of the impedance surface.

Introduction
The concept of surface impedance is an ide-

alization with which electromagnetic interface
problems can be approximated by simpler prob-
lems, where the medium behind the interface
is replaced by an impedance boundary. The
first such impedance boundary condition was in-
troduced by Leontovich [1944] for the isotropic
case, and its validity has been recently discussed
by Uslengki [1991]. This concept has also been
generalized to anisotropic impedance surfaces by
Senior [1981] and Wait [1982].

The final objective of the present study is
to develop an image theory for the anisotropic
impedance surface allowing replacement of the
surface by an image of the original source. Such
a theory for the isotropic boundary impedance
has been stated by Felsen and Marcuvitz [1973]
and later by Lindell [1992].

Copyright 1994 by the American Geophysical Union.

Paper number 93RS02819.
004 8- 660 4/94/93RS-02819S08.00

As a first step to the more complete the-
ory, the problem considered here is limited to
stationary current flow fields (dc problems). In
a previous study we considered the basic prob-
lem of a point current source in a homogeneous
isotropic conducting half space above the perfect
anisotropic surface (PAS) [Lindell and Flykt,
1994]. The PAS is defined to have zero resis-
tivity in one direction on the plane and infinite
resistivity in the perpendicular direction. The
resulting image of a point current was seen to be
a transverse quadrupole magnetic current line
extending from the mirror image point to infin-
ity. The present problem can be seen as its gen-
eralization, in which the resistivities in the two
orthogonal directions on the impedance plane
can have arbitrary real and positive values.

Another special case of the present dc prob-
lem,_the^ isotropic impedance surface, was con-
sidered previously by Lindell et al. [1994] and
the resulting image of a point current source
was seen to be an electric line current source
with exponential dependence in analogy to the
frequency domain theory [Felsen and Marcu-

441
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rritz, 1973]. The isotropic problem as presented
by Lindell et al. [1994] was further general-
ized through an affine transformation into that
of an anisotropic conducting half-space and an
anisotropic impedance surface. Because of the
transformation, the anisotropic resistivities of
the half-space and the impedance plane were,
however, not arbitrary, but connected through a
condition of similar transverse anisotropy. The
starting point in the present paper is more gen-
eral and could be transformed to cover the case
of an anisotropic half-space and an anisotropic
surface impedance with no relation between the
two anisotropies. This, however, is left outside
the scope of the present paper.

Theory-
Problems involving dc currents in conduct-

ing media can be formulated in terms of the cur-
rent density vector J(r) and the electric field
vector E(r) obeying [Wait, 1990]

V x E = 0, V • J = i, (1)

where i(r) is the current source function. In an
isotropic conducting medium these vector func-
tions have the constitutive relation:

J = (2)

where a is the conductivity of the medium.
As another source of electric fields and cur-

rents, we consider the magnetic current density
Jm(r) . The resulting electric field satisfies

V x E = - J , (3)

and the solution in homogeneous space can be
written as the integral

- _ /•Jm(r /)x(r-r') ,
~ J 4x|r-r'|3

v

Continuity requires that at the two ends of
a magnetic current element there must be time-
dependent magnetic charges which give rise to
a time-dependent magnetic field. The effect of
these are, however, ignored here because they
have no effect on the electric field.

Boundary Condition
At the anisotropic impedance surface the

tangential electric field E t and the surface cur-
rent J , satisfy the condition

= Zs • 3S. (5)

The impedance surface is the xy plane. The
impedance surface is assumed to be reciprocal,
which implies a symmetric impedance dyadic Z,
[Lindell, 1992]. Choosing coordinate axes along
the eigenvector directions, we can write without
loss in generality the surface impedance dyadic
in the form

Z, = + ZyVLyVLy, (6)

with the
dyadic

corresponding surface admittance

+ — UJ,UJ, (7)

satisfying ~Zt • Yt = Tt, where It is the two-
dimensional unit dyadic.

From the continuity of the electric current at
the surface,

(8)

we can write the impedance condition at the sur-
face in the form

u2 • E + i y , : VE = 0, z = 0. (9)

The special case with infinite and zero compo-
nents in the impedance dyadic was considered
in a previous study by Lindell and Flykt [1994]
with a special technique because of the singu-
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lar impedance dyadic. However, the final result
will be obtained as a special case of the results
obtained here.

Isotropic Impedance Surface

Labeling the z axis as vertical, let us first
consider the problem of a horizontal magnetic
current element

Jm(r) = ux /mI*(r - u,h) (10)

above an isotropic impedance surface with

f. = Zjt. (11)
With the analogy of electric currents in {Lin-
dell et al., 1994], let us make the ansatz that
the image source giving the reflected fields has
the same delta function and exponential com-
ponents, that is, we write the trial image source
function in the form

Jmi(r) =

ux[ImdLS(z + h)+Imce
TZU(-z - h)]S{p). (12)

Here U(x) denotes the Heaviside unit step func-
tion. Imd-i Imc, and r are three unknown pa-
rameters which we wish to determine so that
the surface condition (9) is satisfied by the field
due to the original and image source.

The field (4) due to the sum of the sources
can be written as follows. The original source
gives rise to the incident field

E in(r) = -
JmL uzy - - h)

|r - uzh\3 (13)

while the discrete image source produces the
field

^ ^ T T ^ r - (14)

and the continuous image source produces the
field

Ecfr
_ Imc f uzy — uy(z

' ~ 4JT J |r — uzz'
uzy — uy(z — z') rzi ,

dz'.

(15)

The sum of these must be substituted in (9)
to see if it can be satisfied. For this we need the
z component of the total field at z = 0, which is

u2 • E = -
4vD3

+x~?*\r'*.*rer*"' (16)
—oo

when we denote the distance from the source
point to the interface by

(17)

Because the field is orthogonal to the uz di-
rection, we have Y, : VE = Y,dEy/dy at z = 0

write

Zky z'eTZ

. (18)

The last integral expression can be devel-
oped through partial integration by noting that
the differentiation d/dy can be replaced by
(y/z')d/dz' when the differentiation is applied
to the distance function in the denominator of
the integrand. Thus we can write

-h

J dy
z'e"' rdz' =

-h
,. d

„—rh

D3

Z>(p*

-h

-I rye
(pi + z'2)3/2

dz'. (19)

By combining the different terms in the condi-
tion (9), an equation arises for the three un-
known parameters which can be solved quite
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easily. First, for the two integral terms to cancel,
we must have the parameter r to satisfy

r = — = <rZa.
1 a

(20)

Second, the terms involving Ds cancel with the
choice

Im- (21)

This means that the discrete image is the mirror
image of the original source. Third, the terms
with D3 cancel if we choose

/me = -2ImL<rZ,eTh = -2ImLreTh. (22)

Thus the image of the horizontal magnetic cur-
rent element can be written as

Jmi(r) = h)

-z - h)]6(p)

^-z [(1 - -z - h)] 6{p).

(23)

The expression (23) has close resemblance to the
result corresponding to an electric source, given
by Lindell et al. [1994].

Anisotropic Impedance Surface

The image of a horizontal magnetic current
element above an anisotropic surface impedance,
Figure 1, can now be obtained quite simply from
the previous result. Because an element directed
along ux only creates an electric field perpendic-
ular to the x axis, it does not see the Zx com-
ponent of the surface impedance at all, and the
image will be the same as for the isotropic sur-
face with Z, = Zy from (23):

+ h)

{-z - k)]6(p). (24)

Similarly, for an element directed along u^, the
image is

/
/

/ /
/ /

/ / /

i

/

/

/

/ / /

/ / /

/ / /

/ ' ' • / /

/ /

y

/

-»• Y

Figure 1. Geometry of the problem: a horizontal
magnetic current element XmL in a conducting half-
space in front of the impedance surface.

(25)

Combining these terms, we can write the image
for a magnetic current element, directed along
any horizontal direction, corresponding to the
unit vector u:

= A(z) • uImL5(p). (26)

The two-dimensional dyadic function A(z) is
defined as

= ltS{z + h)

- z - h)

- 2 - h)

where we denote

(27)

(28)

The last expression in (27) involves the two-
dimensional exponential function of a dyadic,
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7 7 ^ _ fly
J J

7
= J <**'

which can be understood through the Taylor ex- j m . ( r ) = S(p)pmi(z)- V6(p).fmi(z)+..., (32)
pansion as

with

«* = *, + £ + J ^ i ^ . . . (29)

To check the expressions (26) and (27), we
may consider four special cases for which we
know the solution:

1. For a PEC boundary with Zt = 0, we have
exp (<rf,(z + h)) = 1 and I(z) = S(z + h)lu

corresponding to a positive mirror image of the
magnetic source, as it should. __

2. For a PMC boundary with Zt = oo, we
We « , (,r.(. + i ) , = 0 i , + * < 0, wh»c.
A{z) — —6{z + h)Jt, or the image of the hor-
izontal magnetic current is its negative mirror
image.

3. For the PAS boundary with Zx = 0 and
Zy = oo we have exp (<T-Z,(Z + ft)) = UJ,UJ, and
A(z) = (—UgUz + Uyiiy)f(z + A), which leads to
the result given by Lindell and Flykt [1994].

4. For the isotropic boundary with ~Zt =
Zjt, (26) is seen to reduce to (23).

Image of a Horizontal Magnetic Loop

Proceeding like in the PAS case [Lindell and
Flykt, 1994], let us consider a horizontal circular
magnetic current loop with radius o at height h
above the impedance surface:

t —

=~J u » ' * flJ»u: x A(z)
= -Ta2lmuz x ~A(z). (34)

Because of symmetry, the integral of the dyadic
U'PU'P

 i s a multiple of the unit dyadic It and
" * b e « v ^ a t e d e a s i ly w i t h o u t Cartesian ex-
pansions. _

T h e two-dimensional moment dyadic Pmi

can be written as a sum of a symmetric dyadic
5 and an antisymmetric dyadic in the form

_ _ _
~Pmi(z) = ~S(z) + a(z)nz x 7. (35)

Jm(r) = uvImS(p - a)S(z - h), (30) After some simple steps we have

for which the magnetic image current is f (z) = _ x a 2/ m ( U r U ! / +

(31) ^ -z - fc)], (36)

Q(Z) = iralm
Let us now assume an infinitesimal loop with

a —* 0 and Jm —> cc, so that the moment xa2lm (i_e
iT^«(r+'l)_e<

!r'2r*(2+'lhm_z_/l)l (37)
remains finite. The image is expanded in two- *" L -I
dimensional delta function expansion as [Lin- The image of the infinitesimal magnetic current
dell, 1992] loop can thus be written as
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= va2ImVS{p)

dz

dz
-z-h)], (38)

J

of which the first term corresponds to a trans-
verse quadrupole magnetic line current, and the
second one corresponds to a transverse magnetic
current tube which can be expressed in terms of
an electric line current source.

Image of an Electric Point Current Source

From the equivalence principle given by Lin-
dell and Flykt [1994] we know that an electric
current source i(r) is equivalent to a magnetic
current source Jm(r) provided they satisfy the
condition

Vt(r) = Jm(r). (39)

'Equivalent' means that the two sources pro-
duce exactly the same electric field outside of
the sources in a homogeneous medium with the
conductivity <r. If the magnetic current is diver-
genceless, that is, if it can be written in the form
J m = V x f, and noting that sources of the form
V2f do not produce any field outside the source
region [Lindell, 1992], we can find the expres-
sion of an electric current source i(r) equivalent
to the magnetic current as [Lindell and Flykt,
1994]

t(r) = <TV • f(r). (40)

Thus a small circular magnetic current loop, be-
ing a divergenceless source,

JTO(r) = u9ImS(p - a)S(z - h)

= V x [uzImU{a - p)S(z - h)] (41)

can be replaced by the electric current source

[uJmU(a - p)S(z - h)]

= *ImU(a-p)6\z-h), (42)

which has the form of a dipolar disk current. In
the limit a —» 0 and Im —> oo we obtain the
current source dipole

(43)

t(r) - aImTa26{p)6'{z - h) = pe

where the electric current moment is

p e = UztrImTa2 = uzIL. (44)

The current of the dipole is I —* oo, and its
length L —> 0 so that IL is finite; <rlmira2 = IL
is also valid for a macroscopic dipole with I and

Jms

I
Figure 2. A finite magnetic surface current tube
J m i of radius a in a conducting medium with con-
ductance <r can be replaced by a finite electric dipole
with end current sources ±1 = ±<rJmira2.
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L finite corresponding to a magnetic surface cur-
rent density Jma = Im/L, Figure 2. In this case
we have the relation between the finite quanti-
ties

I = <rJmsTa2 (45)

If L becomes infinite so that the source becomes
an infinitely long magnetic current tube, it cor-
responds to a single electric point current source
(45).

In the same way, the divergenceless part of
the magnetic image current can be expressed as
an electric image current source. This applies
to the term due to_the antisymmetric part of
the moment dyadic Pmt(z). Thus the magnetic
image current corresponding to the small mag-
netic current loop can be expressed as a combi-
nation of a transverse magnetic quadrupole cur-
rent line,

(46)| ( e e ) f f ( - z - h)\

and an axial electric current source,

if (r) = *ra2lm.

L - z - fc)] S(p).

(47)
Here the superscript p stands for partial, be-
cause both magnetic and electric images are
needed in general.

If we write <rlmttc? = Idz' and understand
the magnetic loop as a current source dipole of
length dz' at h — z', the image expressions can
be integrated in z' from h to oo and the result-
ing image is valid for the primary point source
i(r) = I6(p)6(z-h):

-z - h),

(48)

- j i . [ ( i _ e e
dz

(49)
The electric current source image expression can
also be written as

i?(r) = - I

(50)
It is quite easily seen that the previously

known special cases are contained in this solu-
tion:

1. The perfectly electrically conducting
(PEC) case with Zx = Zy = 0 gives J^t- = 0
and if(r) = ij(r) = -IS{x + h). This is the
negative image of the original source.

2. The perfectly magnetically conducting
(PMC) case with Zx = Zy = oo gives J^t- = 0
and if (r) = i,(r) = IS(z + h), as is seen from
(49). This is the positive image of the original
source.

3. The PAS case with Zx = 0, Zv = oo
gives if = 0 and J ^ = Jroi = -(7/<r)(uxuy +
\iyUx)U(—z — h) • W(p). This is the magnetic
current quadrupole image previously obtained
by Lindell and Flykt [1994].

4. The isotropic surface impedance case with
Zx — Zy — Z, gives J^t- = 0 and, for if = U,
the result obtained by Lindell et al. [1994].

It is seen that an electric point current
source has an electric current source image for
an isotropic surface impedance, and it is the
anisotropy of the impedance surface that cre-
ates the quadrupole magnetic current compo-
nent. In fact, from (48) we can see that the
magnetic current component J j ^ vanishes ex-
actly when the two exponent functions are the
same, that is, when Zx = Zy, which corresponds
to the isotropic surface impedance. On the other
hand, for the electric component of the image ii
to vanish, the sum of the two-exponent functions
must equal 1, which for z + h < 0 requires either
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Figure 3. Notmalized electric image function (without the delta term) for a point current source
at distance h from the impedance surface, ft{s) = axe~"ml + ave~a"', for different normalized
impedance parameter ax = aZsh, dy = <rZyh values as a function of normalized distance a =
—(z + h)/h. (a) Isotropic impedance surface, for some values of az = ay. (b) Anisotropic
impedance surface, for some values of ax = /
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Zx = 0 and Zy = oo or Zy = 0 and Zx = oo,
which equals the PAS condition.

The normalized electric and magnetic image
functions fe{s) and fm(s), as denned by

fe{s) = c^e—" + aye-**', (51)

Us) = e"a" - e-a»% (52)

are depicted in Figures 3 and 4 for different val-
ues of normalized surface impedance parameters
ax and Oy defined by

ax = <jZxh, dy = crZyh, (53)

without showing the delta function components.
The parameter s is normalized distance along
the image line,

s = —•
z + h (54)

The image functions are seen to decay exponen-
tially in increasing s.

The special surface impedance cases consid-
ered above are seen in the figures in the cor-
responding limits of the impedance parameters.
The isotropic case with ax = cty gives only the
electric image, which is depicted in Figure 3a for
different values of ax. For ax —» 0, correspond-
ing to the PEC case, the image vanishes, while
for ax —• oo (PMC case), it becomes a delta
function. The anisotropic case is exemplified by
taking ax = I/ay and it gives both electric (Fig-
ure 3b) and magnetic (Figure 4) images. In the
limit, OJC = I/ay —> oo, which corresponds to
the PAS case, from Figure 3b, it is seen that
the electric image becomes more peaked and ap-
proaches a delta function, while Figure 4 shows
that the magnetic quadrupole current becomes
a unit step function.

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

/

f\\\\
N

1.1
- .

• — — •

\

—

— • —

10
\

Sv.

\

i : — • — • —

- ^ ^ ^

•

•

-

1

1 8 9 s 10

Figure 4. Same as Figure 3b for the normalized magnetic image function /m(«) = c"
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450 LINDELL and FLYKT: ANISOTROPIC IMPEDANCE SURFACE

Conclusion
Image theory was introduced to dc prob-

lems involving a current source in an isotropic
conducting naif-space bounded by an arbitrary
anisotropic impedance surface. The resulting
image for a point source turns out to be a com-
bination of an electric line current source and a
quadrupole transverse magnetic current source,
obeying simple exponential function laws. The
present theory is a generalization of previ-
ous theories valid for perfectly electrically con-
ducting (PEC), perfectly magnetically conduct-
ing (PMC), isotropic, and perfectly anisotropic
(PAS) surfaces. The image theory can be ap-
plied to any problems involving sources and ob-
stacles in an isotropic homogeneous conducting
half-space bounded by an anisotropic impedance
surface. In particular, integral equations can be
formed to the unknown dc currents flowing in
the obstacles by replacing the impedance sur-
face by the images of all sources, known and
unknown, and applying the Green function of
the homogeneous space.
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DC Potential Anomalies Caused by a Conducting
Body in an Anisotropic Conducting Half-Space

Mikko J. Flykt, Esko H. Eloranta, Keijo I. Nikoskinen, Member, IEEE,
Ismo V. Lindell, Fellow, IEEE, and Ari H. Sihvola, Senior Member, IEEE

Abstract—Image theory for dc problems involving a current
source in an anisotropic half-space bounded by either a perfectly
magnetically conducting (PMC) or electrically conducting (PEC)
plane is being used to get the solution for the potential in integral
form. A dipole approximation for a small sphere is developed.

I. INTRODUCTION

WHEN one uses electrical methods for studying the
detailed structure of the earth, it is necessary to have

a clear understanding of the behavior of electric potentials
and fields in different kinds of media. It is not enough to
handle electrically isotropic media but also anisotropic earth
models should be studied. Owing to the obvious difficulties in
the solving of anisotropic potential problems, the anisotropic
models treated in the literature are only limited. Negi and
Saraf [12] have made a review of anisotropic problems in
geo-electromagnetism and another good book on the subject is
Wait's Geo-Electromagnetism [15]. Chew deals with waves in
anisotropic layered media in his book [2]. Eskola [4] explained
the general characteristics of anisotropic potential fields by
means of volume charge density distributions generated in the
anisotropic media when the electric current is fed by a point
source in an anisotropic whole space. Eloranta [3] solved the
anisotropic potential problem in the case of infinitely con-
ducting body in the dipping anisotropic half-space when the
body acts as a primary source of current (so called mise-a-la-
masse method). The solving was done by the integral-equation
technique. Lindell et al. [9], [10] solved potential problems
in some basic geometries, i.e., in a half-space bounded by
electrically insulating, conducting, or impedance surface.

In this paper we will present an integral-equation formula-
tion for calculating dc anomalies in an anisotropic environment
in which there is embedded otherwise anisotropic body. The
kernel of the integral-equation is deduced from [9]. A dipole
approximation as a solution for the integral equation is demon-
strated. The approximation is valid when the primary current
source and observation point are far enough from an obstacle
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so that it can be represented in terms of an dipolar electric
current. It is worth noting that in the dipole approximation, it
is not necessary to know the detailed shape of the obstacle.
The polarizability of a general object can be solved analytically
only for the simplest geometries and media [1] but in practice,
it may be determined with reasonable accuracy for almost
any object by using numerical methods or measurements.
That, however, is another problem and not to be dealt with
in here. The validity of a dipole approximation is also a
subject worth of study, but here we only refer to [11]. The
anomaly is presented as the potential measured at the surface
by a single-pole (pole-pole) electrode configuration with one
current electrode and one potential electrode at infinity [13].
The dip angle of the uniaxial anisotropy may be varied as
well as the anisotropy coefficients.

II. THEORY

A. Homogeneous Anisotropic Space

Let us first consider a point current.source (Fig. 1)

io(r) = I06(T - TO) (1)

in homogeneous anisotropic space with dyadic conductivity

(2)

where <rr is dimensionless and CTO can be suitably chosen for
normalizing purposes. There is also an obstacle of arbitrary
shape and conductivity CT& = CTO + <?i, such that the part a\
represents the difference in conductivity between the obstacle
and the homogeneous space. We wish to get the expression
for the potential <f>{r). The current source i0 is assumed to be
outside the body, and it can be viewed as an electrode feeding
current into the space. Combining Ohm's law together with
the divergence condition for current flow in linear media (E
is the electric field, J is the current density vector)

and inserting a(r) = CT0 + ? i ( r ) we get, rearranging the
terms

V-(<70-E) = i0- V-[cr i (r)-E] . (4)

An equivalent current density situated in homogeneous space
cr0 can be identified from [4], and applying the relation

0196-2892/96S05.00 © 1996 IEEE
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-x-0

V

Fig. 1. The coordinate system is a right-handed Cartesian, the 2-axis point-
ing down. A point current source io and a body with theconductivity
are in a homogeneous, anisotropic conducting space (5o).

E(r) = — it can be defined as

(5)

Now we have, in addition to the original point source io, a
volume current source which is zero outside the body. This was
emphasized in the equations by stating the spatial dependence,
<7i = 5i(r) .

The potential <j> due to current IT is expressed as an integral
over the whole space

<Mr) = — f G(r - T')iT(r')dV'
co J

(6)

where the Green function G(r) for homogeneous, anisotropic
space is

1
G(r) =

4TTy detCTry r • aT •:
(7)

as in [9] The relative conductivity aT — a/ao is assumed to be
a real, positive definite symmetric dyadic. Thus, the equation
for the potential becomes

= J-JG(T- r')[io(r') V •
(8)

B. PMC/PEC Boundary

Consider a conducting half-space z > 0 with symmetric
conductivity dyadic CTO- The region z < 0 is either insulating
PMC (air) defined by a = 0 or PEC (a = oo). The source is
a volume current io(r), which gives the current IQ at a point
r = ro- The image source, located in region z < 0 filled with
the anisotropic medium 5o and giving the correct reaction to
the original anisotropic half-space has been derived in [9] with
the Green function for the homogeneous anisotropic medium.
We use these to get the integral form for the potential in region
z > 0 where a conducting body will be located.

According to [9] the point source (1) io(r) = /o<$(r - ro)
in front of PMC boundary (plane boundary at z = 0) has the
point image

ioi(r) = io^( r ~ roi) (9)

in homogeneous anisotropic space. The position vector roi is

_ 2(uz • r o ) a r • u . _ =

u s • ar • u -

2(<7r -U2)U2
C = I- (10)

Thus, if we should have as a source a dipolar electric current
with the dipole moment p = xiA, u being unit vector, its
image has the moment

Pi = ±C • p = Ui (11)

where the direction of the dipole is u* = C • u / | C • u| and

amplitude Ai = \C • u\A. The " - " in front of the C in
(11) is for the PEC case, effectively reversing the orientation
of the image dipole, as compared to the PMC case. This
upper/lower-sign convention for PMC/PEC, respectively, will
be used throughout the rest of the text. The image position
vector is the same, (10), for both types of boundaries [9].

The potential for the point source (1) in the region z > 0
can be expressed as in (6), with ir -> Jo + ioi

(12)

From (12), we can identify the Green function G\ of the
problem

Gi±(r, T0) = G(T - ro) ± G(r - C • r0). (13)

Positioning a conducting body with conductivity CTO + ? i in
front of the interface and following the reasoning in Section I,
we identify the body (and replace it) with a volume current ii
and its image in, when we remove the PMC/PEC boundary

ta(r) = - V E] = V • [aj(r) (14)

Thus, the potential <j> expressed as an integral over the whole,
homogeneous and anisotropic space ? = aoar, becomes

+ ^ J[G(T - r') ± G(T - C • r')]

u- •0V • vu

(15)

where <po denotes the primary potential term from (12). This
is the exact solution for the potential in integral equation
form. In the usual case, the calculation of the integral requires
the use of some numerical method. Next, though, we will
derive an approximation, to solve the above integral equation
analytically for a special case.

in. SCATTERING BY A SMALL OBJECT

The situation is basically the same as in Section II-B with
the conducting obstacle, the goal being now to get an analytic
solution. This kind of problem has been dealt with in [11]
for dielectric electromagnetic scattering using the exact-image
theory (EIT) [8].

The object must be sufficiently small and far enough from
the source and the PMC/PEC interface, so that the polarizing
field can be considered as uniform. This total field needed
here, denoted as E T , is the sum of the fields from the original
current source, its image, and the image of the object itself,
and it is assumed as uniform at the location of the object.
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Thus, the effect of the object can be approximated by the field
arising from a dipolar current source with the dipole moment

= a • E T = a • (Eo + ECH + EM) , (16)

where the dyadic a is the tensor polarizability of the body.
Dealing with static current flow, we use the known formulas

for electrostatic polarizability, such as in [1] replacing the
permittivities with conductivities. To check the validity of this
procedure, one can start from two point current sources, /
and — / , separated by a distance d in isotropic medium with
conductivity a. By letting d approach zero while keeping
the product Id constant and developing the potential of this
ideal current dipole, the dipole moment and polarizability are
identified in terms of conductivity. Comparing these to the
corresponding expressions for point charges and permittivities,
the perfect analogy can be seen. _

Combining the total field Exi = fiu • p with (16) we get an

expression for the dipole moment p with /3U as the unknown

(17)p = J -

To determine the dyadic /3U we assume the dipole moment
is of the form p = u A Then the dipolar current source id

associated with it is

*rf = - p - V « ( r - n ) , (18)

and the corresponding image

-r i i ) = ±[-{C-p)-V6(r-C-n)]. (19)

Using die properties of the delta function and its derivatives
[14] we arrive to another expression for the image field

l i = -V— [G(T-r')ididV'
CO J

= ±—VVG(r-CTx)-(C-p). (20)

Here integration by parts was applied wherein the boundary

terms vanish in the jnfinity. Equating Ex, = 3n • P an<^ (20)

we get the dyadic flu

0li = ±—VVG(T-C-r1)-C (21)
CTO

and inserting this into (17) the dipole moment is expressed as
a function of the polarizability a of the object

p = -I± \l zf — a • VVG(r -C-rrf-C
<7o L CT0

•a-VG1±(r,r0)

- l

(22)

where we have applied the Green function (13) in determining
the point source fields Eo and Eoi. We were calculating the
total field at the location of the object and thus, after the
differential operations r must be substituted with rx. Now

the approximated potential anomaly due to the object can be
calculated from

4>=— f G{T-T'){id + idi)dV'
°o J

= -—[VG(r - r i ) • p ± VG(r - C • (C • p)], (23)

with C defined in (10). The dipole approximation used here
is valid when the object is so small that the polarizing field
can be considered nearly uniform. When the distance from the
point source or from the boundary to the body decreases, the
assumption of the uniformity will fail, at some point making
the approximation method unusable. The question of validity
is an asymptotic one, i.e., the better the above requirements on
size and distance are satisfied, the better is the approximation.
The boundaries of validity, in terms of the distances and the
size of the object, of the presented approximation can be
determined after the problem stated in (IS) has been solved
using some other, numerical method. This is a task of its own
and not to be accomplished here.

When, however, the assumptions made above apply to
our case, the problem remaining is how to determine the
polarizability a. For simple media the expressions are known,
and in the case of an anisotropic sphere or an isotropic ellipsoid
in isotropic space, a book like Bohren and Huffman's [1]
is useful. Although Jones in [5] has solved the generalized
problem (where the principal axes of an ellipsoid, of its con-
ductivity and of the conductivity of the space it is embedded
in may all be differently oriented), it serves the purpose
of this paper to go through an example utilizing the affine
transformation.

IV. POLAREABIUTY OF A SPHERE

In the isotropic conducting space a^I we have the equations
V x E = 0, V- J = i, J = CTQE. After the affine transformation

ra = AT (24)

where we have additionally assumed that A is a positive

definite constant dyadic [7]: A = AT, A'1 = A~1T, the
transformed quantities and the basic equations from above
become

Jo = A1 J,
V a x E a = 0
Vo • Ja = ia

J a = CTOo • E

(25)

The condition on A being positive definite is just a mathemat-
ical way to say that the conductivity tensor is symmetric and
it has an inverse, which is the usual case in geophysics.

Suppose we have an anisotropic conducting sphere of radius
d and conductivity a;,o embedded in similarly anisotropic
conducting medium

(26)
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or a^ = Saoa where 5 is a scalar. Coordinate system is
ordinary Cartesian, with the orthogonal unit vectors u, v, w
chosen along the principal axes of anisotropy. This can be
viewed as an affine transformation of the isotropic space <TQ
and an ellipsoid with the conductivity crb and the semiaxes a,
b, c; a being in the direction of u, b along v, c along w. Now
the following relations must be valid:

=1/2 faOa\
1/2

1/2
= Mu+TtW + T,WW)(^)/,

S = ^i/CTo, QTU = &7\, = CTW = (27)

If this ellipsoid is placed in a uniform source field E in
isotropic space CTO, we know that the induced field inside the

ellipsoid, Ej, will be uniform. The dyadic B denotes this well

known relation E; = B • E. The body can be replaced by an
ideal current dipole with the dipole moment p and from basic
electrostatics we have the expression for it:

P = - ao)I • E* dV. (28)

Using the transformation above we get the anisotropic con-
ducting sphere in similarly anisotropic medium, and from the
properties of the transfonnation we see that the field inside the
sphere is uniform. Noting that the volume element transforms

as dVa — dV det A, we consider the equation for the dipole
moment in the case of the sphere in anisotropic medium

= / (

= / (

- CTOa) • E i o dVa

E; det AdV. (29)

Inserting E; = B • E = B • A • E o and from the fact the field

is uniform and det A = TuTvTw(aoa/ao)3/2, we get

Po = • E a V b a U , (30)

where Vbaii is the volume of a sphere of radius d. The
polarizability a is identified from p a = S a • E a and (30)

Ota = (31)

It is worth noting that the inner field of the sphere in
anisotropic space is related to the inducing field through the

same dyadic B which gave the inner field of the corresponding
ellipsoid in isotropic space. The inner field of a sphere in
anisotropic space in terms of the uniform inducing field has
been given, for example, in [6, p. 58], and it is seen to be in
accord with the_ result stated here.

The dyadic B is

B = [I - N{1 - S)}-\

where / is the unit dyadic / = uu + w + ww and N is the
depolarization dyadic

N — 7Vauu + Nbw -(- JVcww
ds . ,

(33)

For the special case of uniaxial medium we have a prolate
spheroid

(34)

= Nb = - ( 1 - Nc),

1 - e 2

2e3

Here e is the eccentricity. Also, from (31) and (32) the
interesting cases when the conductivity of thejphere becomes
zero or infinite can be examined. Because aba — Saoa —
(0b/Po)oo0Oar, setting CTJ = 0 or ab -* oo we get the
polarizabilities, respectively:

5 a = aOa • (N - 7 ) " 1 ; S a = aOa • N . (35)

v . NUMERICAL EXAMPLE

As an example of practical interest consider the case of PMC
boundary, the conductivity of the half-space being uniaxially
anisotropic, CTO- The primary point current source i0 is on the
z_axis at height h, and an empty, or electrically insulating
(a6 = ?o + CTI = 0) sphere is placed at n .

The axis of the medium is parallel to the unit vector
w = Uj, sin 9 + uz cos 6 (Fig. 2) and the conductivity may
be written as

— = al
a0

/3ww, (36)

so that in a right-handed u, v, in-coordinate system, we
have the relative conductivity a + /3 along u>-axis and a in
orthogonal directions u, v. In the x, y, ^-system, the matrix
representation of the dyadic is

0 0 \
ar = | 0 a + /3 sin2 0 /? sin 9 cos 0 I

k0 /Jsin^cos^ a + 0cos26j
(37)

(32)

and the connection to the theory in the previous chapter is
through

a^rl^r2; (a + 0) = r2
w. (38)

The normalized potential anomaly, the potential due to the
dipolar currents approximating the body and its image, is
given in Fig. 2 for parameters a = 4, f3 = - 3 , while moving
along the y-axis on the boundary surface. The sphere of radius
d = 0.3 is located at n = 10uz and the primary source at
ro = Uj. The dip of the nisotropy is varied. The asymmetry
in the anomalies with respect to the z-axis is seen when 9
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0 2

*)$ = 0' b)6 = 30°
e)8 = 6 0 ° (f)« = 90'

= 120* / ) « = 1 5 0 c

-30 -20 -10 10 20 30

Fig. 2. The potential anomalies due to a spherical hole in an anisotropic
ground, along the y-axis on the surface x = z = 0. The conductivity
parameters are a = 4, 0 = —3. The primary source is at ro = u r l and
the sphere of radius d = 0.3 at ri = u-10. The dip angle 6 is varied.
The magnitude of the current is Jo = 1 and the value of the conductivity
(To = 10~6 was chosen for convenience, the normalization being arbitrary.
The coordinate system is also shown, z-axis is perpendicular to the plane of
the paper.

differs from 0 or 90°. If we were calculating the potential
along the x-direction, the curves would be symmetric. The
normalization is arbitrary in this example, here the largest
anomaly value has been normalized to 1. The highest peak,
occurring for the value of 9 = 90°, has a clear, intuitive
interpretation: the axis of anisotropy is perpendicular to the
line connecting the body, current source and the measurement
point where the peak occurs, and because the conductivity is
higher (a = 4 > a - t - / 3 = l ) i n the plane containing the line,
the current flows to and from the surface in the best possible
way. Changing the dip angle, the current experiences the effect
of the lower conductivity along this line, and the "optimum"
route for the flow changes, thus moving the location and the
amplitude of the peak. The equipotential lines have physical
meaning only when z > 0, due to the well-known image
principle. However, the region z < 0 is kept in the Fig. 3
to show the shifting and rotation of the image dipole. The
parameters in Fig. 3 are the same as in Fig. 2, the dip angle
being fixed to 6 = 30° for the Fig. 3.

VI. CONCLUSION

The dc potential anomaly due to a conducting object buried
in anisotropic half-space bounded by either perfectly con-
ducting or perfectly isolating boundary was determined in an
integral-equation form. The image principle was applied in the
development. A dipolar approximation was presented to get an
example of an analytical solution, wherein the polarizability of
the object is required. The dyadic polarizabilities of perfectly
conducting and isolating spheres in the anisotropic space were
derived using affine transformation in the process. The numer-
ical example considered the case with uniaxially anisotropic
media and an isolating sphere.

The effects of anisotropy and the shape of the embedded
object on the potential anomaly are difficult to discriminate

(a)

- * > ,
10 15 20 25

(b)

Fig. 3. (a) Some equipotential curves in the yz-plane for the dipolar current
source and its image. The parameters are the same as in Fig. 2, the dip angle
being fixed to 6 = 30° for the Fig. 3. Note that the direction of the c-axis is
here up. The curves have physical meaning only when z > 0. (b) Same as in
Fig. 3(a), now the equipotential curves are shown separately for the original
and image dipolar current sources. The direction of the z-axis is up.

from each other [3], and in the interpretation of measurements
this should be handled with care. Here, however, the emphasis
has been on solving a canonical problem of static nature, and
the results should be used with the above point in mind.
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Image Theory for the Soft and Hard Surface

Ismo V. Lindell

Abstract— Image theory is developed for sources above a planar
anisotropic boundary surface, often labeled as soft and hard surface,
realizable with tuned corrugations so that the electric and magnetic field
components along the corrugations become zero. The idea pursued is to
decompose the original source in two components, giving rise to fields
TE and TM to the direction of corrugation, respectively. This makes the
problem split into two parts for which the image sources can be easily
constructed. For an electric dipole, the image turns out to consist of a
rotated dipole in the mirror image point plus a transmission-line current
source parallel to the corrugations. The theory is readily applicable to
various microwave problems involving a planar soft and hard surface.

I. INTRODUCTION

Problems involving corrugated surfaces have been of interest in
electromagnetics since the introduction of slow-wave structures [1]
and hom antennas radiating axially symmetric patterns [2], [3]. The
tuned corrugated surface has been labeled soft and hard surface
through an analogy in acoustics and the concept has proven useful
to many problems in electromagnetics [4]. The soft and hard surface
with the symmetric boundary conditions for the electric and magnetic
fields u • E = 0 and u • H = 0, with u a unit vector defining
a direction on the surface, is one of the canonical boundaries of
electromagnetics. Thus, it deserves to be studied in the same extent
as the perfect electric surface (PEC) with the condition n x E = 0 and
the perfect magnetic surface (PMC) with the condition n x H = 0,
where n is the unit vector normal to the surface.

One of the most basic principles for the PEC and PMC surfaces
is the image principle which allows one to replace the surface by
the image of the original source. This principle has been extended to
anisotropic surfaces for a static source by this author and a colleague
[5], [6]. The extension for time-harmonic sources and a soft and hard
surface is a totally different problem and a solution for an electric
source is given in this paper.

II. THEORY

Let us consider a soft and hard surface at the plane z = 0 (thought
as horizontal) with the .r axis defining the special direction. The
boundary conditions are then of the form

• E = 0. • H = 0. (1)

As a primary source in the upper half space : > 0 w e consider an
electric dipole defined by

J(r) = IL6{r - u:h) = IL6(x)»(y)6(z - h).

where I is a current vector defined by

1 = U l / , +UyIy+\lJz = 7 =

(2)

(3)

v is a unit vector which may have complex components.
The objective is to find an image source which together with the

original source gives rise to the total field without the presence of
the boundary at c = 0.

Manuscript received May 10, 1994. I.V. Lindell is with the Electromag-
netics Laboratory, Helsinki University of Technology. Otakaari 5 A, Espoo
02150, Finland.

IEEE Log Number 9407706.

A. TE-TM Decomposition of a Dipole Source

Lei us split the primary dipole source J(r) in two components [7]

(r) = ur[u* • J(r)] - uIG'(x)LI • V[6(y)6{z - h)]. (4)TTM

J T E ( r ) = J ( r ) - J ™ ( r ) . (5)

Here, G(x) denotes the one-dimensional Green function defined by

2jk'
(6)

Because the source J™(r) is parallel to the x axis, it obviously
produces in homogeneous space an electromagnetic field which
satisfies nz • H = 0, or is TM to x. It can be shown [7], [8] that
the source J T E (r) produces a field which is TE to x. If the dipole is
parallel to the x axis with v = u x , we have J ™ = J and J T E = 0,
as is seen. A simplified derivation for the TE/TM splitting is given
in the Appendix for convenience.

B. Images of TE and TM Sources

Let us now consider the image problem for the TE and TM source
components separately. If the original source is TM to x, we can argue
that the image is also a TM source since the boundary conditions do
not produce a Hx components to the field. In fact, for such a TM
source, the soft and hard surface can be replaced by a PEC surface.

Denoting the reflection dyadic C by

= 7-2u:u:. (7)

which operates on all vectors to parallel the xy plane as "U • a = a
but inverts the ; component C • u= = —u:. The image of a TM
source can thus be written as [8]

Similarly, for a TE source the soft and hard surface can be replaced
by a PMC surface. The image is a TE source and it can be written
as [8]

Combining these, the image of any primary source J is expressable
in the form

= 7 - [ J T E ( f . r ) -
•)-2J™(r-r)]. (10)

This is the final result in its general form. To apply the result, one
should first find the TM part of the original source, which basically
implies integration of the TM pans of its elementary dipoles, [7).

C. Image of a Dipole

Let us now apply (10) to the dipole source by substituting the TM
pan (4)

x

x ( z •- h ) \ . ( 1 1 )

0018-926X/95S04.00 © 1995 IEEE
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The image of a dipole is seen to consist of two pans, a dipole part
which can be written as

• M r ) = - ( / - u y u y ) • lL6(x)6(y)6(z (12)

which equals the original dipole at the mirror image point with its
direction rotated so that the x and s components become reversed.
In addition to this, there is a continuous line image parallel to the x
axis. It can be written in the form

(13)

(14)

(15)

Ji<r(r) = U l 7c(x)a • V[£(3/)<5(. + h)].

Ie(x) = 2IG'(x) = -sgn(*)Je->fc |11.

a = (uyuv - u : u : ) • vL.

This is a bifilar current which corresponds to a current wave on a
transmission line fed by the original current source, as explained in
[7], [8]. The two lines have the current amplitude 7 and are separated
in the yz plane by the distance vector a (this mental picture makes
strictly sense only if a is a real vector).

D. Special Cases

As special cases let us consider images of dipoles along the three
coordinate axes. For I = uzlz, the image reduces to

which equals the image of a horizontal dipole in a PEC plane. The
original dipole is TM to x.

For a vertical dipole I = u r 7 : we have the image

J;(r) = - U;I:L5(x)6(y)6(z + h)

- 2uzG'(x)I;L6(y)5'(z + h). (17)

which consists of a negative mirror dipole image plus a line image.
Finally, for I = uy7y the image is

J,(r) = uvIyL6(x)6(y)6(z + h) + 2uzG'(x)
xIyL6'(y)6{z + k). (18)

or a positive mirror image dipole plus a line image.

E. Checking the Boundary Conditions

To be certain that the boundary conditions are satisfied by the
present solution, let us write the Helmholtz equations for the elec-
tromagnetic fields as

(19)

(V2 + r ) H ( r ) = - V x J ( r ) . (20)

Taking the x components of both equations gives us

v ) - J ( r ) . (21)

x J(r)1. (22)

{Vi+ki)Er(T)= ^ ( i - V t u ,
j(

In place of J in the right-hand sides of (21) and (22), let us substitute
the total current

J + J , = (uTI, + U-J:

x L[b(t - u:h)

The expressions on the right-hand sides of (21) and (22) are of the
form

( fc 'V+u , • V V ) - ( J + J . )

= [ItL(b"{x) + k26(x))6(y) + IyL6'{x)S'(y)][S(z - h)

-6(z + h)} + I:L6'(x)S(y)[8'(z -h) + S'(z + h)].

V • [u* x (J + J,)]

= IvL6(x)6(y)[6'(z - ft) + 6'(z + h)} - I:L6(.r)

x6'(y)[6(z-h)-8(z + h)].

(24)

(25)

Both of these expressions are seen to be antisymmetric in z because
8[z) is symmetric and 6'(z) antisymmetric in =. Since the Helmholtz
operator is symmetric in ; , the solutions of (21) and (22) must be
antisymmetric: Ez(z) = -Ez{-z), Sx(z) = -Hx(-z) which
means that the boundary conditions Ez = 0 and ffi = 0are satisfied
at ; =• 0 by the fields created by the original and image sources.

HI. CONCLUSION

Image theory was derived for the planar soft and hard surface by
splitting the original source in two parts creating TM and TE fields
with respect to the direction of corrugations. It was seen that for
these partial sources, the soft and hard surface could be replaced by
a PEC or PMC plane, respectively, and conventional image theory
could be applied for each of them. The image of a point dipole
was seen to consist of a dipole and a line source which could be
interpreted as a transmission-line current source. It is this source that
is responsible for creating the surface-wave components known to be
attached to the surface. The image theory developed can be applied
to problems involving a soft and hard planar surface. For example,
integral equations for currents in obstacles in front of the surface can
be written in homogeneous space without the soft and hard surface
by including the image of the unknown currents whence computer
codes for homogeneous space can be applied.

APPENDIX

The TE/TM decomposition of a dipole J = -vILb(t) transverse
to x, corresponding to (4), can be derived in a manner simpler
than that given in [7], [8], by starting from the assumption that the
component TM to x has the form u r .7™. Because the TE component
J T E = J — J ™ makes Er = 0 everywhere, the right-hand side of
(21) must be zero. This is a one-dimensional differential equation

jTM(r) = IL§;{
( 2 6 )

h) - h)\. (23)

which can be solved for .7™ in terms of the Green function G(.r)
to give

J™(p) = -7IG'(j-)(v-V)[«( t f )*(:)]. (27)

This equals the last term in (4).
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Image Theory for the Unidirectionally Conducting Screen

Ismo V. Lindell

Abstract—Image theory is developed for electromagnetic sources in
front of a planar nnidirectionalJy conducting screen, made of ideally
conducting parallel wires with thickness and interspace dimensions much
smaller than the wavelength. Replacing the screen by the image sources
gives the correct reflected and transmitted fields on the respective sides
of the screen. The problem is solved through a decomposition of the
original source in two parts, giving rise to fields TE and TM with respect
to the direction of the wires. For the TE and TM source components,
the images can be constructed from previous knowledge. For an electric
dipole source, the images are seen to involve dipole and transmission-line
sources.

I. INTRODUCTION

The unidirectionally conducting screen consists of a plane of
parallel perfectly conducting wires isolated from one another with
thickness and interspace dimensions much smaller than the wave-
length, so that the screen can be considered as a continuous surface.
There have been studies on wave reflection from, and transmission
through such a surface, as well as analyses of surface wave excitation
and propagation along the surface [ l ] - [4] , when the screen is in
an isotropic medium. The uniconducting screen is a useful model
for a parallel-wire shield or polarization screen for small-enough
frequencies, which are of importance in electromagnetic engineering.

To solve general problems of electromagnetic fields due to sources
in front of a uniconducting screen, an image theory analogous to that
of a perfectly electrically conducting (PEC) or perfectly magnetically
conducting (PMC) plane would be of great advantage. In terms
of such a theory, any such problem can be reduced to one in
homogeneous space, when the images of the sources are taken into
account. Thus, existing computer codes based on the free-space Green
function can be applied without making a new numerical code for the
extended Green function corresponding to the screen. The present
theory can also be seen as an extension of the corresponding static
theory valid for dc current sources in a conducting medium [S],
[6], although the approach is totally different A parallel theory was
recently constructed by the present author for the related soft and
hard surface, which is basically a boundary realizable by a tuned
corrugated surface [7]. The method applied was based on a TE/TM
decomposition of the source [8], [9], which was seen to split the
problem in two simple ones. The same decomposition will be applied
here.

n. THEORY

The unidirectionally conducting screen is defined to exist on the
plane z = 0 in a homogeneous medium with parameters n, t. The
direction of conductivity is assumed to be parallel to the x-axis. The
electric field satisfies the condition

u x • E ( r = 0) = 0 (1)

on both sides of the screen while the x component of the magnetic
field and the y component of the electric field are continuous. The
y component of the magnetic field at the screen has a discontinuity

Manuscript received June 16, 1994; revised April 26, 1995.
The author is with the Electromagnetics Laboratory, Helsinki University of

Technology, Otakaari 5A, Espoo 02150, Finland.
IEEE Log Number 9413138.

whose magnitude equals that of the surface current density (current
per unit width) on the screen.

As primary sources in the half space z > 0, we consider an
electric current source J(r) and a magnetic current source M(r) . The
objective of the paper is to find the reflection image sources J r , M r

in the region z < 0, which, together with the primary sources, gives
rise to the total field in z > 0 without the presence of the screen.
Similarly, the transmission image sources J ( . M ( in the region s >
0, giving the fields in the region z < 0, are looked after.

A. TE/TM Decomposition

The primary sources J ( r ) . M(r) are split in two components [8]

(2)
(3)

J=JTE+J™
M=MTE+M™.

The TE and TM source components create in a homogeneous space
without the screen the respective electromagnetic fields E T E . H T E ,
and E ™ , H ™ satisfying

• E T E = 0 ,
H ™ = 0 . (4)

It can be quite easily seen that, for a TE source (like a x-directed
magnetic dipole), introduction of the screen does not change the field
at all because the condition (1) is valid for the incident field. Since
there are no induced currents in the screen, the magnetic field also
satisfies the continuity condition at z = 0.

For the TM source, the screen acts like a PEC plane. In fact, a TM
source (like a x-directed electric dipole) above a PEC plane induces
currents which are parallel to the z-axis. Thus, the PEC plane can be
replaced by the uniconducting screen without changing the current
pattern.

The unidirectional screen can be seen as a TE/TM filter, because
it reflects the TM component and transmits the TE component of
the electromagnetic field arising from any source. A dual screen with
unidirectional magnetic conductivity would reflect the TE component
and transmit the TM component

TE Image: Because for a TE source the screen does not have
any effect, it can be neglected. Thus, the reflection and transmission
image sources corresponding to the screen are very simple in the
TE case—there is no reflection image while the transmission image
equals the original source

j J E ( r ) = 0 ,
M j E ( r ) = 0 (5)
Jp(r)=JTE(r),

Mp(r)=MTE(r). (6)

TM Image: For the TM source, the screen can be replaced by a
PEC plane, whence there is no transmitted image and the reflection
image equals that of the PEC plane [9]

j7M(r)=0.
J?M(D=0
jJM(r)=-C-J™(C-r).

The mirror reflection dyadic C is defined as

(7)

(8)

(9)

0018-9375/95S04.00 © 1995 IEEE
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Total Image: To sum up, we see that for a screen in a homoge-
neous isotropic space, the reflection and transmission images are

Jr(r)=-C-J™(?.r),

J t ( r ) = J T E ( r ) ,

Mt(r)=MTE(r).

(10)

(11)

and they can be easily computed whenever the TE/TM decomposition
for the original source has been found.

B. Electric Dipole

Knowing the TE and TM components of the primary source leads
us directly to the expressions for its image. Let us consider the electric
dipole, i.e., the electric current element. For any other source, the
result can be obtained by integration. Assume the source

J(r )=LW(r-u_- / i )

= IL6(x)5(y)6(z - h) (12)

where I is a current vector defined by

1 = Ux/x + Uyly +VL:Iz. (13)

It was shown in [7]-[9] that the TM/TE splitting can be written as a
combination of dipole and line sources

J ™ ( r ) = u I [ u I - J ( r ) ]

-uxG'(x)LI-V[6(y)6(z-h)] (14)

(15)J l t ( r ) = J ( r ) - J 1 M ( r ) .

Here, G(x) denotes the one-dimensional Green function defined by

G"(x)+k2G{x) = -6 ± (16)

The line source can be interpreted as a transmission-line current [8],
[9] fed by the projection of the original dipole in the yz plane.

To check these expressions, we note that because the source
J ™ ( r ) is parallel to the z-axis, it produces in homogeneous space
an electromagnetic field which satisfies u x • H = 0, or is TM to x.
On the other hand, the source J T E = J - J ™ can be shown to
satisfy the condition

JT E(r) = 0. (17)

Because the corresponding electric field satisfies the Helmholtz
equation

(V2 + fc2)E(r) = jUp(l + 1 . • JTE(r) (18)

its x component EX(T) = \ix • E(r) satisfies a source-free equation.
From uniqueness of the physical field, the solution Ez = 0 is thus
valid everywhere and the field from J T E is really TE to x.

The image sources corresponding to the electric dipole source (12)
can be written from (10), (11) in the form

= - u l U l • J (p • r) + uxG'(x)L[IyS'(y)6(z + h)

-I,6(y)6'(z + h)] (19)

J£(r)=JTE(r)

= 7yr • J(r) - uxG\x)L[Iy6'{y)6{z-h)

+ IJ(y)6'(z-h)}. (20)

With IyZ = UyUj, + U;U2 .

C. Magnetic Dipole

The TE/TM decomposition for the magnetic dipole

M(r) =ImL6(T - u:h)

= ImLS(x)6(y)6(z-h) (21)

can be written from the duality principle. In fact, applying the simple
duality transformation E -* H, H —* E, t —* - / i , /i —» - e ,
J —• - M , M -» - J , implying I -+ - J m , for which the Maxwell
equations are invariant, we can write the decomposition directly from
(15), (14) by interchanging TE and TM

M T E (r )=Ux[ux-M(r) ]

- uzG'(x)LIm • V[S(y)6(z - h)) (22)

M™(r) = M ( r ) - M T E (r ) . (23)

If the same duality transformation is applied to the previously
obtained image of the electric dipole, the image in the unidirectionally
magnetically conducting screen is obtained. Applying the expressions
(10), (11) we obtain the image corresponding to the electrically
conducting screen. The result is

M , ( r ) = M T E ( r )

= (uyuy - u :

V[6(y)6(z - h)}

-ImL6(r-f-u./i)

(24)

- uxG'(x)L[Imv6'(y)6(z + h)

(25)

m. VERTICAL ELECTRIC DIPOLE

As an example and a check of the theory, let us study the reflection
and transmission images of the vertical electric dipole

J(r) = U.JL6(T - u.-fc). (26)

The resulting reflection image can be written from (19) as

J r(r) = -uxILG'(x)S(y)6'(z + h)

) (27)

and it is a bifilar transmission-line source in the xz plane because
of the factor 6'(z + h), Fig. 1. The field in the region z > 0 comes
from the combination of the original and the reflection image source
J.f — J + Jr

J+(r) =uzIL8{x)6{y)6{z-h)

-uxILG'(x)S(y)S'(z + (28)

Similarly, the transmission image J_ = J ( creates the field in the
half space z < 0 and its expression is obtained from (20)

J_(r) = nJL6(x)S(y)6(z - h)

+ nxILG'(x)6(y)6'{z-h). (29)

This expression involves the original dipole and the mirror image
of the transmission-line image (27). In fact, because of 6'{z) =
-6'(-z), we have, denoting f{z) = S'(z + h) and g(z) = S'(z-h),
the relation f(-z) = -g{z).

As a check of the theory, let us see whether the correct conditions
for the fields due to the sources J - and J - are satisfied on the
respective sides z > 0 and z < 0 at the screen for this special case.

It is immediately seen that the i component of the tangential
magnetic field is continuous because the transmission-line sources
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-h

Fig. 1. Vertical electric dipole J above a unicondueting screen, together with
the continuous part of its reflection image J r consisting of a transmission-line
current source.

of J+ and J - radiate no x component and the dipole sources are
the same. The y component of the tangential magnetic field suffers
a jump which is created by the transmission-line sources.

Conditions for the electric field at the screen can be found by
developing the source expressions

(30)

(3D

(32)

(33)

(34)

IL6'{x)6{y)[6'{z -h)+6'{z + h))

ux- (fc
27+w) -J_(r) = 0.

uy- (*27+w)-J+(r)

IL6'(y){6(x)[S'(z-h) + 6'(z + h)]

+ kiG(x)6'(z + h)}

= -ILk2G(x)6'(y)6'(z-h).

Taking the x component of the Helmholtz equation

(V2 J(r)

and inserting the zero from (31), shows us that for z < 0 the
Ex component vanishes, i.e., that the transmitted field has TE
polarization. Because the function s+x is antisymmetric in z, (30)
shows that so is the corresponding solution Ex, where at the screen
in the half space z > 0, we have the correct boundary condition
ET = 0 satisfied.

Finally, let us consider the y component of (34) and insert (32),
(33) to the right-hand sides. The term in square brackets in (32) is
antisymmetric in z and gives zero field at z = 0 while the remaining
term and (33) are a symmetric pair in ; and hence, produce the same
Ey component at the screen.

We have thus shown, in this special case, that applying the
image sources, the fields satisfy the correct boundary conditions: Ex

vanishes on both sides of the screen and Ey, Hy are continuous
across the screen.

IV. SUMMARY

Image theory has been developed for the unidirectionally con-
ducting screen, which has applications in screening and polarization
transformation. The theory applies TE/TM decomposition of the
primary source with respect to the direction of conductivity. It is
seen that the screen is invisible to the TE component and perfectly
reflecting to the TM component Image sources of a dipole perpen-
dicular to the screen is studied, and as a check, the fields are seen to
satisfy the correct boundary conditions at the screen.
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Electrostatic image theory for an anisotropic half-space slightly
deviating from transverse isotropy
Ismo V. Lindell, Keijo I. Nikoskinen, and Mikko J. Flykt
Electromagnetics Laboratory, Helsinki University of Technology, Espoo, Finland

Abstract Electrostatic image theory developed earlier for a point charge in an isotropic
half-space in front of an anisotropic half-space with transverse isotropy is extended to an
anisotropic half-space with a slight deviation from transverse isotropy. Two alternative
image solutions are found: a combination of a point charge and a planar surface charge,
or a combination of a point charge and a half-infinite line charge of quadrifilar nature.
Both images are shown theoretically to give the same potential in the isotropic half-space,
which is tested by finding the potential function at the interface. As an example, image
expressions for a point charge above the interface of a uniaxial anisotropic medium with
its axis tilted from the vertical are found, and the effect of the tilt angle is studied
numerically. The image expressions can be applied, for example, in scattering problems
involving an obstacle in the presence of an anisotropic half-space, which allows one to
make use of the simple Green function corresponding to the isotropic space.

1. Introduction
Image principles have been applied in the past in

many electromagnetic problems of both static and
dynamic nature [Lindell, 1993]. In electrostatics the
most basic problems applicable to image analyses
involve planar layered structures of isotropic media.
Such problems, in the form of dc currents in layers of
conductive media, have been of interest in geoelec-
tromagnetic exploration. Because of the anisotropy in
the conductivity of the upper layer of the crust and
mantle of the Earth, problems involving anisotropic
media also have importance as originally shown by
Schlumberger 1920 [Wait, 1982; Negi and Saraf, 1989].

More recently, static problems involving an aniso-
tropic half-space have been studied by Wait [1990]
and, in terms of image principles, by the present
authors [Lindell et al, 1994]. The image solutions,
however, have been limited to cases where the anisot-
ropy of the two media is similar in the plane parallel
to the interfaces and boundaries. In particular, if one
of the half-spaces is isotropic, the other one has to be
uniaxially anisotropic with the axis perpendicular to
the interface. Deviation from transverse similarity was
seen to make the problem considerably more compli-
cated and, until now, no image solution was found
with the exception of problems involving an anisotro-
pic surface impedance [Lindell and Ffykt, 1994].

Copyright 1996 by the American Geophysical Union.

Paper number 96RS01727.
0048-6604/96/96RS-01727S11.00

In the present study an image solution for an
anisotropic half-space is found for the case where the
deviation from similarity is slight. Considering the
combination of an isotropic and an anisotropic half-
space, the anisotropy should in this case be almost
uniaxial, with the axis almost perpendicular to the
interface. As an example, a uniaxially anisotropic
half-space with its axis tilted by a small angle 6 will be
considered. The analysis will show that the pertinent
image of a point source consists of the unperturbed
point image plus a correction in the form of a
distributed image source. Because the correction is an
even function of d, it is accurate to the second order,
which means that the approximation is better than
anticipated at first sight.

While the present problem is treated in terms of
electrostatic symbols, it can be easily transformed to
one dealing with currents in conducting media or
magnetic charges in magnetic media. The problems
involving anisotropic conductivities have been tradi-
tionally analyzed with involved transform techniques
which lead to numerical handling [Negi and Saraf,
1989]. In case the image expressions are of simple
analytic form, they offer an attractive alternative
giving quasi-physical insight to the problem. The
Green function corresponding to a combination of an
isotropic and an anisotropic half-space cannot be
found in analytical form. Applying the image princi-
ple, solving a scattering problem involving an aniso-
tropic half-space can be handled by replacing the
anisotropic half-space by the image of the polariza-

1361
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Figure 1. Geometry of the problem. The anisotropic
medium 2 is pictured as uniaxial with its axis tilted from the
normal direction by a small angle d. The problem is to find
the image of a point charge Q responsible for the field
reflected from the anisotropic half-space.

tion source of the scatterer. Thus the numerical
solution can be worked out in terms of the Green
function of the isotropic space, where both the polar-
ization of the scatterer and its image are unknowns in
the ensuing integral equations. Normally, this means
avoiding the process of making new computer codes
for a new Green function.

2. Theory
Let us consider an electrostatic problem of a point

charge in a homogeneous isotropic half-space 1 (z > 0)
above a homogeneous anisotropic half-space 2 (2 < 0)
(Figure 1). The permittivity of half-space 1 is EQ and
that of half-space 2 is the dyadic I r e 0 . The relative
permittivity dyadic sr is assumed to be symmetric.

2.1. Fourier Transformation
Denoting by <Mr) and <2>2(r) the static potential,

and by DU(T) = -u z • s0V<i>i(r) and D ^ r ) = -
uz • soez • V<62(r) the electric flux density normal

component in the respective media 1 and 2, the
Poisson equations for the potential are

= - — 8 ( r - M ) , (1)

= 0. (2)

At the interface z — 0, the conditions of continuity
are valid:

Let us take the transverse Fourier transformation
of the problem:

/(r) -*/(K, z) == ( -*4' dS = f f(r)eilK'z+K'y} dx dy,

(4)

where the two-dimensional Fourier variable K satis-
fies uz • K = 0. The potential equations then become
(dependence on K is suppressed and prime denotes
differentiation with respect to z)

•• S(z-h),

-b2\<t>2(z) = 0,

with the parameters a and b defined by

K • l r •
• sr • u 2 ,

\'detfr ,
uz x K) {uz x K).

(5)

(6)

(7)

(8)

(9)

In expression (9), only the transverse part of the
dyadic I / 1 is active. Let us denote it for short

(K\ = 4. a = a • uz = 0. (10)

Since e r is symmetric, so is d. Without losing the
generality, let us choose the x and y axes along the
eigenvectors of the dyadic a. (Note that they are
distinct from the eigenvectors of the dyadic I r , in
general.) Then we can write

a = a(I, -r J3C), I, = Ujiij + uyuy,

C = UXUX - UyUy,
(11)
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where 1, denotes the two-dimensional unit dyadic.
After these notations the parameter b becomes

b =
•,/a det er

(12)

22. Transmission-Line Equations

Help in solving the equations is obtained from
transmission-line analogy. Defining the voltage and
current quantities in the two media as

£/,(*) = <t>i(z),

Ix(z)=Du(z),

U2(z) = (13)

(14)

the Fourier-transformed equations (5) and (6) can be
written as

(15)

/', (z) = -KhoUx (2) + Q8(z - h), (16)

1
U'2(z) =

-b2eoeaU2(z),

(17)

(18)

and the interface conditions are conditions of conti-
nuity for the voltage and current,

£/:(0)=[/2(0), (19)

These correspond to the equations of two transmis-
sion lines joined at 2 = 0. We can define the complex
propagation constants and characteristic impedances
of the two lines as

U[(z) = 4>\(z) = .
RQ ,-Kl.z+h) (22)

where the reflection coefficient is defined as

_ Z 2 - Zx _ K - beu

R~ Z2+Zi~ K+bBrr

K - yjdtt er V(u2 x K) • a • (u2 x K)

K+ v/det l r yj(uz X K) • a • (u2 X K)'
(23)

The inverse Fourier transformation of the incident
potential is known to be the potential from a point
source,

1

(277) 2

Q

1 Q

2s0K

47re o | r - uzh\'
(24)

where the integration is over the whole Kx, Ky plane.
Because of the complicated dependence of R on the
Fourier variable K, the inverse transformation of the
reflected potential is not easy to find. The inverse
Fourier integral for the reflected potential is

R(K)
2e0K

(25)

where we can substitute \z + h\ for (z + h) because
both expressions give the same result in the region
z > 0. Formally, we may write

7 i = (20)

It is a manifestation of the static nature of the
problem that the complex propagation constants y
are real, whence the waves will decay exponentially
along the transmission lines.

The solutions in the Fourier domain can be written
from the transmission-line analogy. The incident volt-
age and the potential in transmission line 1 due to the
point charge are

(21)

and the reflected voltage is

( 2 6 )

where /?(;V,) denotes an operator obtained from the
reflection coefficient by replacing K by/V,, the trans-
verse component of the operator V.

Operating (26) by V2 gives us an expression for the
source of the reflected potential in a symbolic form,

e'(r) = - = QR(jV,)S(r + uzh). (27)

This is a compact expression for the reflection image.
It is useful only if we can interpret the quasi-differ-
ential operation on the delta function in a calculable
form. At this moment this can only be done by
restricting the anisotropy. Operational formulations
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similar to that above have often been applied since
the pioneering work of Heaviside, for example, by
Felsen and Marcuvitz [1973].

23. Restricting the Anisotropy
In previous analyses of anisotropic layered prob-

lems, it has been assumed that the transverse
anisotropies of the two media are similar, which in the
present case means that medium 2 is isotropic in the
xy plane, i.e., /3 = 0. In this special case, /?(K) does
not depend on K at all, and the operator R(jV,)
equals a constant factor R. The reflected potential
then arises from a point source RQ at the mirror
image point z = —h.

To proceed toward a more general solution, let us
assume that the transverse anisotropy of medium 2
deviates only slightly from isotropy. In particular,
because the transverse dyadic a has the isotropic part
cJt, the anisotropic part is a/3C and it is assumed
small: /3 <K 1. In this case we can approximate

= > /adet l , 2 - K2)

det s r K \ l - -
V

(28)

The reflection coefficient can be approximated by

R(K)~R0+Ri
x Ky

K2 '

Ro =
det er

1 + det I (1 + yja det er)
2

(29)

(30)

Because of the factor /3, /?j is assumed to be a small
quantity.

2.4. Image Solutions
Inserting (29) into (27), the reflection image can be

written as a combination of a point charge and a
continuous charge,

The function gc(r) denotes the continuous part of the
image. It can have different representations giving the
same reflected potential, because any source creating
zero potential can be added to the image. It is known
that a source of the form V2/(r) creates a potential
field which is zero outside the region where/(r) =£ 0,
the support of/(r) [Lindell and Flykt, 1994]. Let us
consider two possible solutions for the continuous
component of the image.

Planar image. Writing equation (27) correspond-
ing to the continuous image charge density function
as a two-dimensional Poisson equation

V2gc
r(r) • V)2 - (n, • V)2]5(r + u2h), (32)

its solution can be expressed in terms of the static
two-dimensional Green function

G(x,y) = - —In (k,jx2+y2), (33)

where k is a constant defining the circle of zero poten-
tial. The Green function satisfies the Poisson equation

VfG(x,y) = -8(x)8(y). (34)

Thus we have

• In (k^x2+y2)8(z (35)

which is a surface charge distribution on the plane
z = -h. More explicitly, we can write for the total
reflection image in polar coordinates p, <p as

e
r(t) = R0Q6(T + U:h) f cos 2<pS(z + h). (36)

TTp

The surface charge is seen to be zero on the axes <p —
±77/4, ±377/4 and maximum on the axes <p = 0,77 and
<p = ±77/2 (Figure 2a).

Linear image. Another solution is obtained by
writing the reflected potential corresponding to the
continuous image as

= !¥L
* c ( f ) (2TT)2

K2 2s0K

Taking the second derivative d2/dz2, we have

d2<i>c(r) RXQ

dz2 ~ (2TT)2

i -K(z-k)e-H K
Here again, we can write \z + h\ instead of (z + h)
in the exponent because in the region z > 0, there is
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a

(p=Jt/2

cp=O

b

X

z=-n

z

1/

Figure 2. Image functions corresponding to a point charge
over a tilted uniaxial half-space, (a) Planar image function
(surface charge distribution). Note the quadrupole-like
singularity at the origin, (b) Linear image function contain-
ing four parallel line charges (quadrifile) with linearly
increasing charge density. Both images also contain a point
charge at the mirror image point z = — h not shown in
either Figure 2a or 2b.

no difference. Replacing/^2 - Ky by - (u^ • V)2 +
(uy • V) 2 , we can write

RiQ
dz2 (39)

which operated by -s0V
2 leads to another equation

for the continuous part of the image charge density:

—j g
oz

x • V)2 - (u, • V)2]S(r + nzh)

= -RiQ[8"(x)8(y) - 8(x)8"(y)]8(z + h). (40)

Equation (40) can be solved by integrating 8(z + h)
twice. Defining the ramp function g(z) in terms of the
unit step function U(z) by

g(z) = zU{z), U{z) = 1, z > 0, U(z) = 0,z<0 (41)

which satisfy

gl(z) = U(z), g"(z) = Ul(z) = 8(z), (42)

the total reflection image charge is finally obtained in
the form

er(r) = R0Q8(r + uz

- 8(x)8"(y)]g(-z - h). (43)

In this case, the continuous part of image (43)
consists of four half-infinite line charges parallel to
the z axis with linearly increasing density as z goes
from -h to - w . Thus the line image can be pictured
as a quadrifilar line source in analogy to a quadrupo-
lar point source (Figure 2b). While a linearly increas-
ing line source does not give a converging potential
integral, the integral corresponding to such a quadri-
filar line source turns out to be well converging, giving
a finite potential function.

Equivalence of the images. It is not clear from the
above expressions that the two image sources produce
the same potential. Let us consider the difference of
the planar and linear images:

• [G(x, y)8(z + h)- 8(x)8(y)g(-z - h)]. (44)

The expression in the second set of brackets can be
written as

G(x,y)8(z

G(x, y) ^p

-8(x)8(y)g(-z-h)

z- h) + g(-z - , y)

= V2[G(x,y)g(-z-h)l (45)

whence the difference of the two images is of the form
Agi(r) = V 2 / ( r ) and thus does not create a nonzero
potential outside the support of the function/(r), the
half-space z < -h.
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When comparing the two image representations, a
line image appears simpler because it involves inte-
gration along one coordinate only. However, if the
original source is a surface charge parallel to the
interface, the planar image appears simpler because
the images of each point of the planar source are in
the same plane, while the linear images would fill a
cylindrical volume. The contrary would be the case if
the original source is a line charge along a line
perpendicular to the interface. Thus each of the
representations seems to have applications with ad-
vantages over the other.

3. Tilted Uniaxial Medium
As an example, consider a uniaxial half-space

whose axis (unit vector vz) deviates from the z axis
(unit vector uz):

I , = £,(11*11* + \yvy) + sav2v2,

Vj, = Uy cos d - u2 sin 6,

vz = u2 cos 6 + uy sin 6.

Actually, \y and v2 are the unit vectors u^, u2 rotated
by the angle 6, which is here assumed to be small so
that vz is almost parallel to uz.

3.1. Reflection Images
In this case we can write for the different medium

parameters

= e, sin2 8 + ea cos2 6 det er = e,ea,

1 , 1 ,
a = — (u*ux + UyUy cos- 9) + — u^Uj. sirr 6

(48)

= a(/f - 0C),

J3 =

2ea - (ea - e,) sin2 6

2sae,

{ea - et) sin2 6

2ea - (ee - e,) sin2 6'

(49)

It is seen that the coefficient /3 is small since it carries
the factor sin2 d. The reflection coefficients can be
approximated by

(50)

(ea -
• sin2 6. (51)

(1 + jaB.ef)2 2(1 +

The last expression for /?0 is seen to be independent
of the tilt angle 8, while Ry is a multiple of sin2 8.

To find the reflection image source g r(r), let us
apply the previous expressions. The planar image is of
the form (36), and the linear image expression is of
the form (43). The reflected potential can then be
computed from the integral

fi'(r')
•dV (52)

where the range of integration depends on the image
charge distribution, (36) or (43). Obviously, the pla-
nar image is better suited for an extended horizontal
planar source, for example, for analyzing a planar
integrated circuit on an anisotropic half-space and the

(46) linear image for a vertical line source above the
interface.

(47) 3.2. Potential at the Interface

The delta-function component of the reflection
image corresponds to the unperturbed, i.e., untilted
uniaxial medium, while the continuous line and plane
components are due to the tilting. Since the equiva-
lence of the two image representations was proved
only theoretically, let us compare the potential at the
interface z = 0 applying both of the image expres-
sions and direct integration of the reflection potential
integral, omitting the contribution from the point
image.

Denoting^ = R^Q/ATTEQ, the potential due to the
linear image source is obtained by integration. After
partial integrations, the following analytic form can
be obtained:

3/lp-cos 2<p
r-h
I z' + h

2 ,

A

P"
cos 2<p.

vP2 + A:.

In the far field p » h, this reduces to

. . , RiQ ,
cos 2tp.

(53)

(54)

The potential from the planar image is computed
from a double integral, which can be integrated in the
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p' variable from a small value S to <* to give [Grad-
shteyn and Ryzhik, 1980]

cos 2<p'/•» T2 IT COS i

Jo Jo p' VP' + P ~2pp' COS (<p - i

• d<p'dp'

f2 ir I S[ Jp + h — p COS (9 — <p')]
In —5—-5-

Jo \ 2(p2-fA2)
c o s 2<p' d<p'.

(55)

From the angular symmetry it is seen that the value of
8 does not affect the value of the integral, whence
through a partial integration we can write

2A

•h2

•

Jo
in

cos 2<p

C°S cos 2rdr

3s2ip ri7 sin rsir
1 , 2 I 1 2 , i j
' + « Jo v'P + « ~

sin T sin 2T
1

•^p' + / I ' — p COS T
(56)

Invoking Gradshteyn and Ryzhik [1980] again, the
result can finally be seen to equal (53). Thus both
image representations actually lead to the same ex-
pression of the potential at the interface. This expres-
sion can also be found directly from the inverse
Fourier transformation of the reflected potential (25)
through integration.

33. Numerical Results

As a numerical example, the normalized total
potential in the far field

•= 1 + Ao + J?i cos2<p, (57)

due to a point charge in air above a tilted uniaxial
half-space, is shown in Figure 3 for different tilt angles
6. The relative permittivities in this example are ea =
2 and ef = 6, and the incident potential in the far
field obeys the law

Figure 3. Normalized potential at the interface of air and
a tilted uniaxial dielectric with axial and transverse relative
permittivities ett = 2 and s, = 6. The figure gives in polar
representation the normalized potential in the far field for
different tilt angles 6. In the directions satisfying cos 2<p

corresponding to <p «= ±53.4° and ±126.6°, a
small tilt 8 has no effect on the potential. The same results
are obtained from both the line-image and plane-image
expressions.

(58)

The normalized potential is independent of the dis-
tance p in the far field and is given as a function of the
polar angle <p. For small tilt angles, 9 < 10°, the
potential is almost rotationally symmetric. It is also
easy to show that for small 6, the potential is not
dependent on gin the four directions <p satisfying cos
2<p = -1 /Ve a e r , as seen from Figure 3.

Because the present method is perrurbational, it is
not easy to see how the error is increasing with
increasing tilt angle without making cumbersome
numerical computations valid for any angle 8. Since
the perturbation parameter /?j depends on the
square of sin 6, the error should be small up to
moderate values of 6. To the non slightly increase the
accuracy, it is wise to use the nonapproximate expres-
sions (50) and (51) for Ro andRy .
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Abstract.
In the present paper a geoelectric dc problem involving a wedge-shaped structure in a
conducting ground medium is studied. The geometry is a generalization for the well-known
dipping layer problem in geophysics. In mathematical terms the three-dimensional Poisson
equation is solved in a geometry where a point current excitation is located at the interface
of the air and the ground. The latter medium is assumed to be homogeneous except for
an arbitrarily tilted wedge-shaped structure whose edge coincides with the Earth's surface.
The potential anomaly due to this wedge is solved at the surface of the ground in terms of
an image line current source which is located in complex space. The image representation
of the wedge anomaly provides an analytical tool to simulate the response of the ground
structure for arbitrary current excitations at the surface. Furthermore, the potential due to
the image and the original point source represents the Green's function of the geometry in
question, which can be applied to numerical studies of more general problems involving a
wedge-shaped anomaly in the ground model.

1. Introduction
When studying weak electrical conductors or sys-

tems of low conductivity contrasts in the ground
by galvanic methods, special attention should be
paid to different features of the targets and their
detectability. In particular, in the study of frac-
tured crystalline rock mass, which is characterized
by deformed structures, lithologic complexity, differ-
ent discontinuities and fractures on many geometric
scales, requires the full power of geoelectric field tech-
niques. The detailed characterization of the bedrock
is one of the key issues studied in the geological dis-
posal of spent nuclear fuel. Also, when develop-
ing geoelectrical monitoring systems for the detec-
tion of the changes in the bedrock which are due
to the complex, coupled thenno-hydro-mechanical-

Copyright 1997 by the American Geophysical Union.

Paper number 96RS03447.
0048-6604/97/96RS-03447S11.00

chemical processes acting in the vicinity of the nu-
clear waste repository, our ability to understand the
electrical response and characteristics of the bedrock
is essential [Majer et al., 1992]. Numerical models of
different anomaly structures are essential when the
detectability of targets is assessed a priori. The ge-
ometric scale, i.e. the fractal nature of the media, is
one factor which should be kept in mind when real
interpretations are carried out.

Besides the standard basic structures, e.g., an
electrically isotropic half space, a half space divided
by the vertical contact [Fitterman, 1979; Eloranta,
1986] or a layered half space [Van Nostrand and
Cook, 1966], some more specific or exotic structures
should be used in the detailed study of the above
characterized medium. These structures include an-
isotropic half spaces [Lindell et al., 1993a; Lindell et
al., 1993b] and dipping interfaces and contacts with
isotropic and anisotropic electrical conductivity.

In the present article we will concentrate on dip-
ping structures and contacts, in particular the so-
called wedge problem, for which a static geoelectrical

425



426 NKOSKINEN AND ELORANTA: DC ANOMALY OF CONDUCTING WEDGE

response will be calculated. This is a generalization
of the classical problem whose history dates back to
the nineteenth century [McDonald, 1895]. The dip-
ping contact problem was very intensively studied in
the 1950s [Maeda, 1955; Van Nostrand and Cook,
1955; Unz, 1953; Chastenet de Gery and Kvnetz,
1956] and a scientific doctrinal dispute arouse be-
tween the "image school", and the "harmonic school"
about the correct method to handle the dipping con-
tact problem (see the references listed in the afore
mentioned articles). Later Broadbent and Habberjam
[1971] applied the square array resistivity technique
in the study of the dipping interface problem. The
two-dimensional inclined contact problem has been
studied by Niwas and Upadhyay [1975]. Lee [1973]
investigated the dipping layer problem in resistivity
and presented contours of apparent resistivity around
a dipole current source located in the vicinity of con-
tacts dipping at 0°, 45°, 60°, and 90°. The problem
of dipping structures and interfaces also was studied
recently by Bernabini and Cardarelli [1991, 1994].

In the present paper a dc anomaly due to a wedge
in homogeneous ground is studied. The angle and the
orientation of the wedge are arbitrary but its edge is
assumed to be situated at the interface between the
air and the ground. The analyzed geometry illus-
trated in Figure 1 is thus a generalization of the well-
known dipping interface problem, which is obtained
as a special case by letting one flank of the wedge co-
incide with the Earth surface. Hence the paper pro-
vides a more flexible model for the ground with tilted
layer structure. The potential anomaly due to the
wedge-shaped inhomogeneity is solved by applying a
recently published image technique for electrostatic
problems involving a wedge structure [Nikoskinen
and Lindell, 1995]. The dc potential contribution of
a wedge in the ground can be computed from a line
image source located in complex space. This gener-
alized image contains the information about the con-
ductivity, angle and orientation of the wedge, and it
can be used effectively in potential computations.

2. Formulation of the Problem
Let us consider a static geoelectric problem illus-

trated in Figure 1. A point dc current electrode is
located at the surface of the ground, whose electric
conductivity is ag. The ground medium is assumed
to be homogeneous except for a wedge-shaped struc-
ture whose edge reaches the Earth's surface. The
conductivity of the wedge, crw, and its tilting and

Po I
7 7 / / / / / / / / / /

<p = 0
Figure 1. The geometry of the geoelectric dc problem and
the polar coordinate system.

opening angles, a and fi, are free parameters of the-
problem. Hence the model provides a range of possi-
bilities for make numerical experiments on the effects
due to the geometry and the conductivity contrast.
Furthermore, the present technique for the compu-
tation of the potential response of the wedge enables
one to study the sensitivity of various excitation elec-
trode configurations that may be used in practical
experiments.

The aim of this analysis is to solve the contribu-
tion of the ground structure to the electric potential
in the air region and especially at the surface of the
ground. The motivation for this study is to find out
whether it is possible to determine the geometrical
and electrical properties of a wedge-shaped structure
in the ground by measuring the potential distribution
at the Earth's surface excited by a suitable current
electrode configuration.

2.1. Basic Equations

The dc field problem in a conducting medium can
be formulated using the current density vector, J(r),
and the electric field vector, E(r). They obey the
relations

V x E = 0, (1)

V - J = i(r), (2)

J = ffE, (3)

where a is the conductivity of the medium and i(r) is
the exciting current source. In a homogeneous con-
ducting medium the field can be expressed in terms
of scalar potential, E = -V0(r), which is the solu-
tion of Poisson equation
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V2<£ = -i/a. (4)

For a point current source located at ro, i(r) = I6(T—
TO), the potential expression is well known [Smythe,
1968]

(5)

In a piecewise homogeneous medium illustrated
in Figure 1, there are four plane boundaries between
homogeneous regions. The air region has zero con-
ductivity and the ground domain is split in three ho-
mogeneous parts by a wedge-shaped structure whose
conductivity <rw may be smaller or larger than the
background value a9. Direct current is fed into the
ground by a point current electrode located in an ar-
bitrary position at the surface. The induced electric
potential can be solved by applying (4) to every ho-
mogeneous region. Hence Poisson equation is valid
in that domain containing the source and Laplace
equation is satisfied elsewhere:

Og

if r and ro belong to the same region, and

= 0,

(6)

(7)

if r and ro are in different regions. The potential
solutions in the four regions are connected through
the following boundary conditions:

(1) the potential, <p{r), is continuous at the bound-
aries, and

(2) the normal component of the current density, n •
J(r) (i.e. the quantity cm • V0(r)) is continuous at
the boundaries.

2.2. Fourier-Transformed Solution for the
Potential

In order to find an analytical solution for the po-
tential, let us adapt the polar coordinate system de-
scribed in Figure 1. The z axis coincides with the
edge of the wedge, and the polar angle \p is measured
from the middle of the wedge. Thus the flanks of the
wedge are situated at <p = ft/2 and tp = 2x — fi/2,
and the air ground interface corresponds to the c<>
ordinate values ip = aoT(p = n + a. Hence Q is the
opening angle of the wedge, and a defines its tilt from

the surface. The problem is thus a direct generaliza-
tion for the dipping and vertical contact geometries
studied intensively by, e.g., Bernabini and Cardarelli
[1991], Eloranta [1986], Lee [1973], Maeda [1955], Ni-
was and Upadhyay [1975] and Unz [1953].

In order to simplify the present problem, equa-
tions (6) and (7) are Fourier-transformed with re-
spect to z coordinate to reduce the dimensions of the
partial differential equation. By defining the trans-
form and its inverse as

*(p ,«)= (8)

(9)

one can express the equations (6) and (7) in the
Fourier domain and in the respective homogeneous
regions as

Id

<TgP
-6(p-

d

- a), <<p<a, (10)

for ip in sourceless region. (11)

When solving these equations, one can apply sep-
aration of variables to the homogeneous equation to
find a complete set of functions that can be used
as a basis to expand the particular solution that
satisfies the nonhomogeneous equation and the cor-
rect boundary conditions. The eigenfunctions of the
differential operators above are the modified Bessel
functions and the sine and cosine functions with re-
spect to p and ip coordinates, respectively. Since
these functions form a complete set, one is able to
expand the unknown potential in the following man-
ner in the respective four regions:

$W(P,K)= I [a{t)swh(t<p)+b(t)cash(t<p)}
Jo

Kjt(Kp)dt, - n / 2 < tp < fi/2, (12)
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= / [c(t)sirh(t(p)+d(t)cosh(ttp)]
Jo

Kjt(KP)dt, fi/2 < <p < a,

[e(t)sinh(t<p)+f(t)cosh(t<p)}
o

Kjt(Kp)dt, a < <p < it + a,

= /
Jo

Kjt(Kp)dt, ir + a<<p<2Tr- Cl/2,

(13)

(14)

(15)

where the separation parameter jt is chosen to be
imaginary (J is the imaginary unit). Kjtinp) de-
notes here the modified Bessel function of third kind
with an imaginary order. It remains bounded for
positive p and is thus suitable for the subsequent
analysis, whereas the other mathematically suitable
Bessel function, Ijt(np), diverges at infinity and can-
not thus describe physical quantities of finite energy.
$„, and $ a denote here the wedge and air region
transformed potentials, whereas $ 9 and $gs denote
the corresponding sourceless and excitation region
solutions in the ground, respectively.

The potential solution is restricted by the follow-
ing boundary conditions at the material interfaces

a

(16)

<P = fl/2, (17)

Q

(18)

= ay (19)

, (20)

(21)

, (22)

(23)
Note the condition (19), which brings about a correct
singularity for the potential at the excitation point.

The conditions (16)-(23) lead to a simple set of
linear equations for the eight coefficient functions
a(t),..., h(t) in equations (12)-(15) that can be solved
easily provided that the delta function in (19) is ex-

T7 / 77 / / / /

line image

/ / / / / / / / / ; / / / / /

<p =
Figure 2 . A sketch of the line current image corresponding
to the potential anomaly due to the wedge. The line image is
a complex-valued function, whose position is a line (zo> Po>
Re{f } = 0) in complex space.

panded similarly as an integral of Kjt(np). By ap-
plying the Kontorovich-Lebedev transform [Erdelyi
et aL, 1954],

U(t) = 4*si
IT

—
Kp

U(KP)= [ V(t)Kjt(KP)dt,
Jo

the right-hand side in (19) becomes

Ipe-t«*°6(p - po) =

(24)

(25)

I tSBh(tK)Kjt(Kpo)Kjt(Kp)dt, (26)

whose application is t he key element when solving
the unknown coefficient functions. Once they a re
known, one is able to wri te t h e Fourier domain so-
lution for the potential in all the regions. Since the
main concern of this paper is to examine the po-
tential distribution at the surface of the ground, we
omit the solutions everywhere except in the air re-
gion whose potential yields the desired surface solu-
tion due to the continuity:

• f°|S(t) + Vf(t)]Kjt(Kp)Kjt(Kpo)dt, (27)
Jo

where
S(<) = Icosh[(n + a - <p)t], (28)
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W( . . _ 2rsinh(flf){rcosh[(g + fl - <p)t] - cosh[(a
2f sinh(ftt) cosh[(2a - n)t] - T2 sinh[(2fi - n)t] - sinh(7rt)'

(29)

(30)

The physical potential in air could be obtained from
above transformed solution, $„, by computing the
Fourier inverse transform defined in (9). From (29)
one can see that W(t) function vanishes if Cl -» 0, i.e.,
the wedge disappears, or if the reflection coefficient
r -¥ 0, i.e., the conductivity of the wedge and the
ground material are the same. Since W(t) is the
only term in the potential expression affected by the
wedge parameters, one is able to conclude that the
primary potential due to the point current at the
surface can be given in the form

4 S(t)Kjt(Kp)Kjt(Kpo)dt,

(31)
and the secondary potential due to the wedge struc-
ture in the ground has the expression

W(t)Kjt(KP)Kjt(Kpo)dt.

(32)

2.3. Image Representation of the Wedge
Anomaly

The mathematical form for the wedge anomaly
written in (32) is hardly practical for computations,
since a double numerical integration must be accom-
plished to find out the potential value in each data
point. Furthermore, the integrand for small t val-
ues is prone to inaccuracies if at the same time the
Fourier variable K or the space coordinate p is small.
In these situations, sinh(7rf) -4 0 but Kjt(np) -» oo,
which may result in large accumulations of error.

In order to make the best use of (32) it is re-
warding to study whether the potential anomaly can
be interpreted as originating from a secondary cur-
rent source that is induced by the excitation. If such
a source exists, it can be used as an image current
that simulates exactly the wedge contribution to the
potential in a half-space geometry.

It is well known that point mirror images can be
only used in certain specific geometries, e.g., verti-

cal contact problem [Fitterman, 1979] or in case
of certain dipping-bed geometries with a perfectly
conducting/insulating medium [Unz, 1953]. Hence
for a more general wedge problem an exact image
should be an extended source whose position may
not be self-evidently found from the geometry. In or-
der to derive the image source expression, let us first
consider the Fourier-transformed potential originat-
ing from a distributed source. Since the potential in
(31) is due to a point source, one is able to write the
contribution from a line current by superposing the
point current potentials over the source by means of
convolution. For the purposes of this paper we may
limit ourselves to studying only line current sources
t forming an arch along (^-coordinate in polar coor-
dinate system, i.e.,

t(r) = I{ip)8{z - zo)S(p - (33)

If this source is located in a homogeneous ground, its
Fourier transformed potential in the air region can be
written by applying (31) in a convolution integral:

2 _•JKZo

' I™ I(<p')cosh[(n+<p'-<p)t]
Jo

• Kjt(Kp)Kjt(Kpo)dtd<e'. (34)

It should be noted that in this paper it has not been
proved that (31) represents the correct potential con-
tribution also for point sources located below the
surface of the ground. However, this was shown by
Nikoskinen and Lindell [1995], and thus (34) is an
exact potential expression in the Fourier domain.

To proceed toward image representation for the
wedge anomaly, equations (32) and (34) can be equat-
ed in order to extract information about the image
source for the wedge anomaly:

• / w
J<Pi JO

r r
J<Pi

• Kjt{Kp)Kjt{Kpo)dtdw' (35)
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-7.5

Figure 3. The real and imaginary parts of a line image along
imaginary <p axis. The wedge parameters defining the image
are Q = 45° and a = 150°. The solid line corresponds to a
perfectly conducting wedge, and the dashed line corresponds
to the case ow = 3o .

where the unknowns are the amplitude of the image
function Ii{y>') and its position in space, i.e., the in-
tegration path from <pi to <p2- From (35) one directly
obtains the following integral equation for the image
function

rv>2

Jifi1

') cosh[(?r - v + <p')t]d<p'. (36)

However, this equation contains too many degrees
of freedom and thus is not well defined. To exploit
this arbitrariness in the most effective way, the in-
tegration path should be denned such that Ii{<p')
can be solved analytically from the integral equa-
tion. Obviously, choosing an infinite imaginary path,
V?i -> -joo and ip2 -+• joo, transforms (36) to a com-
bination of sine and cosine transforms whose inver-

os

Figure 4. Total potential excited by point current source in
the case of perfectly conducting wedge with Q = 45° and a
= ISO0. The straight eqinpotential line indicates the position
of the edge of the wedge. The x and y axes represent the
normalized distance, and the z axis corresponds to the
normalized potential.

sion formulas are well known. The physical inter-
pretation of this integration path means, according
to (34), that the image current source is located in
complex space, since its tp' coordinate covers only
imaginary values from —joo to joo. The other co-
ordinates have the same <5 function dependence as
the original point current source. Before solving the
Ii(<p') function, we summarize the above observations
in a mathematical form for the spatial domain image
current density ij(r):

- zo)S{p - (37)

where iptu and tpjm denote the real and imaginary
parts of the complex tp coordinate. An illustration
of this image is given in Figure 2, where the com-
plex line image position is sketched in the middle of
the wedge intersecting the physical (real) space in
coordinates z = ZQ, p = po and tp = 0.

Having now specified the integration path in (36)'
we can solve the amplitude distribution of the im-
age function Ii(<p')- To this end, we first decompose
the W(t) function which contains all the information
about the electrical parameters and the geometry of
the problem in even and odd parts

W(t) = we(t) cosh[(7r - <p)t] + wo(t) sinh[(7r - <p)t] =

/•JOO

J — 700

'i) sinh{(7r - <p)t]}dip' (38)
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where
2rsinh(ftf){F cosh[(a + ft - TT)] - cosh[(7r - a)t]}

we (t) = 2T sinh(fti) cosh[(2a - n)t) - T2 sinh[(2ft - v)t] - swh(nt)'

_
2f sinh(nt){rsinh[(g + ft - ?r)] - sinh[(7r - a)t}}

2V sinh(ftt) cosh[(2a - »)*] - F2 sinh[(2ft - ir)«] - sinh(Trt)'

(39)

(40)

Since the image function, Ii(tp'), needs to be indepen-
dent of the observation point coordinate <p, we end up
with two integral equations which can be combined
in the form of Fourier transform

w.(t) + jwo(t) = j r IiUtimV^'dvL. (41)
y-oo

The formal solution for the image is thus

* (42)

where the notation y?' = jif'lm is adapted to em-
phasize that the polar angle coordinate of the im-
age is purely imaginary. From equation (42) it can
be seen that the image function actually depends on
four variables: F, ft, a and <fi{m, of which the first
three carry the information about the conductivities
of the wedge and the ground and about the angle
and the orientation of the wedge. The last variable
is the integration parameter, which, however, can be
interpreted as a complex polar angle pointing to the
location of the image itself.

When studying more closely the Fourier integral
expression (42) for the image, it appears that the
integral is not well defined for all geometries. If the
angle of the wedge is such that ft < a, the image can
be computed from (42), whereas if ft > a the Fourier
integral is divergent. Let us consider the potential
computation in these two cases separately.

2.3.1. Anomalous potential in case ft < a .
If the angle of the wedge is smaller that its tilt from
the surface, i.e., ft < a, the image source correspond-
ing to the wedge can be either computed or, in cer-
tain specific cases, integrated in a closed form from
(42). Once it is known, the potential anomaly is ob-
tained using the well-known Green's function for the
half-space problem:

joo

W)

&£_
- 2/3/9Q - iff)

(43)

2.3.2. Anomalous potential in case ft > a .
For wedges ft > a, the Fourier integral in (42) is not
well defined owing to the divergence of wt (t) +jw0 (t).
However, this problem can be easily overcome by re-
defining the functions we(t) and wo(t) in a way forc-
ing their convergence for any values of a and ft. In-
stead of splitting W(t) directly into its even and odd
parts, we decompose it in the following manner:

W(t) = we(t) cosh[(7r - <p)t] + wo(t) sinh[(7r - <p)t]

N

bi COSh[(7T -lf + 0i)t] (44)

where the functions we(t) and wo(t) are bounded for
all t. To this end, a finite number of hyperbolic co-
sine functions have been extracted from W{t). These
can be found recursively by studying the asymptotic
behavior of W(t) for large t values. In case of diver-
gence the corresponding cosh function is extracted
from W(t). This procedure is repeated until the ex-
pansion in (44) is met. The coefficients bi depend
only on the reflection factor T and the values & on
the angles ft and a associated to the wedge and its
orientation. The number N in the above expansion
is always finite, but large when ft -> TT i.e. the wedge
is almost filling the ground. For a relatively small ft
the sum expansion contains only a few terms, which
can be easily calculated by hand.

Once the decomposition has been established, the
line current image defined in (42) can be straightfor-
wardly computed. In addition to this the contribu-
tion of the sum term in (44) to the potential must
be taken into account. From (36) it can be seen eas-
ily that a single hyperbolic cosine term corresponds
to a point source image whose location is defined by
the angle & and the amplitude by b{. Hence for the
anomalous potential we end up with the expression

rjoo

J—joo

47T0J

dtp1

VP2 + Po + (z - zo)2 -
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N

_ 2 Q )2 _

(45)
The last sum term in (45) can interpreted geometri-
cally, and it is seen to arise from a number of mirror
point images with respect to various straight inter-
faces in the problem. However, these point images do
not occur if a > ft, when N — 0 and (45) is reduced
to (43).

3. Special Cases
In this section we consider the cases in which the

image current source can be written in closed form,
i.e., the integral (42) denning the image can be calcu-
lated in terms of elementary functions. Previously, it
was stated that (42) does not represent the whole im-
age in cases a < Cl/2, since the integral is undefined.
This problem was overcome by decomposing the im-
age causing the wedge anomaly to a point source and
a continuous line source, which resulted in a math-
ematically sound definition for the image. In such
cases, for which (42) has a closed-form solution, the
point images are not needed, since the result for the
image can be analytically continued to cover all val-

ues of a and fi. Surprisingly, the obtained image
is exponentially converging for all geometries of the
wedge. The cases producing the image source in an
analytic form are listed below.

3.1. Perfectly Conducting Wedge
If the wedge structure in the ground is perfectly

conducting, i.e., T = —1, the image causing the
wedge anomaly in the potential can be solved in a
closed form [Campbell and Foster, 1948]

where

This result is valid for an arbitrary angle and orien-
tation of the wedge, and thus the potential in the air
region or at the surface of the ground can be written
in a simple form:

-JOO

dtp1

VP2 - 2PPo cos(y> - <£')
(48)

•s - o . i

I
g.

= -0.15

- 0 . 2

- 0 . S

Figure 5. Potential anomalies due to a wedge with different conductivity. The potential is computed at the surface of
the ground along a straight line crossing the edge of the wedge perpendicularly. The horizontal axis represents the
normalized position, where the edge of the wedge is located at 0 and the position of the source is 1. The vertical axis
is the normalized potential.
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Figure 6. The same as Figure 5 except different parameters
Qandec.

that may be used as an approximate solution for the
potential anomaly in cases for which the conductivity
contrast aw/ug is high enough.

3.2. Perfectly Insulating Wedge

Assuming that the conductivity of the wedge van-
ishes, i.e., T -* 1 and that the both flanks of the
wedge are below the Earth's surface, i.e., a+fi/2 < it
enables one to express the image corresponding the
insulating anomaly as

(49)

This closed-form image can used to analyze wedge
anomalies where the conductivity contrast aw/ag is
small.

3.3. Vertical Contact

The vertical contact problem is an important spe-
cific case of the subject discussed in this paper, since
the secondary potential in the ground can be solved
in closed form [Fitterman, 1979]. This result can
used as check of the present theory due to the conti-
nuity of the potential at the interface of two media.
The image current in case of fl = ir/2 and a = 3TT/4
reads,

-jIT
— n/4)'

(50)

The potential on top of the ground is thus obtained
from

47T<75 J-joo

dcp'

+ Po + (* - 20)2 - 2pPo cos(<p -
(51)

which yields for the anomalous part of the surface
potential

(52)
Po

which agrees exactly with the result found by Fitter-
man [1979].

4. Numerical Examples
The present theory has been tested numerically to

demonstrate its applicability and efficiency for prac-
tical computations. As a first example, the total
electric potential was computed at the surface of the
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ground that contained a perfectly conducting wedge
whose opening angle was fi = 45° and dipping an-
gle a = 150°. Figure 3 illustrates the exponentially
converging real and imaginary parts of the line im-
age current as a function of imaginary if' coordinate.
This line current source yields the contribution of the
wedge to the electrostatic potential. The continuous
lines corresponds to the case where the wedge is as-
sumed to be ideally conducting, whereas the dashed
lines represent the image in a situation where the
conductivity of the wedge is 3 times the value of
the ground. Figure 4 shows the total potential ob-
tained by adding the primary potential from the ex-
citing electrode and the secondary potential due to
the wedge in the case of perfectly conducting wedge.
The edge of the wedge is seen to form an equipoten-
tial line, which is consistent with the fact that an
ideally conducting object has a constant potential.
The position of the exciting source is revealed by the
singular behaviour of the potential.

The examples in Figures 5 and 6 show the po-
tential anomaly due to wedges with different con-
ductivities, angles and orientations. In Figure 5 the
opening and dipping angles of the wedge are fi = 12°
and a = 150°, respectively, and the current is driven
at the normalized distance x = 1 into the ground.
The curves of the figure show the potential anomaly
of the wedge as a function of normalized distance to
the edge of the wedge. The different lines types rep-
resent the potential behavior as the conductivity con-
trast F between the wedge and the ground changes.
Figure 6 illustrates a situation similar to that of Fig-
ure 5 except that the opening and dipping angles of
the wedge are changed to the values n = 30° and
a = 60°, respectively. The results show that the po-
tential anomaly due to the wedge is very sensitive to
the dip angle and the conductivity contrast and im-
ply that dc measurement techniques can be applied
to study the geometrical parameters and the electri-
cal conductivity of wedge-shape inhomogeneities in
the ground.

5. Conclusion
The model developed in this paper can be used

when using dc methods to study the structure of the
ground. The image technique presented in this pa-
per provides a relatively easy but exact method to
compute potential anomalies or apparent resistivities
due to wedge-shaped structures in the ground. Since
the image function yielding the potential anomaly

is a smooth and exponentially decaying function it
can be easily approximated, thus providing a simple
means to a dc analysis of a relatively complex struc-
ture. The analysis of this paper is limited to cases
where the driving current excitation can only be sit-
uated on top of the ground. However, this method
can be quite straightforwardly generalized to the case
where an exciting point current source may be situ-
ated anywhere in the ground or the wedge.
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1 Introduction

The quantitative interpretation of electrical fields requires that we can formulate a constitu-
tive relationship, i.e. Ohm's law, relevant for geological material. It is characteristic that the
discrepancies between different geomaterials are significant when it comes to consideration
of electrical properties [1]. When we are focusing our interest to the fractured, strongly de-
formed crystalline bedrock we are faced with the problem that there is no simple constitutive
relation for electrical conductivity which could take into account all the characteristics of
such a complicated medium. Fractures, joints and other discontinuities at all scales from
microscopic hair cracks to large fracture zones of the earth's crust form an integral part in
rocks. Depending on the scale the discontinuities can be regarded as an inherent material
property or as an inhomogeneity. In seismics this approach has been widely applied (e.g. [2],
[3], [4], [5], [6]). At least in some cases there are good reasons to assume that the influence of
the discontinuities on electrical conductivity is anisotropic in character (e.g. [7], [8]). Espe-
cially in situations when we have clear distributions of orientations of the discontinuities as
well as clear distributions of their magnitudes. The discontinuities may be filled with water
or minerals which may have higher or lower conductivity than their host rock. The bedrock
may be divided into homogeneous anisotropic blocks for each of which we can define a specific
conductivity tensor. The definition of such tensors is the main purpose of this paper. It is
not an easy task to formulate the conductivity tensor for geomaterials. There are, however,
some methods published in the literature on microwave technologies [9] which could perhaps
be used in the present context. The main aim of the present paper is to demonstrate the
use of so called electromagnetic mixing formulas in the definition of an equivalent anisotropic
conductivity tensor for fractured rock mass. The fracture distribution data is taken from the
research reports published in the course of research for the final disposal of nuclear waste
into bedrock [10].

2 Effective parameters of electrically inhomogeneous me-
dia

2.1 The basic mixing problem

In high-frequency electromagnetics, random and heterogeneous media have been modelled
from the dielectric mixing point of view. In other words, the problem has been how to
replace a given dielectrically inhomogeneous sample by a homogeneous sample that displays
an effective permittivity, in such a way that the average electric response remains the same.
This homogenization process requires that the spatial variation of the electric field within the
sample is slow compared with the correlation length of the dielectric inhomogeneity. Then
the polarization responses of the inclusions and scatterers in the mixture can be calculated
from the quasi-static solution of the problem.

More precisely, consider the problem illustrated in Figure (1). There, discrete scatterers of
permittivity ed and irregular form are embedded in a continuous background medium €{,. The
analysis of this two-phase mixture can be easily generalized to a larger number of inclusion



Figure 1: Two electrically equivalent mediums — the concept of effective permittivity

phases. Then the effective permittivity «** of this inhomogeneous material sample is the
permittivity of that homogeneous sample which produces an equal electric displacement D
with the same incident electric field E as in the original problem:

< D >= (1)

The average displacement comes from two parts, the background displacement and the po-
larization of the inclusions P [11]:

< D >= ebE+ < P > .

The inclusion polarization is the dipole moment density

(2)

(3)

where p is the dipole moment of a single scatterer. The dipole moment is proportional to
the field that excites the inclusion Ee

P = <*Ee (4)

and the proportionality constant a is the dielectric pokrizability of the inclusion [12] . This
depends on the shape and material of the inclusion.

If the exciting field Ee can be solved as a function of the incident field E, the relations
above allow one to write down the effective permittivity as a function of the geometrical
and electrical parameters of the mixture. For different choices of the exciting field, different
mixing rules result, among which one may mention Maxwell Garnett rule, coherent potential
formula, and Bruggeman mixing equation [13] .



2.2 Analogy between the conductivity and permittivity problems

The analogy of the basic equations in the electrostatic and steady-state conducting problems
allows us to make use of the dielectric mixing formulas in the calculations of the effective
conductivity. In both cases, the electric field is curl-free, and the solution of the field requires
solving the Laplace equation in the geometry of the matter. The constitutive relations are

D = cE, permittivity (5)

J = aE, conductivity. (6)

Therefore, to calculate the effective conductivity a*3 of a heterogeneous sample, take the
corresponding effective permittivity formula and replace e by a in all places. The duality
principle [14] gives the justification to this operation.

2.3 Mixture with ellipsoidal scatterers

Using this principle of analogy, the present problem of modelling the anisotropic conductivity
of rock can be approached from the dielectric direction. A quasi-static closed-form solution
has been derived for the effective permittivity of mixtures with ellipsoidal scatterers within
a host matrix in [9], and is to be applied in the present analysis.

Let us consider ellipsoids filled with conducting material embedded as inclusions into con-
ducting, homogeneous background medium. The fractional volume distribution f(Q) of the
ellipsoids is either known or assumed, and the argument Q. denotes the angle parameters
describing the orientation of an ellipsoid in space. The total fractional volume occupied by
the inclusions is / , meaning

/ /(njdn = / . (7)

The electrical conductivity c<i inside the disks differs from the conductivity <70 of the sur-
rounding host media. The disks are located randomly in the space.

In the view of the duality principle above, we may apply the theory presented in [9] in a
straightforward way. The equation for the effective conductivity W3 is [9]

/ (8)

wheie Ni denotes the depolarization factors of the inclusion ellipsoid with axes a1; a2, 03

1 Jo
and the coefficients /?* are

0-0 + Ni

3
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Figure 2: Orientation of a disk

The unit vectors u< coincide with the axes a* of the ellipsoid and / is the unit dyadic.

In a general case we would have a directional distribution which could be a function of all
the three angle parameters needed in determining the orientation of an ellipsoid. However,
a case of practical interest — considering fractures in bedrock — might be having only
disk-like ellipsoids (the length of one axis approaches zero) as inclusions. In the following
we assume that one of the principal axes points to the same direction for all the disks, thus
fixing one angle parameter, say, 8. The unit vector U3 denotes this direction and we let it
lie in the zz-plane: 113 = — sinflu* + cos0u2, see Figure (2). In the plane perpendicular to
this particular direction, the uju^plane, the orientation is assumed to follow some known
distribution /(<£')> o r f{&) = f((P')&(&'~9)- The direction corresponding to ip' = 0 is acquired
when the projection of Ui into the xy-plane coincides with uz. Then, U10 and U20 are the
directions u : and 112 when the angle iff = 0. This can be referred to as the disk-oriented
coordinate system U1U2U3.

Taking the surface of the earth as the ijz-plane, we can say that the disk deviates from the
vertical orientation (ur, 8 — 0) by the amount of the tilt angle 8. The disk can be thought
as rotating around the fixed tilt axis 113, while ui and u2 are the directions of the transverse
axes and they depend upon the disk under consideration.

In the U3-direction, the effective conductivity is readily seen to become a^ = (1 — f)<?o+f&d-
At the transversal plane, the directions for the two principal axes of the effective conductivity
depend on the orientation distribution of the disks. The conductivity dyadic can be written
as a*5 = "of + 0-̂ 113113, where the transversal part Wf = afufnf + afufuf has the
principal directions uf1, u|ff for the effective medium. Usually, it is quite easy to see from



Figure 3: Graph of the fractional distribution of the orientation

the chosen distribution function or data set, what the approximate principal directions for
the conductivity are going to be. For example, Figure (3) shows a simplified version of a
fractional distribution graph based on measurement data and the principal directions are
quite obvious.

2.4 Disk-oriented system and transformation

What we get using the equation (8) is the effective conductivity dyadic (tensor) expressed in
the disk-oriented coordinate system and it looks like

(A C 0
aiS=\ C B 0

V 0 0 D
(11)

in matrix form. In other words, the tilt-angle 9 has been left aside for a while, and the calcu-
lations are performed using the disk-oriented coordinates. To get to the principal directions
uf, vf, we must diagonalize the symmetric tensor (11). This is a trivial procedure [15] and
the results are given:

(af
_ eff __ I n

V o
where

0

af
0
0 (12)

A + B + y/{A - Bf + AC2



of - D

and the corresponding directional vectors

+ sin <p'\i2o

+ cos p'u2o (14)

uf = u3.

To get a view of the principal directions with respect to the surface of the earth, first we need
the angle iff telling us the rotation of uf with respect to uXo after which we can calculate
the azimuthal angle ip of the projection of the xif1 vector into the xy-plane with respect to
the ux direction (Figure (2)). From above, an equation for ip' is acquired

ta** ( l 0 )

Here, for symmetry reasons, one can always choose ip' to reside in the first quadrant i.e.
0 < iff < TT/2. Finally,

tp = arctan( ^ ^ )• (16)
COSP

If the need should arise, transformation to the xyz-system of coordinates can be done with
two rotations of the symmetric matrix (e.g. [16]). The rotation or transformation matrix T
shall be

T = -cos#sin</j' costp' — sin6sin<p' . (17)
V -s in0 0 cos0 j

With T, the expression for axyz becomes

axyx = J ^uiujua-' I 1 8 )

where T~l = T7", or the inverse of T is the transpose of T.

3 Effective conductivity of fractured rock

3.1 The numerical examples

The theory presented is easily applied numerically, the only problem arising from the deter-
mination and normalization of the fractional distribution function f(Q)- Here, two examples
are studied. The values for conductivities of the host medium <JQ and of the inclusions (ad)
were approximated with suitable values from literature, for the bedrock typically 1 • • • 2 • 10~4

S/m. If the filling of the inclusions consists mainly of water it will be close to 0.015 S/m.
whereas some minerals have conductivities around 0.001 S/m and less.



Figure 4: Polar plot of the distribution functions f(tp')

First, a very simple distribution /(<(/) was taken:

/ / 2 / ,

To keep the distribution physically feasible (i.e. positive) for all ip' € [0,2n], vo,i 6 [0, T/2] ,
the coefficient of the cosine function has to be in the range of 0 • • • / and after selecting that
to be 2//5 the condition (7) is applied. The function is plotted in the Figure (4).

A slightly more complex distribution function could be

f2(<p') = a\cos(<p' - <po)\* + k\cos2(<p' - <p{)\3. (20)

This is plotted in the Figure (4) using parameter values t = 10 and t = 4, for o = 2f/(t + 1),
k = 3//4 — a, ipo = 0.7, <pi = 1.2. The form of the distribution does not depend on the
value of / , and the effect of the two cosine-terms can be studied by varying the parameters.
In the calculations, the inclusion was considered to be a perfectly flat disk, resulting in the
depolarization coefficients ATj = (1,0,0), where the direction perpendicular to the plane of
the disk corresponds to the coefficient value Ni = l.

3.2 Analysis of the results

The relative effective conductivities have been plotted in Figure (5) for two different inclusion
conductivities and the host medium conductivity a0 — 0.0001. The dip was 0 = 0.4 radians.
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0 . 0 8

£
0 . 1 '

The gently sloping curves for the situation when a<* = 0.0001 are somewhat hard to read,
and the purpose in having them here is to demonstrate the effect of changing the value of
the inclusion conductivity.

In all the cases, the results show monotonically increasing dependence of the effective con-
ductivity on the inclusion volume fraction, and the <y% or vertical conductivity is the same
(the largest, too) for all the distributions with same component conductivities and fractional
volumes. This is easy to understand, because the distribution function has no effect in the
vertical or ellipsoid-oriented direction.

The variation of the transversal effective conductivities with the change of the form of the
distribution function is also physically very intuitive: the direction where the distribution
function reaches higher values has more ahgned disks contributing to the conductivity com-
ponent of that direction, thus weighting more when calculating the principal direction of
conductivity. The ratios of the transversal conductivities, of1/of1, have been plotted in Fig-
ure (6), following the same order of distribution functions as in Figure (5). The curves first
rise steeply with increasing volume fraction until / reaches a value of few percents. Although
not shown in the figure, the conductivity ratios will return to the value 1, as / —> 1 because
then the situation is again isotropic.

When the distribution of the disks changes, the ratio of the two transversal principal conduc-
tivities will change. However, the two seemingly different distributions /i ((p1) and /2(<P'; 4 = 4)
in Figure (4) give almost identical effective conductivities, demonstrating the ambiguity of
anisotropy determinations. Distribution f2 (<pr; t = 10) gives an effective conductivity closest
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to transversal isotropy, while for f2{<f'',t = 4) the transversal conductivity ratio reaches the
largest values. The two simple distribution function types f(cp') used here are not to be taken
as ultimate replacements for the real, physical situation measurement data: the main point
was to give a demonstration and the general guidelines of the method.

4 Conclusions

The various types of heterogeneities in the bedrock give rise to anisotropic efltects, the mod-
elling of which can be done only in a limited fashion. In this paper the theory of dielectric
mixing rules was utilized. The method can be applied to the analysis of the geophysical
measurements: fracture orientation and conductivity data are required. The mixing rule for
the effective conductivity as presented above is usable in the static case, or when the applied
frequency is low. Other type of formulas familiar from the theory of dielectric properties of
mixtures (e.g. [9] ) could be applied to some cases, but they are not considered here.

It is a known fact that measurements of dc conductivity are not sufficient to determine
the distribution of inclusion shape and orientation. However, if one has an overall view
of the geological situation of the measurement site, the theory might help in predicting the
approximate amount of fracturization in rock, in other words, the volume fraction / . Because
fractures appear in bedrock at many scales, the mixing model could be used recursively: the
first order effective medium could be the homogeneous continuous host medium for the second
order mixing, which could incorporate some refinements of the structure, like micro-crack
information or combining large scale anisotropic blocks.



The geoelectrical study of complicated, fractured crystalline bedrock requires that we have
appropriate constitutive models for the medium. The approach presented in this paper is
only one of the many possibilities. However, in the future, more emphasis should be put
to the development of new approaches which will take into account the different scales of
fractures, and the minor inhomogeneities within the medium. The constitutive models can
then be used in the direct interpretation of geoelectrical measurements. As one application
for equivalent electrical conductivity models we can introduce the geoelectrical monitoring
of the bedrock in the detection of the redistribution, i.e. the changes, of the fracture pattern
caused by the heating effects of spent nuclear fuel around a geological repository.
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Electrostatic image method for the anisotropic
half space

I.V.Lindell
K.I.Nikoskinen
A.Viljanen

Indexing terms: Anisotropic half space. Electrostatic image method. Point charge

Abstract: Electrostatic image theory, well known
for a point charge in front of an isotropic
dielectric half space, is generalised to the case
where the half space may be anisotropic,
characterised by a symmetric and positive-definite
permittivity dyadic. The theory is derived through
Heaviside operational calculus involving
manipulations with pseudodifferential operators.
As a result, the image of a point charge is seen to
consist of a point charge at the mirror image
point plus a continuous distribution of surface
charge filling an angular sector the apex of which
lies at the image point. The surface charge is
shown to obey a simple analytic law. The angle of
the image sector depends on the amount of
transverse anisotropy of the half space. For
decreasing anisotropy, the angle becomes small
and the angular image can be approximated by a
quadrifilar line charge coinciding with the result
recently obtained by these authors for the case of
small anisotropy. Numerical tests confirm the
validity of the image expression. The result can be
readily applied to a wide variety of electrostatic
problems involving sources and obstacles in front
of an anisotropic half space, making a numerical
development of a Green function for the
anisotropic half space obsolete.

1 Introduction

The image method is one of the basic principles in elec-
trostatics allowing one to solve problems involving cer-
tain boundary or interface structures without having to
solve differential equations or work with complicated
Green functions [1]. In many cases the image source,
giving the field reflected from the structure, can be
expressed analytically, while the corresponding Green
function must be computed numerically. The Green
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function can always be represented as an integral of the
image function.

The basic image principle in electrostatics involves a
point charge in an isotropic medium 1 above a planar
interface of another isotropic medium 2. An obvious
generalisation would be to allow the medium 2 to be
anisotropic. So far, the generalised image problem has
been solved only under certain restricting assumptions.
When the medium 2 is uniaxially anisotropic so that its
axis is perpendicular to the interface, the image can be
solved through scaling [2-4]. In this special case, the
medium 2 is actually isotropic in the plane transverse
to the normal of the interface. By making an affine
transformation [6] to this solution, the image principle
can be further generalised to the case when the medium
2 is anisotropic in the transverse plane [7]. However,
the transformation also makes the medium 1 aniso-
tropic so that the transverse anisotropies of the two
media are similar (same axial ratio and directions),
which is a restriction to generality. More recently, these
authors have found a perturbative image principle for
the case of isotropic medium 1 and anisotropic medium
2 when the transverse anisotropy is only slight. In this
case, the medium 2 is almost uniaxially anisotropic
with the axis almost normal to the interface.

In the present analysis, restrictions concerning the
anisotropy of the medium 2 are finally relaxed. The
only assumptions are that the corresponding permittiv-
ity dyadic be real, positive definite and symmetric. This
does not rule out any media in true electrostatics with
positive energy function [5]. However, in quasistatic
electromagnetics the permittivity dyadic can be
assumed complex and nonsymmetric. The image of a
point charge is eventually obtained through an analysis
consisting of steps resembling the Heaviside opera-
tional calculus [8-10], in which differential operators
are occasionally treated as ordinary numbers. The
operational calculus itself has not been too convincing
for pure mathematicians, but it has given correct
results in the hands of Heaviside. The same method
was recently applied to the planar interface of isotropic
materials (for time-harmonic sources) and the dielectric
isotropic sphere (for a static source) to demonstrate
that the well-known image expressions could be
obtained in this manner [11].

In the present case, the new analytical result for the
image is first validated by checking that it reduces to
the known expression corresponding to small trans-
verse anisotropy. In addition to this, numerical tests
are made by comparing values of the potential
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obtained through direct numerical inversion of the
Fourier integral and integrating the image source. A
reader can easily pass the derivation, since the resulting
expression is shown to be valid through the tests. How-
ever, the derivation is given as showing the potential of
the Heaviside analysis in problem solving.

Since the result is basic and very general, it can be
readily applied to a wide variety of problems in physics
in which an anisotropic half space is involved.

2 Fourier transforms

Consider an electrostatic point charge in an isotropic
half space 1 (z > 0, e - E0) above an anisotropic half
space 2 (z < 0), Fig. 1. The permittivity dyadic of the
half space 2 is denoted by = £r£0, where tr can be any
positive definite and symmetric dyadic. Thus, the three
eigenvectors of tr can be assumed orthogonal and the
corresponding eigenvalues have positive values.

-h

Fig. 1 Geometry of the problem
Point charge Q is in medium I (air) and half space 2 is anisotropic with sym-
metric and positive definite relative permittivity dyadic tr . The problem is to
find the image of point charge Q giving the field reflected from the anisotropic
half space. The resulting image resides in medium 1 filling all space and it con-
sists of a point charge and a surface-charge distribution which exists over an
angular sector

We proceed along the same line as in [12, 14] by
making the Fourier transformation in the xy plane for
all source and field quantities. Denoting the transfor-
mation of the function F(r) by F(K, z)

F(r) -> F(K, z) = f F(r)e]K-"dS, dS = dxdy

(1)
K = nxKx + UyKy being the Fourier variable and ux, uy,
u. the Cartesian unit vectors, p = r - u.z is the two-
dimensional distance from the z axis. Transforming the
differential equations, we can replace

V -+ uzdz - j K • (2)
where d. stands for dldz. Dependence on K will be sup-
pressed in the transformed quantities for simplicity.
Thus, physical quantities in the form F(T) and F{z) in
the sequel denote a Fourier transform pair.

The electrostatic field in an anisotropic medium satis-
fies the following equations. The irrotational electric
field can be derived from a scalar potential 0(r) as

E(r) = -Vo(r) (3)
and the flux density vector

D(r) = ere0 • E(r) = -totr • V<z>(r) (4)
satisfies

V-D(r) = £(r) (5)
where g(r) is the charge density function. Denoting

u- • tr • K
a =

t-
tz = Uj U ; (6)

after Fourier transformation, the z component of
eqn. 4 reads

uz • D(z) = -t0tz[dzo{z) - ja<f>{z)}

= -t0tze
]azdz{e-^6{z)} (7)

while eqn. 5 can be expressed in the form

= - c o [ K • tr • K - e~jaz g(z))
(8)

2.1 Transmission-line equations
Eqns. 7 and 8 resemble the pair of transmission-line
equations. Defining voltage and current functions as

U(z)=e-*"4>(z),

we can write eqns. 7 and 8 as

= -e~^nz • D(z) (9)
€0

1

tz

dj{z) = - [K tr K - eza
2]U(z)

*(*) = =>-;<",
to

(10)

(11)

(12)

Here, i(z) stands for the current generator distribution
on the transmission line. Comparing with the conven-
tional transmission-line equations

dzU(z) = -iZI{z), Z^Y-1 (13)

dj(z) = ->yYU(z) + i(z) (14)
the complex propagation coefficient y and line admit-
tance Y can be identified as

11 = z i , - e r - u , ) ( K - e r - K ) - ( u 2 - ? r - K ) 2

= — V K - A - K (15)

Y = • A • K

with
(16)

A = -de t€ r (u x t^1 x u2) (17)
The dyadic A is two-dimensional (u. • A = A • u. = 0),
and obviously symmetric and positive definite. Such a
dyadic can be written in the form

A = a 2 ( I t + /32uxnx), It = uxux + \iyUy (18)
by orientating the x and y axes along the eigenvectors.
Here we have actually defined ux to be the eigenvector
corresponding to the larger of thejwo real and positive
eigenvalues a2(l + 01) and a2 of A. The notation devi-
ates somewhat from that of [14].

2.2 Reflection from a junction
Eliminating the current I{z) from the transmission-line
equations we have

(d2
z - l2)U{z) = —fZi(z) (19)

For a point charge, £>(r) = Q6(r - uJi), the current gen-
erator is a delta source:

= I06(z-h), (20)
0

Because the_ point charge is in the isotropic jnedium
with e = eo7, whence a0 = 0 and Ao = I , = T - u.u.,
the line parameters are

7o = 70 = K (21)
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The incident voltage is the solution for eqn. 19:

2.
(22)

The interface of the anisotropic medium corresponds to
a junction of another transmission line. If its line
admittance is denoted by Y, the reflected voltage can
be written as

UT{z) = R{K)Ul{0)e-Kz

2e0K
= R(K)Ul(-z)

where R is the reflection coefficient:

(23)

(24)
Yo + Y K+_VK-A-K

Substituting from eqn. 18 for A, the reflection coeffi-
cient can be expressed in the form

R(K)=R(K,KX)

K - +

(25)
Inserting in eqn. 23, we see that R(K, Kx) can be
replaced by the operator R(-d., Kx). To motivate this
step, we can think of replacing R(K, Kx) by its Taylor
expansion in powers of K.

To find the source of the reflected voltage, let us
apply the operator d.2 - Kr on £/(z) in eqn. 23 and
compare with eqn. 19,

-loZoi
r(z) = -ir(z) = (d2

z - K2)UT(z)
= R(-dz,Kx)(d

2 -K2)U\-z)
= -R(-dz,Kx)i(-z) (26)

Thus, the following simple expression for the image
source is arrived at:

ir(z) = R(-d2,Kx)i(-z) (27)
and the corresponding reflection image charge function
in the Fourier space is

QT(Z) = eoe^ir(z) = R(-dz, KX)Q{Z) (28)
Making the inverse transformation from the Fourier
space into the physical space, we have -jfK -* Vf, the
transverse component of V, and gf(z) -* gr(r), whence
eqn. 28 is transformed to

<f(r) = R(-dz,jdx)Q6(r + uzh) (29)
where R(~d:, jdx) is the pseudodifferential operator:

( • - ( 3 0 )

It remains to find the analytic representation for the
image, corresponding to the formal expression
(eqn. 29).

3 Solving for the image function

To interpret the operational expression (eqn. 29) of the
image,

9
r{r) = QR(-dz,jdx)6(x)6(y)6(z + h) (31)

in computationable form, requires some mathematical
formulas. Two integral theorems found from the litera-
ture will be applied in the analysis.

3.1 Integral theorems
The first integral identity ([15], formula 6.623.3, p.712):

n > 0 (32)
where Jm(x) denotes the Bessel function, can be applied
to an expansion for a function of the form of the
reflection coefficient (eqn. 25)

a - 1 4Q rc

a + 1 + a2 - 1 Jo
B-KP'

n = l

a - 1
'a + 1

(33)
The second useful identity is ([16], formula 2.18.1.10,
p.453)

e-pxL Tn(x/a)dz = (-l)nnln(ap) (34)

where Tn(§) denotes the Chebyshev polynomial, and
/„(§) the modified Bessel function.

3.2 Operational expansions
Applying the analogy to the Taylor expansion of a
function ftz\

f(z + z') = ^-(z'dz)
nf(z) =

71=0

(35)

the reflection-coefficient function R(K, Kx) of eqn. 33
becomes the reflection operator:

R{-dz,jdx)6(r + uzh)

h)S(x)s{y)

a- 1
'a+1

6(r-

x E 2n
x)±;

(36)
Here, we have also applied JiniJx) - (-1)" ^(x)- From
exp(p'd.) S(z + h) - d(z + h + p'), the integral is seen to
vanish for positive values of z + h, which means that
the image is limited to the region z < -h. This fact can
be expressed by the Heaviside step function 9(-(z + h)),

71=1

x 5(x)5(y)-
z + h

(37)
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Replacing p by dx, the identity (eqn. 34) gives rise to
the operational rule:

a2 - x2) (38)In(adx)6(x) =

which, applied to eqn. 37, gives an analytic interpreta-
tion to the operator expression. Multiplied by 0 this
leads to a formula for the image:

= -Q^-ls(r + nzh)

Q-
4Q 9{32{z + h)2-x2)9{-(z + h))

(39)

3.3 Image solution
The image expression (eqn. 39) can be further simpli-
fied because the infinite sum of Chebyshev polynomials
can be evaluated through a summation formula based
on the generating function expansion [17]:

n = 0
1 + t2 - 2t£

(40)

Because Tn(£) is an even function for n even and an
odd function for n odd, we have:

(41)

n = l

The form we need is

n = l

x-r. J-y^t, J ( }

[(1 + <)2 - < 2 i ] 2

Substituting in eqns. 39 and 29, the following simple
analytic expression is finally obtained for the reflection

gT(r) = -Q
2a32\z

small transverse anisotropy, which has been analysed
previously [14].

For f} = 0 the half space is isotropic in the xy plane
and the planar image disappears. Denoting zr - e, I, +
£-u-u., the image then reduces to a simple point charge
at z = -h:

u:h) (45)

which is a well-known result [2, 4].
Assuming 0 > 0, the continuous part of the image

function (eqn. 43) has integrable singularities of posi-
tive charge at the edges of the sector, x = ±fi(z + h), as
seen from Figs. 2 and 3. Close to the z axis the charge
is negative. The charge changes sign on the lines x =
±\z + h\afi/V(cr + 1) Integrating eqn. 43 for constant z
from x = -jS(- + h) to x = #> + h) gives zero, which
means that the amount of positive and negative charge
is actually equal on any cross section parallel to the x
axis below z--h. Vanishing of the integral can be eas-
ily understood from the expression (eqn. 39), as arising
from the orthogonality of the Chebyshev polynomials
[17]. In fact, we have for all n > 0

df = 0 (46)

whence all terms of eqn. 39 vanish in integration.

5.0^2.0

Fig. 2 Surface-charge image function on angular sector consists of equal
amount of positive and negative charge along cross-section parallel to x
axis of sector
The charge positive with respect to the original charge is concentrated at edges
of the sector with (distance)m singularity, seen truncated in the Figure. The
spikes are due to finiteness of the numerical grid. Parameter values are tx -
10, tv = 3 and £. = 2 corresponding to a - 2.45 and /S - 1.53: half angle of
sector is x- 57°"

(43)

The image of a point charge 0 is thus a combination of
a point charge at the mirror image point z = -h and a
continuous planar surface charge distribution. Because
of the function Q($\z + h)2 - x2), the planar charge is
distributed over an angular sector with an apex at z =
-h. The half-angle x of the sector, see Fig. 1. satisfies

tan r = 3 (44)

For small /S, the angle T approximately equals fi and
the sector becomes narrow, approaching a line source
along the z axis. This corresponds to the special case of

-TO1 \

Fig.3 Normalised image charge density as function ofg= x/fiz — h for
different values of parameter a

a = 1
a = 2
a = 4
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As suggested by Fig. 3, for growing values of a, the
image charge becomes more and more concentrated at
the edges of the sector and eventually it can be approx-
imated by a bifilar line charge of two equal but oppo-
sitely charged parallel line charges on each edge.
However, in the limit a -» oo the amplitude of the
bifilar lines tends to vanish as I/a. This corresponds to
magnitude of sr becoming infinite, in which case the
anisotropy does not matter if 0 has a finite value.

3.4 Small anisotropy
As an analytical check of the image expression (eqn.
43), let us consider the slightly anisotropic case, /S «
1, for which the solution was obtained previously
through a perturbational analysis [14]. In this case, the
angle of the image sector is small, r = /? « 1. Because
the charge distribution on the sector is an even func-
tion of x and the total charge is zero, we can approxi-
mate it by a quadrifilar line charge consisting of
parallel line charges of the form q{z), -2q{z), q(z), close
to one another. The limiting charge density function
must then be a multiple of the form q(z) d(y) d? 8(x)
(KAz + h)).

To find this, we apply the quadrupole approximation
for a function f{x) [6]:

* \d2j{x) (°° f(x')x'2dx'
* J — oo

= \dt5{x) r f(x')[T2(x') + T0(x')]dx'

(47)

Inserting eqn. 39 for/[x) and applying orthogonality of
the Chebyshev functions, the image is approximated by

er(r)~-Q-—.-6(r + nzh) + Q
a + 1 7r(a + 1)-*

xd2j(x)6(y)e(-(z + h)) f T 2 ( ^ f d g
./-l v 1 - ?2

(48)
The integral gives the value nil, whence the approxi-
mation finally reads:

Q

a+ 1
a/32

;d
2
x6(x)S(y)9(-(z(a + l)2v

(49)
where g(Q is the ramp function, g(£) = ^0(5). The same
result can also be obtained by integrating the expres-
sion (eqn. 43), which is a more complicated task.

The resulting image can now be shown to be equiva-
lent with that derived previously in [14] so that both
images give the same field in the region z > 0. In the
present notation (the symbols a and /? were defined dif-
ferently in [14]), ignoring terms of the order oQS4), the
image of [14] can be expressed as

Qr{r) « -Q
a -

x[5(z

-8(r + Uzh) —
Qa/32

9(-z - h){d2
x - %)]5{x)8{y)

Qa02

(a.

- V 2

9(-z-h)d2S(x)S(y)

Qaf32

-g(-z - h)S(x)S(y) (50)

Here, we have applied b?g{-{z + h)) = d?g{z + h) = <5(z
+ h) and partial differentiations. The difference of eqns.
49 and 50 is seen to be of the form V2_/(r), where fij) is
zero in the region z > 0. It is known that a source of
this form does not create static fields outside the sup-
port of flj) (i.e. in the region z > 0) which means that
the images eqns. 49 and 50 are equivalent.

4 Numerical example

To apply the theory, let us consider for simplicity an
anisotropic medium with one of the eigenvectors paral-
lel to the z axis. The permittivity dyadic can then, with-
out loss of generality, be written in the form:

er = CxUxUx + evuvuv + ezu2uz (51)
where we assume sx * ey. The dyadic A becomes now

A = - dete r(u2 x u2)

= a2= a2(I t+/?2ux U l) (52)

(53)

a and ft are both assumed to be real non-negative num-
bers. The image function (eqn. 43) reads:

-Q
- eyx

2

h)2 - eyx
2)0(-(z h))

(54)
Again it is seen that, for transverse isotropy (sy = sz),
the surface image disappears. To check numerically the
validity of the image theory, we compare the reflected
potential computed from the Fourier integral (consid-
ered as exact) [14]:

0r(v)

oo oo

= _J_^_ f f
(2TT)2 2e0 J J

K
>e~3K-TdKxdKy

160

(55)

to that computed from the image source (eqn. 43) on
the interface (xy plane). Now, it can be shown that, if
the two potentials are equal on the xy plane, they must
be equal in the half space z > 0. This is due to the well-
known property of functions satisfying the Laplace
equation in a region stating that their maxima and
minima must occur at the boundary of that region.
Because both potentials satisfy the Laplace equation in
the half space z > 0 and vanish at infinity, their differ-
ence vanishes on a closed surface and, hence, in the
region inside the surface, if only they are equal on the
xy plane.
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To see that the potential due to the image really
coincides with the exact reflected potential on the xy
plane, a number of computations were made for differ-
ent values for the permittivity parameters sx, sy, £,. All
the results were seen to coincide within numerical accu-
racy. To show this for a set of parameter values grossly
deviating from transverse isotropy, ex = 20, ey = 2 and
s. = 1, the reflected potential (in arbitrary units) along
the line y - 3h, z = 0 computed from the Fourier
integral (solid line) is depicted in Fig. 4. In the same
Figure, a set of points computed through image inte-
gration are seen to fall nicely upon the previous curve.
Equipotential contours for the reflected potential are
shown in Fig. 5 in the xy plane and Fig. 6 depicts the
total potential in the xz plane for the same parameter
values. In the latter figure, the potential is extended to
the half space z < 0. Since the potential from the image
is valid only in the half space z > 0, this has no physi-
cal significance but gives an idea how the potential
emerges from the image source. The singularities due to
the original and image points are visible.

2 Or

i.5r

Fig. 6 Equipotential contours for total potential in xz plane for parame-
ter values of tig. 4
Potential of region z > 0 is extended to region 0 > z > -1 to demonstrate its
emergence from the image source

-0.18
-10 -8 -6 -4 -2 8 10

Fig. 4 Potential distributions along the y = 3, z = 0 parallel to x axis for
the permittivity parameter values e, = 20, ey, = 2 and t . - l

exact potential computed from Fourier integral"
o potential from image source
Height of point charge is normalised to A = 1; potential is given arbitrary
units; max. difference = 0.2%

-10 - 8 - 6 - 4 - 2 0 2 4 6 8 10
x

Equipotential contours for reflected potential in xy plane for son
r values as in Fig. 4

Fig.5
parameter values as in

5 Conclusion

The electrostatic image method, well known to prob-
lems involving two isotropic half spaces, was general-
ised to the case of an isotropic half space bounded by
an anisotropic half space. According to the theory, the
image of a point charge in the isotropic half space
appears as a point charge in the mirror image point
plus a surface charge distributed over an angular sec-
tor. The resulting simple expression can be applied
without knowing about its derivation. The derivation
applied the Heaviside operational calculus, involving
integrals of a sum of Bessel functions and a sum of
Chebyshev polynomials which, however, reduced to a
simple algebraic expression at the end. The final result
was checked against a perturbational result obtained
earlier through a different analysis, valid for small
transverse anisotropy. The result was further validated
for large transverse anisotropy by making numerical
checks.

The image method devised here can be applied to
electrostatic problems involving an anisotropic half
space. For example, the problem involving a source
and an obstacle in front of an anisotropic half space
can be analysed by making an integral equation for the
unknown polarisation of the obstacle by replacing the
half space through the image of the original charge and
the image of the unknown polarisation. This process
circumvents the necessity to form a numerical Green
function corresponding to the anisotropic half space
and computer codes involving the Green function of
the isotropic space can be applied.
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