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SYNTHESE:

L'objet de cette note est de discuter les modeles PDF et stochastiques qui sont
utilises pour la modeiisation des e'coulements diphasiques. Le but de cette analyse est
essentiellement d'essayer de determiner les correspondances et la consistance entre
differents modeles.

n est d'abord rappele* que les diffdrentes approches correspondent en fait a des
modeles PDF Merits en fonction des trajectoires ou directement de la densite* de
probability. La difference essentielle reside en fait dans le choix des variables
independantes qui sont retenues. Deux modeles sont 6tudi6s en particulier, le modele
dit equation cinetique et celui base sur une equation de Langevin pour les vitesses du
fluide vu par les particules solides.

Le modele de Langevin est plus general car il contient une variable
supplemental. On montre que, dans certains cas, on peut integrer exactement sur
cette variable pour retrouver le modele equation cinetique comme pdf marginale. Une
approche pdf jointe a la fois pour les caracte'ristiques du fluide et des particules est
proposes £ la fin.
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EXECUTIVE SUMMARY:

The purpose of this paper is to discuss PDF and stochastic models which are
used in two-phase flow modelling. The aim of the present analysis is essentially to try
to determine relations and consistency between different models.

It is first recalled that different approaches actually correspond to PDF models
written either in terms of the process trajectories or in terms of the pdf itself. The main
difference lies in the choice of the independent variables which are retained. Two
particular models are studied, the Kinetic Equation and the Langevin Equation model.
The latter uses a Langevin equation to model the fluid velocities seen along particle
trajectories.

The Langevin model is more general since it contains an additional variable. It
is shown that, in certain cases, this variable can be summed up exactly to retrieve the
Kinetic Equation model as a marginal pdf. A joint fluid and solid particle pdf which
includes the caracteristics of both phases is proposed at the end of the paper.
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Relations between the Kinetic Equation and the
Langevin Equation models in two-phase flow modelling

J.P. Minier1 and J. Pozorski2

'Laboratoire National d'Hydraulique, 6 Quai Watier 78400 CHATOU
2Institute of Fluid-Flow Machinery, Polish Academy of Sciences, Gdansk, Poland

1 Introduction

Dispersed two-phase flow modelling remains a domain of current development. There are various
issues to be addressed among which one can cite turbulent dispersion, particle-particle collision
and fluid turbulence modulation. The present paper is concerned with the first point. It deals
with dilute two-phase turbulent flows.

The different proposals differ mainly in the treatment of the dispersed phase and used to be
divided into Eulerian and Lagrangian models. This classification can be reconsidered at present.
Indeed, since the two-fluid approach has been reformulated based on a Lagrangian instantaneous
equation, the distinction is less a theoretical one and is more related to the choice of variables
retained for the numerical solution of the equations. Consequently, various approaches can be
best gathered in two categories: the Lagrangian Approach (LA) which relies on a model for
fluid velocities sampled by particles along their trajectories and the Kinetic Equation (KE)
model. The former uses a model for the fluid velocity seen while the latter is based on a closure
expression for the mean conditional value of this fluid velocity seen in the solid particle phase
space. An often-used Lagrangian model is based on a Langevin Equation (LE), or more generally
a stochastic differential equation (SDE), for the time evolution of the fluid velocity seen.

The purpose of the paper is to present a theoretical analysis of relations between the KE and
the LA. Emphasis is put not on actual expressions of different models or on which forms perform
better in a given situation but rather on theoretical consistency issues. The precise question
that the paper addresses is whether, after integration over the extra variable that appears in
the LE model, one retrieves or not the expression proposed directly by Reeks (1991, 1992) to
close the Kinetic Equation.

Basic elements of stochastic modelling are first briefly recalled. This helps to indicate that
the LA is indeed a probability density function (PDF) closure. The KE and the LE models
are then presented as well as a number of their specific features. The presentation underlines
mostly the different physical ideas or reasoning that go with the different approaches. Relations
between them are then developed. Finally, it is proposed to extend the PDF formalism beyond
its present limited use.



2 Trajectory and PDF points of view

In this paper, only the case of heavy particles is considered, i.e. particles whose density, say pp,
is much greater than the fluid density, say pj. The equations of motion for can be written in
the following form (leaving out gravity for simplicity):

= V , (1)

dt - Tp ' t 2 )

where U stands for the instantaneous fluid velocity seen (or sampled) by solid particles and
TP is the particle relaxation time scale. Most modelling approaches follow statistical reasoning
and regard these equations as satisfied by stochastic processes whose charateristics have to be
worked out. In stochastic modelling, there are usually two different, yet equivalent, points of
view. The first one is the trajectory point of view which consists in writing an evolution equation
(generally a Stochastic Differential Equation) for a large number of samples of the process. The
second one is the PDF standpoint which deals with the time evolution equation of the pdf of
the process. The two models considered in the present analysis fit into this description. The
Kinetic Equation illustrates the PDF point of view while the Lagrangian Approach illustrates
the trajectory point of view. Thus, Lagrangian models are indeed PDF models. They simply
consist in a trajectory or Monte-Carlo simulation of the underlying pdf. The key difference
between the KE and the LA does not lie in a different theoretical framework but mostly in
the choice of the variables retained for the definition of the system which is studied. The KE
approach retains only solid particle locations and velocities and handles a probability density
p(*,x,V). The fluid seen, here U, is therefore an external force whose statistical effect has to
be modelled. On the contrary, the LA includes this very variable in the definition of the system
considered and handles a pdf /( t ,x,V,U).

3 Kinetic and Fokker-Planck equations

The unclosed Kinetic Equation is derived from the instantaneous solid particle equations in a
standard way (Gardiner, 1990):

kmuky
The proposed closure is developed in phase space and involves two diffusion (dispersion) tensors
A and /i (Reeks, 1992; Hyland, 1995):

^x, V))p(<,x,V) = (UJp-X^ - ^ j ^ . (4)

It has been put forward (Reeks, 1991) that the KE differs from a classical Fokker-Planck equation
since in the particle equation of motion the fluid velocity seen could not be regarded, in general,
as a white-noise term. However, this single argument is not sufficient to rule out similarity with
Fokker-Planck equations. If we leave out in this section the issue of the modelling of X and ft
and only regard them as given functions, it appears that with the proposed closure expression



the resulting KE does have the form of a general Fokker-Planck equation. Indeed, using vector
notation for the state vector, here X = (x, V), and considering constant Aaj and /i.j (for the
sake of simplicity) the KE is easily re-written

^ ^ i ^ (5)

where D stands for a drift vector and B is a diffusion matrix. This equation is a Fokker-Planck
type of equation provided that the matrix B which enters the second-order derivative is a positive
definite tensor. In the present case, if n is the rank of the tensors A and /i (in the general 3D
case, n = 3), B is a 2n tensor which can be expressed as a bloc matrix:

(6)

It is straightforward to show that its determinant is detB — -(detX)2. This implies that the
product of the eigenvalues (a,-),'Si,2n OI"B 1S negative :

I ] a, = -{detXf < 0, (7)

and that B has always at least one negative eigenvalue. Therefore, it is not simply the very
existence of the tensor A but rather the fact that it implies a non-positive B matrix that makes
the KE different from classical Fokker-Planck equations. This result can be re-expressed in an
interesting way. Since the eigenvalues of B correspond to diffusion coefficients, the existence of
a negative eigenvalue means that, in the solid particle phase space X = (x, V), the effect of the
fluid velocity seen is to induce an "anti-diffusion" behaviour.

4 The Langevin Equation model

As mentioned above, the Lagrangian Approach follows the trajectory point of view and is written
directly in terms of the evolution equations of stochastic particles (which should be understood
as realizations of the process):

In the last equation, the time rate of change of the fluid velocity seen, say A, is an external
term which has to be modelled. The corresponding equation for the pdf /( t ,x, V,U) writes :

~ [ < ^ | ( x , V , U ) > / ] . (II)



Since the fluid velocity seen is included in the state vector, which now becomes X = (x, V, U),
the particle momentum equation is closed. However, the closure issue has been shifted to the
time rate of change of the variable U, as is manifested by the unknown term in the pdf equation
(i4i|(x, V, U)). This procedure could be repeated any number of times and is typical of a
hierarchy of (unclosed) pdf equations such as the BBGKY equations in statistical mechanics.
There is, however, a precise physical reasoning behind such a method. In a given situation,
one introduces typical (or reference) length and time scales which, roughly speaking, define the
scales or levels at which a system is studied. Various degrees of freedom of the system (possibly
an infinite number of them) are then divided into slow and fast variables with respect to these
scales (a fast variable is a random variable whose characteristic timescale is smaller than the
reference one). The main idea is to retain in the state vector the slow modes while "going
to the limit' for the fast ones and replace them by models which represent their equilibrium
values and usually involve white-noise terms. As an illustration of this procedure, application
of Kolmogorov's hypotheses suggests that, in high-Reynolds number flows and for a reference
time scale which belongs to the inertia range, fluid particle accelerations can be regarded as
fast variables while fluid velocities are still well correlated. This is the starting point behind
Langevin equations which have been proposed for the time evolution equation of fluid particle
velocities, say U ' , (Pope, 1994a, 1994b) which becomes a SDE. A general expression writes:

dllf = - I ^ d t + GyfJ// - {UMdt+y/c^dWi. (12)

Here, (p) is the mean pressure field, (e) is the mean turbulent energy dissipation rate and dW
stands for a Gaussian white noise. The model we will consider, mainly for simplicity reasons,
uses an isotropic form with a return-to-equilibrium term for the matrix G (Pope, 1994b):

G« = - ^ « « « - ( | + |Co)^« (13)

where k is the turbulent kinetic energy. For two-phase flow modelling purposes, the problem is
more complicated since one has to write a model for the velocity of the fluid seen, U, whose
statistics differ from fluid particle ones, U' . The issue is indeed further compounded by particle
intertia and by crossing-trajectory effects. Nevertheless, a current and simple way is to use
similar ideas and to propose a Langevin model for U (Minier & Pozorski, 1992; Pozorski et al.,
1993; Simonin et al., 1993). One simple proposal writes:

dUi = J
P

where T'L is the integral timescale of the fluid seen. Csanady's expression (cf. Minier k Pozorski
1992) can be used for this timescale to account for crossing-trajectory effect when a mean drift
(due for example to an external field such as gravity):

77 = . TL . (15)

2*/3

The present Langevin equation is only one among several variants. However, the point of the
present discussion is not to go into details of various proposals which belong to the same type
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but to compare characteristics of different types of models. Along the same line, it should be
emphasized that, although some proposals have been discussed and used at length, they still
lack rigorous theoretical justification. They are simply direct extensions of models for real fluid
particles. Even if one accepts a Langevin equation for U ' , there is at present no theoretical
derivation of a similar Langevin equation for U. In other words, improvement of current models
is still very much an important issue and accurate modelling of the fluid velocity seen remains
an open question.

5 From Langevin to Kinetic equations

Using equations (14)-(15) of the previous section, a particular Langevin Equation model has the
form:

dx, = \pdt (16)

dV, = ^ ^ d t (17)
Tp

dV = --V(p) dt - U ~ ( U ) dt + Jc^dW. (18)
P *L V

The corresponding pdf equation for / ( t ,x, V, U) is now closed and has the form :

oi + vll- -±- UUi'Vi\ A x IMiL
dt + ldxi dVAx rp ) J\ p dXi dUi

Analysis of the correspondence between the KE and the LE approaches is best addressed in
terms of the two pdfs which are handled, respectively p and / . Indeed, since / involves one
extra variable, p appears simply as the marginal pdf :

(20)

where the integration is performed over all possible values of the fluid velocity seen U. The
natural question that arises is whether after such an integration the LE model is equivalent or
not to the KE model. This question cannot be answered by integrating directly the pdf equation
(19) since one obtains then the unclosed Kinetic Equation (3). However, with the 'higher-order'
pdf / , the unclosed flux that appears in the solid particle phase space can be written as:

(21)

This relation shows that to derive a closed expression some information about the pdf / is
needed. This can be worked out in some cases. First of all, the LE model equations can be
re-expressed as a n-dimensional SDE for the vector state X = (x, V, U) :

(22)



In situations, such as homogeneous turbulence, where the different mean coefficients ({c),T£T

. . . ) which enter the equations are constant (or the mean pressure gradient is a linear function
of location x), the general SDE for X is linear with a constant diffusion matrix. It is then well-
known (Gardiner, 1990) that the resulting stochastic process X is Gaussian. One can then use
a simple result, called Gaussian integration by parts, which states that for a (n+l)-dimensional
centered Gaussian random process, say X = (Xu ..., Xn, Xn+i) with a pdf / n + 1 , integration over
one variable of the process, say Xn+l, writes in terms of the marginal pdf /„ of the resulting
n-dimensional process (Xi,...,Xn) as :

/

(23)

Therefore, when the LE model has the form of a general linear SDE, integration of the fluid
velocity seen does result in the KE model with expressions for the corresponding tensors A and

(f/,|(x,V))p(t,x,V) = {Ut)p- ({U, - {UtMx, - <*,» |£-

(24)

A general form of the former result is sometimes called the Furutsu-Novikov theorem and has
recently been applied for the derivation of the kinetic equation (Hyland, 1995). Yet, the present
use is somehow different and reflects the difference between the KE and LE approaches. In
the first one, particle characteristics, Xp(t) and Vp(t), are functions of the whole fluid history
(U(t'), i < t\ and one has to resort to functional calculus. In the second approach, by including
the fluid velocity seen in the state vector, one only deals with random variables and, as presented
above, with a much simpler version of the theorem (then hardly worth being called as such).

To complete the correspondence between the KE and LE models, the covariances («< Xj) and
(u, Vj} can be calculated from the Langevin equation used for the fluid velocity seen. Actual
expressions will then depend upon the precise form of the equation. To illustrate this point, one
such derivation is presented in the simplest case where the Langevin equation for the fluid seen
writes :

dU = -j,dt + >/BdW. (25)

Then, neglecting the remaining influence of the initial conditions (or rejecting them to — oo), we
have

e-t/T f e''/TdWV- (26)
J-oo

It is easy to show that the covariances are
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For the particular case of an stationary processes, that is when B = 2([/2)/T, these expressions
give known Tchen (1947) formulas. A more interesting point is that, even in that simple case,
correspondence between LE and KE manifests itself through expressions where both drift and
diffusion coefficients of the LE, here 1/T and B, explicitly appear. For example, one cannot do
without a proper consideration of the white-noise term.

However, in the general situation where the SDE for X is non-linear, the resulting stochastic
process is non-Gaussian and the previous derivation cannot be applied directly.

6 Fluid and solid particle PDF picture

The LE model differs from the KE one by the use of an extra variable. However, both pdfs
concern only variables attached to solid particles and consequently only statistical properties
of the solid phase can be extracted from these pdfs. Characteristics of the fluid phase remain
external and have to be developed by another route, usually classical Reynolds-stress modelling.
The discussion about the choice of the variables suggests to extend the PDF framework to include
the two phases. Indeed, we are not dealing only with solid particles being randomly carried
about by fluid turbulence but with a two-component system. Therefore, it seems a logical step
to introduce a fluid-solid particle PDF picture and to discuss fluid and solid properties from
the same point of view. The corresponding pdf that is needed for this purpose is written as
/ ; p ,(f,X/, Uy;Xp, Vp, U,). It represents the probability that, at time t, a fluid particle takes at
location xj a velocity U/ while a solid particle takes at location x,, a velocity Vp and samples
a fluid velocity equal to U,. It is necessary to introduce two different independent location
variables, namely X/ and Xp, since fluid and solid particles are not convected with the same
velocities. The indexes of fjPi, stand for fluid, particle and sampled fluid respectively.

Two marginal pdfs have then a clear meaning and correspond to known proposals. The
first one is obtained by integrating over all solid-phase characteristics and is the pdf related to
fluid-phase characteristics, noted here / / :

(29)

The second marginal pdf is obtained by integrating over all fluid-phase characteristics and is the
pdf related to solid-phase characteristics, noted here fp :

(30)

Computations of the complete fluid-particle pdf j i t P i , can be performed using the trajectory point
of view or, in other words, by Lagrangian-Lagrangian simulations. Time evolution equations are
then written for an ensemble made up of fluid and solid particles which are tracked together.
Both have specified variables attached to them which appear as independent variables in the
pdf //,p,,. Fluid particle time evolution equations can be modelled as

dxj = Vjdt (31)

dU, = --V{p)dt
P

-G (U, - (U,)) dt + yJc^T)dW. (32)
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This indicates that for fluid-phase characteristics the model is identical to Pope's model (Pope,
1994b). Relations with classical moment equations and interest of this model have already been
discussed (Pope, 1994a; Minier & Pozorski, 1994, 1995). The time evolution equations for the
variables attached to solid particles can be taken as the one presented in the previous section
(equations (16)-(18)). This means that for solid-phase characteristics the model is identical to
the one discussed just before. Use of this fluid-particle pdf allows a symmetrical treatment of
both phases and is a compact way to present a complete two-phase model. Yet, it neither solves
nor simplifies the difficulties related to the modelling of the fluid velocity seen. The necessity of
such a model, even for the fluid-solid particle pdf fjj,,$, is not an inherent element of the PDF
framework but stems from a limitation to one-point pdfs. For two-phase flow problems, this
choice of one-point pdfs implies insufficient avalaible information at the particle level. Indeed,
it is worth emphasizing that, if a general two-point PDF model were available, the problem of
determining solid particle statistical properties would be closed. This is clearly an indication
that, more than improved Kinetic closures, the real issue is a multipoint PDF or statistical
treatment of the fluid phase.

7 Conclusion

The purpose of the present paper was to put forward some theoretical considerations concerning
the Kinetic Equation model and the Lagrangian Approach. Analysis focused on the outstanding
candidate of the LA, namely the Langevin Equation model. An often overlooked point is that
the LA is a also a PDF kind of closure. Therefore, the discussion was carried out using the PDF
formalism which provides a suitable and convenient framework. Reformulation in terms of pdfs
leads quite naturally to the question of consistency relations between different closure proposals.
It is worth recalling that the aim was to relate different models but, in no way, to suggest which
present model expression performs better for practical simulations.

The central issue for PDF modelling is the choice of the variables that entry the state vector
to represent a particular physical system. The KE considers only solid particle characteristics
while the LE includes the fluid velocity seen as a further and independent variable. In each case,
the closure problem appears for the time rate of change of the 'last variable' of the state vector.
The choice is therefore important for sound physical modelling since replacement of any rapid
variable by a model assumes 'equilibrium' or 'universal' behaviour. The discussion presented
suggests that, for high-Reynolds flows, fluid particle accelerations ase better candidate than fluid
particle velocities to be replaced by a model. It has been recalled that accurate modelling of
the fluid seen remains an open question. Present ideas are extensions of Langevin equations
already used for turbulence modelling. It has been shown that, in situations where this equation
is linear, this Langevin equation model, once integrated over all velocities of the fluid seen, is
identical to the KE model.

Finally, it is suggested not to limit oneself to variables related to solid particles only and
to extend the PDF formalism to include quantities of both phases. A first proposal for of a
fluid-solid particle pdf has been presented.
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