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SYNTHESE:

L'objet de cette note est de presenter une analyse d'un modele PDF (Probability
Density Function) et une illustration des possibility's de cette approche sur le cas d'un
canal plan a grand nombre de Reynolds.

La premiere partie rappelle les principes de 1'approche PDF et 1'utilisation de
modeles stochastiques selon un point de vue Lagrangien. Le modele retenu est celui de
Pope (1991) et comprend des equations d'evolution sur les positions, vitesses et
dissipations d'un grand nombre de particules. Les conditions aux limites au voisinage
de parois solides sont ensuite deVeloppees pour les particules. Ces conditions
permettent de reproduire correctement la couche limite logarithmique. La simulation
d'ecoulements non-homogenes necessite un algorithme de pression qui est brievement
d6crit.

Les deVeloppements sont valides en analysant les predictions num6riques par
rapport aux mesures experimentales sur le cas d'un canal plan correspondant aux
mesures de Comte Bellot (1965). Cet exemple permet d'illustrer les capacity du
modele a simuler des 6coulements confines et a fournir des informations dgtaillees
telles que les coefficients d'asym&rie et d'aplatissement.
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EXECUTIVE SUMMARY:

The purpose of the present paper is to present an analysis of a PDF model
(Probability Density Function) and an illustration of the possibilities offered by such a
method for a high-Reynolds turbulent channel flow.

The first part presents the principles of the PDF approach and the introduction
of stochastic processes along with a Lagrangien point of view. The model retained is
the one put forward by Pope (1991) and includes evolution equations for location,
velocity and dissipation of a large number of particles. Wall boundary conditions are
then developed for particles. These conditions allow statistical results of the
logarithmic region to be correctly reproduced. Simulation of non-homegeneous flows
require a pressure-gradient algorithm which is briefly described.

Developments are validated by analysing numerical predictions with respect to
Comte Bellot experimental data (1965) on a channel flow. This example illustrates the
ability of the approach to simulate wall-bounded flows and to provide detailed
information such as skewness and flatness factors.
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Computation of a turbulent channel flow using PDF method

J.P. Minier1 and J. Pozorski2

'Laboratoire National d'Hydraulique, 6 Quai Watier 78400 CHATOU

'Institute of Fluid-Flow Machinery, Polish Academy of Sciences, Gdansk, Poland

1 Introduction

The paper discusses computation results obtained with a Probability Density Function (PDF)
approach. The main idea of the PDF method (for a review see Pope 1994) is to propose a closed
evolution equation for the one-point joint probability density (pdf) of variables describing the
flow (here, instantaneous velocity and the turbulent energy dissipation rate). The equation is
solved by means of the so-called particle representation (Monte Carlo method). The method
therefore consists in simulating the behaviour of a large number of notional (stochastic) fluid
particles. A number of variables (location, velocity, dissipation rate, scalars,...) can be attached
to each particle. The time evolution of these variables is governed by modelled stochastic
differential equations. They are shown to be equivalent to the evolution equation for the pdf.
Equations for the moments of the random variables are easily obtained from the closed pdf
equation. For first-order velocity statistics, equations are identical with Reynolds equations and
in the second order they give some Reynolds stress transport (RSM) model. However, in the
PDF approach, contrary to the RSM closure, triple correlations do not need to be modelled and
evolution of higher-order statistics, such as velocity skewness and flatness, can also be followed.

The work presented here is a continuation of the authors' effort towards a development of
a numerical tool to compute turbulent flows, possibly in geometries of practical interest, with
the use of the PDF method. Previous results (Pozorski & Minier 1994, Minier & Pozorski
1995) concerned free-shear flows. The method is now extended to take wall effects into account.
Particularities of the numerical treatment of wall-bounded flows, as opposed to the self-similar
regions of free-shear mixing layers or wakes, manifest themselves in the pressure algorithm as
well as in the need for an appropriate statement and application of the boundary conditions.



2 Stochastic modelling

The starting point axe instantaneous evolution equations for variables describing the fluid motion
in the Lagrangian formulation (a "+" sign denotes values taken along a particle trajectory):

dx+ = V\t)dt,

Reynolds averaging applied to the momentum equation results in unknown terms involving
fluctuating quantities. Closure amounts to replacing these terms by increments of a stochastic
process. Consequently, evolution equations for the stochastic fluid particles, denoted by a "*"
superscript, are written in the Lagrangian way as follows:

<fx* = V*{t)dt (2)

dt = dA](t). (4)

The first equation expresses that convection is treated exactly. In the particle equation of mo-
tion, the mean viscous term and gravity are disregarded. Evolution equation for the turbulent
energy dissipation rate e has to be modelled altogether since it only involves small-scale quan-
tities (dissipation due to the mean velocity gradients is negligible compared to that caused by
fluctuating velocity).

Generally, the above set of equations can be thought of as describing a vector stochastic
diffusion process, its evolution equation taking the form

dA = D{t, A) dt + B(t, A)1'2 dW (5)

where A stands for a vector of variables describing the flow. D and B denote respectively the
drift vector and the diffusion matrix; dW is a white-noise (Wiener process). To be precise, D
and B depend not only on instantaneous values of A, but also on some moments (depending
on the modelling) of the distribution of A. It is thus more appropriate to think about the drift
term and the diffusion matrix as being functionally dependent on the pdf of A.

The model we apply here was developed by Pope and coworkers (Haworth & Pope 1986,
Pope & Tchen 1990, Pope 1991). The state vector A comprises position z, velocity U and
turbulent frequency w = c/fc (the inverse of the turbulent time scale).

The evolution equation for particle velocities writes :

dU' = -y^

lfy (6)
Here, the fluctuating part of the drift term has been gathered in a general matrix G which
writes:

Gi> - - ( 5 + ^ o ) - ^ + 0-^- (7)



where Co and f3 are constants of the model and P is the turbulent energy production rate.
The w-equation has the form:

du* = -v*{u) x

(8)

In this equation, a2 is the variance of x=ln(w/(<J)) , Cx is a constant.
The above (Eqs. 2, 6 and 8) have to be understood as the governing equations for the

dynamics of an ensemble of virtual (or stochastic) fluid particles representing a turbulent flow.
The modeling assumption for the momentum equation is that the sum of the fluctuating pressure
term and the fluctuating viscous term can be expressed by a stochastic diffusion process. A
derivation of this model has recently been put forward (Minier & Pozorski 1997). A more
traditional argument in favor of such modelling is that the sample paths of the process are
continuous and the second-order Lagrangian velocity structure function in the inertial range is
in accord with Kolmogorov theory. Equation for u has been modelled so that the evolution
of (a;) agrees with the standard form known from the fc-c turbulence model; the instantaneous
dissipation rate e* is used according to the refined Kolmogorov hypothesis (1962).

3 Wall boundary conditions

Wall boundaries require specific conditions. The aim is not to simulate the complete boundary
layer (down to the no-slip condition) but to represent the momentum exchange by bridging over
the viscous layer. The boundary conditions are applied to the instantaneous variables attached
to each particle that crosses the boundaries. The presence of the wall is taken into account
by formulating the conditions for the boundary of the computational domain, placed in the
constant-stress region of the turbulent boundary layer (the so-called logarithmic layer). The
only important parameter that represents the effect of wall proximity is the friction velocity u..
Shear stress is assumed to be equal to —tt*.

We consider a plane wall, at ymin (in the constant-stress region of the TBL). Every time a
particle crosses the boundary, it is reflected in the domain so as to ensure zero mass flux at the
wall. The detailed conditions for the incoming particle are written in terms of the outcoming
one as :

yin = 2 ymin — Vout
vin — "out

Uin = Vout-2^-Vout

or, alternatively for the last condition

X-f " 2^ lW • (10)
of,



These conditions assure that ensemble averages over the flux of particles that cross the domain
boundary, denoted by (.)», satisfy the conditions:

(Vin)b = -(i>out)b

{Uin)b = -(Uout)b

(Xin)b = ~(X<mt)b , etC. (11)

Relationships (11) can be proven as follows. Given the pdf /(•«, t>), the mean value of any
function Q(u, v) over the particles crossing the domain boundary, (Q)&, is denned:

where

is a normalisation constant.
Supposing that f{u,v) is a joint-normal pdf,

with obviously

we obtain

{Q)b = ̂  r dv r du v Q(u, v) /(«, v) (12)

C= [°° dv r duvf(u,v) (13)
Jo J-oo

1
\vin)t - 2

<«,-nt>in)i = 2ruu<7u<7l, ( 1 4 )

Analogously, supposing that f(v,x) is also a joint-normal pdf, M(0,crx/2,av,ax,rvx)J we
obtain

(xln)b = (l + r2x)«rj
{VinXin)b = 2rtx<Tt,<7x (15)

Now, applying the operator (.)» to (9) and substituting from (14), we obtain (11).
To determine the values of the constants, we have performed computational test of the TBL.

We have placed the upper boundary of the layer in the constant-stress region and applied there
the same limit conditions as for the other boundary close to the wall. The results of computation
are presented in Table 1 and compared to the experimental data (after Tennekes k Lumley 1972).
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Statistics
k/ul

{v?)lul
(v*)/ul

Present work
3.35
2.85
1.95
1.95

Pope (1991)
3.4
2.99
1.96
1.96

Experiment
3.8
4.3
1.0
2.4

Table 1: Results for the constant-stress region of the turbulent boundary layer; u. - friction
velocity.

They are expected to be the same as the results of Pope (1991) and differences are supposedly
due to the statistical noise.

It has to be noted here that similar results can be obtained for several sets of constants
(they are not independent), e.g. {Cx = 1.6, Co = 3.5, Cwl = 1.15) or (Cx = 6.0, Co = 3.5,
Cwi = 1.45). The second set has been used for the following calculations.

4 Boundary conditions for the channel flow

Plane turbulent channel flow (TCF) is of both academic and technical relevance; its geometry is
simple (Fig. 1), but a non-trivial spatial distribution of flow parameters makes it a sound test
of any turbulence model. Different boundary conditions are used for the particles. Particles are
first initialized with uniform concentration and with respect to given initial fields. At the outlet,
particles leaving the domain are replaced at the inlet of the computed section. This corresponds
to periodic conditions and implies that particles are marched to an homogeneous solution (in the
longitudinal direction). The wall boundary conditions are those of the previous section. Half a
channel is computed and symmetry conditions are applied at the channel centerline y/h = 1

Vin = -

out

(16)

5 Pressure correction algorithm

Considerable effort has been devoted to the development of the pressure-correction algorithm.
The algorithm is used to satisfy continuity conditions which take a two-fold aspect in PDF
modelling: uniform concentration of particles (for inert incompressible flows) and zero divergence
of mean velocities. The channel flow has been computed with two numerical approaches. The
simpler version is a ID calculation with a one dimensional grid in the y-direction. Cross-stream
velocity corrections are derived to ensure uniform particle distribution while streamwise particle
velocities are corrected to respect the mass flow rate. The second version corresponds to the
general 2D algorithm. At every time step, particle locations are corrected first to assure the
uniform mean fluid density throughout the computational domain. Then, particle velocities
are corrected in order to satisfy the mean continuity equation. Poisson solver is used for the
purpose. Both corrections need a few (typically 2-3) internal iterations at every time step.



6 Results

Although particle methods are basically grid-free, it is a standard technique to introduce a
computational grid in order to solve the Poisson equation (unless pressure enters the vector of
stochastic variables attached to the particle); statistical averages are also computed for every grid
cell (however, smoothed-particle hydrodynamics provides an alternative). We usually used 10*15
grid with roughly 10 000 particles to achieve a reasonable trade-off between the computational
cost and the statistical noise level. On the HP 9000/735 machine, it typically takes a few CPU
minutes to achieve convergence towards the steady state for the above parameters.

The computations have been performed for the channel of h = 0.09 m half-width at the
Reynolds number Re = Uth/v = 120000, Uf, being the bulk velocity. These conditions are
identical to those used in Comte-Bellot (1965) measurements. Consequently, all results have
been compared to these data.

A few PDF closures proposed by Pope (1990,1991,1994) have been considered in computa-
tions. Results have been obtained with so-called Simplified Langevin Model (SLM, Co = 3.5,
P = 0 in Eq. 7) and Isotropisation-of-Production Model (IPM, C0 = 2.1, /3 = 0.5). No noticeable
improvements have been observed when using more complicated (and computationally expen-
sive) Refined Langevin Model (RLM). However, this might be no longer true in a more complex
flow case.

The plots shown in Fig. 2 present mean streamwise velocity as well as second-order statistics,
i.e. components of the Reynolds stress .tensor J2y and the turbulent kinetic energy as functions
of the cross-stream coordinate normalised by the channel half-width. These results have been
obtained with an IPM form of the Langevin equation (Pope, 1994) and from the 2D computation
using the SLM model. It is noticed that the shear stress R^ and the turbulent kinetic energy k
are in good agreement with experiment. On the other hand, a discrepancy in the distribution
of this energy between the diagonal components of the Reynolds stress tensor is observed. The
numerical values obtained at the wall boundaries reflect the model predictions of a turbulent
boundary layer (see Table 1 for the SLM model) that can be theoretically derived. Contrary to
the experimental evidence, the transverse and the spanwise components of the Reynolds stress
tensor are predicted to be equal. This is an inherent feature of the models used here.

To illustrate the capacities of the PDF approach, higher-order statistics, unavailable in the
RSM closures, have also been computed. As shown in Fig. 3, qualitative agreement with exper-
imental data is satisfying.

7 Conclusion

Particle boundary conditions have been derived. They reproduce all known statistics of the
logarithmic near-wall region and correspond to wall-functions in the PDF context. A general
pressure-gradient algorithm has also been implemented. Both developments allow wall-bounded
nonhomogeneous turbulent flows to be computed with a full 2D PDF approach. Numerical re-
sults have been obtained in the case of a high-Reynodls channel flow and compared to experimen-
tal results. Current developments aim at improving computational efficiency using techniques
such as Variance Reduction Techniques, at pursuing validation with different turbulent flows
(recirculating flows for example) and at introducing numerical models to inert and/or reactive
variables for which PDF methods take their full value.
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Figure 1: Sketch of the turbulent channel flow.
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Figure 2: Streamwise mean velocity and Reynolds stress tensor components plotted as a function
of the normalized cross-stream coordinate. Comparison with the Comte-Bellot experiment. Solid
line - SLM 2D computation, dashed line - IPM ID computation.
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Figure 3: Skevmess and flatness factors of the streamivise and the cross-stream velocity compo-
nents as a function of the normalized wall distance. Comparison with the Comte-Bellot experi-
ment. Solid line - SLM 2D computation, dashed line - IPM ID computation.
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