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1 Introduction
The symmetry properties of mathematical physics equations con-
tain the important information about objects of research. The
space-time relativization by studing the space-time symmetries
of Maxwell equations can be an impressiven example.

Some receptions are offered for symmetry research: proper the
method of replacing the variables [1], [2], the classical Lie algo-
rithm [3], [4], the modified Lie algorithm [5], [6], the algorithm of
the search for non-Lie symmetries [7], [8], the theoretical-algebraic
approach [9], [10]. The purpose of the present work is the formula-
tion of the algorithm [11], enabling to obtain additional informa-
tion. The elements of this algorithm were elaborated by studing
symmetries of D'Alembert and Schrodinger equations [12], [13],
as well as by proving the Galilei-invariancy of Maxwell equations
[14], [15], [16]. As an object of the research in this work we choose
the Schrodinger equation.

2 Formulation of the algorithm
Let us begin with a definition of symmetry, which we shall name
as extended one, and which we put in the base of an additional
symmetries search.

Let the equation be given in the space B?{x) ,

) = 0, (1)

where L is a linear operator. . •

Definition 1 By the symmetry of Eq. (I) we shall mean a set of
operators {Q^)}, p=l,S,.. .,n,..., if the result of the successive
(p-l)-fold action of the operator L on an operator QW trans-
forms a nonzero solution <f>(x) into another solution <f>'{.x) —

> > < V 0.



From Definition follows, that the operators QW satisfy com-
mutational relations of order p

[L[L...[L,QM}...\}{p-Iold)<t>(x) = 0 (2)

The extended Definition:

• includes the understanding of symmetry also in the case
when Eq. (2) is fulfiled on a set of arbitrary functions, that
is equivalent to [L [L... [I , Q<p>].. .]](P-/o«) = 0 [12];

• contains the standard understanding of symmetry at p=l
[91, [7], [10], when [L,Q^]<j>{x) = 0;

• includes the understanding of Symmetry in quantum me-
chanics sense [L. Q{x)] = 0 [17].

• differs from the standard one, as in the framework of the
latter by the operators of symmetry we should mean not
the operators {Q(p)}, but the operators {X(1> = L^-^Q^}
[12].

The question is how practically to find them. In the present
work it is decided by analogy with the modifed Lie algorithm [5],
[6]. Below we consider the case, when p = 2.

Let us introduce a set of operators

); (3)

Q(2) = &{x)da + m(x), (4)

which have the following commutation properties

(5)

'< (6)



The given expresions are operator's versions of the extended Def-
inition of symmetry. Here da — d/dxa\ a = 0 , 1 , . . . n — 1; £a(x),
r)(x), £(z) are unknown functions; the summation is carried out
over a twice repeating index. The unknown functions may be
found by equaling the coefficients at identical derivatives in the
left and in the right parts of the ratios (5), (6) and by integrating
the set of determining differential equations available.

After integrating the general form of the operators Q may be
recorded as a linear combination of the basic elements Q^ and
Qfi, on which, by analogy with [6], [7] we impose the condition
to belong in Lie algebras:

f (7)

(8)

Here Ca^j7, C^vo are the structural constants; operators Q^'2\
Q^a) belong to the sets of operators {Q{1),Q{2)}.

By integrating the Lie equations we'll transfer from Lie alge-
bras to the Lie groups

. (9)

where x°'(9_0) = xa; a = 0 ,1 , . . .n — 1; 6 is a group parameter
[6], [7].

For the law of fields variables transformations to be found, in-
stead of integrating the corresponding Lie equations d<f>'(x')/dO =
iri{x')<f>'{x'), 4>'(x'){g=0) = <j>(x) [6], [7] we'll take advantage of
the reception [14], [15], which we'll illustrate by example of one-
component field.

We'll introduce such a weight function $(#) in the field trans-
formation law , that



We'll choose the function $(x) so that Eq. (1) should transform
into itself in accordance with the conventional understanding of
symmetry [1], [2]

£ V V ) = 0 -> x' = x'(x)-* Lftx) = 0,

L' = L (11)

because of the following additional condition (the set of engaging
equations)

) = 0,

) = 0 (12)

The former is obtained by replacing the variables in the initial
equation L'<l>'(x') = 0. If here A ^ L, we'll call the symmetry as
the conditional symmetry [5], [6]; and we'll do it as the classical
one, if A = L. By solving Set (12), the weight function $(x) can
be put in conformity to each field function <f>(x) for ensuring the
transition (11).

Instead of solving Set (12), the weight function may be found
on the base of the symmetry approach. As far as (f>'(xr) =
QM<f>(x') is a solution too, and <f>(x') = $(x)<j>(x) we have [14],
[15]

*)

Here the dots correspond to a consecutive action of the operators
QW and [L'.QW] on a solution <f>{x'). Thus, for the function
<&(z) to be found it is necessary to turn to the unprimed variables
in the primed solution ^'(x')> aa^ t o divide the result available by
the unprimed solution <j>(x) [14].



After finding the weight functions $(x) the task about the
symmetry of Eq. (1) for one-component field may be thought as
completed in the definite sense, namely: the set of the operators of
symmetry and the corresponding Lie algebras are indicated for p
= 1 and p = 2 ; the groups of symmetry are restored by the given
algebras; with help of the weight functions the transformational
properties of field ^(x) are determined. »

The stated algorithm allows generalization to the case of mul-
ticomponent field and a symmetry of order more high, than p =
2. Let us consider the particular examples. ;

>

3 Application of the algorithm to the
Schrodinger equation

Let t designate the time; x, y, z are the space variables; m is the
mass of particle, 4>{x) is the wave function. Then [20]

L,t(x) = (ihdt + ^ A ) ^ ( i ) = 0 (14)

We'll consider the given equation within the framework of the
stated algorithm. ;

3.1 The symmetry of the type p = l . Galilei
invariance of Schrodinger equation

The symmetry properties of Eq. (14) with p = I were investigated
by Niederer [18], Hagen [19], Fushchich and Nikitin [6] with help of
the modified Lie algorithm. It was established, that the invariance
algebra of Eq. (14) is the Lie algebra of the Schrodinger group
Schi3. The algebra generators commute on solutions with the
operator L, from Eq. (14), and relate to the type of the operators



(3), for example
[LtyHi]<Kx) = 0 (15)

Here Hi — itdx + (m/h)x is the generator of the pure Galilei
transformations

x' = x-Vt,y' = y,z' = z,t' = t, (16)

where V is the velocity of the inertial reference K' relative to A".
By means of Eq. (16) we can formulate the set of equations for
finding the weight function $(x):

{L. + ihVdx)$(x)<f>(x) = 0;

L.<Kx) = 0 (17)

Putting the free Schrodinger equation solution [20]

<f>{x) = cxp{-l-(Et - x.p)} (18)

into the first equation of the set (17), or into the formula (13)
results in the expression

% 7 a ) 4 ( ~ J * + * P ) ]

Here E = mv2/2; p = mv; E = mV2/2; P = mV] v is the speed
of a particle. The function (19) coincides with the result of the
Lie equation integration [6], [18], [19].

Thus, for the symmetry of the type p=l the stated algorithm
has resulted in the known conclusion : the Schrodinger equation is
invariable under the Galilei transformations (16), if the latter are
accompanied by the transformation of the wave function following
the rule

) (20)



Similarly, the weight- functions may be found also for the
other space- time transformations, which are in the Schrodinger
group. As a consequence of Set (17), the Galilei symmetry of the
Schrodinger equation is conditional one.

3.2 The symmetry of the type p=2. The
relativistic invariancy of the Schrodinger
equation

The evidence for possible existence of the relativistic symmetry
of the Schrodinger equation has already been obtained by Malkin
and Man'ko [9], Fushchich and Segeda [21]. In particular, Malkin
and Man'ko have showed, that the Schrodinger equation with the
Coulomb potential, considered in impuls p- space, could be re-
duced to the free D'Alembert equation in the basis q — f(p)
being chosen specially. Hence, in the q- space it is conform-
invariable [9]. Fushchich and Segeda have found the symmetry
of the free Schrodinger equation under the non-Lie, integrodiffer-
ential operators, which form the representation of the Lie algebra
of the Lorentz group [21]. However below we shall not consider
these works in details, as far as the present paper is devoted to
the investigation of the Lie invariance algebras , acting in the
4-dimentional real space - time.

It is known, that the generators of the Lorentz transformations
MOk = xodk — Xkdo (x° = ct; Xk — —xk; xk — x,y,z) and the op-
erator Ls of the Schrodinger equation satisfy the commutational
relations of second order [13]

[L. [L,,M<>*}] = 0 . (21)

Here [L9, Mo*] = h(icdk + hdtdk/mc). Hence, the generators Mo*
are operators of the type Q^\ and the Lie algebra of the Lorentz
group is the hivariaiice algebra of the Schrodinger equation with



p=2 in the Minkovsky space [13]. Therefore, besides the Galilei
interpretation, the Schrodinger equation admits also the relativis-
tic interpretation. Accordingly we assume, that the mass which is
in Eq. (14) depends on the speed and follows the relativistic law
m ss mo/VI — $2, where 0 = v/c; v is the velocity of a particle;
C is the speed of light; mo is the rest mass. Then we have:

+2 A _

(22)
We'll call this equation the relativistic Schrodinger equation and
give its solutions

-^Wt - P.x)] = expi-i^-it - ^ ) ] (23)

(24)

Here W = me1 and P = mv are the relativistic energy and
impuls of a particle; n = v/v is the guiding vector of speed v.
According to [20], the first solution correspons to the state with
the definite value of impulse, and the second one corresponds to
the state with the definite value of energy. In the non-relativistic
approach the solution <f>\{x) is reduced to the solution (18)

The solution ^$(x) takes the form

?f ^ (26)

It contains the information about the value of the particle rest
mass and about the direction of its movement. According to Eq.

8



(26), the wave process can be propagated with far higher speed
c/%/2 than the speed of a particle v <C c and than the speed of
the wave process propagation v/2 from the solution <j>*r(x).

Let us find the set of equations for the weight function $(z)
from Eq. (10). We'll introduce the Lorentz transformations

x'= y' = y,z' = z, t' = ' 27
ji - vyc2 yji - vy<?

By replacing the variables in Eq. (22) we find

LrJ(x) = 0 (28)

For the wave functions </>i(x),and ^ ( x ) from the formulas (23)
and (24) the solutions of the set (28) take the following forms:

- (ff - 2){~ - ^£)*}}; (29)

f)



Here/?'2 =
V is the velocity of frame K' relative to A"; c is the speed of light;
/? = v/c; 0X = ux/c. The transformational properties of mass,
energy, impulse, as well as the interrelations between the private
derivatives are taken into account.

In the non-relativistic approximation Set (28) for finding the
weight functions $(z) is turned into Set (17), and the function
$i(a:,£ < 1) from Eq. (29) coincides with the function (19). The
non-relativistic limit of the function ^i(x) is

{t _ M v -v>)-
lV(vx-V)

where v' = (v2 - 2Vvx + V*)1/2.
In another case, when 0 = 1, the relativistic Schrodinger equa*

tion describes the propagation process of the fields of wave func-
tions, corresponding to the movement of a massless particle with
the speed of movement c, the impulse P = nP and the energy

{ihdt + WA)<f>{x) = (l'** + fpA)<f>{x) = ° (32)

The solutions of this equation can be derived from the formulae
(23) and (24), if 0 = 1 to put in them

iC^(t - 2^)1; (33)

i^-(t - ^ | ) ] (34)

10



Here n = c/c, the phase velocity of propagation for the first wave
is equal to c/2, and for the second wave is equal to c/y/2. In both
cases these velocities are less than the speed of light c. As a result
two wave functions with the different velocities of propagation and
the different frequencies u>i = cP/2h and w2 = cP/h correspond
to the same value of the impuls and the energy of a particle. The
corresponding weight functions are:

iVP V V x
[K " ~)t + (1 " n.7)-]

(35)

(n. _ Y.)t + (1 _ n r ^ £ ] r

(36)
Thus, the relativistic symmetry of the Schrodinger equation

contribute to the information about the properties and the so-
lutions of this equation. In particular, it enables to extend the
equation to the area of the relativistic values of mass, impulse and
energy of a particle. This expanding results in the existence of
two different solutions, corresponding to the states with the defi-
nite values of impulse and energy of the same particle. The phase
velocity of propagation of the first state (with the definite value of
impulse ) consistitutes the value v/2; the second state ( with the
definite value of energy ) do c/y/2, where t; is the particle velocity,
and c is the speed of light. In the nonrelativistic approximation
the first solution ( vph = v/2 ) has the known form, where the
states with the definite values of impulse and energy are merged.
If the speeds are small the second solution ( vvk = c/y/2 ) con-
tains the information about of a particle rest mass and a direction
of its movement. The phase velocity of propagation of this wave
much more exceeds both the nonrelativistic speed of a particle

11



v <C c, and the phase velocity of propagation of the wave v/2 ,
corrresponding to the first solution.

In the case of massless particles the propagation velocities of
fields, which describe the process of propagation of the states
with the definite values of impulse and energy, are equal to c/2
and c/\/2, respectively. Thus, the relativistic symmetry of the
Schrodinger equation enables to establish, that the existence of
massless fields, extending with the speeds, smaller than the speed
of light is possible. Again, it allows to pay attention to the anal-
ogy of the Schrodinger equation solutions with the D'Alembert
equation solutions.

Within the framework of the accepted terminology the rela-
tivist.ic symmetry of the Schrodinger equation is conditional.

3.3 The maximal linear group symmetry of
the Schrodinger equation at p=2

By the maximal group of symmetry (the algebra of invariance)
of an equation L<p{x) = 0 it is accepted to mean the maximal
dimension of the symmetry group or the algebra of invariancy,
permitted by the given equation. In the present work the concept
of maximality is not unambiguous, as it must be consistent with
the value of the number p in the commutational ratio (2). It is
necessary to distinguish between the maximal dimension of group
or algebra when p = 1, p = 2 and etc.

For determining the invariance algebra dimension of the
Schrodinger equation we'll start, by analogy with the modified
Lie algorithm, from the set of the determining differential simul-
taneous equations, corresponding to the conditions (5) and (6).

In the case of p= 1 the set and its solution are given for example
in the monography [6]. In the case of p=2 the analogeous set takes
more complicated form [22]. Here we'll only note that the set has
the solutions enabling to construct the 20-dimensional Lie algebra

12



of the generators Goj = xadi, and Pc = dc:

[P., Pb) = 0; [Po,Gfcc] = ^ P e ; [Gat, £«,] = SteG* - S^G* (37)

Here 6a\, = 0 at o ^ 6, £oa = 1. The algebra genertators satisfy
the commutational ratios

[Lt,Pa) = 0',[Lt[L.,Gab}}=0 (38)

where [Lt, Gab] = tft50o5b+(ft2/2m)^afcdfck. Hence, the algebra (36)
is the algebra of invariance of the Schrodinger equation when p=2.
It induces the 20-dimensional group IGL(4,R) of the non-uniform
linear transformations of space-time variables in the space

x = A\x + A (39)

Here all the sixteen matrix elements A\ are different in general. As
far as more total linear transformations don't exist in the space
if^x), the group IGL(4,R) forms the maximal linear group of
symmetry of the Schrodinger equation when p =2. All the other
space-time transformations, corresponding to the conditions (5)-
(6), are nonlinear ones. As an example, we'll show the transfor-
mations induced by the operators

gi 2 ) = 2x02d0 + x*xkdu\ (40)

By integrating the Lie equations (9), we have

- 0
(42)

x01 = x°; x" = x>cos{ejkx°) - xksin(ejkx°);
k J ° k 0 (43)

13



Here 0i and 0 ^ are the group parameters. As a result a theorem
takes place.

Theorem 1 The group IGL (4,R) is the maximal linear group of
symmetry of the free Schrodinger equation in the ̂ -dimensional
real space- time B?{x).

Accordingly to Theorem the Galilei and relativistic sym-
metries under consideration are the natural properties of the
Schrodinger equation, since the Galilei, Lorentz and Poincare
groups are the IGL(4,R) subgroups. The generators of these
transformations may be composed of the generators of the al-
gebra (37) by their linear combinations. Since [D,PO] = 0,
[D[D,Ga6]] = 0, where [D,Ga6] = 2(^0.^ - 6kad&), this group
is the maximal linear group not only for Schrodinger equation ,
but and for D'Alembert and Maxwell equations too Thus, the
IGL(4,R) group is the maximal linear symmetry group of type p
= 2 both in the quantum mechanic, and in the classical electro-
dynamics.

3.4 The infinite algebra of invariance of the
Schrodinger equation at p —• oo

Let us turn to the formulae (10) and (13) from the algorithm of
section 2. It may be seen , that any equation L<f>{x) — 0 for one-
component field and, in particular,.the Schrodinger equation has
the property of invariancy under arbitrary reversible transforma-
tions x' = x'(x), x = x(x') due to the following rations

L'<t>\x') = 0 -* x' = x-'(x), 4>'(x') = $ ( * ) # * ) -> A$(x)<f>(x) = 0;

L # x ) = 0 , (44)

where the set of engaging equations A$(x)4>(x) = 0, L<f>(x) =
0 satisfies the condition of consistency, if the weight function is

14



choosen in the form (13): $(x) = (f>'{x')l<j>(x). The concept of
maximality of a symmetry group then becomes uncertain in view
of arbitrary of transformations x' = x' ( x ).

In the case of algebraic approach the given property of the
Schrodinger equation result in that the symmetry operators of
this equations may be constructed from elements of the infinite
set of operators

da; xbdc; xdxgdh; x,xpxqdt,... (45)

Here a,b,. . . , q,t = 0,1,2,3. These operators induce the infinite
Lie algebra

[&,&] = 0;

[da, Xbdc] = 6abdc;

[da,xbxcdd] = Sabxcdd + Sacxbdd',

[datxbxcxddg] = Sabxcxd6g + Sacxbxbdg + Sadxbxcdg; (46)

[xadb,xcdd] =

+ 8bdXaXedg —

(47)

xaXbdc, XdXgdh] = ScdXaXbXgdh +

', (48)

15



Let us assume a = 0 in the formula (46), and take into account
the commutational ratios

[A, xaxbdc] = 2SkaSkbdc + 26kaxbdkc + 26kbxadkc;

[A,xaxbxcdd] - 2Ska6kbxcdd + 2SkaSkcxbdd + 26kb6kcxad<i

(49)

It is possible to show then, that the algebra of generators (46)-(48)
and the operator of the Schrodinger equation L, comply with the
commutational ratios (2). We omit the details, whose example
can be the formula

[Ls [Ls [Ls, xaxbxcdd]]} = -f>i

2{h /m )(SkaSjbSmc + SkbSjcSma + 6kc6jaSmb)djkmd, (50)

and demonstrate only the final result:

[X.,da] = 0;

[L.[L.,xadb]] = 0;

[L.[L.[L.,xaxhde]]] = Q;

[L,[L.[L,[L,,xaxbxcdd}]}] = 0 (51)

Here j , k, m =1,2,3; the other indexes are 0,1,2,3 ; the summa-
tion is carried out over a twice repeating index; for the formulae

16



(51) to be valid it is necessary, that the order of the commutational
ratio would exceed the summary degree of space-time variables in
generators of the Lie algebra by unit. A theorem results from it.

Theorem 2 The infinite Lie algebra of the operators (4$) is the
algebra of invariancy of the free Schrodinger equation when p —*
oo.

In addition, it can be seen, that this algebra is the invariancy
algebra for the D'Alerhbert equation too.

4 The conclusion
The algorithm is proposed to study the symmetry properties of
mathematical physics equations of the type L<f>{x) = 0. The main
distinctive features of this algorithm are:

• transition to the operators of symmetry Q^p\ satisfy-
ing commutational ratios of more high order, than p=l :

• insertion of some weight function 4>(z), which is not a com-
ponent of field, into the law of field transformation <f>\x') =

• interpretation of the set of engaging equations A$(x)<f>(x) —
0, L<f>(x) = 0, where A$(x)<f>(x) = 0 is obtained by replacing
the variables z' = x\x) in the initial equation L'<f>'(x') = 0,
as the condition of transformation into itself of the initial
equation L'<t>'{x') = 0 -> L<f>{x) = 0, V = L.

The application of the algorithm to the Schrodinger equation
(earlier to the D'Alembert and Maxwell equations) has allowed to
establish, that in addition to the known ( standard, p=l ) symme-
tries the Schrodinger equation has the relativistic symmetry (the

17



D'Alembert and Maxwell equations have the Galilei symmetry)
when p=2. This circumstance permits to extend the Schrodinger
equation to the area of relativistic values of mass, energy and im-
pulse of a particle studied. The Galilei, and the relativistic types
of symmetry are the private realizations of more general symme-
try of equations under the 20-dimensional group of non-uniform
transformations IGL(4,R) in the real space-time R*(x). When
p —• co the Schrodinger and D'Alembert equations display the
symmetry under the infinite Lie algebra, which contains the Lie
algebras of the groups IGL(4,R), Galilei, Lorentz and Poincare as
the subalgebras.

In summary it is possible to state, that the concept of sym-
metry is conventional. It depends on the definition of symmetry
and the related algorithm, the dimensionality of studied spaces,
the types of algebras and operators. Dividing equations into the
relativistic and the Galilei-invariant equations makes sense only
in the case of the narrow sense of symmetry interpretation, when
p= l . In more general case, when p > 1, equations have cumu-
lative symmetrical properties complying with the principles of
relativii y in the relativistic, in the Galilei, as well as in the other
v;rs:ons. In accordance with F. Klein's [23], we can state that
so many groups of invariance, so. many principles of relativity are
valid for the studed equation L4>(x) — 0.
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