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ABSTRACT

A 'canonical mapping' is established between the c = — 1 system of bosonic ghosts
and the c = 2 complex scalar theory and, a similar mapping between the c — — 2 system of
fermionic ghosts and the c = 1 Dirac theory. The existence of this mapping is suggested
by the identity of the characters of the respective theories. The respective c < 0 and
c > 0 theories share the same space of states, whereas the spaces of conformal fields are
different. Upon this mapping from their c < 0 counterparts, the (c > 0) complex scalar
and the Dirac theories inherit hidden nonlocal sl(2) symmetries.

MIRAMARE - TRIESTE

March 1998

1. Introduction

Two dimensional conformal field theories witli central charge <: < 0 have ri.-cx'iitly
attracted much attention, especially in the context of condensed matter applications such
as unusual (paired) Quantum Hall states (1,2,3), disordered systems [4,5,Cj, including the
plateau transition in the Integer Quantum Hall effect [9] and polymer theories [10]. All of
these systems involve the so called (/?, 7) system of conformal weight (1/2,1/2) "bosonic
ghost", of central charge c = — 1, or a version of the fermionic ghost (£, t)) system of central
charge c — —2. (Both these systems were first introduced in the context of string theories

Both are non-unitary conformal field theories, the space of states created by the
c < 0 Virasoro algebra containing negative norm states. This is a complication for various
reasons. For example, in the context of the mentioned Quantum Hall systems, the spectrum
of the physical Hamiltonian of the edge states of the system is given in terms of the Virasoro
zero mode LQ. Clearly, the Hilbert space of states on which it acts must be positive definite
[12]. In the context of disordered systems, the bosonic ghost system interacts with a Dirac
fermion. Certain exactly marginal interactions can be treated exactly [4,7]. However, in
general the system flows off to strong coupling. Very little intuition is available to help
access the strong coupling behavior, especially because of the non-unitary nature of the
bosonic ghost part of the theory. Therefore, a better understanding, and a better intuition
about the properties of the c < 0 ghost systems is highly desirable.

In this paper we show that there is a simple relationship (i) between the fermionic
ghost theory at c = —2 and the free Dirac theory at c = 1, as well as (ii) between the
c = — 1 bosonic ghost theory and a c = 2 theory of a complex scalar field. First, we observe
that the characters of the respective theories, i.e. (i) of c = — 1 and c = +2 as well of
(ii) of c = —2 and of c = +1, are identical. This suggests a deeper connection between
the respective theories. Indeed there is. We establish a 'canonical' mapping from one
theory to the other. This mapping implies that the space of states of the c < 0 theories
is identical to that of the respective c > 0 theories, and so are the Lo-generators (upto a
shift in ground state energy due to different normal ordering prescriptions). Therefore, we
have two different conformal field theories which share the same spectrum of (Z-o — c/24)
and the same space of states (implying that the characters are the same). The spaces of
conformal fields of the respective c < 0 and c > 0 theories are different, and the fields are
nonlocally related to each other. The Virasoro generators Ln with n ^ 0 are not simply
related upon this mapping.

This mapping allows us to establish the existence of hidden non-abelian symmetries
in the theories with c > 0. These are not visible in the usual way from the Lagrangian,
since there is no corresponding Noether current. The bosonic ghost theory is known to
possess an sl(2) Kac-Moody current algebra symmetry at level k = —1/2. Our mapping
establishes a sl(2) current algebra symmetry also for the c = 2 theory of a complex scalar
field, for half-integer inoding. A complex scalar theory has an obvious U(l) symmetry,



and an associated global charge. However, its Norther current does not give rise to a Kac-
Moody current algebra symmetry, because of logarithms in its correlation functions. But
our mapping shows that the global U(l) charge is nevertheless the zero mode of a hidden
t/(l) KM current algebra. Moreover, we show that there are two additional sets of current
algebra generators, that extend this C/(l) current algebra symmetry to an sl(2) current
algebra. Already the global s/(2) symmetry, present for integer and half-integer moding, is
interesting. No such symmetry can be identified from the Lagrangian of the c = 2 theory
of a complex scalar field. The two additional charges, besides the U(l) charge, are non-
local when expressed in terms of the complex scalar field variables. Physically, these two
generators effect continuous rotations of the complex scalar field <j> into its charge conjugate
$ . In the Hilbert space of states, the symmetry corresponds to global rotations between
positive and negative frequency modes. In addition, we observe that the space of states
of the bosonic ghost and complex scalar field theories has a structure isomorpliic to the
multiplets of the Sf/(2)-level-l Yangian [13,14,15].

The fermionic theory at c = —2, on the other hand, is known [2,3,16], to possess a
global sl(2) symmetry. No non-abelian symmetry can be identified from the Lagrangian
for the Dirac fermion. Using our mapping, the theory of a Dirac fermion (at c = 1) inherits
a hidden sl(2) symmetry from the c = —2 theory. The origin of this symmetry is the charge
conjugation ("particle-hole") symmetry of the Dirac theory. One of the non-abelian global
charges is the ordinary Dirac charge. The remaining two non-abelian charges are non-local
in the Dirac field variables. Physically, those two generators effect continuous rotations
of the Dirac field ip into its charge conjugate ipK (This may be viewed as a one-species
version of the hidden SU(2) symmetry, discovered in the Hubbard model [17]. In that
model this symmetry is local.)

The organization of this paper is as follows: In section 2, we define the theories in
a language that will be useful for our discussion and exhibit their respective characters.
We see that the characters of the c < 0 bosonic and fermionic theories are identical to
those of the corresponding c > 0 bosonic and fermionic theories. In section 3, we give
the exact relationship between these theories using a 'canonical mapping', showing that
the spaces of states of these theories are identical. In section 4, we discuss the hidden
non-abelian sl(2) global and current algebra symmetries that the c > 0 theories, Dirac
and the complex scalar, inherit from this mapping and we derive the corresponding non-
local generators. Some concluding remarks are made in section 5. (In Appendix A we
summarize the results for the characters in the Rainond and Neveu-Schwarz sectors for
the c < 0 and c > 0 bosonic and fermionic theories in question, and in Appendix B we
discuss the relationship of the bosonic ghost characters with those derived by Kac and
Wakimoto for the si(2)_i/2 current algebra.)

2. Conformal field theories at c = ±1 and r. — ±2

Dirac Fermion (c = +1):

Let us start by considering a free Dirac fermion described by the action

on a torus of size (j (inverse temperature in the operator formulation) in the "euclidean
time" direction T and of size I in the "space" direction x. We will only consider the, say,
L-moving part, and drop the subscript L , i-e. we write Vi, —• V1- We will do this for
all theories considered in this paper. For the chiral field, we consider a general twisted
boundary condition in the functional integral:

Note that when n = A' = 0 we have antiperiodic b.c.'s along the spatial and temporal
cycles, "natural" for a fermionic theory. The hamiltonian and the charge operator can be
expressed in terms of momentum modes of the fermion operators

II2JTS/!

where p= ^f-s are the momenta of the system on a space of size /:

[The colon denotes normal ordering on the filled fermi sea vacuum]. We write the general
Dirac character as

Xc=+i(«;/*;A') = Tr {e~P«*e^Qf} = q-ifi* g(A'2)/ J J
n=0

(2.1)
where the trace is taken over the Hilbert space of the fermion modes (the L-moving part
of the theory), acting on the Fermi sea vacuum [giving rise to the prefactor 9"1/24]. We
have set q = e~27r^/' and e"2"'*1 is a "fugacity" which keeps track of the U{1) charge of the
fermion state (measured with respect to filled Fermi sea). The parameter A' plays the role
of a simple "phase shift" of the Dirac fermion, and shifts the single particle energy levels
occupied by the fermions by an amount (2n/l)X'. In particular, it allows us to continuously
interpolate between antiperiodic and periodic boundary conditions in the spatial direction.
The prefactor q^ ^2 arises from the shift of the ground state energy of the filled Fermi



sea. For A' = 1/2, one lias periodic spatial boundary conditions corresponding to the
Ramond sector. In this case, the vacuum is two fold degenerate, the two ground states
having (7(1) charges Q = 0, +1. The zero modes appear since for A' = 1/2 there is a single
particle state sitting right at the Fermi level, and therefore, occupying it does not cost
any energy. The vacuum with periodic boundary conditions (the Ramond vacuum) has
conformal weight which is an amount of A = 1/8 above the conformal weight = 0 of the
ground state with antiperiodic boundary conditions (Neveu-Schwarz vacuum).

Bosonic ghost (c — —1):

The graded supersymmetry approach to random systems of recent interest is based
on the observation that the Dirac partition function of (2.1) (corresponding to a first
derivative action and hamiltonian) is exactly cancelled by a bosonic counterpart. What is
needed for this cancellation to occur is a theory of bosons with first order action having
the same boundary conditions along both cycles of the torus as the fonnionie counterpart.
For fi = 0 this implies anti-periodic b.c.'s along the time direction, 'unnatural' for bosons.
A suitable bosonic action is that of the bosonic ghost system (known as the "beta-gamma"
system in string theory [11]). Since this cancellation occurs for arbitrary inhomogeneous
quadratic potentials ("random potentials"), it can be used to represent averages over the
random potentials in terms of a theory of interacting Dirac fermions and bosonic ghosts
[18,4].

The first order action (for the L-moving part) is given [19] in terms of two bosonic
variables J3\(r,x), /?2(T,X):

5/3 = T dT

eab, e12 = -£ 2 1 = 1, is the antisymmetric tensor. (Often the notation 0\ —> 7 and i02 —> 0
is used [11]). The action is invariant under the symplectic group Sp(2), under which the
fields transform as a doublet. We define the linear combinations

The hamiltonian, as obtained from the canonical stress tensor, is expressed in terms of
momentum modes,

= VT £ *""11*' ^

satisfying canonical commutations relations [f)3,0t] = &s,t, as follows:

(2.3)

[fts is not the hermitian conjugate of flB (see section 3.1), reflecting the non-unitarity of the
theory.] Since the momentum mode index s can take on negative values, the haniiltonian is
normal ordered on the "ghost vacuum" satisfying /3s|0 >= 0-s\O > = 0 for s > 0 (operators
annihilating this vacuum are moved to the right). The normal ordered hamiltonian is
bounded from below. Since the partition function factorizes it is sufficient to consider a
single momentum p = ^f-s. Consider the bosonic partition function for a single mode
(excluding the ground state energy)

Zp = T r e~U» (2ir/l)»-

where the trace is taken over the bosonic Fock space of the canonical operators. Note that
for fi = 0 we have inserted (~1)N' where Ns =: 0$0S : is the boson number, as measured
with respect to the ghost vacuum |0 >. This insertion corresponds to antiperiodic b.c.'s in
euclidean time T in the functional integral formulation. The chiral partition function with
general twisted b.c.'s

±,X) = (-l)e^(r,x)

[ 0 = 1/T inverse temperature; no confusion should arise between the inverse temperature
and bosonic ghost field] reads:

•')'/* TT * 1

n=0

[The prefactor of g"'"1/24) g~<A ) I2 arises from normal ordering on the ghost vacuum.]
For half-integer moding (A' = 0), the combined theory of a chiral Dirac and a bosonic
ghost field, relevant in the context of disordered systems, possesses graded supersymmetry,
reflected in the fact that the product of the two partition functions is identically unity on
the torus (see Appendix A for a summary). The case of integer moding, represented e.g.
by a phase shift of A' = 1/2 requires extra discussion. In this case, the cancellation of the
fermionic partition function by the bosonic one is achieved by an extra single bosonic zero
mode 0o (annihilating the vacuum). The part of the partition function coming from the
bosonic zero mode needs to be regularized:

1 = lira y"(_i)"e»(2^-^).

This cancels precisely the contribution from the Dirac zero mode, V;o> which is

Note that the expansion in powers of the fugacity shows that the bosonic ghost ground state
has in this case an infinite degeneracy, arising from the zero mode. [The zero-mode Hilbert



splice is In In' thought, of as a .sum of the two irreducible lowest weight representations of
the non-compact group SU(l, 1) of a single boson (see Appendix D for a brief discussion)).

Complex scalar field (c = +2):

Consider a theory of two real scalar fields, <pj (j = 1,2), or equivalently, a complex
scalar field, $,</>, with action

K j=l,2
)2 = i - Jdr J'dx(V<j>') • (V*) (2.5)

(4>{T,X) = -fel<Pi(T,x)+ i<p2(T,x)], ^(T,X) = -fe[<Pi(T,x)- iip2(T,x)}.) As usual, the field
is a sum of analytic and anti-analytic parts, <j> = $L(Z) + $R(Z*), where z = T + t i , and
we focus on i^t —»<j> (dropping subscript i). For general twisted boundary conditions

the mode expansion reads

V~*
Here, the mode indices of the canonical operators

(2.6)

(2.7)

take on values s € Z + 1/2 - A', s > 0 for J3+l, and values
The hamiltonian is

H = ~

A' , (>0 for B_v,.

(2.8)

The partition function factorizes. For each mode, say £+,«, we define (excluding the
ground state energy)

Z B t i . = Tr cx,»{-|/=ly s - 2*i(I + ,i))B».i.B+,J}.

Note that when /i = Owc have chosen the boundary condition to be twisted in the time
direction. This gives the character for the complex scalar

1 1
+e2iri(iqn+l/2-A') ^ +e-2iri|ign+l/2+A')'

(2.9)

[Tli«! preffirtor of q 'z/2'1' (/* 'A ' Z2 arises from t lie ground state energy of the oscillators]
We see that this is the character of the bosonic ghost theory. When -1 /2 < A' < 1/2,
there is no zero mode. As we move A' from 0 to A' = 1/2 a single bosonic zero mode
D+io occurs. Thus, for integer inoding (A' = 1/2), the character is a product of that of a
complex scalar field, at zero boson radius, and a decoupled single oscillator zero mode.

Fermionic ghost and Symplectic fermion (c = —2):

Finally we consider the fermionic analog of the complex scalar theory, known also as
the "symplectic fermion" for reasons that will be obvious shortly. This theory is related
to the conformal weight (0,1) fermionic ghost system (£,77) with c = - 2 system in string
theory. We follow here Ref. [16], where details relating the (£,TJ) system to the symplectic
fermions can also be found. [A similar analysis of this theory can be found in [3].] The
symplectic fermion theory is described by a Grassman functional integral over two fcrmion
fields, *" , a = ±, based on the second derivative action

-ihl-
where e+ = —e + , iab = —tab- The action is invariant under symplectic transformations,
the field transforming as a doublet. Just as for the bosonic scalar field, the field is a sum
of analytic and anti-analytic parts (z = r + ix):

Invariance of the action under shift by a constant Grassman number,
(anti-) analytic conserved fermionic currents

>" = 0", results in

From the action one obtains the canonical stress tensor,

TL(z) = Teab(c%

which yields the hamiltonian

Tn(z') = ̂ -<

where

(and a similar expression for the R-moving part).

8

(2.10)



Consider the mode expansion of the field 'b'l on a space: of length / (dropping the
subscript /.), with twisted boundary conditions,

•*(«)= i£*-e-*.« (2.11)

where s e Z + 5 ± A' for $*. (For untwisted boundary conditions, A' = 1/2, an extra zero
mode contribution of the form * J + xj* appears [16] in (2.11).)

The "fermionic currents" in (2.11) satisfy the following anticommutation relations:

The theory is quantized on a vacuum |0 > satisfying

J « | 0 > = 0 , for s > 0 .

(2.12)

(2.13)

As long as —1/2 < A' < 1/2 the zero modes are absent, and the character for the
general twisted case reads [16]

J7(i e~2* i 'V+ 1 / 2 + A ') .

(2.14)
[Q is & U(l) charge assigning eigenvalues ±1 to J*.\ As we move A' from 0 to A' = 1/2,
a single extra fermionic zero mode occurs. This corresponds to the £, r\ conformal weight
(0,1) fermionic ghost system. The contribution of the single zero mode to the partition
function is analogous to the one from the zero mode of a Dirac fermion in the Rainond
sector (see below).

We see from the expressions (2.4),(2.9)and (2.1),(2.14)that tlie bosonic and fermionic
characters for the c < 0 and c > 0 theories are identical, respectively. This is no accident.
In fact, in the following section, we show that the identity of the characters is related
to an identity of the space of states of the respective theories. There is a 'canonical
transformation' relating the respective fermionic and bosonic operators, of the c > 0 and
c < 0 theories, in momentum space.

In Appendix A we summarize the respective characters, described above, for the
special cases of half-integer (A' = 0) and integer (A' = 1/2) moding [20].

We end this section by commenting that 'logarithmic' operators are known to exist
in negative central charge theories. Such operators have been discussed in detail for the
c = - 2 theory (see e.g. Ref. [21], [22], and references therein). They arise in the operator
product of two twist fields, which interpolate between NS and R sectors, and we do not

consider them in this work. In the. context of disordered systems based on a Dime; and
a bosonic ghost theory ([4],[5]), the relevant operators are entirely contained in tlm NS
sector. The characters given above define chiral modular invariants in tlie NS sectors,
and thus dofino a consistent theory without inclusion of the twist fiWds (;md logarithmic
operators).

3. Mapping between theories with c > 0 and c < 0:
The fact that the characters of the (/3,0) system and the symplectic fermion system are

identical to those associated with the complex scalar and the Dirac fermions, respectively,
suggests the existence of some 'canonical mapping' between the two theories at the level
of the operators that create the space of states, used when performing the trace giving rise
to the respective characters, TV qL"-rl'li (II = ̂ ( L o - c/24) is the hamiltonian.).

That is, we have Lo - c/24 and L'o - c'/24, for the c > 0 theory and the c' < 0 theory,
respectively, in a sector with the same boundary condition. And there is a set of eigenstates
for both of these. The characters are the same, when we form the trace of qLo~cl2i over
one set of eigenstates and the trace of qL»~c Z24 over the other set of eigenstates. Since the
trace is invariant under basis change, one may expect a similarity transformation between
the two sets of eigenstates. Thus one would expect a 'canonical mapping' between the
operators of the e > 0 theory and those of the d < 0 theory.

We now construct explicitly this canonical mapping relating the c > 0 and c < 0
theories. It maps the Hamiltonians H = (27r//)[Z0 ~ c/24] into each other. The other
Virasoro generators Ln for the two theories arc not. simply related, and the space of fields
of the two theories is different.

3.1. Bosonic theories: Canonical mapping between a complex scalar field and
bosonic ghost

We use the notations of section (2). The bosonic ghost system may be viewed as arising
from an attempt to construct a theory of conformal fields in position space, whose Fourier
modes are precisely the oscillator modes of the complex scalar field themselves (without
the square-roots in (2.6), (2.7)). This is not possible. It becomes however possible, when
the following canonical transformation is performed on the oscillator modes of the complex
scalar [ s £ Z + l / 2 - V > 0 , t 6 Z + 1/2 + A' > 0]:

(3.1)
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where (f>s(s € Z + 1/2 — A') are the Fourier modes of the complex scalar. The so-defined
fi, 0 system is nothing but the bosonic ghost theory. Note a crucial minus sign in the hist
equation of (3.1), which ensures canonical commutation relations for the /i-modes:

[/?,,,/?,,] = <5,,,,,, for all «i, «2 G Z + 1/2 - A' (positive and negative).

The "ghost vacuum", derived this way, satisfies,

/3.|0 > = 0, 0-.\Q >= 0, s > 0.

(This is equivalent to 0,|O > = <^L,|0 >= 0, for s > 0, t > 0.)
Using the canonical transformation (3.1) we see that the hamiltonians, H =

(2n/l)\Lo — c/24] of the two theories are identical (giving the re-suits displayed in Sec-
tion (2)). This is easily seen by re-writing the complex scalar hamiltonian, of section (2),
in terms of the bosonic ghost modes, using (3.1)

where 6{X) is a shift in the ground state energy. For integer moding it is the fis,0a

ghost modes witli s ^ 0 that map to the complex scalar modes by this transformation,
leaving behind a zero mode oscillator, decoupled from the complex scalar field [see also
the characters in section (2)].

3.2. Fermionic theories: relating symplectic fermions and Dirac fermions
Let us recall the anticommutation relations of the modes of the fermionic currents,

Ja(z) s idtV>

{J^'Js2} = ^abS,l+.2,o = \si\ sign(Sl) 6,l+sli0, (a,b = ±)

where » G Z + 1/2 ± A are mode indices for jf-. Comparison with the canonical anti-
coinmutntiou relations of the modes of the Dirac fennion,

(3.2)

[where Si,s2 e Z + 1/2 - A'] suggests the following mapping:

J_+sign(-s) =

(3-3)

n

or equivalcntly, since ^ - =

and

Tin.' vacuum of the .symplectic fermion now satisfies (Eq.(2.

V>L,|O > = 0, V.|0 >= 0, for s > 0 (3.4)

which is nothing but the Dirac vacuum.
In analogy to the the bosonic case, we can use the transformation (3.3) to express the

hamiltonian of the symplectic fermion theory, given in section (2), in terms of the Dirac
fermion modes. Using (2.10), the former reads when expressed in terms of the modes jf-:

raymp _ ~1
0 ~ ~2

where : ... : denotes (fermionic) normal ordering on the vacuum defined in (2.13). Splitting
the sum into s > 0, s < 0 this is equal, upto a constant shift in ground state energy, to:

(fermionic normal ordering is as usual, : V'JV'J : = ^JV'a, f°r s > 0, and = ~i'a'<l)\ f°r s < 0).
This establishes the identity of the hamiltonians of the symplectic fermion and the Dirac
theories [up to constant shifts, displayed in section (2)]. At the same time, this establishes,
as mentioned in section (2), that the character of the symplectic fermion theory is identical
to that of the Dirac theory.

4. Hidden non-local symmetries
The existence of a simple mapping between the modes of the c < 0 theories and the

c > 0 theories, has very interesting consequences. It can be used to exhibit hidden non-
abelian symmetries in the simple Dirac theory, as well as in the theory of the complex
scalar field. Clearly, these two theories have no obvious non-abelian symmetries. The
origin of these symmetries is however easily understood from our mapping.

Consider first the bosonic theories. The bosonic ghost is known to have an s/(2)_i/2
Kac-Moody(KM) current algebra symmetry. The currents can be written as bilinears in the
ghost modes. For half-integer moding, we use the canonical map of the previous section,
to express these generators in terms of modes of the complex scalar. This establishes
by construction, that the free complex scalar field possesses sl(2) KM current algebra
symmetry, for half-integer moding. Particularly simple expressions are obtained for the

12



global sl(2) generators //J (a = ±,3), the KM zero mode. We also establish the existence of
a global sl(2) symmetry for the complex scalar with integer rnoding. Under this .il(2), the
complex scalar field (</>,</>') transforms as a doublet. Interestingly, the /0

L generators are
non-local, whereas 1$ is local, in the complex scalar field variables. In the Hilbert space
of the complex scalar, the s((2) symmetry rotates the two sets of oscillator modes of the
complex scalar into each other. In addition we observe, interestingly, that the Hilbert space
has the same structure as that encountered in the Yangian description of the level-1 sl(2)
current algebra [13,14,15]. This suggests the existence of a Yangian symmetry algebra for
both, the complex scalar and the bosonic ghost theory.

As discussed above, the fermionic c = —2 theory possess a global symplectic Sp(2)
symmetry [3,16]. This does not extend to a current algebra symmetry (at least not in an
obvious way, since the corresponding Noether current has logarithmic factors in its corre-
lation functions). Mapping the corresponding symmetry generators into the Dirac fermion
language, we establish that the latter also has a nonabelian (global) sl(2) symmetry. The
pair (i/''.'/1) transforms as a doublet under this symmetry. Again, the corresponding Q*
generators are non-local, whereas Q3 is the ordinary local Dirac charge [24].

We now discuss bosonic and fermionic non-abelian symmetries in turn.

4.1. Complex scalar theory The action of the complex scalar field (2.5) has an obvious
1/(1) symmetry. However, the associated Noether current (we consider again only the
L-chiral part) J(T,X) = ^[4>'dz<t> — 4>dt<t>*\ does not generate a current algebra, due to
logarithmic factors in its correlation functions. Nevertheless, of course, its spatial integral
is the conserved U(l) charge

(4.1)

We now show that, for half-integer moding, the global U(l) generator (4.1) is the
zero mode of a U(l) KM current algebra, using the mapping from the c = — 1 ghost
theory. Moreover, this procedure will give us a set of sl(2) current algebra generators of
the complex scalar theory, for half-integer moding. For integer moding, we will construct
global sl(2) generators for the complex scalar.

The c = — 1 bosonic ghost theory possesses three conformal weight = 1 currents:

/+(*) = \p\z), / -(*) = ^-/?2(Z), I*(z) S \ : flfl : (z).

Using the correlator of the ghost fields, < (3(zi)P(z2) >= - < P(zl)0{z2) > = l/(zi - zi)
one finds for the singular part of the short distance expansions

13

/3(,)/--'(o) ~ v i
with k — —1/2. Hence, the modes

' .-•T:

/3 = -
n 2-

(4.2)

of the currents satisfy an sl(2) Kac-Moody current algebra at level k = -1 /2 .
We focus first on half-integer moding. Expressing these modes in terms of those of the

complex scalar, using (3.1), gives us a set of sl(2) current algebra generators that commute
with the hamiltonian of the complex scalar field in (2.8). The presence of a current algebra
symmetry of the complex scalar field seems rather unexpected.

Let us now focus in more detail on the global sl(2) generators, induced by this mapping
on the scalar field theory. Using this mapping, we express the global generators Ig (a =
±, 3) of (4.2) in terms of the creation/annihilation operators, of the complex scalar. First
consider the case of half-integer moding, for which we find

/0-= (-! /?!,,£?!,,£?+,.
5 > 0

(4.3)

[where s e Z + l/2]. We see that the global sl(2) symmetry rotates the two sets of oscillator
modes of the complex scalar field into each other. It is this symmetry that extends to the
sl(2) current algebra symmetry. The expressions for the modes /* with n =̂  0 are not
quite so simply expressed in terms of the oscillator modes; nevertheless they form an s/(2)
current algebra, by construction.

We observe that the Hilbert space possesses a structure isomorphic to the multiplets
of the (nonlocal) Yangian symmetry present in the 5/(2) current algebra representations
at level k = 1 [13,14,15]: Consider a general state in the complex boson Hilbert space

a > - n 2 > ...rii > 0 (4.4)

where «j = db (t = 1,...,N). This state has Lo-eigenvalue ^ / 2 + 5Z l̂=I n^. Consider a
fixed set of mode indices ri;. When all n< are different this is a 2N dimensional space.

14



On the other hand, if some mode indices arc equal, the number of states is reduced, the
corresponding product of sl(2) doublets with equal mode index being projected on the
totally symmetric combination only (due to base statistics). For example, for N = 2,
there are four states when ni yt n2, but only three states when n\ = nj. This is the same
structure of Hilbert space encountered in the Yangian description of the sl(2)j current
algebra modules [13,14,15], suggesting the existence of Yangian symmetry generators in
the complex scalar and bosonic ghost theory. Interestingly, this structure is realized in the
'permanent' Quantum Hall state [1,3].

Finally, consider the expressions for the global sl{2) generators in terms of the complex
scalar field itself. When expressed in terms of the momentum modes of the scalar field
<Ps,<t>l, we get

Jo = T ^ 1 * 1 ^ 1 " = T J dxi J

^~ ^

(4.5)

We see that whereas 1$, which is just (1/2) times the charge generator (4.1), can be locally
expressed in terms of the the complex scalar field, the other generators Ig give rise to
non-local expressions in the complex scalar field variables in position space.

For integer moding the generators / " of the bosonic ghost theory [Eq.(4.2)] still gen-
erate a current algebra (see Appendix B for a brief discussion). Let us focus on the global
generators 7g. These can be split into a sum of two commuting sets of generators, a ghost
zero mode contribution j ° , and a piece 7" that comes from all s ^ 0 modes, F§ = j a + 7°.
The generators J° can be mapped into the complex scalar theory, using (3.1). They give
rise to a global sl(2) symmetry, acting on the momentum modes with non-zero mode index
(which still has the structure discussed below (4.4)). These can be expressed in terms of
the complex scalar field itself as in (4.5). Again, the last generator in that equation is the
ordinary [/(I) charge of the complex scalar. In summary, we established that the complex
scalar field (at zero boson radius) has a global 5/(2) symmetry, for integer moding.

4.2. Dirac fermions
The symplectic fermion action is invariant under si(2), under which the ** transform

as a doublet. The Noether currents associated with this symmetry are [3,16]

and likewise for JR. We treat only the L-moving (holomorpllic) sector again, dropping the
subscript.
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Following the notation of [16], we chose the following basis for the sf(2) generators,

(47)(

2 i-1
The sl(2) symmetry is present for antiperiodic (A' = 0) and periodic (A' = 1/2) b.c.'s.

In the following expressions, the sums run either over s £ Z + 1/2, or over s 6 Z, s •£ 0.
The sl(2) charges Qa can be computed explicitly [16] and we write them in terms
or the fermionic currents J±.

where a = 0,1,2 and a,b = ±. The sl(2) charges of the <I>:t theory can now be translated
into corresponding charges in the Dirac theory using the canonical mapping between the
fermions $* and Dirac fermions. This yields the following expressions. The charge Qa is
non-local when expressed in terms of the Dirac fields:

= - 1

The charge Q1 becomes in the Dirac fermion language

which is again non-local. Finally, Q2 gives the ordinary local charge of the Dirac Fermions:

Q 2 = -1 /2

In summary, using the basis Q^.Q3 , the global s((2) generators of the symplectic
fermionic system have the following form in the theory of free Dirac fermions."

Q+ = £>L>J = J [dxt (dx2
 1

rrf. i- J J (Xi -
J>0

o- - V - — f d f

x2y

i
-x2)

(4.9)

(As mentioned above, the last sum excludes the zero mode, s = 0, for integer moding.]

We end this section with a simple application of the non-local symmetries: Consider
a Dirac fermion on a half-line y > 0, initially with a boundary condition i>L(y — 0) =
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— 0). We wisli to add a term to the action that would give a boundary condition
i>[(v = 0) = CM>!i{y = 0) + 5t/'J,(y = 0), \C\2 + \S\2 = 1. That is to say that the Fonni.ms
acquire a continuous j»irticlc-hole transformation upon reflection fit tlit; boundary at y = 0.
This is achieved by addition of a non-local term to the action of the form

6A = {X/2i)J dXl J >[{y = O,i,)V;J,(j/ = Q,x2)-ij>L(y = 0,

where i is the coordinate along the boundary, corresponding to a linear combination of the
two non-local generators. This term corresponds to the Fourier transform of the expressions
in (4.9). (Note that the coupling constant A is completely marginal.)

5. Conclusions and comments
In this paper we have found a canonical mapping between the c = - 1 bosonic ghost

theory and the c = +2 complex scalar theory, and also between the c = - 2 theory of
"symplectic" fermions and the c = +1 Dirac fermion theory, mapping the Hamiltouians
H = (2TT//)[LO — c/24] into each other. As a consequence, the characters of the respective
theories that are related by this canonical mapping are the same. Moreover, this canonical
mapping reveals a hidden sl(2) current algebra symmetry of the complex scalar for half-
integer moding, as well as a hidden global sl(2) symmetry for the Dirac fermion theories
for integer moding, which these theories inherit from their c < 0 counterparts. One of the
global generators in these two theories is the usual (/(I) charge. The remaining generators
are non-local when expressed in the language of the c > 0 fields and are therefore not
visible from the Lagrangian (i.e. without the knowledge of the mapping with the c < 0
theories that we use).

The fact that the non-unitary c < 0 theories have the same space of states and
the same hamiltonian as their unitary counterparts, permits the c < 0 ghost theories to
represent physical paired Quantum Hall states [3,25], which require a positive definite
Hilbert space. It is remarkable that, for these systems, the bulk Quantum Hall wave
functions are represented by conformal blocks of correlation functions of the c < 0 theories
[1], whereas the hamiltonian of the quantum hall edge states associated with these bulk
wavefunctions possesses the Hilbert space of the unitary c = 1 and c = 2 theories. This is
clearly necessary for those theories to represent physical Quantum Hall systems. It would
be interesting to study further examples of conformal field theories, which one non-unitary,
but, at the same time, share their space of states, and Hamiltonian with a unitary theory.

The presence of non-abelian symmetries, in the c = 1,2 theories is unexpected. The
non-locality of the symmetry generators has the 'flavor' of Yangian symmetries, whose gen-
erators are generally non-local. Yangian symmetries are thought to be responsible for the
the integrability of Bethe Ansatz solvable models. [In a sense, they are the "symmetries"
of Bethe Ansatz integrability]. At a more general level, there has been much discussion
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recently, about different bases for a given conformal field theory. Some physical applica-
tions have come from viewing a certain conformal field theory as a Yang-Baxtor (Fictlio
Ansatz) integrable system. Integrability, then, generates a basis of the Hilbert space of
the conformal field theory. Such bases are in general not the Verma module bases, but of
a very different kind, in that they possess a Fock-space like structure. The Verma module
basis is isomorphic to the space of fields. The Bethe Ansatz basis is a basis for the space of
stiitcs. In general, these bases are completely different in structure. The non-unitary ghost
theories provide thus examples of a similar phenomenon. The possibility to view a given
conformal field theory in different bases, has been at the root of much progress, in solving
strong coupling problems in interacting theories. The reason is simply that the interaction
may look simple in a suitably chosen basis, and become analytically tractable. One set
of such examples are various Kondo models [26]. Another example is recent progress on
Quantum Hall point contacts devices [27), involving the Bethe Ansatz basis mentioned.

We hope that our analysis of the ghost theories will lend some intuition that would
help us get a better understanding of random systems in the strong coupling regime. Some
aspects of this will be addressed in a separate piece of work [28].
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symmetries. A.W.W.L thanks the ICTP, Trieste (Italy) for their kind hospitality, and
acknowledges support as a Fellow from the A. P. Sloan Foundation.

Appendix A. Characters for half-integer and integer moding

In this appendix we summarize the respective characters for the cases of half-integer
(\' = 0) and integer (V = 1/2) moding. As we mentioned in section 2, the c = — 1
character of the (/?, 0} system and the c = 2 character of the complex scalar theory are
identical[20]. Similarly, so are the c = —2 character of the "symplectic fermions" and the
c = 1 character of the Dirac fermions.

We denote the characters by the boundary conditions in time and space1, (BT,DZ),
when fj. = 0. The variable y. then defines a non-specialized character, permitting us to
extract more detailed information about the space of states.

A.I . Bosonic characters
A. I . I . Half-integer moding(Y = 0)

Bosonic ghost

0,0).AA,
Xc=-l (

_ -(-1/24)

1 BT,Bx = P,A (periodic, antiperiodic)
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Lowest c = - 1 conformal weights: A<f^\AA = 0,1/2,1,....

Complex scalar

n (A.2)

Lowest c = +2 conformal weights: AJ.!^*'1 = 1/8,1/8 + 1/2,1/8 + 1,.... Note that the
prefactor can be written as

(A.3)

exhibiting the identity of the c = — 1 and the c = +2 bosonic characters:

(A.4)

A.I.2. Integer moding (A' = 1/2)

Bosonic ghost

nAC=-1 « .# - / H * ( 1 + e 2 ^ ) lJL(1 + e2^gn) (1+c-a«M,n)> V""'

the first factor being the contribution from the bosonic zero mode. Lowest c = — 1 confor-
mal weights: Afj_\AP = - 1 /8 , - 1 /8 + 1,....

Complex Scalar

Xc=2
_ -2/24
- 9 e2™") IJi (1 + e2™"<

Lowest c = +2 conformal weights: A^t"2'*
)"4P = 0,1,2

The two bosonic characters are identical:

n) (1 +
(A.6)

Note that we could use both, the partition function of the bosonic ghost, or that of
the complex scalar theory to cancel the partition function of the Dirac theory. In the first
case, the combined (fermion plus boson) theory has c = 3, and N = 2 superconformal
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symmetry. In the latter case the combined theory has c = 0, and graded SUSY. (The total
partition function is unity, in both cases.)

A.2. Fermionic characters

A.2.1. Half-integer moding

Dirac. fc.rmion

(A.7)
n = 0

Lowest c = 1 conformal weights: Afjiac"4'4 = 0,1/2,....

Svmplectic Fermion

Lowest c = - 2 conformal weights: A ^ ' I J

the identity of this and the Dirac character,
= -1 /8 , -1/8+1/2, . . . . Eq.(A.3) then shows

(A.9)

A.2.2. Integer moding

Dirac fermion

i, M) = <= <T1/24 + e a » V ) *V),
where the extra factor comes from the zero mode. Lowest c = 1 conformal weights:
A™\ae'AP = 1/8,1/8 + 1,....

Svmvlectic Fermion

(A.I
n=l
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Lowest c = - 2 conformal weights: ^•»'
identity of this and the Dirac character:

= o, 1,2,.... Again Eq.(A.3) show the exact

(A.12)

Appendix B. Characters of the sl(2)-i/2 current algebra

In this Appendix we briefly discuss the relationship of the characters of the bosonic
ghost theory of Appendix A, for both integer and half-integer moding, with the expressions
obtained by Kac and Wakimoto[29)for the fractional level s/(2)_!/2 current algebra obeyed
by the generators / ° (Eq.(4.2)). Projecting the characters (A.I) of Appendix A, onto even
and odd ghost boson number, we obtain two characters at c = — 1 with scaling dimensions
A = 0,1/2 (modulo integers):

Similarly those characters with periodic spatial b.c.'s, give upon projection two characters
at c = — 1 with scaling dimensions A = —1/8 (modulo integers):

1/2)]

(B.I)

On the other hand, the characters of the fractional level s/(2)_j/2 current algebra
have been derived by Kac and Wakimoto [29], and expressed in terms of theta functions.
There are four characters, XnVii'f*) w ' t n n, A: = 0,1, transforming into each other under
modular transformations with a unitary modular 5-matrix. Comparison of those with the
expressions in (B.I) shows that Xofl', Xu™> XoJJV> Xi^{v correspond precisely to Xc='-i'°>

Xc='-i'1/2. Xc=-i'"l/8'+> X*=-i'~1/8'". respectively.
From the comparison with the characters in (B.I), the interpretation of the Kac-

Wakinioto characters is as follows: For half-integer moding, the generators (4.2) act on the
Hilbert space without zero mode. The even- and odd- boson number characters correspond
thus to xfo^i XifoV- O n 'he eigenspace of lowest Lo eigenvalue the global generators Ig
transform in a unitary representation of 5(7(2) of spin = 0 and = 1/2 respectively, for
even and odd boson numbers. These characters correspond therefore to 5(7(2)_!/2 current
algebra primaries.

For integer moding, on the other hand, the generators (4.2) act on the Hilbert space
with the extra zero mode boson $)|0 >= 0. The eigenspace of lowest Lg eigenvalue is now
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infinite dimensional, corresponding to the states /3g|0 >, (N=0,l,2,...). When splitting
into even and odd N, these are two unitary irreducible lowest weight representations of
SU(1, 1). The global generators Ijj do not act unitarily on this space. However, the
generators re-defined by /+ - . /+, / " -» ( -1 ) / " , /„ -• /^, satisfy[30]an 5(7(1,1) current
algebra at level k = +1/2. In particular, the global generators /g act unitarily on the
space of even and odd boson zero modes, and correspond to the (infinite dimensional)
irreducible; lowest weight ri-presentions of "angular momentum" j = -'A/A and j = -1/4
[31]. The (integer moded) characters Xu î4'. Xi<iV correspond to these representations of
the 5(7(1,1)1/2 current algebra.
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