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The discussion on the problem of the transient response and nonlocal transport

is reported. Problem of the transient response is surveyed, and several approaches are

reviewed. The formulation based on the nonlocal transport is discussed. Example of

the analysis is presented. Future study is identified.
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1. Introduction

On occasion of the visit of Dr. Stroth to NIFS, the second working workshop

on the nonlocal transport was held at Nagoya1). This is the extension of the first

workshop which was held at Garching last summer. The discussion record is reported

here.

This report covers the following aspects:

Back-ground of the problem

Approach based on the nonlocal transport

Example of the analysis

Experimental Method

Future task and next step

2. Back-ground of the problem

First, the background of the problem is briefly explained.

The effective thermal diffusivity is defined by the ratio of the heat flux to the

gradient of the temperature as

(1)
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2.1 Experimental Observations

The problem of the nonlocal transport, in toroidal confinement, has been

stimulated by the observation of the transient response of plasmas.

In the beginning of the tokamak research, the transport coefficient was

evaluated by studying the heat pulse propagation after the sawtooth. Consider that the

perturbation is initially (t = t0) localized at r = r}. The perturbation shortly after, t = th

is still localized, but it diffuses away as time passes, / = t2 (Fig.2.1). The perturbation

is expressed as

T

0

Fig.2.1 Heat pulse propagation

^T{rA^-r=exp\- (2)

From this fitting of the data, the thermal diffusivity XHP> which is deduced from the

heat pulse propagation, has been obtained experimentally. [Eq.(2) is given for the slab

configuration for the simplicity. In the experimental analysis, the formula is obtained in

cylindrical geometry.]

When the additional heating power become strong enough, the estimate of the

heat deposition profile became more confident, in comparison with the Ohmic heating

cases. Then the heat flux in a stationary state is experimentally estimated. By

combining the heat flux and the measured temperature gradient, the thermal diffusivity

o



is also evaluated. This diffusivity, being given by the power balance, is usually written

Usually, the relation

>1 (3)

has been observed. Sometimes, however, the ratio is close to unity

XHP , (4)

More recently, it has been widely recognized that the transport coefficient, i.e.,

the ratio between the flux and temperature gradient, at the observation point, r = robs,

seems to change much faster than the local plasma parameter at r = robs. (That is,

x(robs) changes faster than T(robs) and Vr(r o J . ) Such a fast change has been observed

in the cases of

L/H transition

pellet injection

sawtooth crash

X-event

abrupt change of the heating power.

The understanding of the very fast change, together with the explanation of the

difference between %HP and %pb, is required.

2.2 Historical evolution of the models

If one looks back the evolution of the thermodynamics from the last century,

there is a trial of J. C. Maxwell. Maxwell considered that the Fick's law (or Fourier's

law), Eq. (1), must be corrected in a transient phase. The Maxwell's idea is to

introduce the "inertia" of the heat flux, and write
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^ = ~ XeJff
n V T (5)

The motivation to keep the inertia term is that, according to the solution (2), the

temperature perturbation exists at the distance for any time t > 0 (although the

amplitude is exponentially small). This indicates that the change at distance occurs

within the infinitesimally small time elapse. This "fast" (although exponentially small)

propagation was thought artificial by him. In order to get rid of this fast propagation,

the "inertial" term is introduced. The origin of this delay in the response could be

formulated by many physics processes (e.g., the inertia of the energy carrier, growth

time for the turbulence, etc.) Perhaps it was the first trial to think about the non-

equilibrium nature of the transient heat transport problem.

This inertial effect is effective to slow down the response of the heat flux

against the change of the gradient. Therefore this Maxwell's mechanism is not

sufficient to explain the present problem in plasmas, although this process may work in

the confined plasmas.

In the following, several attempts in the analysis of plasma confinement is

illustrated.

[A] Nonlinearity of

The transient response could be expressed in terms of the perturbed temperature

bT and the perturbed heat flux bq as

ft -V-bq (6)

When the perturbation is small, the linearlized equation between bT and bq holds as

(7)
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If the thermal diffusivity is expressed in terms of the temperature (and its

gradient) alone, the perturbed heat flux is given as

where the suffix 0 indicates the unperturbed state. By definition, %pb is expressed as

Xpb =

The relation (8) suggests that the heat-pulse diffusivity is composed of various

ingredients. In case that the heat flux is a nonlinear function of the gradient, i.e., the

power law

do)

holds (and xejf is independent of T), the relation

X « P = ( ' +

is derived. The power-degradation of the energy confinement time

(12)

is related to the nonlinearity Eq.(10). xpb and XHP a r e illustrated in Fig.2.2.

The ratio is given as

(13)

The ratio is larger than unity, if the power degradation takes place fa > 0), as is shown

in Fig.2.2.
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Fig.2.2 Nonlinear relation #[Vr] and the difference between xPb an(i Xw-

The difficulty in this model is that (1) the ratio XHP^Xpb *s constrained by the

one parameter a, and it does not include an enough freedom, and that (2) the

perturbation propagates as diffusive process (i.e., the local flux change only if the local

gradient changes). It means that the "transport time" is required for the propagation of

perturbations. The very fast transmission of change could not be reproduced by this

model.

[B] Interference of Transport

The nonlinearity of <?[Vrl, as is discussed in Eq.(8), provides the difference

between xPb anc* XHP- The ratio is, however, solely determined by the functional

relation #[Vr]. This, however, contradicts to the experimental observation. For

instance, the dependence of the ratio xHP I xpb on the frequency of the perturbation was

found to be different from what was derived from Eq.(8).

The flux-gradient relation, in principle, includes the interference between

different gradients. It should be expressed in terms of the transport matrix, e.g.,

D M 12

X
(14)



Due to the presence of the off-diagonal terms, the new time difference is

introduced, and the response becomes more complex. As an example, let us consider

the case that gradient changes in time sinusoidary, sin (ait). It could be possible that

there is a phase delay in density and temperature as,

V bT = a-pSin (ait) , V bn = a^sin ((at + cp)

In such a case, the phase difference appears between the temperature gradient and heat

flux as

bq = \lx2aT + ^2ian + 2'X.M2IaTan sin (u>t + cp)

sin (p =

An example is illustrated in Fig.2.3.

lan + ^fMlfl-fin
• sin <p

-nVbT

Fig.2.3 Phase difference between the perturbed temperature gradient and the
perturbed heat flux. Dotted line indicates the case without the phase difference.

The difficulty in this model [B] is similar to that in model [A]. The freedom by

the off-diagonal term is, however, still insufficient.
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(i) The sign of the off-diagonal term Ml2 is different in many reports. The

coefficient seems to depend on various discharge conditions. There should be still un-

identified important internal freedom.

(ii) The perturbation still propagates with the transport process, and the

"transport time" is necessary for the change. The very rapid transmission of the change

cannot be explained within this framework.

[C] Explicit heating-power dependence ofxeff

There appeared an attempt to introduce the explicit dependence of the thermal

diffusivity on the heating power as

(15)

where Xo an<^ ̂ o a r e normalizing constants which have the dimension of thermal

diffusivity and power, respectively. The exponent y must be consistent with the

transport analysis of the stationary profile. WVII-AS group has suggested

(16)

If this relation (15) holds, then the rapid change of the thermal conductivity,

which is caused by the change of heating at the different location, is naturally deduced.

Consider the case that the heating power is increased during a short interval between

[t], t2) as is shown in Fig.2.4. During the rise phase (t, < t < t^ t2 -*• t,\ the plasma

parameter (gradient) does not change. Nevertheless, the heat flux, Eq.(15), can change

owing to the fast increase of the heating power. As a result of this, the gradient-flux

relation has a hysteresis, as is illustrated in Fig.2.5.
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heat

time

Fig.2.4 Rapid increase of the heating power
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t

-nVT
Fig.2.5 Gradient-flux relation under the circumstance of Fig.3 (in case that Xo

are constant). The dotted line indicates the relation in case of the slow increase

Future task in this approach is (1) to determine Xo ar)d Po which fulfill all the

feature of the parameter-dependence of xE. The dependence of Xo an<^ Po on the

heating profile is not clear yet. Present difficulty in this approach is (2) the derivation

of such a formula from the dynamical equation of the plasma. The particle flux

r =
(n • EQ)

B
(17)

is obtained when the prediction of the fluctuation field is derived. How the field

perturbation could be expressed in terms of the heating power at the different location?
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Although the agreement of the result from Eq.(16) with the experimental observation is

often obtained, theoretical foundation is difficult to be established.

[D] Nonlocal relation of heat flux vs gradient

Alternative approach is to employ the nonlocal effect in the heat flux. The local

heat flux at r can be dependent on the local plasma parameter at r as well as on those at

r. Such an influence is effective within a finite distance

\r'-r\<? (18)

The heat flux at r is symbolically written as

,r) (19)

where Q{r, r) is the quantity which has the dimension of the heat flux,

Ok. r) = - n XNL< ,[T{T). V T(r) • • •] V T(r)

and K(r - r) denotes the interaction between different locations. (See Fig.2.6)

For instance, the functional form like

is employed. The first term in Eq.(20) is interpreted that the thermal diffusivity at r is

influenced by the parameters within a distance | r - r \ < Q. The second term in Eq.(20)

is not directly proportional to the local gradient V T(r). If this term exists, it could be

interpreted in experiments as "pinch" term.

- 1 1 -



Fig.2.6 Broad kernel K(r - r') and peaked heating profile

If the relation like Eq.(19) holds, then the very fast change of heat flux is

possible. The heat flux at r changes when the plasma parameter at r is modified,

without the change of the parameters at r. As is illustrated in Fig.2.4, the hysteresis

could appear in the gradient-flux relation.

The underlying physics and some examples are explained in the next section.

3. Approach based on the Nonlocal Transport

3.1 Underlying Physics

[A] Long Mean Free Path

In various physics problems, there appear the nonlocal transport phenomena.

For instance, if the mean free path of energy carriers (e.g., electrons in un-magnetized

plasmas and photons in solid state) is much longer than the scale length of the gradient,

then the heat flux is expressed not only by the local gradient, but also in terms of the

parameters at the distance.
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T(x)
gradient scale length

mean free path

Fig. 3.1 The case where mean free path is longer than the gradient scale length.

[B] Large Scale Vortex

The carrier of the energy can be waves. When the correlation length of the

wave is longer than the scale length, the nonlocal transport becomes noticeable.

If one takes the example from the Benard cell problem, the effective thermal

conductivity is given as

Xc (22)

in the large 3^-limit. In Eq.(22), dia is the Rayleigh number and is in proportion to the

temperature difference between two plates,

m a oc Tj - T2 (23)

Xc is the thermal diffusivity owing to the molecular viscosity, which is a local quantity.

Substituting Eqs.(22) and (23) into Eq.(l), the heat flux is expressed as

VT (24)

The heat flux depends on the temperature difference between two boundaries. This

result clearly demonstrates that the local heat flux depends not only the local
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temperature gradient, but also on the parameter at far distance. In the Benard cell

problem, this nonlocal dependence of the heat is caused by the fact that the turbulent

transport is caused by the global waves, the wave length of which is of the order of the

distance between two boundaries. (Fig.3.2)

1

Fig.3.2 Heat exchange in fluid

3.2 Some Models

In this workshop three types of models are discussed as typical examples.

[A] Nonlocal conductivity

In this approach, the heat flux is in proportion to the local gradient, but the

coefficient (xeff) depends on the global parameters. It is modelled as

(25)

q(r) = - 1 j dr'K{r - r)n XNL, Mr'), V T(r') • • •]} V T(r) (26)

This model is limited in a sense that only the diffusive term is taken (i.e., q(r) vanishes

if V T(r) -> 0). At the same time, however, has an advantage: It could be demonstrated

that the very rapid change could be reproduced even in the model of the diffusive

transport process.

[B] General dependence
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In general, the heat flux at r, q[r), could be dictated not by the local gradient,

V T(r)t by more strongly by the gradient at the distance, V T[r'\ The second term of

Eq.(20)

q(r) = -IJ dr'K(r-r')nXNL>lT[r\ V T(r') • • -]V T(r')} (27)

is one of the examples of this kind. If the term XNL,2
 IS expressed in terms of the

power of temperature and temperature gradient,

XNL,2 <* (V T(r'))aT(rf (28)

one may have the heat flux like

q{r) = -f dr'K(r- r)n Q V T(r')\aT(rf ]v T(r') (29)

It would be useful to consider the underlying physics which suggests the forms

like Eqs.(26) and (27). The details of the derivation of the formula is left elsewhere,

and the idea is briefly discussed. Let us consider the case that the flows (26) or (27)

are caused by fluctuations.

The flux is expressed in terms of the fluctuating quantity as Eq.(17). The

formula (27) suggests that the flux at r, that is governed by the field perturbation at r, is

governed by the parameters at distance. In other words, the field perturbation at r is

influenced by the gradient far from the location r. Such a situation is expected that the

flow is caused by a large scale convections, the scale length of which is comparable to

the gradient scale length. (Fig.3.3) The large-scale convection is predicted to be more

stable, compared to the microscopic one, within the framework of the self-sustained

turbulence. Therefore the large scale convection could be induced by the nonlinear

interactions of the small scale fluctuations. If the large-scale one is excited, then the

heat flux includes the terms like Eq.(27).
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Fig.3.3 Strong and small scale vortex and weak-and large scale vortex.

The heat flux like Eq.(26) has the nature of the diffusive process, because it is

in proportion to the local gradient. It implies that the flux is caused by the small scale

turbulence, which induces the diffusive flux. At the same time, the magnitude of the

diffusive flow is dependent on the plasma parameters at the distance. It indicates that

the amplitudes of the local and small-scale fluctuations are influenced by the plasma

parameters at the distance. Such an influence on the small scale fluctuations could

happen if the small scale fluctuations have interactions with large scale modes. The

large scale one could be induced by the microscopic turbulence through the

nonlinearity, leading the flux like Eq.(27). The driven-large-scale fluctuations then

influence on the microscopic turbulence, through the nonlinearity too.

The schematic correspondences between these interactions and nonlocal fluxes

are drawn in Fig.3.4.

Strong Micro
Turbulence

i t
Large scale
Modes

Fig.3.4 Various fluctuation and nonlinear interactions,
and their relations to the local or nonlocal fluxes.
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[C] Constrained Evolution

Independent approach is to introduce the idea of the memory effect. The

consideration like "favourable profile" (some has called "canonical profile", — but

what is the meaning of "canonical"—) has been studied long.

Assume that there is a relation between the stationary temperature profile and the

stationary heating profile. In other words, if one writes as

00)
P(r) = P(0)u(r) (31)

it is assumed that the constraint between the profiles U(r) and u(r) is strongly preserved

during the transient response. If the shape-relation is solid (unchanged), it is the

extension of the idea of "profile consistency" to the dynamical problems. When the

relation between U{r) and «(r), during the transient phase, is not fixed but changes only

little, then the profile change during the transient phase could be different from the case

where the profile change due to the slow variation of the heating power. This strong

relation between U{r) and u(r) is introduced apriori, and the physics basis is not

discussed.

First, argument is developed by taking one heating profile u(r). Temporal

variation of the heating is summarized as P[0; t).

The thermal diffusivity is given by a sum of the local term and nonlocal term as

X = XL + XNL (32)

The local part, %L, connects the stationary profiles TJ^r) and P{r). The profiles u(r) and

U{f) are controlled by XL- The nonlocal term is related to the deviation of the (transient)

profile from the stationary profile. The idea of this model implies (1) that the deviation

of the profile from U[r) causes the larger heat flux (2) and that it accelerates the change
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of heat flux during the transient phase. The nonlocal ity of the transport appears that the

heat flux at r is dictated by the difference of the shape form the target profile. (It is

evident, that the concept of the dependence of the heat flux q[r) on the "profile" U(r)

requires the information form the different radial locations r'.) The nonlocal term may

be expressed in a simplest case like

The form can be easily extended to more complex situations.

When the relation such as Eq.(33) is employed, then the gradient-flux relation

behaves as is illustrated in Fig.2.5. The fast "recovery" to the preferable profile U(r) in

a stationary state is deduced.

There is several analysis based on this way of thinking.

If we think about the foundation of the idea, it seems that this model includes

the ansatz about the time integration. Consider the extension of the model. Let us take

the situation that the heating profile u(r) changes simultaneously at t2 in Fig.2.4

(Uj(r) -*u^r)). Under this situation, one may simply use the form like

This functional form, however, introduces some difficulty related with the time. This

form implies that the transport nature just after the change (t — t2 + 0) is controlled by

the profile that will be realized as an asymptotic form. The consideration on the

causality is required in order to generalize the model Eq.(33).

This is related to the consideration of the non-equilibrium nature of the system.

This must be studied more fundamentally in the future.

4. Example of the analysis
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An example of the transport analysis is reported by Iwasaki. As a first step, the

general form as Eq.(29) is chosen. The gradient-flux relation is written as

r) - dr'K(r - r')V T(r') (34)

where x0, CL and CNL are kept constant. When K{r - r') is a delta function, or CNL - 0

holds, the flux reduces to that in the local transport model. The local term is also

superposed in Eq.(34). This is for the test of code, and it sometimes help numerical

stability of the code. The kernel of the integral is given as

(35)

The weighting function r I r' in Eq.(35) is introduced to impose the boundary condition

q{0) = 0 (36)

In this model, the coefficient Xo is constant, and does not depends on the

plasma parameter. This eliminates the mechanism of the section 2.2[A], i.e., the

nonlinearity in the transport coefficient induces the difference between xPb an<^ XHP- In

the local limit, P -> 0, Eq.(34) leads to the linear relation q{r) « V T(r). The details of

the analysis is attached. Time evolution of the heating power is chosen as in Fig.4.1

heat

time
Fig.4.1 Change of the heating power.
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Three cases are tested for the radial profiles:

P,{r)<x const (37-1)

P2{r)*{l-r2la2) (37-2)

(37.3)

It is confirmed that the hysteresis in the flux-gradient relation appears in this model (P,

and P2). It is also noted that when the profile changes as

P^Pj^Pi (38)

very prominent deviation takes place in the relation of q and V7\ Further test, where

profile is fixed as P3, is calculated in the future.

5. Experimental Method

Two cases are explained, i.e., change of heating power, and the heat pulse

propagation.

[A] Standard Parameters

As an example, the following plasma parameters are in mind.

The power degradation of the confinement time in the stationary state suggests

that the relation

q « (V T)2 (39)

holds. Within various combinations like Eq.(28), the cases

a + (3 ~ 1 (40)

— 20 —



seem to be consistent with Eq.(39). (The survey will be made putting an emphasis on

this combination.)

Typical numbers are,

(41a)

n~4xl0I9m-3, (41b)

a ~ 0.2 m (41c)

XE ~ TLiscalin8) ~ xiss9^.scalin8l %~0.5-2 m2ls (41d)

[B] Fast change of heating power

As is illustrated in Fig.4.1, the heating power is changed quickly while the

heating profile is kept constant (41a).

[C] Modulation of heating power and heat pulse propagation

The response of the plasma temperature perturbation against the modulation of

the heating power is commonly studied. The heating power, which is centrally

localized (41.a), is modulated in time as is shown inFig.5.1. The amplitude is small

(42)
±

and frequency is chosen in the range

fM = 23---92---368(Hz) (43)

and fM = 92 (Hz) is often employed. The heating profile is fixed.
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time

Fig.5.1 Modulation of the heating power

Responding to the power modulation, there appears the modulation of the

temperature. If one writes the perturbed temperature as &T(r, /), it is Fourier-

decomposed as

5l[r, t) = £ ak(r)cos fenkfo + cpt(r)J
k = 1

(44)

where ak(r) and cp^r) are the amplitude and phase of the k-th harmonics at r. The phase

difference is defined as

(45)

and the profiles of ak(r) and Acp r̂) are discussed. In usual analyses, at present, up to

second harmonics are kept. Examples are illustrated in Figs.5.2 and 5.3. The

prediction from the model is compared to the experimental observations.

In some cases, Acp r̂) turns out to be a non-monotone function of the radius.

(Fig.5.3) If it is true, the signal seems to propagate from the edge, although the
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perturbation is excited at the center. In this case, the importance of the additional

mechanisms (such as the radiation cooling) has been thought.

Fig.5.2 (left) Radial profile of responses
Fig.5.3 (right) Radial profile of the delay. Some times, the delay is not an increasing
function of the radius. Superficially, perturbation seems to propagates form the edge.

6. Future Task and Next Step

[A] Numerical simulation of Section 4.

The following study is necessary.

(1) Confirm hysteresis characteristics in the case of the heating profile Pjj).

(2) Dependence of the hysteresis on the distance H. It is expected that the

hysteresis becomes prominent if

rH (42)

where rH characterizes the broadness of the heating profile. (For example, see Fig.2.6)

Experimental profile is given in Eq.(41a). The dependence on ? needs to be studied.

•23 —



(3) Dependence of the hysteresis on the abruptness the change of heating. If the

change of the heating power takes place with the time period of A* (as is shown in

Fig.6.1), then the hysteresis characteristics depends on Ar. The hysteresis would be

prominent if the condition

At « x , (43)

is satisfied.

(4) Numerical accuracy is better to be confirmed.

heat

time

Fig.6.1 Change of heating power with finite time interval.

[B] Benchmark data

For the standard parameters, the study of the stationary profile is necessary (in

the presence of the nonlocal term). The model of Eq.(26) seems better for the initial

analysis. (a = /, p = 0) Next, the power change (Fig.4.1 or Fig.6.1) is examined.

[C] EPS paper
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Level of 6[A] plus some of 6[B] must be performed for EPS paper. For the

abstract, we depend on SI I.

[D] Further studies

For the future study, the following process is planned:

(1) Study of modulation will be performed.

(2) Survey with respect to (a, p) would be necessary.

(3) Thinking of the model of Eq.(27) must be advanced.

(4) Fundamental theoretical study to derive the nonlocal formula will be continued.

(5) Power dependent model (like Eq.(15)) is studied by the Stroth's student.
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Appendix: Viewgraph Copy of

Comparison between the Non-local Transport Model and

Experimental Results

T. Iwasaki,

Interdisciplinary Graduate School of Engineering Science, Kyushu University

Sanae-I. Itoh,

Research Institute for Applied Mechanics, Kyushu University
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<PURPOSE>

*To investigate the non-local effect of the transport on a phenomenological
point of view.

*Comparison between the non-local transport model and experimental results.

<BASIC EQUATION>

^ n , T | = -V.q(r,t)

2Q ; SOURCES AND SINKS

<MODEL OF HEAT FLUX>

Generally , the heat flux can be written as follows:

q(r,t)=-I K(r-r')- -^•ne-X(T,VT) • VT(r',t)dr'
Jo

K(r-r') ; kernel

X(T,VT) ; diffusivity

In the limit of K(r-r') = 5(r-r') , q(r,t) is reduced to the local model.

•27 —



<DETERNINATION OF KERNEL>

K(r-r') =
r-r'

local effect non-local(global) effect

and C.job., are the coefficient to determine the magnitude of the local

effect and non-local effect.

K(r-r')
6(r-r')

r-r1

The second term becomes delta function as C,-»0.

< STEADY STATE. % = const>

Boundary Condition
dT

=0 (q=0) at r=0

T =0 at r=a

The data is shown in Fig.l

If C2-*0 , temperature profile can be calculated analytically.

T(r) = T0(l - r2) , T ^ l when 2X^=P=8
In the following analysis , we use P=8 for the source term.
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<TIME EVOLUTION OF TEMPERATURE GRADIENT
AND HEAT FLUX >

3 aT(r,t)
n

Id ar(r.t)

r
• 7-n.-xCT,VT)

t, t2 time

easel 2 Q = const = P • 10P • P

case2 2 Q = P(l - r2) • 10P(l - r2) — ^ P(l - r2)

case3 2Q = P • lOPexp (- 100r2) — ^ P

In all the cases , we set Va = 0.5.
These graphs are after tx.

V^-local'^-global)

easel

case2

case3

(1.1)

Fig.2

Fig.3

Fig.4

(1.2)

Fig.5

Fig.6

Fig-7

(1.4)

Fig.8

Fig.9

Fig.lO

(0.1)

Fig.ll

Fig. 12

Fig.13

(1.0)
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