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ABSTRACT

The dynamical structure factor S(q,u) and first order memory function of liquid

sodium near its triple point is studied by using the Mori's memory function formalism.

The memory function has been evaluated self-consistently by expressing the third stage

memory function in terms of scaled second order memory function. The short time prop-

erties of S(q, u)) are exactly incorporated by the use of frequency sum rules while the long

time property is fixed by the scaling parameter. The scaled parameter is determined from

the zero frequency dynamical structure factor. For the interaction between the ions we

have used the effective pair potential based on pseudopotential theory. It is found that

for q < l.\6A°~l our method predicts the collective density excitation peak in S(q,u) in

agreement with the molecular dynamics data. For q = 1.99J40"1 no such peak is observed

at finite u which is again in agreement with molecular dynamics data, but for q = 2.74A0'1

we again observed a shoulder. The results for the first order memory function have also

been compared with the molecular dynamics data and a good agreement is obtained at

short times.



1 Introduction

The dynamical structure factor S(q,ui) of fluids plays an important role to study the

dynamics of fluids. A tremendous progress has been made experimentally and theoreti-

cally to study the dynamical properties of liquid metals. By performing inelastic neutron

scattering experiments the dynamical structure factor of almost all alkali metals like

Li[l], Na[2-4], Rb[5-8] and Cs[9-ll] have been investigated. The dynamical properties

of liquid metals have also been studied by performing computer simulation techniques.

Kambayashi and Kahl have investigated the dynamical structure factor of liquid Cs[12]

by using the molecular dynamical method and showed that S(q,u>) and the dispersion

relation are in good agreement with experiments. Balucani et al[13] have also performed

molecular dynamics(MD) simulations on liquid Na, K, Rb and Cs and found that by a

scaling parameter both the static and dynamical correlations can be investigated from all

the alkali metals. Recently, Shimojo et al[l4] have performed MD simulations to study

the dynamical correlation function and the associated memory functions of liquid sodium

near the triple point.

More recently[15], we have proposed a method to study the dynamical structure factor

of liquid Cs near its melting point by using the Mori's memory function(MF) formalism.

The MF appearing in Mori's memory function equation for the calculation of time evolu-

tion of time correlation function(TCF) has been a fundamental quantity. The calculation

of MF is equally involved as the calculation of the time correlation, yet it has an advan-

tage as one can propose some simple approximations for the MF and can still preserve

a number of properties of the original TCF. Microscopically, if one expresses the MF as

a sum of the binary collision contribution and a term reflecting the long time behavior,

the latter term can be calculated by using the kinetic theory[16] or the mode coupling

approximation[17] whereas, the first term can be obtained microscopically[18,19]. One

can also write the higher order MF in the continued fraction representation in terms of

its lower order MF[20,21]. In the present work, we have used our earlier proposed[l5]

method for the calculation of MF. We have expressed the third stage MF in terms of

scaled second order MF. This results into a self-consistent formalism of the evaluation of

the MF. The expression obtained for S(q,ui) exactly satisfies its sum rules up to sixth

order. By using this method we have already studied the dynamical structure factor of

liquid Cs and its associated MFs. The results obtained there for S{q, w) have been com-

pared with experimental data. But the results for the MF have not been compared with

experimental or simulation data because, to the best of our knowledge, there is no data to

compare the results for the MF. Our investigations suggest the possibility of propagation

of collective modes beyond q > qo (where qo corresponds to first maxima in the static

structure factor). The purpose of the present paper is to study the dynamical structure

factor of liquid Na and its first order MF. The results obtained for S(q,u) of liquid Na for

0.23 < q < 2.74A0"1 have been compared with MD data[14]. It is found that our method

predicts the collective density excitation peak for q < 1.16J40~'. For q = 1.99^4°"' no such

peak is observed at finite w in S(q,u) but a sharp peak at w = 0 corresponding to the de

Gennes narrowing is observed which is in agreement with the MD data. It is interesting to

note that for q > qo i.e. at q = 2.744°"' we again found a shoulder in S{q,u), as has been

found in Cs for q > qo, while, no such shoulder has been observed in MD data. We have

also studied the behavior of the first order MF of the density auto-correlation function

for the same values of q for which we have studied the dynamical structure factor. The

results obtained for the first order MF are in good agreement with the MD data[14] at

short times.

2 Theoretical Formalism

We consider a classical system composed of N particles, each of mass m, interacting

through a central potential u(r). The density-density correlation function in the Mori-

Zwanzing formalism is represented by an integro-differential equation[22] given as

-r)dr, (1)



where Mi(q,t) is the first order memory function. Taking the Fourier-Laplace transform

of Eq.(l) which is defined as

we obtain

F(q,u,) =

F(q,t)exp(iut)dt,

-0F(q,t =

(2)

(3)w + Mx (q, u) '

with F(q,t = 0) = S(q) and 0 = {KBT)~K The dynamical structure factor S(q,ui) is

given by

S{q,U) = 2KBTF»(q,u), (4)

wheTeF"(q,Lj) is the imaginary part of F(q,u>). It follows from the projection operator

technique used in defining Eq.(3) that M\{q,u) and higher order relaxation kernel or

memory function follows an equation similar to Eq.(3) given by

-6n
Mn(q,w) = (5)

•Mn+I{q,u)'

where Mn(q, ui) is the Fourier-Laplace transform of nth order MF Mn(q, t), 5n = Mn{q, t =

0) is related to the frequency sum rules of the dynamical structure factor. Eq.(5) provides

a continued fraction representation for the A/n(<7,o;). In order to calculate Mn(q,u>) from

Eq.(5) it is necessary to truncate the hierarchy at some suitable stage. In the present

work, we have used our earlier proposed[15] method i.e.

where A and a are two parameters to be determined. The parameter A is easily calculable

from Eq.(6) at t = 0 and we obtain

. Af3(?,t = 0) 63
A M2(q,t = 0) 62

where 62 and 63 are given by the following equations

S2 = uf(q) -6i\

(7)

(8)

mS(q) '

and

5, = ^
$2

(9)

In the above equations uif{q) and flf(q) are the second and fourth frequency sum rules

of the longitudinal current-current correlation function. Expressions for these have been

given in the work of Tankeshwar et al[23]. The Fourier-Laplace transform of Eq.(6) is

given as

By substituting the above equation in Eq.(5) for n=2 we obtain

q,u) - • (ID

This equation is quadratic in M2 for a = 1 and for a ^ 1 it can be solved self-consistently.

Writing

M2(q,u) = M'2{q,Lj) + M"2(g,w), (12)

where M'2(q,u) and M"2(7,ui) are the real and imaginary parts of M2(q,w). We obtain

from Eqs.(3), (4) and (5) an expression for S(g,w) given as

5(7, w) =
[u;2 - Si +L>M'2{q,ui)}'2 + \u)M"2{q,u)Y'

The expressions for real and imaginary parts of M2(q,ui) are obtained to be

M!(q,w) = -

(13)

(14)

r*W' (15)

Eqs.(14) and (15) are solved simultaneously in a self-consistent manner to obtain M2(q, u)

and M2'(q,ui). Eqs.(13) and (15) at u> = 0 provide

5(7,0) = -

and

(16)

(17)



From these equations the expression for the parameter a is given as

To calculate the parameter a from the above equation, we have used the value of S(q, 0)

from the simulation results of Shimojo et al. By calculating the real and imaginary parts

of M2(q,cj), the M[(q,u) and M['(q,ui) can easily be calculated. The first order memory

function can be obtained from the following expression given as

Mi{q,t) = - rcos(wt)Mi'{q,u)(Lj.
n Jo

(19)

3 Results and discussion

In order to calculate first order MF and S(q,w) we require uif(q), Clf(q) and S(q,0)

as inputs. For S(q,Q) we have used the simulation results of Shimojo et al[14]. The

expressions ioTuif(q) and £tf(q) involve radial distribution function g(r), triplet correlation

function, pair potential and its derivatives. For the interatomic potential we have used

the effective pair potential u(r) based on pseudopotential theory. The expression for the

effective interatomic potential is given as

where e(q) is the dielectric function and v(q) is the Fourier transform of empty core poten-

tial. In our calculations we have calculated e(q) using Ichimaru and Utsumi expression[24].

The local empty core potential of Hasegawa et al[25] is used, which gives

v(q) = 4*2
 C cos{qRc) (21)

where a = 10, 6 = 2.0 and Rc = 1.90 in atomic units. First of all we have evaluated

the potential at T = 380tf and p = 0.9236(//cm3. The well depth e of the potential

is equal to O.O75981A'lO~ner0 and the position of the first zero of the potential is a =

3.231604i40"'. The derivatives of the potential are obtained by taking the derivative of

Eq.(20) analytically with respect to r and then by performing the integration numerically.

We have used the radial distribution function g(r) from the molecular simulation data of

Shimojo et al. For the triplet correlation function appearing in the expression of Q* (q)

we have used a superposition approximation. Regarding the validity of the superposition

approximation, it has been demonstrated by Bansal and Bruns[26] and later by Pathak et

al[27] that the use of superposition approximation does not introduce any significant error

in the calculations of sum rules. Finally, we have done the numerical integration by using

the Gauss quadrature method. The results obtained for Si, S2 and <53 for various values

of q are given in table 1. In order to calculate a from Eq.(18) we need <52, 63 and S(q, 0).

The values of S(q, 0) have been taken from the simulation data. The results obtained for

parameter a for different values of q have also been given in table 1. Here it may be noted

that Q remains always greater than one and for a > 2.98 our method provides collective

density excitation peak in 5(g,w).

In order to calculate M2(q,ijj) and M2(q,w) from Eqs.(14) and (15), a self-consistent

solution is obtained after about 20 iterations and it is noted that final results do not depend

upon the initial guess. The dynamical structure factor S(q,u>) is calculated from Eq.(13)

by using the self-consistently obtained M'2(q,w) and M'2'(q,u) for 0.23 < q < 2.74A°~l.

Results obtained for S(q, ui) are compared with the simulation data in fig 1 for various

values of q. Solid lines represent the results of MD data while the dotted lines represent

our results. It is noted from fig 1 that our method predicts the collective density excitation

peak for q < 1.166A0'1 in agreement with the MD data. For q = 1.99A0'1 the collective

density excitation peak at finite ui disappears which is also in agreement with the MD

data. But it is interesting to note that for q > q0 i.e at q = 2.74A0'1, we again observed

a shoulder in S(q, LJ) which suggests the possibility of the existence of a dispersion gap.

But in the simulation data no such shoulder is observed. Here it may be noted that a

similar kind of shoulder has already been observed in Cs, for q > qo, experimentally[9,ll],

by computer simulation[12] and theoretically[15].

We have also studied the behavior of first order MF for the same values of q for which

the results are given in fig 1. The results obtained for Mi (17, t) have been compared with



the MD data and are plotted in fig 2. Dotted lines represent the results of our theory

whereas, the solid lines are the results of simulation data. It can be seen from the figure

that our results are in good agreement with the MD at short time. It is noted that A'/i (q, t)

decays in a oscillatory manner. The behavior of M\(q,t) is like the solution of a damped

oscillator and damping goes on increasing with increase in q and is maximum for q = qa.

But it is also noted from fig. 2 that for q > go ' e at q = 2.74/40"1 the oscillations appear

again. A negative minimum in M\(q,t) has also been observed as is in MD data. It is

noted that for q = 1.99A0'1 the absolute value of minimum is greater than those in the

MD data.

4 Conclusion

In this paper, we have evaluated the frequency sum rules of the longitudinal current-

current correlation function for liquid sodium near the triple point by using pseudopo-

tential proposed by Hasegawa et al[25]. These sum rules have been used to calculate the

dynamical structure factor and first order memory function of the liquid sodium by using

the Mori's memory function formalism. For the evaluation of the MF we have used our

earlier method by expressing the third stage memory function in terms of scaled second

order memory function. Results obtained for S(q,u>) have been compared with MD data.

For q < 1.16.A0"1 our method predicts the collective density excitation peak in S(q,u).

For q = 199^°"' the w ^ 0 peak disappears, but for q = 2.74A0-1 we find that the

collective density excitation peak appears again. These results are consistent with our

earlier prediction[15] which also suggests the possibility of propagation of collective modes

beyond q > q0. The results obtained for the first order memory function have also been

compared with the MD data and it is noted that our method provides good results at

short times.

Acknowledgments

A part of the work was developed at Panjab University Chandigarh, India. RKS would

like to thank the International Centre for Theoretical Physics, Trieste for providing the

hospitality. We are thankful to Prof. K.N. Pathak for useful discussions. Thanks are also

due to Dr. F. Shimojo for sending us the molecular dynamics data.

References

[I] P.H.K.de Jong. P.Verkerk and L.A.de Graaf, J.Non-Cryst.Solids, 156-158, 48 (1993).

[2] W.Montfrooy, I de Schepper, J.Bosse, W.Glaser and C.Morkel, Phys. Rev. A, 33

1405 (1986).

[3] C.Morkel and W.Glaser, Phys. Rev. A, 33 3383 (1986).

[4] C.Morkel, C.Gronemeyer and W.Glaser, Phys. Rev. Lett., 58 1873 (1987).

[5] J.R.D.Copley and J.M.Rowe, Phys. Rev. Lett., 32 49 (1974).

[6] J.R.D.Copley and J.M.Rowe, Phys. Rev. A, 9 1656 (1974).

[7] C.Pilgrim, R.Winter, F.Hensel, C.Morkel and W Glaser, Proc. Bunsen Discussion

Meeting on "Atomic and Molecular Motion in Condensed Matter" (1991).

[8] R.Winter, C.Pilgrim and F.Hensel, J.Phys. (Paris) IV, 1 C5-45 (1991).

[9] T.Bodensteiner, C.Morkel, P.Miiller and W.Glaser, J.Non-Cry. Solids, 117/118 116

(1990).

[10] C.Morkel and T.Bodensteiner, J.Phys.:Condens. Matter, 2 SA251 (1990).

[II] T.Bodensteiner, C.Morkel. W.Glaser and B.Dorner, Phys. Rev. A, 45 5709 (1992).

[12] S.Kambayashi and G.Kahl, Phys. Rev. A, 46 3255 (1992).

[13] U.Balucani, A.Torcini and R.Vallauri, Phys. Rev.B, 47 3011 (1993).



[14] F.Shimojo, K.Hoshino and M.Watabe, J.Phys. Soc. Japan, 63 141 (1994).

[15] Rajneesh K.Sharma and K.Tankeshwar, Phys. Rev.E, 55 564 (1997).

[16] G.F.Mazenko, Phys. Rev. A, 3 2121 (1971).

[17] W.Gotze and M.Lucke, Phys. Rev. B, 13 3825 (1976); Phys. Rev. A, 7 2173 (1975).

[18] K.N.Pathak, S.Ranganathan and R.E.Johnson, Phys. Rev. E, 50 1135 (1994).

[19] Rajneesh K.Sharma, K.Tankeshwar, K.N.Pathak, S.Ranganathan and R.E.Johnson,

Phys. Rev. E, 55 1550 (1997):J. Chem. Phys.(accepted) (1997).

[20] R.M.Yulmetyev, R.I.Galeev and T.R.Yulmetyev, Physica A, 212 26 (1994).

[21] Rajneesh K. Sharma, R.K.Moudgil and K.Tankeshwar, Phys. Rev. E, 54 3652 (1996).

[22] J.P.Boon and S.Yip, Molecular Hydrodynamics (McGrawHill, New York, 1980).

[23] K.Tankeshwar, K.N.Pathak and S.Ranganathan, Phys. Chem. Liq., 22 75 (1990).

[24] S.Ichimaru and K.Utsumi, Phys. Rev. B, 24 7385 (1981).

[25] M.Hasegawa, K.Hoshino, M.Watabe and W.H. Young, J.Non-Cry. Solids, 117/118

300 (1990).

[26] R.Bansal and W.Bruns, Phys. Rev. A, 18 1637 (1978).

[27] K.N.Pathak, S.Ranganathan, R.Bansal and W.Bruns, Phys. Rev. A, 31 960 (1985).

Table 1: values of parameter a and <5n(1024sec 2) for various values of q{Aa ')

q

0.23
0.32
0.75
1.16
1.99
2.74

a

7.313
6.761
6.110
3.538
2.976
3.643

<5i

26.922
48.520
198.188
271.911
17.419
169.954

<52

32.873
63.180
233.922
321.059
320.971
464.436

<53

170.582
206.492
416.161
582.270
870.188
844.171

10 11



Figure Captions

Fig.l(a) to l(f):

Variation of the dynamical structure factor S(q,ui) (ps) with w(ps"') for different val-

ues of q. Solid lines represent simulation data whereas, the dotted lines represent our

results.

Fig.2(a) to 2(f):

Variation of normalized first order memory functionM\ (q,t) with time t(ps) for dif-

ferent values of q. Dotted lines are the result of our theory whereas solid lines are the

results of simulation data.
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