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ABSTRACT

The new approach to investige the physical vacuum in quantum theories including
its nonperturbative topological structure is discussed. This approach is based on the
representation of the matrix element of the evolution operator in Euclidean metrics in
a form of the functional integral with a certain measure in the corresponding space and
on the use of approximation formulas which we constructed for this kind of integral. No
preliminary discretization of space and time is required, as well as no simplifying assump-
tions like semiclassical approximation, collective excitations, introduction of "short-time"
propagators, etc. are necessary in this approach. The method allows to use the more
preferable deterministic algorithms instead of the traditional stochastic technique. It has
been proven that our approach has important advantages over the other known methods,
including the higher efficiency of computations. Examples of application of the method
to the numerical study of some potential nuclear models and to the computation of the
topological susceptibility and the 0-vacua energy are presented.
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1 Introduction

One of the most important problems in contemporary quantum physics is the study of the
topological structure of vacuum in gauge theories. In quantum electrodynamics (QED)
the main physical observables can be obtained as expansions over the coupling constant
a = 1/137. The first steps in the theory of hadrons, the quantum chromodynamics
(QCD) have also been done on a basis of the perturbative expansions. It turned out,
however, that as distinct from the QED, the quark-gluon physics cannot be described
in the framework of the perturbation theory. The most interesting phenomena, such as
the confinement of the coloured objects, the formation of the hadron spectrum, etc. are
connected with the non-perturbative effects or with the complicated structure of the QCD
vacuum, filled by the fluctuations of the gluon field. It is determined (see, e.g. [1]) that
the vacuum wave function is a superposition of vacua belonging to the different homotopic
classes with a certain integer topological invariant (topological charge) Q and that it is
characterized by the continuous parameter 6 which violates the CP-invariance. These
"^-worlds" [2] do not intersect with each other and are physically non-equivalent. The
transition between vacuum states with the different Q are connected with the existence
of topologically nontrivial classical solutions of the field equations in non-Abelian gauge
theories (Yang-Mills theories) in Euclidean metrics. These solutions (instantons) were
discovered by A.M.Polyakov in 1975 [3]. The use of instantons and their properties are
reported in [4]. The review of the methods for studying the vacuum structure in QCD
and the estimate of the instanton contributions to the various physical processes are given
in [5].

Numerical experiment, based on approximate path integration, is widely used for the
investigation of the nonperturbative characteristics in gauge theories. However, the values
of the topological susceptibility (the average topological charge) obtained in various works
differ from one another and from the phenomenological estimates by one or two orders
of magnitude. As noticed in [5], the origin of such a difference may lie both in the non-
uniqueness of definition of topological charge on a lattice and in the possibility of existence
of specific systematic error introduced by the finiteness of the lattice spacing. In [6j the
ability of a particle to "jump" over the potential barrier instead of tunnelling through it
in a numerical experiment has been discovered, when the lattice spacing is comparable
to the size of instanton, and that the iterations may therefore converge to the wrong
result. Many authors are looking for a better modification of the action functional with
improved properties in continuum limit and also for a better computational algorithm.
However, the values of topological susceptibility obtained by them differ a lot for different
definitions of the instanton contribution and even for the similar algorithms [7]-[12]. It
is clear that further work in this area is necessary, and mostly in the development of the
path integral approach. Being one of the most important mathematical techniques for a
solution of the wide class of problems in computational physics [13], path integrals provide
a useful tool to study the variety of nuclear systems which are otherwise not amenable to
definitive analysis through perturbative, variational or stationary-phase approximations,
etc. (see [14]). However, the existing approaches to path integrals in physics are not
always quite correct in a mathematical sense and the usual method of their computation
is Monte Carlo, which gives the results only as probabilistic averages and requires too
much computer resources to obtain good statistics. Moreover, when the nuclear many-
body problem is being formulated on a lattice approximating the kinetic energy operator



and the potential of interaction, the description of heavy nucleus would require the lattice
size which is four to five orders of magnitude more than any lattice gauge calculation
and which is hardly possible on any foreseeable computer [14]. The existing results of
computation of the binding energy even for the light nuclei by means of variational or
the Green function Monte Carlo method, as well as by the coupled cluster and Faddeev
equation methods, differ from one another and from the experimental values more than
the estimated errors of calculation (see [15],[16]). This calculation requires several hours
on Cray-YMP and Cray-2 computers [15]. It is clear that the creation of the new methods
for solution of such a complicated problem is of high importance. Increasing attention
is being paid nowdays to the construction of deterministic algorithms for computation of
path integrals which would be more effective than conventional Monte Carlo (see [17]-
[19]). For instance, in [17] the authors discuss the method of path summation based on
the introduction of the "short-time" propagator in the range 0 < t < e, which is correct up
to O(e2) and on the successive iterations to the finite imaginary time t in order to obtain
the ground state energy of a quantum system. It should be noted that the main physical
properties such as energy spectrum, wave functions squared, etc. can be reproduced
correctly only in a limit t —> oo. In [18] and [19] the method of evaluation of discretized
path integrals is developed on the basis of iteration of the short-time approximation and
on the direct matrix multiplication. The authors state that this approach is more along
the original lines of Feynman of integrating over all space at each intermediate time
rather than accepting or rejecting paths according to a Markov process in Monte Carlo
algorithms. However, their method also assumes the preliminary discretization and it
can be applied to the systems with only a few quantum degrees of freedom. It is also
limited by the size of the matrix that can be handled on existing computers (see [18]).
It means that using this approach it is dificult to treat problems in which the system is
delocalized over large distances. The method reported in [18] and [19] contains several
adjustable parameters which affect the accuracy of results. The choice of these parameters
is not clear and sometimes the decrease of spacing (which corresponds to approaching the
continuum limit) gives worse results and requires more iterations to improve them (see
[19]).

According to the recent achievements in the measure theory and in the development
of functional integration methods (see, e.g. [20]) as well as in the functional methods
in quantum physics [21] one can create the mathematically well-grounded methods for
computation of path integrals. One of the promising approaches is the construction of
approximation formulas which are exact on a given class of functionals [20]. Based on
the rigorous definition of a functional integral in complete separable metric space in the
framework of this approach we elaborated the new numerical method of computation
of path integrals [22]. This method does not require preliminary discretization of space
and time and allows to obtain the mathematically well-grounded physical results with a
guaranteed (not probabilistic) error estimate. It permits the straightforward computation
of functional integrals over all space without any simplifying assumption (perturbation
expansion, semiclassical or short-time approximation, etc.). Our approximation formu-
las can be interpreted as quadratures in functional spaces. They are exact on a class of
polynomial functionals of a given degree. Our method contains therefore all advantages
of a deterministic approach and is free from the limitations of other methods mentioned
above. Under determined conditions we proved the convergence of approximations to
the exact value of the integral and estimated the remainder which gives upper and lower

bounds of the result [23]. We have studied in detail the functional measure of the Gaus-
sian type and some of its important particular cases such as conditional Wiener measure
in the space of continuous functions [24] in Euclidean quantum mechanics (or quantum
statistical mechanics) and the functional measure in a Schwartz distribution space in two-
dimensional Euclidean quantum field theory [25]. Numerical computations show [26] that
our method gives significant (by an order of magnitude) economy of computer time and
memory versus conventional Monte Carlo method used by other authors in the problems
which we have considered. This approach is also proven to have advantages in the case
of high dimensions when the other deterministic methods loose their efficiency [27]. Our
deterministic algorithm of computation of functional integrals which we use in quantum
statistical physics instead of traditional stochastic methods enables us to make a con-
structive proof of existence of continuum limit of the lattice (discretized) path integrals
and to compute the physical quantities in this limit within the determined error bars.
Our algorithm realized in a program written in FORTRAN has been implemented on
CDC-6500, Vax 8800 and Convex C220 computers. However, it is also possible to use
personal computers since the method does not require too much computer resources.

Now we discuss the foundations of the method and some of its numerical aspects.
We extend it to the case of fermions (i.e. the anticommuting variables) in continuum
limit and apply it to the study of some potential nuclear models and to the investigation
of topological effects. The comparison of our numerical results with the experimental
data and with the values obtained by other authors which used both probabilistic and
deterministic techniques demonstrates the advantages of our method.

2 Functional integrals: basic definitions
Among the most important for applications are integrals with respect to a measure of
the Gaussian type [21]. This measure contains the wide class of measures including the
well-known conditional Wiener measure. So, we consider the Lebesgue integral

(1)

where F[x) is an arbitrary real measurable functional on a complete separable metric space
X. Gaussian measure ft on X is a normalized measure defined on Borel <r-algebra of the
space X in the following way [20]. The value of this measure on an arbitrary cylinder set

QVl.~Vn(A*) = {X G X : [ < <Pi,X > , < <p2,X > , - • - , < <fin,X > ] € A n } ,

where y>\... <pn are the linear-independent elements of the space X' and An (n = 1,2,...)
are arbitrary Borel manifolds in i?n, is given by the formula

'Itt - M{V)], [u - A%>)])} du.

Here Ktj = K{tf>i,<fij), u = (ui,u2,• • •,««),



, [u -
»,>=!

) is a correlation functional of the measure, M(ip) is a mean value [20]. Under
certain conditions, functional K{ip,il>) and M(<p), <p,rt> € X' determine the countable-
additive function of manifolds on a Borel <r-algebra of the space X.

In the particular case of conditional Wiener measure dwx in the space Co of continuous
functions Co = {x(t) e C[0, l],i(0) = x(l) = 0} we have

1

p,x> = Jx(t)d<p(t)

and

where

= J<<p,xxil>,x>dwx =

tZ(t,s)=[x(t)x(s)dwx.
CCo

Conditional Wiener measure is characterized by the following correlation function and
mean value [20]:

According to the Feynman-Kac formula, matrix element Zij(/3) of the time evolution
operator exp{— /3H}, where H = — | A + V is written as follows:

xi > =Zij{0) = Z(xi,xf,P) = < x/le

= J e x p { - / V[x(t)]dt}dwx.
cxifx,,/> °

(2)

The integration in (2) is performed over the manifold of continuous functions x(t) e
C[Q,(3] with conditions x(0) = X;, x(fl) — Xf. It should be noted that as distinct from
the conventional path-integral approach, eq. (2) does not contain the kinetic term (the
first derivative sqi ared) since it is included now to the measure of integration, and this
circumstance simplifies the numerical simulations. After the appropriate change of the
functional variables we can rewrite the integral (2) with periodic boundary conditions
x,- = Xf = x in the form of standard conditional Wiener integral in the space Co-

Z(x, x, p) = (27T/?)"1/2 j exp{-/? Jv[/P x(t) + x] dt)dwx.
0

(3)

Using (3) we can compute various quantities in Euclidean quantum mechanics (or in
quantum statistical mechanics accordingly). Particularly, the free energy of the system is
defined as follows:

where

Z(/3) = Tr exp{-0H} = J Z(x,x,0) dx.
—oo

The ground state energy can be obtained in the following way:

Eo=< 0\H\0 > = lim /(/?).

We can also define the propagator

G(T) = < 0|x(0)a?(r)|0 > = lim T(r),
0—tOQ

where the correlation function

- ) +x xdwxdx.

The energy gap between the ground and the first excited states can be computed as
follows:

AE = Ei ~ Eo = - lim ^- In G(T).

The ground state wave function is equal to

lim
P-+OO

Z(x,x,0)}.

The generalization of eq. (2) to the case of higher dimensions is obvious.
When studying the nuclear many-body problems, one needs the representation for the

many-fermion evolution operator. A number of alternative functional integral represen-
tations exist for the many-fermion systems, including the many-particle generalization of
the path integral, an integral over an auxiliary field, integrals over the overcomplete sets
of boson coherent states, determinants and Grassman variables (see [28]). Following the
idea proposed in [28], in our present work we used the method based on insertion of a
complete set of antisymmetrized many particle states \XI,...XA> (A is the number of
particles) at each time step of the discretized segment [0,0]. As shown in [28], for the
infinitesimal time e

• xA\

E det |exp{{ - ^ [(x? -

where the superscripts denote time labels and the subscripts denote particle,

Xi=Xi(tn), tn = en, i = l , . . . , A.

6



The sign of the matrix element at each step arising from the determinant is just the sign
of the permutation required to bring the xn into the same order as the xn~l. Hence
the cummulative sign after any number of steps is path-independent and is the sign of
the permutation required to make the final order equal to the initial order [28]. It does
not affect matrix elements of the evolution operator with antisymmetrized states or the
trace of the evolution operator times a symmetric operator (see [28]). As reported in
[14], in more than one spatial dimension, the interface between positive and negative
contributions to the functional integral degrades the statistical accuracy such that the
very good trial functions and exceedingly large ensembles are required to obtain useful
results (it seems however that in our deterministic approach no such problems would
arise). In one dimension the antisymmetry completely specifies the nodal points and a
positive definite result may be obtained evolving the wavefunction in the ordered subspace
xi < i2 < X3 < ...< XA [14]. In this domain the determinant may be replaced by the
following product in the limit e -+ 0 [28]:

d e t | e x p { _ l

so that the matrix element Z(x,x,0) can be written as follows [29],[14]:

where

Jpe(x\,...,x»,...,x\,...,x»L)dx\...dxZ,

(4)

n n fi - «<p{ - ~ (*? -«?_,) (x?-1 - * #
l i 2 L Z t

n n
n=l i=2

Some results on construction of the positive-definite functional integral representation for
the fermions in dimensions d > 2 are reported in paper [30].

Fortunately, we can make a straightforward passage to the continuum limit in eq. (4).
Namely, we have found, that when £ -+ 0 (or N - j- oo), j3fixed, Zc(x,x,P) -t Z(x,x,fi),
where

Z{x,x,p) = (2x/

j{t) + Xj)] dt\ dwxi... dwxA. (5)

Here C£ is a subset of the space C£ which is the direct multiplication of A copies of the
space Co defined above. C£ consists of the sequences of elements X\(t), i j ( i ) , . . . , XA(t),
Xi e Co, i = 1,2,...,A such that y/0xi+l{t) + xi+1 > y/J3xi{t) + x,- for t € [0,0],

3 Foundations of the numerical method

3.1 Single functional integrals
3.1.1 Arbitrary Gaussian measure

Let 71 be a Hilbert space which is dense almost everywhere in X and is generated by
the measure fx. Let {eicj^j be an orthonormal basis and (•,•) be a scalar product in H.
Under the following conditions on a function p(r): R >-• X

P(r) = -K-r);

< £/»(!•) X r,,p(r) > du(r) = K(£,ri);

ft < &,p(r) > e L(R, v), 1 < j < 2m + 1; v, C, fi € X'

we have found that the approximation formula [22]

J 2

x j F[p^\v) - £*{v) + Un(u)} du[v) du
Rm

is exact for every polynomial functional of degree < 2m + 1. Here

(6)

ueRn;

where

[cj:m)]2 are the roots of Qm{z) = E"=i(-1)* zm~kjk\, z e R and the measure v{v) in Rm

is a Cartesian product of symmetric normalized measures v in Euclidean space R.



Formula (6) replaces the evaluation of the functional integral by the computation of
an n+m - dimensional Riemannian one. Practical computations show that good accuracy
(0.1 percent in the problems of statistical mechanics which we have considered [25]) can
be achieved with the minimal values of dimensions n = m = 1. In order to compute
these integrals we use some deterministic algorithms normally employing Gaussian or
Tchebyshev quadratures. We proved the convergence of approximations to exact value of
the integral and estimated the remainder. Particularly, it follows from this estimate that

= O(n-(m+1>) as n H- oo.

3.1.2 Conditional Wiener measure

In the particular case of conditional Wiener measure the approximation formula (6) looks
as follows:

j F[x\dwx = (27r)-"/2yexp{-i(u,«)}2

- Plr)(v,-) + Un{u,-)]dvdu

Co

where

-tsign(u), t<\v\
(l-t)sign(u), t> \v\

^m)(»,0 = E 7 - si

(7)

Since the functional of the type F[x] = exp{/,f V[z(£)]cZ£} often appear in applications,
in many cases it is convenient to use the approximation formulas with exponential weight.
For conditional Wiener integrals

/ = / P[x] F[x] dwx,
Co

with the weight functional

P[x] = e:

we obtained the following approximation formula [24]:

1

q{t)x{t)) dt}, p(t), q{t) g C[0,

: J exp{--(u,M)}2-"1 j • • • J<S>[i>{m\v,-) - /#">(„,•) + Un{u,-)\dvdu

which is exact for every polynomial functional of degree < 2m + 1.
Here

(8)

Ax(t) = x(t) -\ftfij B(s) W(s) x(s) ds,

1

W(t) = exp{J(l - s)B(s) ds },
o

t t 3

a(t) = J L(s) ds-~J B(s) W(s) [J L{u) du) ds,
0 ^ ' 0 0

Lit) = f[B(s) W(s) H(s) - q(s)) ds, H(t) = j q(s) ~ - ds,
0 t

and B(s) is the solution of differential equation

(l-s)B'(s)-(\-S)
2B2(s)-3B(s) = 2p(s), .6 (0 ,1] (9)

with initial condition

3
Note that in the particular case p(t) s p = const, q{t) = q = const the Riccati equation
(9) can be solved explicitly and the approximation formula (8) acquires the significant
simplification.

3.1.3 Functional integrals in P(tp)2 - quantum field theory

Another particular case of the Gaussian measures appears in two-dimensional Euclidean
quantum field theory with polynomial self-interaction of boson fields P{f)i- The La-
grangian of this theory looks as follows [21]:

2 2

The operator observables defined as averages over the vacuum state can be obtained by
evaluation of the following integral

<0\F{V)\0>=Yim
: <Px\ F{V) dp*

/ exp{- / : P[p{x] : d?x\ d<pK
'(\) A '

(10)

s'W
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Here <S'(A) is the Schwartz distribution space, <p(x) e S'(A), A c R2, P is a given
polynomial, F(ip) is a real functional which corresponds to the given physical quantity
and dtp/? is the Gaussian measure with covariance K in the space S'(A) with Dirich-
let boundary conditions on the boundary dA of the region A. It is essential that the
renormalizations are reduced here to Wick's ordering and the divergences in (10) do not
arise.

The explicit expression for the measure correlational functional is required both for
theoretical study and for numerical evaluation of functional integrals. For the integral
kernel K{x, y)

= J

of the correlational functional

starting from the known expression [21]

K(x,y) = je~m2' J

where the functional integration is performed over the manifold of continuous functions
W(T), r 6 [0,t], w(0) = x, w(4) = y and x 1S 'he characteristic function of the paths which
do not have points of intersection with dA, i.e.

, . JO , i f3r o e[0 , i ] :<
* 9 A ( ^ = { 1, otherwise

e 9A,

we obtained the following representation. For an arbitrary bounded connected region
A C R2 with the piecewise smooth boundary dA the kernel of P(v)2-measure correlation
functional can be expressed in the form

*,veA\3A,

where En and t?n are the eigenvalues and the eigenfunctions of the problem

( -\A#(x) = Eti(x), xeA\dA,
\ ti(x) = 0, xe dA.

The concrete expression for >C(x, y) depends on the shape of A.
In the case when A is a square A = {[0,2a] x [0,2a]}, taking the function p(v) in the

form

v = (vi,v2) G R2; z = (£1,3:2) £ A

and defining the measure v on the manifolds Q C R? as follows

11

where (ni,nj) is an integer-valued mesh on R2, we obtain the following approximation
formula:

F[V] i(u,

(11)
R2m

which is exact for every polynomial functional of degree < 2m + 1 on S'(A).

3.2 Multiple functional integrals
When performing the computations for quantum systems with many degrees of freedom
one has to evaluate multiple functional integrals

F[xu ..., x = J F[X

X7I*

(12)

One of the means of computation for this kind of integral may be the successive employ-
ment of some approximation formulas for the single functional integrals, e.g. formulas
like (6) with respect to each variable xt, k = l,...,m. But it turned out that the use of
the formulas with the given total degree of accuracy on the multiplication of spaces Xm

guarantees the higher efficiency of computations. It is clear that according to (12) we can
consider the multiple functional integral again as a single integral over the space Xm [31].
Applying our method to this case we found that approximation formula

F[x] j
1 m f

~ E / FQJm(u(1)),• • • ,S,-(vW(", 0,u (0),• • •
>'=1 D " ~

••-, Unm{uSm)))dndv{v) +

where

Sni(xi) = j:(e1,xi)ej; ^.(u^) = £ « f ey, N = £,
i=i j=\ 1=1

is exact for every polynomial functional of the third total degree on Xm

(13)
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In the particular case of conditional Wiener measure we have

where

R"

-* s isn(u)
(l-t)sign(t,)

(14)

E i n ( i

£><•''-:Lsin(J

sign(u)cos(;7ru),

Uni{u^) = V?£><•''-:Lsin(J7rt) for all i = 1,2,.. .,m.
i=i •?"•

We compute the multidimensional Riemannian integrals which appear in (13) and (14),
using the Korobov method.

For the multiple conditional Wiener integrals with the weight functional

• • = 1

we derived the following approximation formula [32]:

f
4*

J £ f(l-a)Bt(s)ds\
2 w 8 J

x (2«)-1 exp { I
i=

. . . , ai-i, y/n $j(u, •) + a,(-),a;+i(-),..., an(-)} dv + Tln(F).

where Bi(s) is the solution of the differential equation

(1 - s) B[(s) - (1 - sf B]{s) - 3B,(s) - 2Pi(s) = 0, « € [0,1]
2

iji ( J-) ^ — — Pi I JL I
3

and

(15)

(16)

= sign(»)

13

= / Lt[s) ds -

M
t>\v\ '

Bi(s) Wi(s) J L,(«)

i(t) = J[Bi(s) Wi(s) Ki(s) - ft(

and the constants c,- are determined by the condition

f Li(s)ds = 0.
o

Approximation formula (15) is exact for any polynomial functional of the third summary
degree on CJ.

In the particular case p;(£) = pi = const the solution of the Riccati equation (16) is
the following:

If we set also qi(t) = <jj = const, then di(t) can be expressed explicitly

Oi(t) = q; [pi cos W-pi] sin(W-pi t) s in(J-pi (1 - «))

aad the approximation formula (15) acquires the form

For the functional integrals without weight, formula (17) can be applied by setting p;
<?; = 0 for all i = 1, . . . , n.

14



4 Application to the quantum many-body systems
4.1 Many-body Calogero model
Let us consider first some pedagogical examples for which the exact solution is known,
namely the Calogero model which is characterized by the following Hamiltonian operator

= -E & +1** £>•• - (18)

This model corresponds to the system of n particles which interact via centrifugal repul-
sion and linear attraction forces with the coupling constants g and w respectively. It is
being studied by many authors (see, e.g. [33]), which use the Monte Carlo method. We
computed the statistical sum (partition function) Z and the ground state energy Eo for
this model using our approximation method for functional integrals. The results for three
particles and various values of the constant u> are listed in Table 1, whereas those for the
fixed w and various numbers of particles n are given in Table 2. The CPU time of com-
putation of Eo was 11 sec per point w for n = 3. For comparison we cite the results E™c

obtained by the Monte Carlo method [33] using 1000 points of time discretization and 100
iterations. The exact values are denoted by EQ. The CPU time of our computation of Eo

for n = 11 was ca. 3 min on CDC-6500, whereas the computation of E™c required as long
as 15 min on the same computer [33]. It is seen from the Tables that our deterministic
method gives better results than those obtained by the Monte Carlo algorithm which did
not even provide the agreement of E™° with E'a in the framework of the presented error
estimates. So, as distinct from the other deterministic techniques of computation of path
integrals, our functional method works well also in a study of quantum systems with many
degrees of freedom, i.e. in a multidimensional case, and ensures the higher efficiency of
computations versus traditional stochastic methods.

4.2 Nuclear potential models
4.2.1 The triton problem

Let us now consider the numerical investigation of interaction of particles (nucleons) in
the nucleus of tritium. This three-body problem is of real interest in physics (see [16],[34]).
The Hamiltonian describing this system is the following:

(19)

Here x,- = (if^xf^a;^), i = 1,2,3 denotes the coordinates of the particle with the
mass m; and

Tij = X; - Xj.

As shown in [34], various types of interaction potentials yield different values of the binding
energy and even for the same potential the different methods of calculation give different
binding energies.

We have studied the following model of triton used by various authors:

V(r) =-51.5 exp{-^} MeV, 6=1.6F,

15

(20)

mi = m.2 = n»3 = mp, where mr = 938.279 MeV is the proton mass. The following values
of the ground state energy have been obtained in this model by means of variational Ev

and Monte Carlo Emc methods (see [16],[33] and references therein):

Emc = -9.77 ± 0.06 MeV

Ev = -9.42 MeV

Eu = -9.47 ± 0.4 MeV

-9.99 ± 0.05 MeV < Ev < -9.75 ± 0.04 MeV

Ev = -9.78 MeV.

It is seen, that the difference between these results is larger than the presented error
estimates. Therefore, the solution of this problem by some other method is of interest for
obtaining a more precise result.

We consider the problem (19)-(20) in the framework of the functional integral ap-
proach. In order to compute the 9-fold functional integral Z we use our numerical tech-
nique. The computations have been performed with the relative accuracy e = 0-01. Our
result E = —9.7 MeV agrees well with the data of other authors. The CPU time was
about 15 mtn, which is less than the times reported in the other known works. It is de-
sirable however to take into account the three-nucleon force as well as the more realistic
potentials like Argonne u14 and the Paris ones [34] which would make a subject for our
future work.

4.2.2 One-dimensional nuclear model

We have studied the 1-dimensional nuclear model proposed in [28] with the parameters
chosen so that to conform to the 3-dimensional case:

(21)

V1 = 12, Vj = -12, <r, = 0.2, (T2 = 0.8, ft = m = l ,

in units of length la = 1.89Fm and energy Eo = £p = 11.6 MeV. Applying our numer-
ical method in the case of antisymmetrized states in accordance with (5) and using the
approximation formula of the third total degree of accuracy for the multiple functional
integrals, we have:

-m l A } }
In •< J "• J1 = 1 - l o

^Afip{v,t) + xhxi+u...,xA]dt} (22)

where
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p(».0 =

Sl[xu...,xA] =

. - i) sign(t>), t>

xi(O
otherwise.

XA{t)

Functional fl[ii, - - -, XA] is introduced to define the integration domain in the space CQ.
It imposes the conditions on the minimal and maximal values of the integration variable
v in dependence on the given set of X[, X2,.. -, XA- We performed the computation of the
Riemannian integrals using the Gaussian quadrature with the relative accuracy 0.01.

The SN system
In the case of a system of two nucleons (A=2), which can be identified with the deuteron,
our result of computation of the binding energy for the model (21) was E = 2.4 MeV
which can be compared with the experimental data Eex = 2.2 MeV and with the predic-
tion of the semi-empirical mass formula [35] Ese = 3.5 MeV. The result can be considered
as satisfactory for such a simple model and it provides the basis for the study of more
realistic types of interaction.

The 4N system
For the system of four nucleons (a-particle) we computed the binding energy with result
E = 27.6 MeV which is quite close to the experimental value Eex = 28.3 MeV [15]. The
prediction of the semi-empirical formula is Ese = 18.8 MeV. We compare our result with
those obtained in [28] in the framework of the same model by means of the lattice Monte
Carlo simulations. Since the results of [28] are given in a graphical form, we reproduce
them in Fig.l. It shows the binding energy for 4 particles in the dimensionless units
E/Eo, where Eo = -£p = US MeV, as a function of the lattice spacing e, obtained in [28]
by simulation of 104 events. ET and EN denote the trial energy and the normalization
energy respectively, and EM are the values obtained by the Metropolis algorithm [28]. The
problem of extrapolation of results to the continuum limit (e -> 0) has been discussed in
[28] and [29] and found not to be simple enough. In contrast, in our approach we do not
have such problems since we do not introduce the lattice discretization and consider the
quantities directly in continuum limit. Our functional-integral result EpjEo is shown in
Fig.l at the point e = 0.

5 Study of the topological phenomena

5.1 Double-well potential
Let us consider first the quantum system described by the Hamiltonian
H = - \ A + V with the potential

V(x) = - 00,00)

which has minima at ±xo. This system is of interest because it provides the convenient
framework for studying the tunneling and instanton effects. Owing to tunneling, the
ground-state wavefunction is an even superposition of wavefunctions of each well. The
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main effect caused here by instantons is the splitting of energy levels which are doubly
degenerate if tunneling is neglected.

Our results of computation of the ground state of this system Eo obtained using the
approximation formula (7) are presented in Table 3 for the different values of the strength
of potential barrier x0 and for various parameters n and m. The computations took a few
seconds per point xo. E£ are exact results taken from ref.[36]. For comparison we cite
the results Eg of [17] obtained by the use of "short-time" propagator with dimension N
and k iterations. The CPU time in this work is reported to be rather large although less
than in Monte Carlo computations. E$ denotes the result of [19] obtained by an iterative
matrix multiplication method. Since the results of other authors are given in a graphical
form, we compare them with our results of computation of Eo and the splitting of levels
A £ obtained with n = m = 1 in Fig.2 and Fig.3. In [6] the energies have been obtained
by evaluation of the lattice (discretized) path integral via Monte Carlo simulations. The
results of [37] are reported to be obtained evaluating the AT-fold integral via averaging
over 10 Monte Carlo iterations on the lattice with N = 303 points and spacing e = 0.25.
It is seen that our functional deterministic method gives better results while requiring es-
sentially less computer time and memory versus other numerical methods, both stochastic
and deterministic, used by the other authors.

5.2 Quantum pendulum
Let us consider the computation of the topological charge and the topological suscepti-
bility in the quantum pendulum model, i.e. in the system described by the Hamiltonian

where

V(x) = — (1 - cos x),
A

(23)

(24)

w is a frequency of the small oscillations, A is a coupling constant. In the case when V(x)
is a bounded periodical function (with period 2TT) on x € (—00,00), the analysis of the
Hamiltonian (23) is reduced to the study of the operator

where {Jgz)$ is an operator J ^ on L2[0,27r] with the boundary conditions

6 is afixed parameter, \6\ < n. According to the Blokh theorem, if t/>(x) is an eigenfunction
of the Hamiltonian (23) with the periodical V(x), then

For the partition function Z in this case we have

Z{x,xJ). (25)
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Performing the tansformation removing the phase factor V>(x) —> e-'(
x/2*)6 xj)(x) we find

that the Feynman-Kac formula remains valid after replacement of the action functional
by the new one ("0-action")

Se = S-i6Q,

where Q is a topological charge. In this case the value of the topological charge is equal
to

P

/ r f i = S W°) = x' *(/?) = * mod 2*r)

where [ ] denotes the integer part of the quantity.
Representing Z(0) in the form

00

= f Z(x,x,J

2lr(n+l)

f Z(x,x,0)dx
2

Z(x,xJ)dx

after the substitution of variables x = x + 2wn taking into account (25) we obtain

oo 2 * 0 °

Z(0) = Xy*" IZ{x + 2nn,x,p)dx+ ^ ei0n f Z{x + 2wn,x,0)dx,
n=0 I n=-oo J

where

Co

Therefore

where

Z(0) =

= f {In(x,0) + In(-x,0)]dx;
o

/n(x, 0) = f e x p { ^ J cos[ J ^ x(i) + 27rn < + x] dt) dwx.
Co 0

Using the property of the functional integral

F[x{-)]dwx = I F[-x{-)}dwx
CO

we find that In(x,0) = /_n(x,/?), and therefore Zn{0) = Z-n{0) and

Z{0) = ^ ^ g ( ^ ) { 2 2 | 2 } ^ ( ? ) (26)
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where Zn -* 2n as n —>• oo. The results of computation of the topological susceptibility
jjr < Q2 >, where the average topological charge is

Q2 > = c o s ( * n ) re2 ( 2 7 )

are shown in Fig.4 as a function of the parameter p = f, Pa — o> /0, for ^0 = 7, S = 0,
A = 1, in a logarithmic scale. The computations show that four terms in (26) and (27)
are sufficient to obtain an accuracy of 0.01. The CPU time on the CDC — 6500 computer
was about 10 s per point p. The crosses in Fig.4 represent the value

obtained in [38] by the Monte Carlo method on a lattice with N — 100, c = ua = 1 (N is
a number of nodes, a is a lattice spacing). The full line denotes the theoretical prediction
of the dilute instanton gas approximation (DGA), which is valid for the large p

(28)

The dotted line is the high temperature expansion (HTE) in the continuum limit (s
AT'-> oo, eN is fixed):

1 2 1
<Q >

0,

In order to compare < Q2 > with the theoretical estimates more carefully, let us consider
the quantity

D = — < Q2 > p~1/2 esp

It is clear that in continuum limit (in this case 5 = 8) and for sufficiently large p we have

D = ~ ~ 4.51 (29)

The results of our computations are shown in Fig.5; they agree well with (29). The crosses
denote the results of [38], obtained with g = 1, N = 100, S = 7.87 (action for an instanton
on such a lattice). The deviation of the results of [38] from the theoretical predictions
cannot be explained by the presence of the two-loop correction in (28). Therefore, from
their results one cannot draw the conclusion about the validity of the dilute instanton
gas approximation. For the sake of clarity, in [38] the computations with e = 0.6 (at the
point p = 0.7) have been performed, and the result was D = 3.3, that is greater than
with 6 = 1, but still less than the theoretical value. Further decrease of e in [38] has not
been performed due to the difficulties connected with the growth of the instanton size and
with the slowdown of the convergence of iterations. In contrast, in our approach these
problems do not arise since we do not introduce the lattice discretization, e = 0.

Fitting the parameters by means of the least square method from the expression

< Q2 >] = log D - S p + p log p
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in [38] the authors obtained D = 2.98; p = 0.46. According to our results shown in
Fig.4, we have D = 4.25; p = 0.493, which agrees well with the theoretical predictions (in
continuum limit the theoretical value is p = 0.5).

Let us consider now the vacuum energy. Due to the instanton effects, the ground state
energy E becomes a zone which is characterized by the continuous parameter 9 which
violates the CP - invariance. The values of E{6) which we computed according to

E{9) = - i log Z<fi), = 1, p = i

are shown in Fig.6 for p = 1 and for p — 1.2. It is seen that the resuls are in good agreement
with the theoretical estimates obtained within the dilute instanton gas approximation

which are also shown in Fig.6 by the full and dotted lines.

6 Conclusion

Our approach to study the physical vacuum using the method of computation of functional
integrals based on the rigorous definition of the measure in metric spaces has important
advantages over the conventional Monte Carlo simulation method. Due to the high speed
of convergence, the employment of this approach replaces the evaluation of functional
integrals by computation of the low-dimensional ordinary ones thus allowing us to use the
more preferable deterministic algorithms in computations and provides significant econ-
omy of computer time and memory. This approach is very useful when other methods
(perturbative, semi-classical approximation, etc.) cannot be applied. Our method works
effectively also in a case of high dimensions where other deterministic methods of numer-
ical path integration as well as finite-difference methods usually fail. Moreover, it is of
no importance for the implementation of this method whether the interaction is pairwise
or multiparticle, the function V(x) can depend on its components xi,...xm arbitrarily,
because there is no need to reverse densely filled high-order matrices. We have found
this approach to be convenient for the study of the complicated quantum systems [39].
Further work in this area is in progress.
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TABLE 1
Ground state energy of the Calogero model for n — 3, fir = 1.5

0.10
0.20
0.25
0.50

EQ (this work)
1.346
2.700
3.366
6.738

£omc [33]
-
-

3.35 ±0.004
-

E'o
1.3472
2.6944
3.3680
6.7361

TABLE 2
Ground state energy of the Calogero model for w = 0.25, g = 1.5

n

5
7
9
11

EQ (this work)
13.447
32.249
61.473
102.865

E^ [33]
13.37±0.04
32.34±0.09
61.31±0.10
102.31±0.14

E'o
13.4397
32.2718
61.5183
102.6028
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TABLE 3
Comparison of results for the system with a double-well potential

V 2

0

1

2

n = TO = 1

1.0008

1.0016

0.9982

Eo/Eo (this
n = 1, TO =

1.0002

1.0004

1.0007

work)
2 n = 2 , TO =

1.0001

1.0003

0.9994

1
Eo/Eo [17]

k

5
10
15
5
10
15

AT = 17

—

0.9852
0.9949
0.9949
0.9158
0.9537
0.9550

N = 33

—

0.9725
0.9996
0.9996
0.8399
0.9919
0.9967

Eo'/E; [19]

—

—

0.9856
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Fig.l Binding energy of 4-particle bound state
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