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INTRODUCTION

The binary sequential probability ratio test (SPRT) is one of the methods developed
for recognising signal failures. Its input is a residual formed as the difference between some
reference signal and the actual measurements, and its output is a decision made with some
given reliability about the state of the signal. This decision is in fact a choice between two
alternatives concerning the mean of the signal, one corresponding to the good state and the
other to the bad state of the examined signal. In the following, the outcomes of the SPRT
are considered as individual judgements and used as inputs to a Bayesian belief updating
procedure, as suggested in [Racz, 1996]. The simple SPRT and the combined method were
compared in theory therein, but without any application.

In the present paper, self-powered neutron detector (SPND) signals measured in Paks
NPP are processed by a simple SPRT and an SPRT combined with the Bayesian probability
updating method. Since this latter is too robust against changes in the character of the
signal, a new version of the Bayesian probability updating method is suggested and tested
on the signals.

In order to check our results, the database processed in a reference paper [Adorjan-
Morita, 1997] is used. Several detectors are tested and the results are compared to those
of the reference paper.

After short presentations of the SPRT, the evaluation of the SPRT results using
Bayesian belief updating and the theoretical comparison of the two, we turn to the results
of our tests on measured SPND data.

I. THE BINARY SEQUENTIAL PROBABILITY RATIO TEST

The detailed discussion of the SPRT can be found in [Hancock and Wintz, 1966]. Here
only the formulae necessary for the understanding of the method and of our improvement
made to it presented later are introduced.

It is assumed that the residual obtained as the difference of the reference signal yielded
by some modelling algorithm or some other method (see the tests later in this paper) and
the measured signal is a Gaussian process jV(m,a2). The binary SPRT is used to make
statements concerning the unknown mean of this Gaussian process. Experience shows that
when a failure occurs in a signal, the mean of the residual tends to change: it is this
change that the SPRT aims at detecting. The classical binary SPRT is used to test a null
hypothesis Ho against the alternative hypothesis 7i\ concerning the unknown mean m of a
Gaussian process j\l\m,a), namely

HX : 771=1?!, (1)

where i)Q and Oi are constants. If Tin is true then the signal is good, while if H\ is true
then the signal is bad, i.e. contaminated by some irregularity. Having received the elements



{£t; £2, • • • 1 ffc) • • •} of the residual it is to be decided which hypothesis (Ho or Hi) is true.
It is assumed that during the hypothesis testing procedure the properties of the source
from which the residual £* is calculated do not change.

Incorrect decisions could only be completely excluded if infinitely long samples were
used, which is obviously impossible. One has therefore to set in advance the allowed prob-
ability of the SPRT making a mistake, knowing that typically the lower this probability,
the longer samples will be needed to achieve the required reliability. Two types of mistakes
are possible: accepting Hi when HQ is true (false alarm) and accepting HQ when Hi is true
(missed alarm). The required reliability of the choice made by the SPRT can be determined
in terms of the false alarm and missed alarm probabilities a and /?, respectively.

The decision making procedure is as follows. Let p(£ 1, £2, • • • j £fc 1"%) represent the joint
probability density function of the observations £1 up to £* on the condition that Hi is
true. The log-likelihood ratio Ajt is defined as

^f|t|"|- (2)
If the samples are independently taken from a normal Gaussian process £ € J\f(m,a2), i.e.
if

then the joint probability density function can be factorised and a recursive formula is
obtained for the log-likelihood ratio:

Afc+i = Ajt + ——— Uk+i 1 . (4)

Let A and B be two properly chosen threshold values. Then, in the Arth stage, A* has
to be compared to In A and lnB:

1. If Afc > In ,4 then accept Hi and set A* = 0;
2. If At < In B then accept HQ and set Ajt = 0;
3. If In I? < Ate < In A then take another sample.

In other words, the SPRT processes the incoming signals until it comes to a decision
of acceptable reliability, then it gives out that decision and starts all over again with the
next set of signals. It is clear from this construction that the sample number necessary for
the decision to be made varies from decision to decision. However, it can be shown that if
the threshold values (decision boundaries) are chosen to be

^ (5)
Oi

and



then the average sample number (ASN) necessary to make a decision is minimum compared
to any other choice and any other hypothesis testing method [Hancock-Wintz, 1966]. The
ASN function can be expressed analytically in terms of the false alarm and missed alarm
probabilities both for h0 and for h.x (where ho and hi denote the decisions of the SPRT):

ASNko = -K a In V (1 — a) In &
a v ' 1 - Q

ASNhl =K | ( l - / 3 ) l n
a 1 — a

where in both cases

(7)

(S)

It is clear from these formulae that the lower a and /?, the longer the sample needed
in average. Also, since the sample size is allowed to vary during the inference process (i.e.
the sample size is a random variable), actual detection procedures can require extremely
large sample sets. A new proposition to overcome the difficulties of too large sample sets
is presented in the following.

II. BAYESIAN EVALUATION OF SPRT RESULTS

Bayesian methods provide a formalism for reasoning about partial beliefs under con-
ditions of uncertainty. In this formalism, hypotheses Hx (about the state of the detector)
are quantified with numerical parameters signifying the degree of belief or probability ac-
corded them by some body of knowledge, which are combined and manipulated according
to the rules of probability theory. In the present case, the body of knowledge consists of
the individual SPRT decisions denoted by small letters: hj j 6 {0 :l}, regarded as new
pieces of evidence concerning the state of the signal [Racz, 1996]. Though these individual
decisions can bear relatively high decision error probabilities, the overall decision is made
applying Bayesian belief updating to yield a much more reliable result than the individual
decisions.

In the case when several (JV) individual decisions are available, the different individual
decisions d = {hj ,h} , . . . , hj } j 6 {0,1} being considered as bodies of evidence, the
updated belief in hypothesis "H; in question is given by the famous inversion formula

where 7i, has to contain all the hypotheses apart from 7i;. This formula states that the
belief one accords to a hypothesis Hi upon obtaining evidence d can be computed by



multiplying one's prior belief p{Hi) and the likelihood p{d[Hi) that d will materialise
assuming 'H1 is true.

The difficulty of this formula is that it requires an enormous database because one
needs to specify the probabilities of the given individual decisions conditional on Hi and
Jii for every subset of the individual decisions. In fortunate situations, however, reasonable
assumptions of independence can drastically cut this storage requirement. Using that the
individual decisions of the SPRT are by construction independent, in the binary case 7io —
"H\ and vice versa and the occurring conditional probabilities are by definition

p(ho\H0) = 1 -a,

p(hi\Ho) - a,

P{h1\'H1) = l -
(11)

eq.(10) simplifies to

1 + 0
\-a a

- i

and

(12)

(13)

where the total number of items ho in the series d is denoted by A'o and the total number
of items hi is denoted by JVX, with No + N\ = N.

III. COMPARISON OF THE BAYESIAN METHOD TO THE SIMPLE SPRT

The main question is whether it is worth using the Bayesian method instead of a
simple SPRT. In other words one has to decide whether
(a) one prescribes low false and missed alarm probabilities to the SPRT and waits for

the necessary number of samples to be examined in order to achieve the required
reliability for the decision, or

(b) one prescribes relatively high false and missed alarm probabilities, aggregates the deci-
sions of the SPRT by the Bayesian method and waits for the a posteriori probabilities
to reach the same high reliability as the pure SPRT in case (a).
The decision criterion is the average sample number necessary for the acceptably

reliable decision to be made, since the shorter the time necessary for a decision of the same
reliability, the better the method.

The symmetrical SPRT is the simplest SPRT, therefore

a = 0 (14)



will be assumed, which will not alter the basic character of the results. In addition, only
the case when the signal is good will be examined, i.e. in case (b) there will be a series of
SPRT outcomes containing

JVi = Na (15)

items of hi in every N decisions, the rest, iV0 = N — N\ being items of ho, according to the
very meaning of the false alarm probability a. In order to unify the notations, the aimed
reliability will be denoted by 77, which means that

l~a = r) (16)

will be required in case (a), while

p(H0\d) = r) (17)

in case (b).
Let us first examine the pure SPRT. In the simple case defined above, eq.(7) takes the

following form:

ASNHo = K{\ - 2a) In i ^ (18)
a

which yields
( ) ^ (19))

1 — 7 7

for the average sample number necessary for a decision of the prescribed reliability to be
made. The outcome of the SPRT is now denoted by a capital H to show that this is a
'final' decision, like the one made by the Bayesian method.

The Bayesian method, on the other hand, consists of two steps. First, the false and
missed alarm probability a has to be set. The average sample number necessary for one
particular decision of the SPRT is then of the same form as in eq.(7), and in addition
ASNh0 = ASNhx is true due to the symmetry. Then the number N of individual SPRT
decisions to be aggregated has to be determined using eq.(17). In this simplified study case
eq.(12) with the substitution of eqs.(14) and (15) reads as

p{H0\d) = 1 +

eq.(17) then prescribes that

(20)

the minimum average sample number necessary for the final decision becomes therefore N
times the average sample number for one SPRT decision, i.e.

regardless of the value of a.

\ ( 2 2)
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IV. TESTS ON MEASURED DATA

In order to check the applicability of the above presented method on measured SPND
data, a rather unusual solution had to be found. First, we had to check whether the SPRT
detects real signal failures at all, and second, we had to find out how long it takes to the
pure SPRT and to the Bayesian method to perform such a result.

The main problem was with the reference signal. Normally, the SPRT uses a signal
predicted by some modelling method as its reference and processes the residual formed
as the difference of this reference signal and the examined signal. This could have been
realised but then the results of the signal validation could not have been checked. Thus,
the database processed earlier for use in an article on signal validation by means of a
correlation method [Adorjan-Morita, 1997] was used, together with the results presented
therein.

The time series came from cycle 10 of unit 2 of the nuclear reactor at Paks NPP. The
historical data files contained all measured data with a 10s resolution, including the current
signals (in microamperes) of all the 252 rhodium SP.NDs (36 strings with 7 detectors in
each). As this was a huge database, only an interval of a little more than 10 hours was
used from it.

The signals of the detectors had to be normalised, since the noises of the signals are
approximately proportional to the amplitudes, and actually, the noises had to be compared.
This is physically feasible, as the different amplitudes are due to the difference in the
neutron flux at different points of the core (e.g. the flux is higher near a fuel rod) and not
to the different behaviours of the SPNDs. Thus, all the SPND current time series were
normalised to a unit average.

The idea was that the average of the signals would be a good reference signal, since
the individual noise components are then averaged out. Thus, the signal of a good detector
should not differ from this average by more than its noise, therefore this difference could
be used as the residual for the SPRT. This idea was simplified further: only the detectors
in one layer were examined at a time. This means that the reference signal was the average
of the signals in the layer in question (36 time series) and the processed residual was the
difference of the signal of the detector in hand and the average in the layer. This idea
worked out well and made it possible to compare our results to those in [Adorjan-Morita,
1997], obtained on the same database. Figure 1 shows a reference signal and a signal that
was found suspect (detector 04-37/6). The two graphs had to be drawn separately, else the
reference would have been hidden under the suspect signal. Figure 2 shows a definitely bad
signal (detector 15-32/3) and its reference signal, the bad signal being above the reference
nearly all the time.

Figures 3, 4 and 5 show the residuals of a good signal (detector 12-27/6), a suspect
signal and a definitely bad signal, respectively. The mean of the residual of the bad signal
is obviously shifted from zero, but the other two signals look much the same. The subtlety
in good signal processing methods is exactly that they can even find defects that are not
visible to the eye.

The input data to the SPRT were determined as follows: the value a occurring in
eq.(4) was the empirical standard deviation of the residual. The suitable hypotheses for
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Suspect Signal and its Reference (time domain)

the values of the means were determined experimentally: $0, i-e. the mean of the residual
of a good signal was naturally 0, while $i ~ ±5 • 10~6 (the sign had to be determined
individually, but this did not cause any algorithmic problem) was found to be the most
suitable alternative hypothesis for the mean of the residual. As for the false (and missed)
alarm probabilities, two values were used: the value a = 10~5 used in [Adorjan-Morita.
1997] for the pure SPRT and the value a = 10~2 for the less reliable individual SPRT
decisions to be processed by the Bayesian method. The a priori probabilities p("Ho) and
p(7ii) were determined statistically: among the 252 detectors examined in [Adorjan-Morita.
1997], 5 were found bad, i.e. 2% of the detectors was defective in some way. Thus, the values
p(Ho) = 0.98 and p(Hi) = 0.02 were used for the Bayesian belief updating procedure. And
finally, the Bayesian belief updating procedure had to run until the updated probability
reached the value 10~5, i.e. the same reliability as that required for the pure SPRT.

Figures 6-8 show the log-likelihood ratio functions versus time. Each peak indicates a
decision (the decision is in fact made when the function returns to zero), a negative peak
shows a decision 'good signal', while a positive peak shows a decision 'bad signal'.

Such curves have been made for several detectors and the sample number necessary to
make a decision was found to be in average around 30 (i.e. the time was around 300s) for
definitely good or definitely bad detectors. The case of suspect detectors is also interesting:
these are found sometimes good, sometimes bad in [Adorjan-Morita, 199,7], which can also
be seen if one takes a look at their log-likelihood ratio functions: it takes a very long time
to come to a more reliable decision, and still, this decision may vary from time to time if



- :Bad s igna l
- :Reference s igna l

1 . 0 2 7 4 B - 1 — • • • ' • • • • '

1.020-

1.010-

1.000-

0.990-

0.988
5000

X: 0.000E+00
10000 15000

Y: 1.0263427
<LIN>

20000

Figure 2
Bad Signal (upper curve) and its Reference (time domain)

Residual of good signal
3.3E-05 1 • • • • ' • • • • '

2.0E-05-

z 0.0

-2 .0E-05-

-3.3E-05 I ' ' ' ' i ' ' ' ' I
1000 2000

X: 0.000E+0O
<LIN>

3000
Y: 1.164E-05

4000

Figure 3
Residual of Good Signal (time domain)

4990.0



Residual of suspect signal
3.6E-05 I •-•-•-'•.-...,i .^.,...., I

2.0E-05-

0.0

-2.0E-05

-3. 6E-05
2000 4000

X: 0.000E+00 <LIN>

I "• * • ' ' - ' J ' - ' ' I
6000 8000
Y: 4.539E-07

Figure 4
Residual of Suspect Signal (time domain)

9990.0

0.0086-

0.0080-

0.0060-

0.0040-

0.0020-

0.0000-

Pesidual of bad signal

1

\
1

s

\
—*—•—f—f" • ' ' »•- '— — ' • — • — * • ' " I ' n—r—i—

| !

. . . .. 1. .̂ TT^W^WIhlBfff̂ ff
—I—I—l . I--V*-, F—T—

.

5000
X: 0.000E+00

10000

<LIN)

15000
Y: 0.0084869

Figure 5
Residual of Bad Signal (time domain)

20000



13.0

10-

Log-likelihood ratio for good signal

13.0

1000 2000 3000 4000
X: 0.000e+00 Y: 0.000E+00

<LIN>

Figure 6
Log-Likelihood Ratio for Good Signal, a = 10~5 (time domain)

Log-likelihood ratio for suspect signal

4990.0

5000
X: 0.000E+00

10000

<LIN>

15000
Y: 0.000E+00

20000

Figure 7
Log-Likelihood Ratio for Suspect Signal, a = 10~5 (time domain)

10



Log-likelihood ratio for bad signal
1 3 . 0 I i • • - . • •• • • » I

1 0 -

1000 2000
X: O.OOOE+00 <LIN>

3000 4000
Y: 0.000E+00

4990.0

Figure 8

Log-Likelihood Ratio for Bad Signal, a = 10~° (time domain)

the validity of the signal varies.

According to the above results, the SPRT is suitable for validating SPND signals.
There remains to see by how much the Bayesian method makes it faster.

For this purpose, the false (and missed) alarm probability of the SPRT was set to
a — 10~2, as mentioned before. The first graph in each of Figures 9-11 shows that the
sample numbers necessary for a single decision have decreased in average, but wrong results
are more frequent, as expected. The updated conditional probability values were calculated
for each new SPRT outcome using eq.(12) and the probability functions were plotted: these
are the bottom graphs in Figures 9-11.

In these particular figures, the sample number necessary for the combined method to
come to a decision in clear-cut cases is 23, which corresponds to 230s. The average was,
however, around 170s, which is a little higher than the approximately 160s that could be
expected on the basis of eq.(22). Considering that the sample numbers necessary for the
SPRT vary quite a lot and that a single Bayesian updating procedure uses several SPRT
outcomes, the data set used for this test did not provide enough samples to make good
statistics. The theoretical value of 160s can therefore be accepted.

Some problem appears when examining suspect signals: the Bayesian probability func-
tion reaches one of its limits and remains stuck there for the rest of the time (even though
we avoided the problem of dividing or multiplying by zero: we replaced the zeros by very
small values that are within the accuracy of the computation). This is due to the large
weight the first few data bear compared to those that come later, which makes the method

11
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rather insensitive after some time to sudden changes in the residual. In order to ameliorate
this, our idea was to reset the Bayesian conditional probability function p(7io\d) to p(Ho)
every time the probability reached the required limit of 1 —10~° or 10~°, similarly to what
is done with the log-likelihood ratio function during the SPRT. In practice this means
that if a detector becomes defective after a certain time and not at the beginning of the
validation then the defect can be detected fairly quickly.

The idea has proved to be a good one. This resetting method is much more sensitive
to the instantaneous changes in the residual, which bears advantages and disadvantages
at the same time. The first graph in Figure 12 shows that even a certainly good signal
can have sections when its residual becomes almost suspect, and this is at once shown by
the Bayesian conditional probability function (see the sections around 20,000 and 30,000s).
The first graph in Figure 14 displays a case (around 25,000s) when a certainly bad detector
was in fact found to be good for a very short while. This may happen, as 10~5 is definitely
greater than zero, i.e. erring is not completely excluded.

The second graph in each of Figures 12 and 14 exhibits a detail of the respective first
graph to see the character of the functions. The third graphs in Figures 12 and 14 and the
second graph in Figure 13 are an attempt to visualise the resetting version of the Bayesian
belief updating procedure: ones are plotted every time the Bayesian probability function
crosses the limit p(HQ\d) = 1 - »/ = 1 - 10~5 = 0.99999 and zeros are plotted when it
crosses the limit p(H0\d) = rj — 10~5 = 0.00001, i.e. each '1 ' shows a decision 'good signal'

12
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and each '0' shows a decision 'bad signal'. The Bayesian probability (belief) function is
reset at these points to p(7^o) = 0.98. The points are only joined to help the eye find them.
The actual graphs show a case when a good signal was all the time found good, a suspect
signal was sometimes found good and sometimes bad (unlike the simple Bayesian method
where the probability function stuck to zero at the beginning of the validation and did
not move from there), and a bad signal was nearly always found to be bad, except for one

error.

CONCLUSIONS

In order to check the theoretical results in [Kulacsy, 1997], the signals of SPNDs mea-
sured at Paks NPP were processed by a simple SPRT and an SPRT combined with a
Bayesian belief updating procedure. Both methods were found to be suitable for detecting
signal failures in real data and the second one was indeed faster with these input data (77
and p(7i0)) than the simple SPRT. However, the combined method was found to be too
insensitive to changes in the character of the signal, which gave us the idea of applying
a similar resetting technique as the one used in the SPRT: every time the Bayesian con-
ditional probability function reached the required limit, it was reset to its initial value.
Thus, the old data stabilising the result of the updating were forgotten and the procedure.
starting again from the beginning, could detect the changes in the new data. This novelty

13
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was also tested and found to detect changes in the character of the signals, which was
especially important with suspect signals or with detectors that deteriorated during the
processing. In short: the methods were found to be applicable.

The correlation method in [Adorjan-Morita, 1997], used as a reference, can only be
applied when large data sets are available, i.e. practically only for SPNDs: there is no other
detector in such an abundance in a nuclear reactor. In the case when the only available
data are the readings of the examined detector then the SPRT or the combined method
could be the solution.
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K. Kulacsy: Tests of the Bayesian Evaluation of SPRT Outcomes on Paks NPP Data

ABSTRACT

The theory of a Bayesian improvement of the binary sequential probability ratio test
(SPRT) [Kulacsy, 1997] is tested on self-powered neutron detector signals measured in Paks
NPP. The method is found to be able to detect signal failures and to be faster than the
simple SPRT. A further modification is suggested to make the Bayesian belief updating
procedure more sensitive to changes in the signal and this suggestion is tested as well, with
a positive result.

K. Kulacsy: Az SPRT-eredmenyek Bayes-modszerrel torteno kiertekelesenek tesztjei pak-
si eromuvi adatokon

KIVONAT

Az SPRT szekvencialis hipotezisvizsgalati modszernek a Bayes-fele dontesi eljarassal
valo tovabbfejleszteset elmeletileg mar kidolgoztuk [Kulacsy, 1997]. Az elmeletet most a
paksi eromuben mert SPND-jeleken teszteljiik. A modszer alkalmasnak mutatkozik a jelek
rneghibasodasanak eszlelesere es valoban gyorsabb az egyszeru SPRT-nel. Egy meg tovabbi
modositast is javaslunk, amely a Bayes-eljarast erzekenyebbe teszi a jel valtozasaira es ezt
a modositast is leteszteljuk, pozitiv eredmennyel.
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