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SYNTHESE :

Les Equations des modeles k-epsilon et de transport des tensions de Reynolds
sont expos6es brievement.

On indique les limitations des modeles, en particulier au niveau de la
production de la turbulence dans le cas d'une hypothese de viscosity turbulente, et plus
ge'ne'ralement les incertitudes et diverses modifications apporte'es a l'e"quation de la
dissipation. On compare ensuite les performances des modeles a partir des resultats des
trois derniers Workshops ERCOFTAC/AIRH.
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EXECUTIVE SUMMARY:

The k-epsilon model and Reynolds stress transport model are set out in a few
words.

Limitations of models are shown, particularly for turbulence generation in the
turbulent viscosity context, and more generally the uncertainties and miscellaneous
changes made to the dissipation equation. The performances of models are then
compared, using results of the three latest ERCOFTA/IAHR workshops.
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Applications of Reynolds Averaged Navier Stokes
Equations to engineering problems

D. Laurence
EDF DER, Laboratoire National d'Hydraulique,

B.P. 49, 78401 Chatou cedex, France.

I INTRODUCTION

Six years ago in a similar VKI course, Pr. Leschziner introduced his lecture by stating that the
following view was in the air: "CFD will very soon assume the role of a straightforward,
robust and reliable design aid, obviating the need for experimentation and even physical
insight". And he immediately warned that this was an "unrealistic and unlikely scenario"!
Since then, dissatisfaction with simple eddy viscosity models has grown among industrial
circles. Some have continued the difficult road to second moment closure (SMC), which have
become available in commercial packages. Others are now hoping to avoid the complexity of
such models by resorting to LES (Large Eddy Simulation), but with its high cost, LES should
be reserved for specific "niches" where it is not in competition with RANS, such as, e.g. fluid-
structure coupling. Solving all industrial problems via LES in the next decade is again Utopia,
and in any event requires even more experience in turbulence and numerics from the engineer
conducting the study, it is by no means a "simpler" route!

The reliability of a numerical study simply cannot be transferred from the scientist to the
numerical tool. However, when used by well experienced engineers, CFD can be a very
powerful tool, a means for them to elaborate complex yet trustworthy designs and studies.
This necessary "know-how" is gained by an awareness of the modelling assumptions
pertaining to each category of model, and the experience of running many models through
many test cases. The following paper is based on the knowledge gained through the series of
IAHR and ERCOFTAC workshops, thanks to hundreds of contributors (which unfortunately
cannot be acknowledged individually).

After a few industrial applications illustrating the fact that it is not a priori obvious whether a
flow will present a modelling challenge or not, we will progressively revisit some modelling
assumptions presented in the previous lectures (and suggest routes to improvements), then
globally compare the models on the more recent Workshops.



II INDUSTRIAL APPLICATIONS: WHEN IS THE FLOW COMPLEX ?

II-l Nuclear reactor vessel

One of the major applications of CFD at EDF-LNH is the study of the thermal hydraulics of
the flow inside CPY 900 Mw PWR nuclear reactor. The geometry is very complex and the
generation of a detailed mesh has required 2-3 months, even with unstructured Finite Element
meshes. It has proved nevertheless fruitful since many flow conditions have been computed
over the past 4 years. The water is pressurised at 155 bars and 300°C. The height of the
reactor is h=12 m. Scale model experiments cannot accurately represent all operating
conditions, especially when Reynolds number and buoyancy effects have to be considered
(and they are in anycase one order of magnitude more costly than the several hundred hours of
computations on a CRAY C90 required here). The case presented here is however one where
precisely comparisons to experimental data is possible: a scalar is fed in one of the 3 legs by
which the fluid is injected at the top of the reactor. This scalar represents a temperature step
or boron concentration drop, e. g. one of the 3 steam generators could be functioning with
degraded performance, the subsequently hotter fluid entering one of the reactor legs, if carried
through with little mixing, could alter the neutronic flux distribution in the reactor core. The
question is: how well does this scalar mix with the 2 other injections before it reaches the core
of the reactor?

Fig. 1 shows that the concentration map at the entrance of the core is reasonably well
predicted by a standard k-epsilon model (exp. data is not available on the borders). Though
the geometry is complex, the flow is not challenging from a turbulence modelling point of
view. As will be shown further, the model certainly badly predicts turbulence in the region
where the incoming flow impinges on the inner cylinder, but no mixing occurs here and
turbulence hardly affects the velocity field. Errors are then "forgotten" during the downward
flow in the narrow gap between concentric cylinders. This is after all a "channel flow" for
which the k-epsilon model has originally been tuned. Mixing develops here, and as the flow
forms an annular jet into the lower plenum. Jets are also cornerstones of k-epsilon modelling.
The computers (D. Alvarez, A. Martin 1994) were rightfully uneasy as regards the modelling
of the effect of the multiple obstacles, so computations were performed with and without
theses obstacles, showing that they had a moderate effect (on an engineering scale),
surprisingly reducing the mixing. A tentative explanation is that they deviate part of the non
isothermal flow which would otherwise merge as the annular jet is deflected by the spherical
bottom shell.

Fig. 1 (next page) F.E. k-epsilon simulation of mixing in a PWR; left: velocities and
concentrations on the external envelope; bottom: obstacles in the lower plenum as seen by the
F.E. mesh; right horizontal cross section at the exit of the lower plenum, concentration map.
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II-2 T Junction

The second example is a simple circular pipe with hot fluid flow at Re = 900 000 with a T
junction to a smaller pipe leaking cold fluid into to the circuit. The flow rate of the leakage is
only 0 to 1% of the main pipe flow, still in this range, hot fluid creeps up, into the "dead leg".
This motion is helical and unsteady, leading to potentially severe unsteady thermal stresses. It
has been observed on actual plants and scale models, but is fairly difficult to reproduce in a
numerical simulation. Refined computations, ranging from 105 to 5 105 nodes (Deutsch et al.
1996) have clearly shown that the SMC performs significantly better in reproducing the
unsteady vortex penetration in the dead leg (Fig 2). Only the SMC simulation on the finer 1.5
million nodes mesh was able to reproduce the experimentally observed penetration H/D=8.
This shows that although the problem can seem a priori simple, it actually requires
considerable modelling and computational efforts.

II-3 Combustion

In this last example, a flame holder, the geometry is a simple rectangular cylinder. Without
combustion, the SMC exhibits the well known vortex shedding which the k-epsilon model
fails to reproduce (Fig. 3). With combustion however, the flame actually suppresses the
unsteadiness of the wake, but still the k-epsilon model predicts a much thicker flame than the
SMC.

The case of a backstep flame holder is more severe, although the k-epsilon model is usually
trusted for such a flow. In this case, the streamwise component of mass flux plays a major
role. As seen on Fig. 4 the flame predicted by the SMC is significantly more narrow and
nearly separates at the reattachment point. On the other hand the k-epsilon only predicts a
mass flux collinear to the gradient of mean concentration, i.e. in the cross stream direction. The
conclusion of Bailly and Garreton et al. (1996) is that before combustion can be seriously
modelled, it is essential to start with a SMC, not for the sake of better mean flow predictions,
but because the full Re stress tensor is needed to accurately predict the turbulent fluxes of
species. The same can be said of all industrial flows involving complex physics such as 2
phase flows, sediment transport, chemistry, electrical arcs ... Hence the motivations for EDF
to develop SMC.

HI EVM: WHAT ARE THE LIMITATIONS ?

We have shown above that the geometrical complexity of the problem does not enable to
decide whether a simple turbulence model can be trusted or not. The know-how of the
engineer conducting the study is an essential ingredient of reliable CFD. This knowledge is
gained by an awareness of the modelling assumptions and limitations, and from experience in
applying the models on a variety of well documented test cases. These are the 2 issues
discussed in the sequel.



An ESTET simulation of flow in pipe junctions using a Reynolds Stress Transport Model.
Flow simulations in pipe junctions are performed to study the hydraulic behaviour of vaiious auxiliary lines connected to the primary circuit of
Pressurised Water Reactor. Calculations contrast the performance of k-epsilon and second moment closure turbulence models. The k-epsilon model is
the standard high Reynolds number k-epsilon proposed by Launder and Spalding. The second-order closure model is the simple model recommended by
Launder. Fine mesh (600 000 internal nodes) was used.

Va Auxiliary pipe velocity : Va = 0.023 m/ s

H/D=9

H/D=7

H/D= 5

H/D=3

H/D=9

H/D=7

M
ilUlit

k-e model

Main pipe velocity : Vm = 9.2 nu»

Vm R S M model N Vm

H/D=5

Experimental

RSM tine mesh

RSM medium mesh

8-

6-

4 -

2-

*^

A.

A

- - • •

A-
1

RSM coarse mesh

k-E fine mesh

k-e medium mesh

k-e coarse mesh

•

A

0.2 0.4 0.6 0.8 1.0
Va/Vm (%)

Length of vortex penetration. Comparison
between second moment closure (RSM)
and k-epsilon model. Coarse, medium
and tine meshes were used (50 000,
150 (XX) and 600 000 internal nodes).
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The positive vertical velocity component is displayed in red. The black trajectories represent
the fluid particles coming from the main pipe and the green trajectories represent the fluid
particles coming from the top of the auxiliary pipe.
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IH-1 Shear and normal stresses

Let us revisit the modelling assumptions leading to the standard k-e model. The (Boussinesq)
eddy viscosity assumption, relating the stresses to the rate of strain simply mimics the
Newton law for viscous stresses:

2 k2 1 dU: 3/7.
uiuj=-vt2S{j+-k5u with vt=C,T Sij=-(^L + ̂ -) (1)

In an incompressible flow the isotropic part of the stresses can be lumped with the mean
pressure compared to which it is negligible. It is thus the deviator, or in non-dimensional form,
the anisotropy tensor which can affect the mean flow:

dev{uj7j) = upj-^ujTn8ij = k atj ; a^ =(upj /k--S0) (2)

Thus the general eddy viscosity assumption is written

g = - y 2 | = - £ TL2S (3)

The k-e model can reasonably predict the time scale iL — kle , but the fourth rank tensor
defining the general stress-strain law is reduced to one coefficient: Ca = C^ 1

We recall that this single coefficient, has not been determined by a best fit to a variety of
different stress-strain experiments, but solely to shear situations (jets and boundary layers
with xj II flow, X2 normal) where it has been observed that C^ =(«i«2 /fc)2=0.32, and
moreover this ratio is most of the time considered constant.The reason is that, because of the
incompressibility condition, plane strain is usually associated with strong interaction between
inertia and pressure compared to which the turbulent stresses effects are negligible (as in case
of the stagnation point at the front of an obstacle). On the other hand the sharp shear flow
after separation or along a solid boundary allows strong turbulent stresses to develop and
influence the mean flow in the presence of smaller inertia or pressure terms (one exception to
this observation is the very specific case where normal strains are applied in the directions
orthogonal to the streamlines, such as transition ducts where the section of the pipe changes
shape while retaining a constant surface).

In the mean velocity equation, the normal stresses play a role similar to the pressure (though
non-isotropic) and their effect is comparatively small, i.e.:

DUy _ 1 djP+pu^uQ du^r2

Dt p <3xj dx2

Furthermore, it is the gradients of the stresses that act on the flow, and these gradients are

usually larger in the direction orthogonal to the streamlines, hence the larger role of — — - .
dx2

However, the stresses themselves enter the production terms of the energy and dissipation
equations:



Dt k
™ , with P = - (5)

In a plane strain situation such as upstream of a stagnation point on a bluff body, the exact (as
obtained by a SMC) production and that obtained from an EVM are respectively:

•ex "i 3 -i. -j ^-i "i ' 1 > PEVM-4Vt "3— (6)

dxl dx2 dxx \ dxx )
The difference between normal stresses actually grows slowly on the short time scale needed
for the flow to travel around the stagnation point, so the production remains moderate, and in

any case is bounded by Pex <2k , whereas usually yields a severe over prediction

since the strain is high. The upper bound is violated as soon as: 2CU —
dx.

>1 (7)

Note that this is a consequence of the violation of the realizibility condition of eq. (1), that can
be cured by resorting to SMC, but also non-linear EVM models or "variable C^" models.

This "stagnation point over-prediction" has been exhibited in several test cases such as flows
around cylinders or impinging jets. Again, the prediction of the mean flow in the vicinity of
the stagnation point of a bluff body is not affected, but the level of energy is over predicted,
and as this is advected downstream where the overestimation of vf eventually leads to severe
damping of the wake structure, as in Fig 3.

III-2 Flow around cylinders

Theses test cases relevant to the flow inside a heat exchanger were considered during an
ERCOFTAC/IAHR workshop (UMIST, Manchester, June 15-16, 1993). After the first two
or three rows of tubes the flow becomes periodic and the computation can be reduced to a
minimal inter-tube spacing using symmetries and periodic inlet-outlet conditions.

Impinging axis

cross profiles
Fig. 5, Simonin Barcouda exp.
of the flow in tube bundles at
Re 350 000

The mean flow pattern is easily reproduced because it is dominated by inertia and pressure
forces when the gaps are narrower or equal to the tube diameter but there are appreciable
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discrepancies as concerns prediction of turbulent energy which is essential to heat transfer
prediction.
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Fig. 6 shows that PEVM is always positive and becoming very large near the stagnation point
whereas PSMC stays null whatever the rate of strain as long as the turbulence stays isotropic.
By integration the k-e model gives an over-estimation of k by 100% ! The standard SMC
though still gives some positive production because the axial fluctuation is larger than the
longitudinal one while the experiment curiously exhibits the opposite.

Several proposals have been made to alleviate this stagnation point over prediction. This
discrepancy comes from the fact that the production calculated with the EVM is proportional

k2

to the square of the strain. Kato & Launder (1993) suggest that P^EVM) = ^n — $ should be

replaced by:

7.2

rk(EVM) = Cu — SO., where S = , I— and Q =
dx;

(8)

This split of the strain into irrotational and rotational parts leaves the model unchanged for
shear flows (S = Q) and gives a zero production in the case of pure irrotational strain as in the
case of a stagnation point (Q = 0). The fact that this production is then no longer consistent
with its definition (stress times strain) when stresses are defined by the EVM relation, eq. (1),
should not be too strongly criticized. Indeed, the qualities required from a model to represent
the effect of the stresses as it affects the mean flow on one hand, and as it enters production
on the other are quite different. The modification is suitable for a single bluff body, but was
found to give too low levels of turbulence in the tube bundle test case.

Another solution suggested by P. Durbin (1994) is to define the EV by : v, = C^kT with a

bound on the time scale:



k f 1 1 I Sk
T = — min 1, 7=-.— , with the strain parameter 77 = —

e ^ CMV6 77J e
(9)

Durbin derived this relation by insisting that the realizability condition stressed in eq. (7)
should not be exceeded whatever the strain. Again this relates the production linearly to the
strain with the result shown in Fig. 7 below.

Fig. 7: contours of constant k, (a) with eq. (9); (b) without eq. (9). From Durbin (1994).

III-3 Dissipation:

Throughout the series of workshops where a large number of models have been tested, the
general picture emerges that when the flow is anything more complex than simple shear, the k-
epsilon model tends to overestimate production of turbulence, hence the viscosity which in
turn yields mean flow structures that are excessively smoothed out. We emphasize here that
the problem originates from the production, and can be solved by resorting to SMC. However
there have been also many attempts to increase the dissipation, which would have the same
effect. Since very little data is available for this quantity, such modifications are difficult to
support or criticise.

Perhaps only the RNG based model of Yakhot and Orzag (1986), a spectral approach where
high wave number bandwidth are successively modelled with respect to the lower ones,
derives the constants of the model solely by theory. The result is :

C^= 0.0837; Cel = 1.063; Ce2 = 1.7215; ak = Ge- 0.7179 (10)

Which by using the standard log. law assumptions: K = \(Ce2 - C£l) C]J2 <Je] (11)
yields the prediction for the Von Karman constant: K = 0,36 .

It is interesting that such a theoretical result is off by only 10% (however not acceptable for
practical applications). On the other hand the value of Ce\ is too close to unity since for a
homogeneous shear flow, it can be shown that asymptotic value of the turbulence growth rate
is given by:

its _ ( C e 2 - l ) (12)

with the result of 11 (!) for the RNG and 2 for the standard k-epsilon. Experiments suggest
about 1.8-2 corresponding to 77 = 7]0 = 4.8.
In a later paper (Yakhot et al. 1992) defining what is currently described as "the RNG based
k-epsilon model", the production of dissipation has been dramatically increased for free shear

10



flow or rapid distortions by setting:

0.0127]3
(13)

As will be seen from subsequent workshop results, this model yields substantially lower
levels of turbulence in complex geometries than the standard k-epsilon model, often actually
underestimating k, but on the other hand yielding more realistic mean flow features. For this
reason it has been quite popular in industrial/commercial applications. However the
improvement is obtained essentially from the "fixture", eq . (13), which has no relation to the
theory. Better mean velocity profiles are obtained by underestimating k, whereas the problem
in complex flows is that Cfi - 0 .09 is too high, i.e. the cure should be found in a better
representation of anisotropy, and essentially normal stresses. Note that the production in 2D
plane strain, can actually become negative in case of a channel flow submitted to contraction:

with «!2 > M2
2 and •—- > 0 ) whereas the strain parameter is

insensitive to the sign.

Even for homogeneous turbulence, axisymmetric expansion or contraction produce asymmetric
responses, whereas the RNG correction always acts to decrease k as shown in the figure
below. The problem is then more subtle, since it is now the anisotropy of the structure
("pancakes vs. cigars") that is to be considered.

.25
.25

. ? Contraction, S=SS.B
- s e e DNS: Let. Reynolds (1365)

*• LRR
- LKR+RNC

m.20 ±-
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Fig. 8: Temporal evolution of kinetic energy in axisymmetric contraction (left) and expansion
right, (from K. Hanjalic 1996), SMC using the RNG (eq. 13) for dissipation.

However stringent relation (11), it seems generally agreed that values of C£l smaller than 1.44
should be used in order to make dissipation less sensitive to mean strain. The team from
UMIST for instance has been continuously using (since Craft -1991) the following values:

At this stage we recall the definition (Launder et al., Hanjalic ...) of the invariants used in (2)

and further in chapter IV:

11



as = (1*^ /k--8ij) A2
1 9

2ji > A3 = 3aijajk"ki A = \--(A2-A3) (15)

2D Turbulence
ID Turbulence

Isotropic Turbulence

A2

6/9
24/9

0

A3

-2/9
16/9

0

A
0
0
1

Formulation (14) was derived to solve the plane/round jet anomaly (Craft-1991b), i.e. the fact
that models seemed to be incapable of predicting a smaller spreading rate for the round jet. It
turned out to bring improvements for a variety of flows such as for instance the free surface
channel flow where the level of k is decreased more rapidly near the free surface compared to
the symmetry axis of the flow between parallel plates.

Returning to the tube bank test case, while comparing the standard linear SMC and the more
advanced cubic SMC of Craft & Launder (1991) we found that formulation (14), is in fact
responsible for the net improvement of the energy level (surprisingly an increase), whereas the
sophistication of the pressure-strain model contributes to the improvement to a milder extent.

0,0
8 10 12 14 16 18 20

Exp. data from
Simonin and
Barcouda

e equation with Cei
= 1.44, Ce2 = 1.92

• e equation with Cei,
Ce2 related to
anisotropy invariants

Fig. 9, Cross profile ofturb.
kinetic energy (see fig. 5).

On fig. 9 we see a very significant improvement on the left which is downstream of the wake
while the residual overshoot on the right is a consequence of the excessive energy advected
from the stagnation point.

In all complex flow simulations and especially in impinging flows or near re-attachment, the
"YAP correction" has been found very useful (and is systematically adopted by the UMIST
team and followers). It consists in simply adding a source term Se in the £ balance to reduce
the model length scale L near walls if it eventually exceeds the mixing length value K y:

where L=kL5/e (16)

Agreeably this is again an additional "fixture" aiming at increasing dissipation in complex

12



flows, but again it has never been found "harmfuH". K. Hanjalic (1996) has adopted the
following "gradient" formulation which does not use explicitly the distance to the wally.

5 = (17)

The effect of eq. (17) is shown on the following Fig. for the backstep flow. Without the
correction, the excessive kinetic energy at the stagnation point induces an unphysical "kink"
in the streamlines.

Fig. 10 : Backward facing step. Left: streamlines with a "kink" at reattachment point without
"Yap correction". Right: dividing streamline with correction (17) and area of activated source
term S (from K. Hanjalic 1996).

To conclude concerning the e equation, we should mention that some authors have preferred
to abandon epsilon altogether for the benefit of a frequency (k-omega model of Wilcox-1988)
or a lengthscale (k-kl model of Mellor Yamada 1986), which variables are more accessible to
physical interpretation.

From the point of view of numerical descretization, the stiff variation of epsilon are also a
pain for convergence. A change to more well behaved variables like q = yfk, £ = & / L as
suggested by M. Gibson & D. Harper (1995) is certainly appealing. These changes of
variables usually preserve the source terms , but inevitably modify the modelling of transport
terms, sometimes with profit as they shown in the case of a backstep flow.

Briggs, Ferziger et al. 1996 have precisely examined the case where only turbulent transport is
present, in a shear free turbulent mixing layer. While the DNS and experiments show that the
decay of k as function of the distance from the source has the exponent of n=-2.5 to -1.5, the
k-epsilon model (as well as epsilon based SMC) yields the appalling result n=-5, while the k-
omega and k-kl models give n=-2.5 and -2.8 respectively.

For lack of time, we have avoided the topic of "low Reynolds" or "near wall" modelling,
which would require 30 pages on its own. But this is also intentional since from the point of
view of "Industrial applications" this topic has drained much effort in fine tuning against the
budgets made available by DNS. After all, the mean features of the flow are insensitive to the
turbulence model (as long as it vanishes properly") below j + = 10, and the High Re flow with
which we are concerned make the use of meshes, fine enough for such models, prohibitively

13



expensive (these efforts have however been useful in refined aerodynamics).

As an illustration that still much is to be learned from DNS by looking at "high Re" areas also,
we show on Fig. 12 a comparison of epsilon and it's budget in a channel flow (Center for
Turbulence Database, N. Mansour et al.). They are rescaled by y and y2 respectively to
highlight the central region of the channel. It is then clear that epsilon is severely
underestimated, and the cause can be traced back to the source terms, while the transport term
seems to be correctly modelled by the standard value of <Te = 1.3.

dissipation budget * y

+ Destruction Y+P4
0 Turb Trans
A Viscous Diffusion

1.44.Pk.e/k
1.83 eTk

Model Transport
Sum model

-2.0

-3.0

• Ml'llffr

\

V

0.0 100.0 200.0 300.0 y 400.0

Fig. 11: Dissipation (left) and its budget (right). DNS (symbols) and model equation for
epsilon using DNS values for k and epsilon (lines).

The dissipation budget, as discussed by Mansour, Kim & Moin (1988), or by Mansour &
Moin (1993), comprises five source terms. It is known on fundamental grounds that these five
terms cannot be clearly grouped into "production" and "destruction" terms. Nevertheless in
the present, the terms involving gradients of velocity are grouped as P1+P2+P3 and compared
to the "production" term of the model, while the remaining "slow" terms are compared to the
model "destruction". The DNS values of k and e are used in the model terms, hence the jagged
appearance of the model transport, due to double derivation of this DNS data. It would seem
from Fig. 11 that both constants Cel and Ce2 are severely overestimated; but again, the
present split is arguable. It is, however, very clear that near the centre of the channel, the
standard value of C£l is too large by a factor of 2.
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This brings us back to the discussion on the RNG and the "homogeneous shear flow
constraint"(12), quite inconclusively, but hopefully encouraging readers to further research.

At this stage, we need to briefly recall some modelling issues at second moment level, before
comparing all models through test case results.

IV SECOND MOMENT CLOSURES

The previous lectures have certainly introduced advanced models, but many industrial
applications presented hereafter were conducted with the simpler "standard" or "IP" model of
LRR (Launder Reece Rodi 1975) and GL (Gibson Launder 1978). In any case improvements
are measured with respect to these standard models, so that the derivation is revisited here.
We recall that the exact SMC equations are written :

dt
uiuk Ujuk dxk

to)
i .

UiUjUk + - {UiP Sik •L'\TL+T1

P ydxj dxt

fa)
- 2 v

du(

(18)

K)
The indisputable advantage of SMC is that now the production term Py in eq. (18) does
not need modelling. This definitely solves the stagnation point problem mentioned above.
Anisotropy of the stresses takes time to develop, and is sensitive to transport effects.On
the other hand sudden changes of strain can be imposed by the geometry.

This is clearly evident in the tube bundle flow: Fig. 12 shows eigen vectors, scaled by eigen
values, of the (opposite of) strain and stress anisotropy tensors (mean flow is from left to
right).
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On the lower left is found the separated shear
layer yielding large eigenvalues of -Sij with
eigen vectors at 45° from the streamlines.
This large shear is able to rapidly align the
eigen vectors of aij, leading to high
production. In the central part however, the
strain consists of milder contraction and
expansion, while the stresses preserve their
initial orientation by transport effects. This
results in a fairly large region of negative
production, i.e. a reverse transfer of energy
from the turbulence to the mean flow.

Fig. 12 : Eigen vectors, scaled by eigen
values, of the (opposite of) strain and stress
anisotropy tensors for the tube bundel case,
and areas of negative production (mean flow
is from left to right).

Production of turbulent kinetic energy

IV-1 Pressure Strain modelling

The least arguable modelling hypothesis is that the small scales can be considered isotropic at
high Reynolds, and if we delay the question of turbulent transport, we are left with the
problem of modelling pressure strain (ft,-,-, i.e. eq (18) is rewritten as:

dU:U:

L± p pdt

For a homogeneous shear flow where
dx2

" =

u\ui t ~

K 3 « 3 f =

U\U2 i =

(19)

t n e only n o n z e r 0 gradient:

i i - 2 / 3e

~ 2 / 3e

+ 0 3 3 - 2 / 3 e
(20)
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From this balance it is usually explained that the production, which only feeds the longitudinal
and the shear components must be redistributed to the other components, and furthermore, in
the absence of strain, return to isotropy occurs with a typical time scale x = k/e > hence the

"IP model" (isotropisation of production): <j>tj = -q—dev(u,-u^) - c2dev(/^), i. e.:

<Pij = ~cl T ("i"j ~ 2/3 kSij ) -C (21)

With the standard constants : q = 1.8 , c2 = 0.6

The evolution of the isotropy can be derived from :
day _ d(UiUj /k-2/3<5,y) _ l du(uj up] dk

dt dt k dt k2 dt

With the asymptotic solution :
devjPy)

and for pure shear flow:

a H =4/3-
e

=-2 /3—

e
d-c2)

d-c2)

a =
12

e q +(/>/£-1)
d-c2)

This results in the following table:

near-wall flow (P/e=l) free shear flow (P/g=1.5)

(22)

(23)

ai2

an
a22

a33

IP model

-0.33
0.3

-.15

-.15

Exp. log
lay.

-0.30

0.5

-0.42

-0.09

error

-0.03

-0.20

0.27

0.06

IP model

-0.36

0.23

-0.11

-0.11

Exp. H.
Shear

-0.32

0.36

-0.22

-.14

error

-0.04

-0.13

-0.11

0.04

This calls for several remarks:

We see again that the choice of the constants does not result from an overall "best fit" , but
that the shear stress has been much favoured, for the reasons developed in the previous
chapter.
It is not possible to improve the prediction a n or #22 while preserving a\2 =-0.3 since the
system gives, whatever the constants, a22 = - i /2a n (= a33) and a]2

2 = -3/2a22(a22 + 2/3)
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Also, there is a clear difference between free shear, and near wall flow which cannot be
reproduced by this model. An analysis of the exact Poisson equation for the fluctuating
pressure shows that there should be a contribution from the boundary condition which
"reflects pressure waves". Thus Gibson & Launder (1978) suggested to add a "wall echo"
term:

i. e.:
3 3 \ (I \

nknm Sii ~ T ukui nkn i ~ ^ uku i ntni • / ~
U j (25)

+C2 j(<t>L WmSij ~ \ <f>l "knj ~ \ <Pkj nkni\ f[j

f l \ k / £
where n^ are the cosines of the wall normal n and / — = is the ratio of the

turbulent length to the normal distance to the solid boundary.

As for the dissipation equation, there is a severe constraint ( Crow 1970) that has strongly
influenced modelers. This relation can be derived exactly from rapid distortion theory and
stresses that for an initially isotropic turbulence submitted to sudden strain, the rapid part of
the pressure strain should have the limit:

, 2 rapid dist. 4 . „
<t>ij ~ • - k Sjj (26)

Subsequently, nearly all pressure strain models can be written as:

<t>fj = 0 . 8 / ^ + f(ay,Sij) with /(a,y,5y) >0 when ai} >0 (27)

This constraint is actually responsible for the fixed value c2 = 0 . 6 (in eq. 21) and the

subsequent limitations of the simple "IP" model. Modelers have thus devised quite complex
non-linear formulations for /(a^-.S^-) to correct this deficiency. One notable exception is the

simpler SSG model where the authors have allowed the coefficient to vary using the following

relation:

This makes a significant change since a value of A2 = 0,4 as observed in the log layer yields a
50% decrease, i.e. C c =0,4 . This leaves more freedom for a finer tuning of the other

coefficients against a variety of homogeneous strained flows and it turns out that the final
model yields, by using the simple algebraic relations sketched above, better agreement for
anisotropies in the log layer and central part of a channel flow. This without "wall echo" terms
(eq. 25) as shown in Fig 13 where the channel flow DNS data of Mansour & Kim at
Rer = u*h I v = 395 was used again. The full scale graph on the left shows the extreme
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variations of anisotropy when moving away from the wall through the buffer layer, and the
difficulties at hand for "near wall modelers" (transport effects and anisotropic dissipation
cannot explain the extreme variations alone which thus must be accounted for by the pressure
strain). It is only well inside the log. layer that the algebraic models become reasonable.

a11-ssg
— a22-ssg -

•- a12-ssg
a11-dns
a22-dns
a12-dns

r\ o „ _ _ _ _ _ _ _ _ _ _ _ __

~ ' 0.0 0.5 1.0 1.5 P/e 2.0^0.0 0.5 1.0 1.5 P/E 2.0
Fig. 13: Stress anisotropies in a channel flow as function of production over dissipation. DNS
data (symbols) compared to algebraic solutions of the SSG model (heavy lines) and the "IP"
model (light lines).

To conclude this section we recall the "Quasi Isotropic" model of LRR (QI)

(28)

dUk dUk

where: Dij = -uiuk—
JL-uiuk-~

jL , ^ , J , ^
OX: OXj 11 11 JJ

with the standard constants of: cl = 1.5 , c' 2 = 0.4
and as an example of "realisable model" the FLT (Fu, Launder, Tselepidakis - 1987):

-0,6(^.-1/35^-

-0,2
UkUjUiUi d

I k C

P^ + O^ea^P^/s)

X[ dxk k

Mr
dxi

•jrr

(29)

3amianj(P,nn-Dmn)\

"2 ; C, = l,2 ; r = 0,6

The realisabliiity constraint have imposed most of the constants and the fact that cl

when turbulence becomes one or two dimensional (A=0).
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IV-2 Transport terms

The most common model is that of Daly & Harlow [7] (1970):

where cs=0.22 (30)

It can be objected that this model does not respect the symmetries in i,j, and k. However we
should remember that it is the derivative of this quantity that appears in the stress transport
equations. Again, if we consider a shear flow where inhomogeneities are significant in the cross
stream direction, X2, then the leading term will be :

The model of Hanjalic & Launder (1972) on the other hand, does respect symmetries but at
the cost of computing a number of extra terms :

(31)

The fairly standard values are Cj=0.11, or c's=0.22 for HL and DH respectively.

V TEST CASES

Tube Bundle

We return now to the Tube bundle test case which was discussed at UMIST, June 1993. The
31 numerical simulations submitted was analysed by K. Hanjalic, M. Leschziner, T. Craft &
Z. Ince. Fig 14, left column shows k-epsilon simulations (with wall functions). The over
prediction of turbulent kinetic energy along the stagnation line is very clear. At the cross
section XB the fluctuation levels (d) recover a more reasonable value on the left,
corresponding to the wake of the left cylinder, while along the right cylinder we see the effect
of the excess of fluctuation being advected from the stagnation region to the side of this
cylinder. As a result, the velocity defect in the wake is underpredicted (c). The right column of
graphs corresponds to 4 calculations with RNG and one (dotted line) with the standard k-
epsilon and the modified "Kato production" eq (8). The level of fluctuations at the stagnation
point (b) is now cured, but with 2 of the RNG calculations and the "Kato modification", the
wake of the upstream cylinder (c) now extends all the way to the impingement zone of the
downstream cylinder (a)! Possible differences in the implementations of the same model were
discussed at length. All teams were using accurate schemes and fine meshes, so numerical
errors were excluded.

One explanation is that this test case with periodic inflow and outflow condition is extremely
sensitive to small changes in the model.
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The "Kato" modification gives the lowest level of kinetic energy, especially along the
stagnation line, and as a consequence there is no mixing of the high momentum fluid with the
stagnant fluid in the wake. The RNG by increasing dissipation brings the flow close to this
bifurcation condition, which seems physical, but on the other hand, it can be seen that by
combining the non-linear equations (13) and (12), the RNG introduces an additional source of
multiple solutions.

On Fig 15 are shown the results obtained by SMC, "IP" model on the left and non-linear
models on the right. Again, two of the calculations exhibited a very long wake (leading to less
straining and less production along the stagnation axis). On Fig b) left, it is shown that the
"wall echo term" eq. (25) increases the wall normal fluctuation, in opposition to its purpose
when it was devised for flows parallel to a wall, hence all other computations omitted this
term. A correction was suggested by Craft et al (1993) and is discussed further concerning the
impinging jet. The other results are in fair agreement, better predicting the mean flow and
turbulence levels than the previous k-epsilon computations. The non-linear SMC were
however disappointing by under predicting turbulence levels.

Hill Flow

This flow over a two-dimensional hill at Re= 60 000 (based on hill height and channel
centreline velocity) was selected for the Karlsruhe workshop, 1995, for the detailed
experimental data provided by Almeida et al. (1993). The 38 different solutions submitted
allow to define, what the "typical" solution for a given model should be, see Fig. 16.

The standard k-epsilon model with wall functions produces a recirculation that is quite
dramatically too short. One of the causes can be traced back, as for the tube bundle, to an
overestimation of kinetic energy production on the uphill side of the flow. However, use of
Low Re near wall models allow to increase the recirculation length.

The RNG underestimates k and uv in the separated shear layer by 50% but this allows longer
recirculation length. Four k-omega results agree fairly well to show that the recirculation is
slightly too high and too long, yet in improvement compared to the standard k-epsilon
models. Although they exhibit the same over prediction in k on the uphill slope, the k-omega
models show less overestimation of the acceleration of the mean flow on the top of the hill.
The thicker detaching boundary layer may explain the larger entrainment of the recirculation
bubble.

The various SMC "IP" computations with wall functions agree to give reasonable results,
though the reattachment is slightly too early. The levels of kinetic energy on the uphill slope
are in excellent agreement with the experiment.
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Curved rectangular duct

This test case, discussed in the last 2 workshops (Karlsruhe-96, Chatou-96), is a rectangular
(aspect 1:6) duct flow going through a 90° bend (detailed experiment by Kim & Patel 1994).
In the lower part of the channel, the low momentum fluid on the floor of the duct is pushed
by the pressure gradient toward the inner side of the curvature (which incidentally, in a
meandering channel, causes sediment transport to the inner side of the curve). The secondary
velocity vector plots on Fig. 17 show this motion in the lower part of a cross section of the
duct after it has turned by 75°. The experiment shows a fairly complex structure with sharp
features, whereas computations show a more diffused picture, especially for the k-epsilon
computations (6-7-8). The Reynolds stress transport models (2-3-4) seem to perform better,
but the non-linear k-epsilon model (Lien & Leschziner) (5) does just as well. Also, the cubic
SMC of Launder and Li (2) does show an improvement over the simpler SMC (3-4). Still,
some differences due to numerical procedures were observed (e.g. 6 & 7 using the same
model), probably because computer resources still do not allow to be certain that the meshes
are fine enough for fully converged 3D test cases (though typically 1/2 million nodes were
used).

At medium height in the channel, the problem can be considered two-dimensional, but in
contradiction to our expectations, the SMC did not seem to behave much better than k-epsilon
models (Rodi et al .1997) as concerns the asymmetry of the kinetic energy profile from the
inner wall (where curvature has a damping effect due to normal stress contributions) to the
outer wall (with the opposite effect of curvature, ignored by standard EVM). Two codes
picked up instabilities of the mean flow on the outer wall, well developped by the end of the
bend (Fig. 16 lower half) which might have given rise to proper Gortler vortices, had much
finer meshes been used.

Impinging jet

This test case was selected for the IAHR-ERCOFTAC Workshop at Ecole Centrale of Lyon,
Oct. 1991 (Brison J. F., Brun G.). It consists in a round nozzle out of which a 20°C jet
impacts a flat 30°C plate at only 2 diameters below and spreads into a radial wall jet (fig. 18).
The experiments by Baughn and Shimizu, and Cooper & Jackson, as well as the comparisons
with numerical simulations have been detailed in Cooper et al. 1993, and Craft et al. 1993. The
conclusions, which at this stage should not surprise us, were that nearly all k-epsilon models
overestimated the turbulent kinetic energy by a factor of 5 to 10 in stagnation point region.
The Nusselt number predictions also exhibited a two-threefold overestimation. The workshop
also revealed for the SMC, that the Gibson-Launder "wall echo term" actually increased the
wall normal velocity fluctuation. Craft et al. devised a simple correction to this "wall echo
term", that (together with the "Yap" term in the dissipation equation) yielded correct
predictions, superior even to the realisable but more complex FLT SMC.
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.7 n~»?S0

Impinging jet test case. Dramatic overprediction ofNusselt along plate, except for the
Craft et al. modified "wall echo" term (left arrows) or realizable SMC (rectangle).

VI Body forces & advanced models

This is an area where an EVM approach is expected to encounter severe limitations, and
where SMC have proved their efficiency in the past two decade, in high Re flows that is,
because the "near wall" or "low Re" extensions of SMC have proved difficult to develop and
sometimes unstable.

We recall that if the instantaneous velocity is subject to a body force decomposed into mean

and fluctuating contributions —'• —+..=... +Ft + ft, then the following "production" term
ot

will appear in the Re stress equations: G,y = uj} + uj} . This source term can actually be

positive or negative depending on whether e.g. a stratification is stable or unstable, or which
side of a channel flow rotating in the orthogonal mode is considered.

We believe such test cases will be useful in
the future to decide whether near wall or low
Reynolds effects are correctly accounted for.
Indeed, our experience with realisable non
linear models, where the pressure strain

x redistribution is damped according to the
anisotropy of the turbulence (e.g. see the
Rotta constant cl in eq. 29), is that they can
lead to too early relaminarization.

Sediment laden channel flow
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This was the case in the instance
of a channel flow stratified by
suspended sediments where the
maximum amount of sediments
that the turbulence could bear
before it is quenched was found
quite weak compared to
conventional knowledge in that
field.

Fig. 20: Sediment laden channel
flow, mean velocity profiles.
Compared to the case where
gravity effects on turbulence are
neglected (g=0), the simulation
show a delayed laminar turbulent
transition and a smaller Karman

10001 constant. (Laurence et al 1992)

The rotating channel flow has the following fluctuating Coriolis force:

fl

fl

h
—

0

0

-2Q

A

«1

«2

"3

=

" 2Q«2 '

-2Q«!

0

, hence :• G22 =

Which has the following effect on the magnitude of the shear stress and velocity profile :

. x 2 >

Q>0 L M 1 H 2 >0 ,

less turbulence & mixing

xl < 0, G12 < 0 , ( ^ 1 T
more turbulence and mixing

Launder & Tselepidakis (1994) found that their non-linear model exhibited relaminarization

for a rotation number Ro = ->0.05 (admittedly as some experiments). Wizman,

Laurence et al. (1996) combined the SSG model, which is valid for high Re flows, with the
elliptic relaxation equation of Durbin for the pressure strain and were able to reproduce the
DNS data of Andersson and Kristoffersson (1993) up to Ro = 0.5 as shown in Figs 20-21.

In the elliptic relaxation approach effective pressure strain cp{j is obtained from the standard

pressure strain through the operator:
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, = C, max
km ,,/V" (32)

The damping of the pressure strain in the wall normal component then comes in implicitly
from the proximity to the wall trough the Lapalcian operator (and vanishes when turbulence is
homogeneous). This approach was found more stable than the more common approach that
consists in damping the Rotta constant. In the latter case, when u2u2 becomes small,
anisotropy is large and <p22 is reduced, suppressing the generation of u"2u2, which ultimately
is suppressed, and so is the production of shear and turbulence.

The elliptic relaxation approach is however still to be applied to complex 3D situations, and is
quite costly since it introduces 6 additional differential equations.
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Fig. 21: Rotating channel, turbulent shear stress by SSG+ elliptic relaxation (left), DNS (right).
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Fig. 22: Velocity profiles, SSG+ elliptic relaxation (left) and DNS by Andersson (1993) (right).

The last example is natural turbulent convection in a differentially heated infinite vertical slot.
x is the (vertical) streamwise co-ordinate, z is the wall normal co-ordinate. In this case gravity
would have no effect on the turbulence in an EVM while at SMC level the stresses and fluxes
are intricately coupled, as shows their respective production terms (with /3g>0):
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dJt3 dx3

P 2 ^

Note that the vertical heat flux u^d is not produced by the vertical temperature gradient

(which is null). The budget of the shear stress, uxu3, shows that most of the shear production
dU

« 3 M 3 - ~ - takes place in the central part of the channel. Near the wall this term becomes

negative as the velocity gradient changes sign (but not the shear stress). The shear stress
remains positive because of the gravity production which is proportional to the large vertical
heat flux ux6.. The budget of the stream wise velocity fluctuation, MJMJ , is similar to that of
the shear stress. The Couette flow is dominated by shear production, while gravity
production dominates as the velocity gradient changes sign near the wall. The near wall layer

experiences again negative turbulent kinetic "production" (P = 1/2 Pi 1 = -MI«3 - ~ ) because of
dx3

the constant sign of the shear stress. Turbulence is however equally sustained by gravity
production and turbulent transport, k-e models, will miss both the negative shear production
and the vertical heat flux, but since they happen to nearly compensate, the k-e models may
still give, by chance, reasonable mean flow predictions.

Again the elliptic relaxation of Durbin has been applied to model the near wall effects.
Comparison of this model with the lower Raleigh number case, Ra =105, was shown in
Boudjemadi et al. (1996). In this case countergradient transport effects were very large and not
captured by either the "Daly and Harlow" or the "Hanjalic and Launder" transport models.
Good agreement with the DNS was only found by use of an algebraic closure of the triple
correlation transport equations in which the effect of the production terms was found large.
For the higher Raleigh number, Ra = 5.4 105, the effect of improving these transport models
was found not so essential. The agreement for the mean velocity and temperature profiles is
reasonable, as for the wall to wall heat flux and the shear stress. Graph e) shows the budget
of the wall normal Reynolds stress. The homogeneous pressure correlation (eq. 5) is displayed
with a chain-dashed line, while the effective pressure correlation resulting from the elliptic
operator (eq. 4) is shown with a solid line. Details are given in Boudjemadi (1997).

This is only one example of how coupled the stress and fluxes can be when the flow
transports a scalar that is able to react on turbulence. Similar situations can be found in 2
phase flows or reacting flows. Thus in industrial flows involving complex physics, modelling
at the level of SMC seems mandatory.
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Fig 23: Natural convection in a tall cavity, DNS and SMC with elliptic relaxation.
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Conclusion

Shortcomings in applications of standard turbulence models have been explained and
illustrated, the objective being not to warn against their usage, but to encourage computors to
develop the knowledge of their limitations, and account for them in their design studies.
Unlike expert explanations of stock market turbulence, given a posteriori discrepancies in
CFD results are repetitive and predictable. Though codes with advanced models can now be
purchased economically, trustworthy CFD however, requires highly experienced personnel. If
industries are not prepared to make the corresponding in house investment, they may be
better off subcontracting the entire CFD studies, than buying a collection of codes "off the
shelf.

In many complex flows, the standard k-epsilon model tends to overpredict turbulence, and
this can be cured by SMC (mandatory in case of complex physics of tranported species),
preferably to modifying the dissipation equation (RNG), though it is possible that
transporting a lengthscale or timescale might be a better choice. However the thorough
validation of a new model requires more time than its design. For industrial studies, where true
predictions are expected, in opposition to the "post-dictions" exhibited in workshops, it is
safer for the time being to stick to standard models whose behaviors are well known.

We have seen that some algebraic constraints which can be derived exactly by assuming
asymptotic limits (rapid distortion, homogeneous shear at infinite time, 2D turbulence) have
inhibited a better tuning of models for real life flows where these limits are not encountered. A
more pragmatic approach could be taken by allowing the constants to be functions of invariant
parameters. But these functions, making the models non-linear, can lead to bifurcations or
instability. One essential parameter is the distance to the wall, which recent models have tried
to eliminate, although this parameter appears indirectly through the Poisson equation for the
fluctuating pressure. A possible indirect model is the elliptic relaxation.

Finally, we wust stress that progress in recent years has been mainly achieved in near-wall
low Re modelling, but these advances do not always benefit to industry since only the "wall
function" approaches can be used in the high Re, 3D flows that we need to study. With the
knowledge gained from refined near-wall modelling, it might be profitable to revisit the "wall
functions" devised 20 years ago.
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