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B. Jouault, F. Sebille and V. de la Mota
Subatech, 4 rue A. Kastler, Bp 20722 44307 Nantes cedex 03, France

Abstract

The description of transport phenomena in nuclear matter is addressed
in a new approach based on the mathematical theory of wavelets and the
projection methods of statistical physics. The advantage of this framework
is to offer the opportunity to use information concepts common to both the
formulation of physical properties and the mathematical description. This
paper focuses on two features, the extraction of relevant informations using
the geometrical properties of the underlying phase space and the optimization
of the theoretical and numerical treatments based on convenient choices of the
representation spaces.



I. INTRODUCTION

In connection with the appearance of new and efficient experimental facilities in heavy-
ion physics, the study of transport phenomena in nuclear matter is a current active field
of investigations. It addresses a complex problem, the description of systems with a large
but finite number of interacting components. Due to the huge amount of degree of freedom
involved, the tractability as well as the intelligibility of the problem require a reduction of
the complexity. A first step in the reduction process consists in defining a set of relevant
variables. It is obvious that suitable choices have to be done in order to obtain the essential
characteristics of the evolving system, and to lead to possible predictions. As a consequence,
the information about the irrelevant degrees of freedom is lost. When this loss of informa-
tion is taken into account in dynamical processes it leads well known consequences like non
linearity and dissipation [1], In simulations, the theoretical derivations and the resolution
schemes are intimately intertwined. Their coherence and the reliability of the solutions, rely
on the possibility to define a set of precise and controlled approximations.

The purpose of the present paper is to present a new approach which, starting from a
precise hierarchy of representations, extracts different classes of relevant informations and
their corresponding time evolution. This approach takes its roots in the projection meth-
ods of statistical physics [2] [3] and in the mathematical theory of wavelets [4] [5]. In the
following we will focus mainly on two important features, the extraction of relevant infor-
mations using the geometrical properties of the underlying phase space, the optimization of
the theoretical and numerical treatments based on convenient choices of the representation
spaces. The dynamical description of fermionic systems in this framework will be postponed
to another work.

A central objective of this approach is to establish a methodology where the formulation
of the physical properties and the mathematical description of the system are founded on
common concepts. Among them, let us mention the projection of the physical space in or-
thogonal sub-spaces splitting the information in relevant and irrelevant ones, the space and
time scales separation, the geometrical properties of the physical spaces, the symmetries of
the system and its Hamiltonian, and the treatment of the information loss through entropy
criteria. The recent mathematical theory of wavelets offers the opportunity to achieve this
goal. Its application to the analysis of a fermionic system will be presented in the nuclear
context. Such a complex problem requires the resort to feasible numerical treatments which
allow at the same time to compress the information and to preserve quanta] properties of
the system.

The paper is organized as follows. In section 2 the principles of wavelet theory are
presented, focusing on the properties of direct interest for the subsequent applications. The
wavelet analysis is applied in the case of single particle wave functions and density matrices
in section 3 and 4 respectively. Section 5 addresses the subject of approximation schemes
in the fermionic representation of nuclear systems.



II. WAVELET ANALYSIS

The wavelet analysis is a recent mathematical theory [6] [4]. It is a current active field
of research, either from a fundamental point of view or through its applications [7] [8]. We
will only address here some properties in direct connection with our actual needs. For sake
of simplicity this main concepts will be presented in one dimensional cases.

A. Wavelet transforms

Wavelets are oscillating functions, elements of the Hilbert space L2(R), with vanishing
zero order momentum. They take significant values on a finite size interval. A family
of wavelets is generated by dilating and translating the mother wavelet t/'C^)- The set of
wavelets ipa<b(x) is defined by:

V ( ) W ( — ) , (1)
a

where a (E 3?+* is a dilation parameter and b € 3? a translation one. These functions are
normalized to have a constant norm.

The continuous wavelet transform of a function / , is defined by the set of coefficients
Dab. calculated with the relation:

TOO

Da,b = / f{x)il>a,b{x)dx =< /,V«,6 > , (2)
J—oo

where v is the complex conjugate of t/». Assuming that the mother wavelet is supported in a
finite interval [xmin, xmax], the elements xj)a^ will pick up information about the signal from
the interval [b + axmin, b + axmax\. Due to the zero mean value property of the wavelets, the
coefficients Dab are proportional to the regularity of the analyzed signal [9]. The number N
of vanishing moments of a wavelet is defined by the property

r xnip{x)dx = 0 for n = 0....N (3)
J—oo

The greater is N, the more efficient is the analysis. It means that the number of charac-
teristic coefficients decreases as the number of vanishing moments increases.

Denoting the Fourier transform of a wavelet tj), it satisfies the relation

t/>ab(u;) = yfi${au)e-ibu (4)

Consequently, the coefficients Da,b can be rewritten as

>)hw)e~ih"&> (5)

Since the Fourier transform of a wavelet is localized on the interval [u;m,-n,u;maj.], the
coefficients Dab are characteristic of the signal variations on the interval [iii2£1IL, i^UL]. The



analysis is localized both in time and frequency [10]. If the wavelet 4' satisfies the admissi-
bility condition

[°° | rp{u>) I2

DQ — / —i i—du < °° (6)
J-oo I u; |

then the continuous wavelet transform is invertible, and the inverse transform is given
bv the relation

1 y00 da f00

Dy Jo a2 J-oo

Wavelet analysis allows to perform time-frequency analysis. In that case the transla-
tion parameter correspond to the time and the dilation one modifies the frequency of the
analyzing function. The second way of interpreting wavelet transform, is to consider these
functions as microscopes which focus on structures at different scales. This kind of analysis
is used to put in evidence hierarchized structures or to detect singularities [11] [12] [13].

The continuous formulation of wavelet transform leads to a high redundancy of infor-
mation in the calculated coefficients, and it involves a very high calculation cost. However
a good reconstruction of the analyzed function does not require to calculate the complete
continuous set of coefficients Da^. For convenience we restrict a and b to discrete values
only. The usual parameterization consists in choosing

a = a™ b = n&oGcT ($)

where a0 > 1 and 60 > 0 are fixed and m. n range over Z.
With this parameterization the associated wavelets family is constituted of the elements

( / \ ~m72 I / — Tn L \ / n\

The discrete wavelet transform is then defined by:

Dm,n = r f(x)J^~n{x)dx =< f. t/'m.n > (10)

In order to have a complete characterization of the function / from the knowledge of the
coefficients Dm.n, we require that the set ipm<n forms a frame [5]. It means that there exist
A > 0 and B > 0 such that:

(11)

In that case / can be reconstructed from the coefficients Dm,n with the relation:

2 ^-,

m,n

where R satisfies:



§^> (.3)
The usual choice a0 = 2 and b0 = 1 leads to an orthonormal basis. In that case A — B = 1
and the reconstruction formula becomes:

w (14)
m,n

With this parameterization, we obtain a dyadic grid in the time frequency plan. It means
that the ratio of translation amplitudes between two successive scales is equal to two.

B. Mutiresolution analysis

The principal idea of a multiresolution analysis is to define successive approximations
fj of a function / of the Hilbert space L2(R) [14]. It is defined as a family of embedded
subspaces

....V2 C V, C Vo C V_i C V-2 C

which satisfy the following properties:

(?) n Vj = 0 UVj = L2(R)

( » ) f ( n ) e v j < = > f { 2 n ) e v j + 1 j e z

(Hi) f ( n ) e Vo < = > f { n - k) € V o k ^ Z

(iv) It exists in Vo a function <j> such that the set <f)(x — k)keZ constitutes an orthonormal
basis of Vo. 0 is usually named scaling function.

The approximation of / at scale j is given by the orthogonal projection of / onto the
subspace Vj

f , 4>j,k > <t>j,k , (15)
k

Aj is the orthogonal projector onto Vj and the set of functions

<M*) = 2-''2#2-'x - k) (16)

constitutes an orthonormal basis of this subspace.
Since 0 £ Vo C V_i and <p{2x — k)keZ is a basis of Vi, it exists a set of coefficients /?(??)

such that

£ - n ) . (17)
n

These coefficients read:



h(n)=< <f>{x),<l>(2x-n) > . (18)

From equation (17) the Fourier transform of the scaling functions satisfies the equation:

with

" )e-'ni" . (20)

This underlines a fundamental aspect of the multiresolution analysis, that is the scaling
function is completely determined by the filter mo(u) in the Fourier space. Moreover the
functions d(.r — k) constitute an orthogonal basis of VQ and satisfy the orthogonality relation:

/' 4>{x)<j>(x - k)dx = Sk . (21;

From the orthogonality relation one gets the condition that ???0 must satisfy in order to
generate a multiresolution analysis:

• + TT)^ = 1 . (22)

Let Wj denote a space complementing V} in V}_i. i.e. a space that satisfies:

y - y m yy (03)

The space 11^ contains the complementary information needed to go from an approximation
at the resolution level j to an approximation at the resolution level (j — 1). These subspaces
must satisfy the following properties:

(/') H ' 1 H > pour j^j' et 0 A\) = L2(R)

{Hi') f ( n ) e H o < = > f ( n - k) 6 H o k e Z

(iv) There exists in Wo a function v'1 such that the set y(x —
constitutes an orthonormal basis of WQ.

The difference between two successive approximations can be fully expressed in terms of
wavelets

k

Since v is an element of the subspace V'_i, there exists a series of coefficients g{v) such that:
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- n ) (25)
n

where

g(n)=<xP(x),<j>(2x-n)> (26)

The Fourier transform of equation (25) is:

with

v 2 „

The orthogonality relations:

I Hx)ip(x - k)dx = 6k (29)

/ <i>{x)x!>{x - k)dx = 0 (30)

require that the filters must satisfy the following properties

• = 1 ( 3 1 )

+ 7r) = 0 . (32)

Equations (22),(31) et (32) impose conditions on the choice of m^ from m0. One non unique
solution consists in:

mi(w) = e-l"m0(u> + *•) (33)

This last equation implies that the impulse response of the filter m0 is related to the impulse
response of the filter mi by:

g{n) = (-l)nh(l-n) (34)

The only knowledge of h(n) or mo allows to construct the scaling functions and wavelets
which generate a multiresolution analysis. This one performs an iterative decomposition
of the Hilbert space in orthogonal and complementary subspaces, through the action of
quadrature mirror filters which act as high pass band and low pass band filters.

Several algorithms have been devised for computing wavelet coefficients [15]. The Mallat
algorithm [16] allows to implement efficiently discrete wavelet transforms.

The projection of / onto Vo is given by:



/o = EC>>o(*-") (35)
n

An element of V'o = \\ & W\ can be decomposed into its components along each subspace.
These components can be expanded with respect to the orthonormal bases 6\_k and ii'\y.

f = AJ + />,/ = J2 Ci(k)4>1Jc + Y, A (*K'i.* (36)
k k

The sequences C\ can be expressed as a function of Co. by computing the inner product
of each side of equation (36) with /o.

d{k) =< <f>i,k.fo >=J2Co(n) < <l>i,k,<i>o.n > (3
n

Equation (37) can be rewritten as:

Yn-2k)C0(n) (38)
n

Similarly we get

Dtik) =< V>i.*,/o >= E ^ ( n - 2k)C0(n) (39)
n

Introducing a shorthand notation we rewrite equations (38) and (39) as:

CJ+i - HCj D3+, = GCj (40)

The filters H and G correspond to the quadrature mirror filters used in signal analysis.
They allow to separate high frequency variations from low frequency ones. This procedure
can be iterated as many times as needed. The successive coefficients C3 correspond to lower
and lower resolution versions of the original coefficients Co. The coefficients D: contain the
difference of information between Cj and C}-\. The computation made via the relations
(38) and (39) is fast and easy to implement.

The reconstruction part of the algorithm is just as easy to obtain as the decomposition
one. Knowing the coefficients at scale j , we can reconstruct the approximation /j_i of the
original function / :

./•_! = A3f + P3f = Y,CJ{k)6hk + Y,DAk)V3,k (41)
k k

T h e coefficients C3-\ can be expressed in t e r m of C3 and D3 by using the definition of /?(/?)

and g(n):

<?j-i(") = Z h(n ~ 2*)Q(*) + Y,9(" ~ 2k)Di(k) (42)
k k

The reconstruction algorithm is therefore a tree algorithm which uses the same filters as
the decomposition one. In a shorthand notation in can be rewritten as

C3-1 = H-C3 + G*D3 (43)

where H" and G" are the adjoints of the filters H and G.



C. Biorthogonal wavelets

The orthogonality property puts a strong limitation on the construction of wavelets.
Only the Haar basis is real valued, compactly supported, symmetric and orthogonal. The
construction of biorthogonal bases allows to gain more flexibility [17] [18]. In that case a dual
scaling function <$> and a dual wavelet xj> are defined. They generate a dual multiresolution
analysis with subspaces V} and Wj, which satisfy the following properties

Vj ± Wj and V, ± Wj (44)

and consequently:

WjLWj, if j ^ j ' . (45)

The basis elements verify the orthogonality relations:

< ^ ( a - ) , ^ ( x - / ) > = < ^ ( a : ) , ^ ( x - / ) > = 0 leZ (46)

<4>{x),<p(x-l)>=8i < $(x),4>(x-l) >=6, . (47)

The families <̂ ,,/ and xftjj are constructed in the same way than the set ^ and xl'j.i- They
have the following properties:

< <pjj,<j>j,i> >= 6i<t> < r/'j.i, «/y,/' > = <5U«5JJ' ( 4 8 )

Since d> and i/1 define a multiresolution analysis, one can define filters rho and rhi and their
impulse response h(n) and g(n).

/Hfax - n) (49)

~ "•) (50)

These equations can be rewritten as:

mo(w)mo(a;) -f mo(a; + ir)mo(u + TT) = 1 (51)

rn1(u))mi(u:) + mj(u> + •K)mi{io + TT) = 1 (52)

+ rhi(u> + 7r)mo(a; + TT) = 0 (53)

?no(u?)mi(u>) + rno(u! + 7r)mi(u; + n) = 0 (54)

A possible solution consists in:

m,i(u>) = e~lwrfio(oj + 7r) (55)



mi(u)) = e ""mo(u;+7r) (56)

In this case the impulse responses are given by:

+ 1 n ) (57)

n) (58)

The decomposition is performed in the same way that in the case of orthogonal bases by
using relations (38) and (39). In the orthogonal case the decomposition and reconstruction
procedures use the same filters. In the biorthogonal case, the reconstruction filters are the
duals of the decomposition ones. We obtain the following reconstruction formula:.

Q-i(n) = E Mn - 2k)Cj(k) + Yi9(n ~ 2k)Dj(k) (59)

k k

The original function / is reconstructed with the following formula

A'
/ • Vj* > t-j.k (60)

" j = l A-

The basis used for the reconstruction is the dual of the basis employed for the analysis.
If the two bases are the same, we recover the orthogonal case.

III. ANALYSIS OF SINGLE PARTICLE WAVE FUNCTIONS

In the description of quantal transport phenomena a common and convenient reference
basis is defined by single particle wave functions. Therefore, in this section we will address
the wavelet analysis of single particle wave functions, eigenfunctions of a one body Hamilto-
nian. In particular we will investigate the efficiency of the multiresolution analysis to give an
optimal representation, as well as to provide informations on the underlying structure from
frequency and scale locations. The separation of the information in orthogonal subspaces
at different scales defines a hierarchized scheme of reconstruction formula. This hierarchy
allows to measure the amount of lost and preserved quantal information which is implied by
a particular choice of representation. In order to implement this approach and to confront
it with analytical solutions, the wavelet analysis has been applied to the eigenfunctions |^ >
of the harmonic potential in one dimension [1]. In the configuration space these functions
take the following expression

w i t h

Hn being the Hermite polynomials, and the associated Hamiltonian is given by:

H = f- + lm^x\ (62)
2m 2
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The optimization of wavelets analysis depends on the choice of the analysis method and
the wavelet family. According to the nature of the analyzed function, an appropriate choice
of the basis has to be made. Our goal is here to give a procedure to represent the har-
monic oscillator wave functions with the most restricted set of basis elements. Since these
functions are symmetric or antisymmetric and exhibit a regular behavior, it is judicious to
select a basis which satisfy these properties. Moreover for future applications the choice of
an orthogonal or biorthogonal basis will be essential.

Generally orthogonal wavelets do not satisfy all the expected properties, nevertheless
biorthogonal bases satisfy most of them simultaneously. Particularly, there exist spline
wavelets which satisfy orthogonality and symmetry conditions, and which are compactly
supported. These functions are generated by filters mo(u;) which can be expressed in term
of polynoms with linear phase [19]. This implies that the associated scaling functions and
wavelets are symmetric or antisymmetric. Moreover, even if these functions cannot be ex-
pressed analytically, there exist very simple functions that approximate them very well [20].

Let us now address the application of multiresolution analysis to the study of wave
functions of the harmonic oscillator. The results related to the function ^>T(X) are depicted
on figure (2). Scaling coefficients are represented on the central column while the wavelets
coefficients are on the right column. All these coefficients are calculated at each scale with
the following formulas:

Cjjt = J <pn[x)<f>j,k(x)dx (63)

Dj,k = J <Pn(x)rl>j,k{z)dx (64)

Owing to Mallat algorithm, scaling and wavelet coefficients at scale j are directly de-
duced from the scaling coefficients at the previous scale (j — 1). It avoids to calculate all the
integrals (63) and (64). The tree structure of this algorithm is explicitly exhibited on figure
(2). The approximations of the original function at different scales are depicted on the left
column. As the scale increases (from the top to the bottom), more and more details vanish
in the reconstructed function.

Since they have a gaussian-like shape, the scaling functions give information about the
local mean value of the wave functions. That is the reason why at the most precise resolution
level, the spectra of scaling coefficients shows the same structure as the analyzed function.
When the resolution diminishes, scaling functions become wider. Therefore the norm of the
associated coefficients rapidly decreases in space location where the wave function exhibits
a fast varying behavior, that is in the central region. It can also be observed that coeffi-
cients, related to the peripherical regions where the smoother behaviors are located, keep
an important amplitude.

Contrary to scaling functions, wavelets have mean values equal to zero. At the finest
resolution level, when the analyzed function exhibits a fast oscillating behavior, the associ-
ated coefficients increase. In the case of the eigenfunctions of the harmonic oscillator these

11



oscillations are located in the central region, then the greatest wavelets coefficients appear
in the center of the spectra. On the contrary in the coefficient spectra of scaling functions
the most important coefficients are located on the periphery. At coarse resolution levels
the wavelet coefficients spread to peripherical regions, where they contribute to refine the
reconstruction given by the scaling function coefficients.

The approximation of the original function at different levels is depicted on the left col-
umn of figure (2). As expected, the precision of the reconstruction is increasing with the
number of coefficients taken into account. This figure clearly displays the salient princi-
ples of the multiresolution analysis. Its efficiency requires a suitable adaptation in order
to optimize the quality of the representation and the numerical cost related to the number
of coefficients. Without entering in technical details, let us point out some characteristic
features.

A convenient way to perform the structural analysis of a wave function can be done
through the investigation of the associated density operator:

Pn = |r>n >< <Pn\ (65)

Once the wave function is expressed in term of wavelets and scaling functions at teh
reference level, the corresponding density operator pn is given by:

k < Ok + > Dk < U'k\ (66)
k k / \ k' k' /

Expanding this expression one can distinguish severals components:

pn=Y,Ck
2\0k>< <?>k\ {a)

k

(b)

<Pk'\ (c)

J 2 k , \ (c) (67)
k,k'

These different contributions and their summations are represented on figure (3) through
the diagonal part of the density operator,in the configuration space representation. The
I^5(J) function is analyzed and reconstructed in this case at scale j = 3. The exact represen-
tation is given in part (f) of figure(3). The individual contributions of the scaling functions
are depicted by the contribution (a) of equation (67), they are shown in part(a) of figure(3).
One observes the efficiency of the scaling functions to extract the slow varying components
of the signal. They retain only two peripherical pics located around the semiclassical lobs
of the analyzed wave function. The contribution of wavelets given by part (b) of equation
(67) is depicted on figure(3b) Complementary to scaling functions, the wavelets give the fast
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varying components of the signal. In addition these contributions have almost no overlaps
with the scaling functions contributions, since they are located at the center of the distribu-
tion. A striking feature is that the summation of these two components, given on figure(3d),
provide qualitatively as well as quantitatively a reconstruction in good adequacy with the
exact representation of the density operators. An interesting point to stress, is that only two
scaling function coefficients and two wavelet coefficients are involved in this reconstruction.
The different pics are well located, only their extensions have been overestimated. The re-
finement of the latter is carried out by the addition of the interference contributions, part
(c) of equation (67). Most of these contributions interfere destructively so that they add
less information than the diagonal components. The diagonal contributions obtained by
considering two different grids are depicted on the upper part of figure (4) and the associate
coefficients on the lower part. It appears that when the scaling function reproduce the pe-
ripherical pics, wavelets act on a complementary way so as to reproduce the fast oscillating
central contributions. In that way the essential information is contained in a restricted set of
contributions. Nevertheless, if the grid is not well adapted to the problem, a more important
number of coefficients has to be taken into account. In that case the diagonal components
provide a cruder description, and the interference contributions take important values in
order to reorganize the information.

The previous indications point out some essentials aspects. The first point is that
wavelets focus on the central oscillating part and scaling functions on the peripherical lobs
of the wave functions. In this way they appear complementary. A second point is that
the rough application of Mallat algorithm is not well suited for optimizing the number of
coefficients that have to be taken into account, at least when the analyzed function exhibits
characteristics structures on different scales. An optimal description of the wave function
requires to sophisticate the analysis method.

The selected approach is based on an adaptative and efficient analysis method to ex-
tract the relevant information, which concerns essentially the peripherical pics using scaling
functions and the oscillating part using wavelets. In this adaptative analysis, these func-
tions adjust their positions and modify their extensions so as to reproduce the spreading
of the different components of the wave function. This procedure is performed in order to
optimize the number of coefficients and to maximize their corresponding values. Such a
decomposition is represented on figure (5). In the upper part of the figure, the exact wave
function (full line) is compared with the approximated one (dashed line). In the lower part
of the figure, the location of the basis elements are displayed. The method allows to define
an approximation of reference, obtained at the crudest scale, that can be refined by adding
successively the coefficients related to the finest scales. One can remark that the lowest level
of description gives a reliable representation while taking into account only a small number
of coefficients.

IV. DENSITY MATRIX OF A FERMIONIC SYSTEM

In this section we will investigate the wavelet analysis for a fermionic system. If one
has a complete knowledge of the system, it can be represented by a state vector |$ >. The

13



associated density matrix is then given by

W | (68)

All the quantum information about the system is included in this operator. It allows to
make predictions on the state of the system at a time t\ from the knowledge of its properties
at an earlier time. If we have an incomplete knowledge about the system it is described by
a statistical density matrix [1]

^ ) * I (69)

Where | ^ . > denotes the accessible N-body states, pk their probability and pk the asso-
ciated density operator.

In connection with the mean field approximation, we will restrict our study to a state
space spanned by a basis of independent fermionic states. The associated one body density
matrix is defined by:

(70)

where the |v'i- > denotes the single particle wave functions which diagonalize the one
body Hamiltonian.

The diagonal elements of the density matrix p(x,x), are real positive numbers which
give the probability to find the system in the state tp(x). The off-diagonal elements, p(x. x')
gives the transition probability between the states at coordinate x and x'. These different
contributions are depicted on figure (6a). It represents the exact one dimensional density
matrix related to the ground state of a system constituted of eight nucleons enclosed in an
harmonic potential. This matrix takes its maximum values on the diagonal part, while going
apart the off-diagonal contributions exhibit an oscillating behavior.

Since the position and momentum of a particle cannot be simultaneously well known,
one cannot define a true phase space probability distribution. Nevertheless functions, which
bear resemblances to classical phase space distribution, have proven to be of great use in the
study of quantum mechanical systems. They allow also to investigate the correspondence
between classical and quantum mechanics. [21] [22].

The Wigner transform allows to construct a function fw(r,p) which is a quantum analog
of the classical distribution function /(r,p) [23]. This analysis method stems from the works
of Wigner-Ville, who are also at the origin of the wavelet theory. The distribution function
is defined by applying the following transform on the density operator:

1 f00 2i£j

fw{r,p) = —- / ds < r - s\p\r + s > e * (71)
7rn J-oo

In the case of a one dimensional pure state this relation becomes:
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1 f00 2
fw(x,p) = — / ds E f̂c(x + s)V'fc(z - s )e"^ (72)

The defined Wigner function takes real values and satisfies the following normalization
properties:

r r(*,p)dp = J>*(*) = P(x,x) (73)
k

(74)

rr
J — oo J—

N (75)

where N is the number of particles of the system.

The application of this transform on the density operator associated to an eigenfunction
of the harmonic oscillator reads:

where H(x,p) is the Hamiltonian given by equation (62). Since the Laguerre polynomials
Ln are well known, one can construct the Wigner function associated to each eigenfunction.
In the harmonic case all the Wigner functions exhibit a spherical symmetry in phase space
(figure (7)). One can remark a main lob of positive amplitude at the periphery which fol-
lows the classical trajectory. Inside of this trajectory, one can see concentric structures of
alternating signs [25]. Except for the ground state, Wigner functions do not always take
non-negative values. They exhibit also violent oscillations which have no classical counter-
part. These functions cannot be regarded as probabilities as in classical mechanics.

Let us now address the behavior of the Wigner distribution function with an increasing
number of particles. When the distributions corresponding to different energy levels are
summed up, the negative contributions disappear, and the Wigner function is defined posi-
tive in the all phase space (figure (8)). These successive summations make the distribution
more and more wide in phase space. Last line of figure (8) represents the total Wigner
distribution of the system (on the left) and its density calculated by integrating over the
momentum axes (on the right). One can remark that the knowledge of the total distribution
does not. require to know the details of each wave function, since their quantum oscillations
mutually interfere. The determination of the relevant information related to each eigenfunc-
tion is enough to obtain a good description of the entire system.

In order to obtain non-negative distribution functions with a gentle undulation, Husimi
transform [26], was defined by using a gaussian smoothing of the Wigner function. Knowing
the Wigner transform f^(x,p) of a wave function \t(x), the Husimi transform is given by:
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rHu (x,p) = Jdx'dpT(r - x'.p- p'Je-^c"^ (77)

This quantity takes only positive value. The transformation uses gaussian smoothing
functions which depend on the free parameter \ . This smoothing procedure delete the
high frequency oscillations in the phase space. When applying this transformation to the
eigenfunctions of the harmonic oscillator, one obtains

The distributions associated to the first eight eigenfunctions are depicted on figure (9).
The transformation enables to lay the stress on the contribution of maximum amplitude
around the semiclassical trajectory, by washing out the central oscillating contributions.
Therefore the Husimi representation is well suited for making the connection between the
energy level of the wave function and a constant energy trajectory of the phase space [27].
The sum of all these contributions gives the total distribution which is represented at the
bottom on the left column. It exhibits a smoother behavior than in the case of Wigner
representation. Integrating over the momentum axis gives the density depicted on the right.
The spreading of this density is more important than in the Wigner case. Moreover, all the
quantum oscillations at the top of the density have been deleted. The Husimi representa-
tion allows to define a simple mapping from quantum to classical mechanics. However the
quantum information has been impoverished if not suppressed.

V. HIERARCHY OF APPROXIMATIONS

A. Spline wavelet representation

The analysis method described in the previous section allows to decompose wave func-
tions by projection onto a basis of wavelets. The comparison between the exact densities
of several eigenfunctions of the harmonic oscillator and their approximations at the crudest
scale, is shown on figure (10). Their similarity indicates the efficiency of the selected proce-
dure. This agreement is mainly due to the decomposition onto orthogonal complementary
subspaces. which is based on the application of quadrature mirror filters. These filters per-
mit to organize the information from the underlying frequential structuration of the signal.

The total density matrix of the system is obtained by adding the density matrix asso-
ciated to each level. The exact one is depicted on figure (6a). The contributions obtained
when retaining only the components related to part (a) and (b) of equation (67) in the
wavelet decomposition, gives the result depicted on figure (6c). The density at the neigh-
borhood of the diagonal is well reproduced while the oscillating off-diagonal elements are
smoothed. Adding the contributions (c) of equation (67) allows to restore the main part of
these off-diagonal contributions (figure(6b)). However the description at the neighborhood
of the diagonal is practically unchanged. One observes that the terms (a) and (b) are suffi-
cient to describe the diagonal part of the density matrix, therefore they preserve the relevant
information. The properties of the configuration space do not give any precise information
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about the quality of the spectral response. One way to proceed consists in studying the
phase space distributions using a transform which put the stress on the information loss
resulting from the approximations. Since the Wigner representation emphasizes the differ-
ences between the exact distributions and their approximations, it will be more constraining
than the Husimi representation and we will use it preferentialy.

In order to express the distribution in phase space, it is necessary to define the Wigner
transform of the elements of the projection basis. The advantage of the spline wavelets is
that they can be approximated by analytic functions with a high degree of accuracy. Scaling
functions have a gaussian behavior, they can be approximated by functions a(x) of the form:

1 i p 0 l ( Q )

+ ~ ( 7 9 )

where \ is the variance. Their Wigner transform is given by:

aw(Xip) = -Le\ ^ )e(-^(p-po)2) (80)

Wavelets have been chosen in such a way that they could be approximated as follows
[20]:

1 . . . _ _ ( g l )

~ap^> (2*x)>/<

Their Wigner transform is given by:

2irn
(32)

This distribution, displayed on figure(ll), exhibits two identical gaussian shapes in phase
space. They are located at the same position in coordinate space but the}' have opposite
momenta. Moreover, a rapidly oscillating structure appears along the position axis.

In a first step we will perform the study on the density matrix of a one particle system, since
the restriction to only one function amplifies the differences between the exact and approx-
imated representations. As a matter of fact when adding several state components, a lot of
terms interfere destructively leading to insignificant contributions. This process is all the
more perceptible in Wigner representation because of the appearance of rapidly oscillating
terms. The study of the Wigner transform corresponding to only one wave function allows
to carry out the most critical analysis by choosing the most unfavorable representation.

The different contributions appearing in the density matrix are given by the relation (67).
These terms still appear in the expression of the Wigner distribution. Only the elements of
the basis are affected by the transformation:
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^Y,CkCk. j e^ <}>k{x ^ ^)<j)k{x - t) ds (a)

^k{x-^) ds (b)

+t)4>k,{x - S-) ds (c)

4 l DkDk, I e2^TMx+S-)tk,{x-S-)ds (d)

J ^ ^ (c) (83)

The different contributions obtained in phase space are displayed on figure (12). The term
(a) gives two identical pics located at zero momentum and which position coincide with the
semiclassical lobs of the analyzed wave function. The interference terms (c) and (d) exhibit
rapidly oscillating structures. In addition their integration over the momentum or position
axis vanishes. This results from the orthogonality property of the wavelet basis. These com-
ponents interfere destructively, so that the relevant information is entirely contained in the
individual contributions of the scaling and wavelet functions. The phase space distribution
with contributions (a) and (b) is displayed in the left part of figure (13). The related density
in configuration space, obtained by integration over the momentum coordinate which is rep-
resented on the right, fairly agrees with the exact density. This approximation keeps track
of the quantum structure of the wave function. One observes in the right part of figure (13).
the peripherical pics as well as the central oscillations, which are both necessary to describe
the behavior around the semiclassical trajectory in phase space displayed on the left part of
figure (13).

B. From wavelets to correlated coherent states

In most of the transport models developed in the nuclear context, the distribution func-
tions have been expressed in term of Dirac distributions and more recently in term of gaussian
functions. The spline wavelets offer the opportunity to make a link with these models since
they can be decomposed as a sum of Gabor wavelets which are intimately connected to
correlated coherent states. A new approximation level can then be defined by considering
this new representation basis, which satisfies moreover, simple analytical properties.

Let us first introduce the notion of correlated coherent states in the case of a one di-
mensional quantum harmonic oscillator. The annihilation and creation operators are given
by

a = -±=(X + iP) a
+ = -j=(X-iP) (84)
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X et P being the position and momentum operators respectively. The operators a and
a+ satisfy the canonical commutation relation

= 1 (85)

The canonical coherent states can be constructed in different ways [28]. They can be
defined as the normalized eigenvectors of the annihilation operator

a\z >= z\z > \/z G C (86)

The displacement operator D{z) is defined as follows:

D{z) = eza+~z'a (87)

Then canonical coherent states can also be obtained by the action of this operator on
the ground state |0 > of the harmonic oscillator. They can also be expressed in terms of the
eigenstates \n > of the harmonic oscillator Hamiltonian:

\z >= D(z)\0 >= e " ^ T -£=|n > (88)
n=o

These states are never orthogonal to each other, since

< z1\z2 >= cHl*ila-£Ha+*»*r> ^ 0 (89)

Defining XQ and pa as the mean position and impulse of the associated coherent states,
one gets the following definitions of the second moments \, <f> and a:

X =< z\X2\z >=< z\(x - xo)
2\z >= - A - (90)

ztnuj

<p = < z\P*\z > = < z\(p-po)
2\z >= ^ (91)

a =< z\[X. P)+\z > = < z\[(x - x0), (p - po)]+\z >= 0 (92)

where [ ]+ stands for the anticommutator. Canonical coherent states are states of minimal
uncertainty, since their second moments exhaust the Heisenberg uncertainty relation:

X<f>=\ (93)

Canonical coherent states are gaussian shaped and their expression in the configuration
space is given by:

< x\z >= f l^yVwc*- 0 )V p°* (94)

Coherent states constitute an overcomplete set of the Hilbert space since they satisfy the
relation:
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J \z >< z\dfi{z) = 1 (95)

with

d2z
d(i(z) = (96)

Any vector |$ > belonging to the Hilbert space can then be written:

|* > = Idn(z)\z >< z\V > (97)

The generalization of these coherent states needs to define a unitary operator 5(",) such
that:

5(7) = C5^a +-^°)a (98)

The operator B which is the analog of the annihilation operator a of the harmonic
oscillator, is defined by:

B = 5"1('))a5('>) = a + itfa+ - |7|2«) (99)

and satisfies the commutation relation [B,B+] — 1
The canonical coherent states are obtained by applying the displacement operator D(3)

on the ground state of the harmonic oscillator. The correlated coherent states \3.-, > are
defined by applying in addition the operator S(~f):

\01>=S-1h)D(j3)\O> (100)

These states are eigenvectors of B with the eigenvalue 3 [29] [30]

B\3,1>= i3\3^> (101)

Defining the parameters QJ and 02:

-* |7 | 2 + *V) (102)

(103)

allows to obtain simple expressions for the first and second moments of the generalized
coherent states:

x >= V2h Re(3a\) <p>=V2h'. lm{fia\) (104)

< ^ = 2 | a i 1 ( 1 0 5 )

a =--Imiaial) (106)
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The second moments are bounded by the generalized uncertainty relationship

. o f t

A = x<£-<r2 = — (107)

Here the parameter a which expresses the correlation between the momentum and the
position, does not always take a zero value.

In the configuration representation, correlated coherent states are given by:

(108)

and their Wigner transform is defined by:

/ U ( ; r " P ) = W A 6 X P ( ~ 2 A ( < ^ ( : C ~ < X > S > 2 + *(P- <P>)2~ 2a(x~ < x >)(P~ <

(109)

The coherent states constitute an overcomplete set of the Hilbert space. On the contrary
of wavelets they cannot generate an orthogonal basis.

The spline wavelets used previously, do not have an analytic expression. However they
can be approximated by very simple functions [20], which can be decomposed in correlated
coherent states a(x):

(x-b

ip(x) = sin(bx)e

= a(x) + a'{x) (110)

The study performed has shown that the main part of the relevant information is con-
tained in the diagonal part of the density matrix, when a wavelet representation is used.
Decoupling a. wavelet in correlated coherent states does not modify the components related
to scaling functions. The product of wavelets in terms of correlated coherent states is ex-
pressed by the following relation:

0(z)V>*(z') = a(x)a*(x) + a'(x)a"(x') + a(x)a'(x') + a(x')a'*(x) (111)

If the four components are taken into account, the wavelet contribution is not affected
at all. On the contrary if the cross terms (a(x)a'(x') -\-a(x')a'"(x)) are neglected ,we obtain
the density matrix depicted on figure (14). The difference between the description in term
of wavelets and coherent states is quite small. No significative degradation appears, and
the normalization is not altered since the cross terms have a zero mean value. Only the
oscillations at the top of the diagonal part are slightly smoothed.

Like in the configuration space, in the phase space the wavelets contributions are mod-
ified by their decoupling in coherent states, while scaling functions are unchanged. The
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distribution associated to the function ip${x) is depicted on figure (15). On this figure
only the diagonal contributions are taken into account. In the wavelet approximation, some
oscillations appear around the semi-classical trajectory. In the correlated coherent states ap-
proximation these variations are smoothed, and the distribution is defined positive on each
point of the phase space. This approximation shows a strong analogy with the smoothing
procedure used in Husimi transformation. The integration over the momentum axis gives
the approximated density which is depicted on figure (15) in solid line. The comparison
with the exact one shows that the description of the peripherical lobs is unchanged. Only
the central oscillations are smoothed. This approach conserves a good description of the
distribution function around the semiclassical trajectory.

Let us underline that the choice of the phase space representation put the stress on dif-
ferent properties. The Wigner distribution amplifies the quantal structure through strong
and rapid oscillations. The application of Husimi transform with two different smoothing
parameters, gives the distributions displayed on figure (16). This representation determines
more precisely the regions where is concentrated the energy, but looses most of the infor-
mation about the quantal structure of the wave functions. The comparison between the
density obtained in the three cases in the configuration space are represented on the bottom
of figure (16). The quantal oscillations observed in the Wigner representation are washed
out when applying a Husimi transformation.

VI. CONCLUSION

Transport phenomena in nuclear matter, are very complex processes, the analysis of
which require to use modelisation technics. In this framework, the treatment of precise
physical phenomena intimately depends on the properties and the efficiency of the mathe-
matical description, in particular in what concerns quantal effects. One goal of this paper
is to show that wavelet theory gives the opportunity to define an appropriate mathematical
framework. As a matter of fact, the projection of wave functions onto a wavelets basis, al-
lows to reconstruct them exactly, if all the coefficients obtained during the analysis are taken
into account. The characteristic feature of this projection method is the decomposition of
the overall state space on different scales, then the information is separated in a structured
way on different analysis scales which enable to define a hierarchy of approximations. One
of the main property of spline wavelets is that they have an important number of vanishing
moments. As a consequence, the value of the coefficients strongly decreases with the scales
refinement. Therefore, the information is concentrated only on a reduced number of coeffi-
cients, which yields to accurate approximations even at the crudest scales. In addition, the
decomposition is based on a hierarchized structuration in orthogonal spaces, obtained by
the application of quadrature mirror filters. This procedure organizes the information from
its frequential response and then separates the fast oscillating components from the slow
ones. The complementarity of orthogonal sub-spaces, and therefore of scaling functions and
wavelets, allows to optimize the representation at the reference scale. This approximation
keeps track of the quantum structure of the wave function.



The description of fermionic systems is conveniently represented through density oper-
ators, which in principle can be spanned in term of a single particle wave function basis.
The summation of the different contributions of these functions to the total density pro-
gressively washes out most of their quantum oscillations. Then, the wavelet representation
of the density matrices takes a quasi diagonal structure, with all the norm concentrated
on the diagonal. This provides an efficient framework and a compact representation of the
static configurations as well as the dynamical description of transport phenomena in nuclear
matter. A description level which leads to an efficient and fast numerical treatment, while
keeping a precise memory of quantal informations has been obtained in a Gabor wavelet
representation. These functions are intimately connected to the correlated coherent states,
and in future applications, will allow to compare our results with different transport models.
The structuration of the information gives the possibility to address evolution equations at
different resolution levels and to get a measure of the lost of information, compared to full
resolutions where all contributions are involved. In this framework, a coherent modeling
approach of transport phenomena can be established, since the tools used for deriving evo-
lution equations of the relevant variables and the ones used for their resolution, rely on the
same concepts. Moreover the approximations which are necessary to define a tractable treat-
ment of transport equations have been defined according to fully controlled schemes. The
application of the methodology described in this paper to the study of heavy-ion collisions at
intermediate energies will constitute the subject of a forthcoming paper. The wavelet theory
also contains further possibility of improvements and generalizations. Let us mention the
application of the wavelet packet analysis which explicitly organize the information through
entropy criteria. It is also worthwhile to underline that straightforward applications are
possible in other fields of physics and particularly for the study of quantum chaos [31] [32]
[33]. This theory enables to complement works as these initiated by H.J. Heller in this field
[25] [34].

23



REFERENCES

[1] Ring P. and Schuck P., The Nuclear Many Body problem, Springer Verlag, 1980
[2] Balian R-, Alhassid Y. et Reinhardt H., Phys. Rep 131(1986)1,

Reinhardt H.. Balian R. et Alhassid Y., Nucl. Phys A422(1984)349
[3] Rau J. et Muller B.. Phys Rep 272(1996)1
[4] Meyer .Y, Ondelettes et operateurs, Hermann(1990)
[5] Daubechies I., Ten lectures on wavelets, Ams providence, (1992)
[6] Kronland-Martinet R., Morlet J. et Grossmann A., Int. Jour. Patt. Anal, and Art. Intel.

1(1987)273
[7] Meyer .Y. Wavelets and applications, Masson(1992)
[8] Ruskai M.B., Beyklin G., Coifman R., Daubechies I., Mallat S., Meyer Y. et Raphael

L.. Wavelets and their Applications,Jones and Bartlett (1991)
[9] Holschneider M., These universite Paris Dauphine (1990)

[10] Daubechies I., IEEE Trans, on Inf. Theo. 36(1990)961
[11] Arneodo A.. Grasseau G. et Holschneider M., Phys. Rev. Lett 61(1988)2281
[12] Holschneider M.. Journ. of Stat. Phys., 50(1988)963
[13] Bijaoui A.. Nucl. Phys. A545( 1992)419
[14] Daubechies I., Comm. Pure and Appl. Math. 41(1988)909
[15] Riou 0. . Duhamel P.. IEEE Trans. Inf. Theo. 38(1992)569
[16] Mallat S.. IEEE Trans. Patt. and Mach. Intel!. 11(1989)674
[17] Cohen A.. Daubechies I et Feauveau J.. Comm. Pure and Appl. Math. 45(1992)485
[IS] Cohen A., in "Wavelets: a tutorial in theory \ Chui C.K., academic Press. 1992
[19] Cohen A.. Ondelettes et traitement numerique du signal, Masson (1992)
[20] I'nser M., in 'Wavelets: a tutorial in theory ', Chui C.K., academic Press. 1992
[21] Takabayasi T., Prog. Theo. Phys. 11(1954)341
[22] Lee H.W., Phys Rep. 259(1995)147
[23] Hillery M., O'Connel R.F.. Scully M.O. et Wigner E.P., Phys.Rep. 259(1995)147
[24] L'Eplattenier P.. These universite Paris 11 (1995)
[25] Heller E.J.. Journ. Chem. Phys. 67(1977)3339
[26] Husimi K., Proc. Phys. Math. Soc. Japan, 22(1940)264
[27] Takahashi K.. journ. Phys. Soc. Jap. 551986762.

Takahashi K.. Prog. Theo. Phys. Suppl. 98 (1989)109
[28] Zhang W.M., Feng D.H.et Gilmore R., Rev. Mod. Phys 62(1990)867
[29] Perelomov A., Generalized coherent states and their applications. Spinger Verlag (1986)
[30] Remaud B., Dorso C. et Hernandez E.S., Physica 112A(1982)193
[31] Korsch H.J. and Wiescher H.. Quantum Chaos, In Hoffmann K.H. and Schreiber M. ed-

itors. Computational physics:Selected Methods-Simple exercises - Serious Applications.
Springer, 1996. p 225

[32] Davis M.J. and heller E.J., Journ. Chem. Phys. 75(1981)3916
[33] Gutzwiller M.C., Chaos in classical and quantum mechanics, Springer Verlag, 1990
[34] Davis M.J. et Heller E.J.. Journ. Chem. Phys. 71(1979)3383,

Heller E.J.. Journ. Chem. Phys. 65(1976)1289

24



Figure Captions

• Figure 1: Elements of the biorthogonal wavelet basis, the upper part represents the
analyzing functions, while the dual functions are depicted on the lower part. Right
column corresponds to scaling functions and left column to wavelets.

• Figure 2: Application of Mallat's algorithm to the study of the wave function ^ ( x ) of
the harmonic oscillator. Each line corresponds to an analysis level. The right column
represents wavelets coefficients, the central one the scaling coefficients and the left
column the reconstruction of the function at the considered scale.

• Figure 3: Different components which appear in the wave function reconstruction.
The diagonal contribution of the scaling functions and wavelets are respectively dis-
played on the panels denoted a and b. The summation of these two contributions are
depicted on the box d and the interference terms on the box c . The approximation
(right) obtained by taking into account all the contributions is compared to the exact
one (left) on the upper line.

• Figure 4: On the upper part are displayed the diagonal contributions obtained for
two different analysis grid. The lower part exhibits the associated scaling and wavelet
coefficients.

• Figure 5: Comparison between the exact wave function and its approximation (upper
part). The lower part represents the location of the element of the basis in comparison
with the wave function.

• Figure 6: Approximations of the total density matrix associated to a system consti-
tuted of eight nucleons enclosed in an harmonic potential (a) exact matrix, (b) matrix
obtained by keeping terms a and b of equation (67), (c) matrix obtained by keeping
all the contributions.

• Figure 7: Wigner transform of the density matrix associated to each of the eight first
levels of the harmonic oscillator.

• Figure 8: Same system as figure (7). Progressive summation of the Wigner represen-
tations corresponding to the levels displayed in figure (7). The right side of the lowest
line represents the density obtained by integration over the momentum axis of the
distribution depicted on the left side of this same line.
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• Figure 9: Husimi transform associated to the first levels of the harmonic oscillator.
The lowest part represents the total distribution (on the left) and the associated den-
sity (on the right).

• Figure 10: Comparison between the exact square of several wave functions of the har-
monic oscillator (left, side), and their approximations (right side).

• Figure 11: Wigner transform of a one dimensional spline wavelet

• Figure 12: Phase space representation of the different terms coming from the decom-
position of the wave function t̂ 5 of the harmonic oscillator.

• Figure 13: Same system as figure (12). Phase space representation taking only into
account the diagonal components (a) and (b) of equation (83).

• Figure 14: Approximations of the total density matrix associated to a system consti-
tuted of eight nucleons enclosed in an harmonic potential. The spline wavelet repre-
sentation is depicted on the upper part and in a correlated coherent states basis in the
lower part.

• Figure 15: Same as figure (13) in the case of a correlated coherent states representa-
tion, when only diagonal components are taken into account.

Figure 16: The upper part represents the Husimi distribution related to the diagonal
coherent states approximation for the wave function <ps(x) of the harmonic oscillator.
The two distributions correspond to different smoothing parameter. The lower part
compares the density obtained in both cases to the one given by the Wigner represen-
tation.
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