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Abstract

A novel scaling of the multiplicity distributions is found in the shattering phase of

the sequential fragmentation process with inhibition. The same scaling law is shown

to hold in the percolation process.
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Fragmentation is an ubiquitous and universal process in nature. Observable informa-

tions about this process are contained not only in the fragment-size distribution and in the

properties of the largest fragment [1] but also in the multiplicity distributions and their

fluctuations [2]. Recent studies using the non-equilibrium sequential fragmentation model

with inhibition, called the Fragmentation - Inactivation - Binary (FIB) model [3,4]. have

shown that the shattering transition line is characterized by the large multiplicity fluctu-

ations and in particular the intermittent behaviour [3] , the Koba-Nielsen-Olesen (KNO)

scaling of the multiplicity probability distributions [5,6] and the linked-pair approximation

[7] (LPA) for the higher order cumulants [8] . This model is relevant in describing nuclear or

polymer fragmentation [4,9] as well as the multihadron production in high energy collisions.

In the latter case, it includes the evolution equation for generating functions of multiplicity

distributions in the modified leading logarithmic approximation of the perturbative chromo-

dynamics [10,11] . The aim of the present work is to understand universal features of the

multiplicity probability distribution in the shattering phase of the FIB process.

In the FIB model, one deals with fragments (e.g. clusters, partons etc.) characterized by

some conservative scalar quantity, that is called the cluster mass . The anscestor fragment

of mass Ar is relaxing via an ordered and irreversible sequence of steps. The first step is

either a binary fragmentation, (N) —• (j) + (N — j) , or an inactivation (JV) —• (N)* .

Once inactive, the cluster cannot be reactivated anymore. The fragmentation leads to

two fragments, with the mass partition probability ~ Fj^-j . In the following steps, the

relaxation process continues independently for each descendant fragment until either the

low mass cutoff for further 'indivisible particles' (the so-called monomers) is reached or all

fragments are inactive. Since for any event, the fragmentation and inactivation occur with

the probabilities per unit of time ~ Fhk-j and ~ Ik respectively, therefore the knowledge

of the initial state and the rate-functions Fj^-j and h , specifies the fragmenting system

and its evolution. The fragmentation probability pp without specifying the sizes of the

descendants can be defined as follows :



If instability of smaller fragments is more important than instability of larger fragments,

PF is a decreasing function of the fragment size. This is the oo-cluster phase. Conversely,

when instability of larger fragments is more important than instability of smaller ones, pp is

an increasing function of the fragment size and the total mass is converted into finite-size

fragments. This is the shattered phase. The transition line between those two phases is

characterized by the fragment-size independence of the probability pp (the scale-invariant

branching process) at any stage of the process [12] and the asymptotic in time (t —> oo )

fragment mass distribution is a powerlaw with exponent r < 2 [4] . The transition associated

with the shattering is the second order phase transition and the composed particle first

moment Nc = 1— < ni > /N , where < n\ > is the average number of monomers, is an

order parameter.

At the transition line, various domains of the multiplicity distributions have been found

for homogeneous : F\i,\j — \2aFitj and symmetric F^j = Fjyi fragmentation kernels [8] . In

all those domains where the average multiplicity < m > is not constant for large TV , the

multiplicity probability distribution P(m) satisfies exactly the KNO scaling [5,6] :

< m > P{m) = *(*) , S E E " 1 " ^ (2)

where the asymptotic behaviour is defined as < m > —> oo , m —• oo for a fixed (m/ <

m >)- ratio. Ordinary moments < zp > of the scaling function $(z) correspond to the

factorial cumulant moments fp of P(m) , which are just integrals of the corresponding

cumulant correlation functions Cp [13] . In the context of strong interaction physics, KNO

prediction was based on assumption of validity of the Feynman scaling for the many-body

inclusive cross sections. Later, the relation to a phase transition in the Feynman-Wilson gas

was also emphasized [14] . KNO scaling in our studies is related to the second-order phase

transitions associated with breaking of the initial 'mass' into the 'dust fragments' [3,15] and

can be realized both in quantal and classical systems. Natural questions appear then : (i) is



the KNO scaling a unique asymptotic probability distribution and, (ii) what kind of scaling,

if any, satisfy the multiplicity distributions in the shattering phase.

Let us first choose a multiplicity m with a Gaussian probability distribution centered at

< m > x and of standard deviation : <T2(< m >, x) = < m > x, with x distributed on (0, oo)

according to some probability law f(x). In such a case, one obtains :

<m>x
(3)

with the normalization conditions : /0°° f(x)dx = 1 , f£° f(x)xdx = 1 . Taking both m

and < m > large for a fixed (m/ < m >)- ratio, one obtains asymptotically :

\/2ir < m > x \ 2<m>x J <m>

i.e., P{m) given in (3) satisfies the KNO scaling (2) if the width of the distribution f(x) is

essentially larger than the width of the Gaussian distribution. The KNO scaling holds

also for many distributions in the class of the Poisson-transforms, in which case the Gauss

distribution in (3) is replaced by a Poisson distribution with average < m > x [16] . The

probability distribution P(x = [n™=i x') N/") °f ^ne random variable x , which itself is a

product of n random variables z, can also be written in this scaling form in the limit

n —+ oo .

Consider now the case where the fluctuations of the average value of the multiplicity are

small. The previous Gaussian case still holds, but with a fixed average value < m >. One

finds in this case :

D< \ r n \ l I
Pirn) = I fix) .— exp

y ' Jo JK V 2 T T <m> x V

{m-<m>)2

—
2<m>x

\dx , (5)

with the normalization condition : f^ f{x)dx = 1 . P(m) given by (5) satisfies now the

scaling law :

<m>V>P(m) = *iz') , z =: m-<™£ (6)

with :



In the limiting case of no X-fluctuations, f(x) = 8(x — a) and $(2') is the Gaussian

distribution. In particular, the probability distribution P(x = 5Z"=1x,-) of the random

variable i which itself is a sum of n random variables x, , has asymptotically the scaling

form (6). The scaling functions in the class of Gauss-transforms (7) are symmetric about

z = 0 . In general, however, $(2 ) can be asymmetric around 2 = 0 , and so it does

not belong to the class of Gauss-transforms (5). Below, we will show that multiplicity

distributions both in the shattering phase of the FIB process and in the percolation, satisfy

this new scaling law (6).

In Fig. 1 we show examples of the asymptotic multiplicity distributions calculated for

two different FIB processes in the shattering phase : a = —1/3, h = k13 , with /3 =

— 1 and fi = —2 . The average multiplicity in the shattering phase of FIB process is

always < m > ~ N and the fragment-mass distribution is a powerlaw with exponent

T > 2 [4] . The transition line corresponds to [3] : /? = 2a + 1 and hence for a = —1/3 one

has ( 3 = 1 / 3 at the transition line. The FIB cascade equations are solved using Monte-

Carlo technique for two initial sizes TV = 2048, 8192 and the final t —• 00 multiplicity

distribution is constructed. The solid curve in Fig. 1 shows results which have been obtained

by extrapolating to the limit N —> 00 [17] the solution of the exact recurrent equations

of the FIB model [8] for the system up to size TV = 1024 . One should notice that the

scaling function for the FIB process : a = —1/3, Ik = k-1 , close to the transition line, is

strongly asymmetric around 2 = 0 and does not belong to the class of Gauss-transforms

(7). In general, deviations with respect to the Gauss-transform form of the distribution in

the shattering phase increase when approaching the transition line.

In Fig. 2 we show an example of the multiplicity distributions in a 3D-bond percolation

on a cubic lattice of different sizes for a fixed bond activation parameter qcR = 0.2488 which

corresponds to a second-order critical point in the infinite network [1] . The scaling function

$(2 ) at this point is almost symmetric around 2 = 0 . An interesting special case which



can be solved exactly is the ID - bond percolation with periodic boundary conditions :

\

qL-m(\ -q)m+qL8{m- 1) . (8)

where q is the bond activation parameter. For large values of < m > , P(m) can be written

in the scaling form (6) :

1 / ~'2\
< m >1 / 2 P(m) = - = = exp [-—] (9)2<7,

with f(x) = S(x — q) .

The higher order multiplicity of a FIB process at the shattering transition line are char-

acterized by the hierarchical structure of the LPA [8] . In this approximation, higher order

cumulants are built up as sums of products of linked two-particle cumulants. The corre-

sponding normalized factorial cumulant moments satisfy :

/ . I h V"1

lp " Tf*) = Ap^ p 17TJ2 J (p = 3,4,...) (10)

and : Ap = 7P721~P • To see the structure of the correlations associated with the scaling law

(6) , let us first define the generating function :

QN(x)=JTiPN(m)(l+X)m , (11)

associated with the probability distribution P/v(m) for a finite value N of the initial mass.

The factorial moments are then given by : QN{X) = J2^Lo Fpx
p/p\ . The factorial cumulant

moments / p ' ' and factorial moments Fp^ ' are related to each other by the identities :

Fp = YfmloC^^fp-mFm where C™_x = m~1B~1(p,m) and B is the beta-function. With

the hypothesis of the scaling (6) one gets in the limit of large < m > :

p=0 P-

where /ip = < z > are the normalized moments of the scaling function $(z ) which are

free asymptotically from the redundant dependence on the average multiplicity < m > . Eq.

(12) allows to express moments \iv in terms of either factorial moments or factorial cumulant



moments and in this way to find the relation between {^p}-moments and integrals of the

cumulant correlation functions. In particular :

fJ-2 = 72 < rn > + 1

l -
= 73 < m

m >' +3(72 < m ]
etc. The subleading terms in the squared brackets vanish when N becomes infinite. Note

that in the Gaussian case, 7P equals asymptotically 0 for p > 3 and , consequently, /X3 = 0,

H4 = 3(72 < m > +1)2 and so on. This is because the generating function (11) in this case

is : \n(Q(x)) = L\n(l + (1 — Hix)) and 7P ~ < m >1~p for p > 3. More generally, for

<&(z ) which is an even function of z , all unpair moments ptp (p = 3,5,... ) vanish as

< m > - (P~ 2 ) / 2 when TV becomes infinite and unpair moments 7P in this case are proportional

to < m > 1 - p and not to < m >~P/ 2 .

Contrary to what has been found at the shattering transition line [8] , the cumulant

correlations in the shattering phase decrease with increasing < m > . For large average

multiplicities, the relations (13) can be rewritten as relations between normalized factorial

cumulant moments :

(^J (p = 3,4,...) (14)

with the < m > - independent amplitudes :

which provide characterization of any fragmentation model obeying the scaling law (6). The

amplitudes Ap in the above formulas are free parameters to be determined from the fit to

the data. For the even function $(2 ) , amplitudes Ap of order unpair are equal zero and

for the Gaussian function $(-?') , Ap = 0 for all p (p = 3,4,...).



We have seen in Fig. 2 that the multiplicity probability distribution in the 3D - percola-

tion at q ~ qcR is well approximated by the Gauss-transform distribution. This means, in

particular, that 72 < m > (~ ^2) a n d 73 < m >2 are constant, independently of the size

N of the network, for a value of the reduced multiplicity < m > /N corresponding to the

critical point. To see the validity of this scaling outside of the critical point . in Fig. 3 we

plot 72 < m > and 73 < m >2 vs. < m > /N for different lattice sizes of the 2D and 3D

bond percolation. As seen from these plots, the results for percolation networks of different

sizes are superposing well, in particular in the whole 'gaseous phase', confirming not only

the validity of the scaling law (6) but also the Gauss-transform nature of the multiplicity

probability distributions. The maximum of /i2 is found exactly at the critical point both in

2D and 3D percolation. We have checked that the same features hold for D > 3 .

In conclusion, we have demonstrated existence of a new asymptotic scaling law (6) of

the multiplicity probability distributions, which includes, as a special limit, the typical

thermodynamic systems exhibiting second-order phase transition such as the percolation

systems. This new scaling law and a corresponding correlation coupling scheme, holds in

the whole shattering phase of the very general, non-equilibrium sequential fragmentation

process. Similarly as for the KNO problem, all essential informations about the multiplicity

distribution are reducible to the form of the scaling function $(z') , which is a benchmark

of the fragmentation process. This important function can be suitably studied using the

new family of {fip} - moments or, equivalently, using the relations (13,14) for factorial

cumulant moments. Another characteristic quantities are the amplitudes Ap (15) of this

new correlation scheme. Values of fxp and Ap , which both are functions of < m > /N ,

provide a clear characteristics of any fragmentation, allowing not only to distinguish between

different models but also, for a given fragmentation model, between different fragmentation

domains. In view of the generality of the FIB model, one is tempted to conjecture that

there exist two and only two scaling laws of the multiplicity probability distributions: (i)

the KNO scaling law (2), which was found earlier in certain relativistic field theories, in the

Feynman-Wilson gas at the phase transition as well as at the shattering transition line of



the FIB process, and (ii) the scaling law (6) which is obeyed in the whole shattering phase

of the FIB process as well as in the percolation.
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Figure captions

Fig. 1

Typical multiplicity distributions ($(z') = < m >1//2 P(m)) in the shattering phase of the

FIB process (a = —1/3, h — k~0 with /? = — 1 and —2) are plotted in the scaling

variable z = (m— < m > ) / < m >1;/2 (6). Open circles and crosses correspond to

the Monte-Carlo solutions of the multiplicity rate equations of the FIB model for initial

sizes Ar = 211 = 2048 and N = 213 = 8192 respectively. Each point in these plots has

been obtained for 106 events. The solid curve shows results which have been obtained by

extrapolating to the limit N —• oo using the Shanks method [17] of the solution of the

exact recurrent equations of the FIB model for the system up to size N = 1024 .

Fig. 2

The multiplicity distributions are plotted in the scaling form (6) for the 3D- bond percolation

on a cubic lattices of different sizes : N = 63 (asterisks), N = 93 (crosses), 123 (triangles)

and 153 (circles), and for a fixed bond activation parameter qcR = 0.2488 which corresponds

to a critical point in the infinite network [1] . The solid line shows the Gaussian fit of results

for iV = 123 .

Fig. 3

72 < m > (~ (i2 ) and 73 < m >2 are plotted versus the reduced multiplicity < m > /N for

percolation networks of different sizes in the 2D square lattice (N = 152 (squares), 302

(crosses) , 902 (circles) ) and in the 3D cubic lattice (N — 63 (squares), 103 (crosses), 203

(circles) ). Each calculation corresponds to 105 events.
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