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SYNTHESE :

Dans ce rapport, on examine comment on peut étendre deux méthodes de
recalage de modèles dynamiques, jusqu'ici utilisées pour les structures fixes, à des
modèles de machines tournantes. La particularité des modèles de machines tournantes
est de comporter des matrices de raideur et d'amortisement non nécessairement
symétriques.

On montre que les deux méthodes de recalage considérées ici, à savoir la
méthode de sensibilité inverse et la méthode d'erreur en relation de comportement,
peuvent s'étendre à de tels modèles, moyennant quelques modifications.

En ce qui concerne la méthode de sensibilité inverse, on travaille sur une
fonction d'erreur définie à partir de la différence entre les modes propres à droite
mesurés et calculés et de la différence entre les valeurs propres mesurées et calculées.

Pour ce qui est de la méthode d'erreur en relation de comportement, l'équation
qui définit l'erreur en relation de comportement doit être modifiée en raison de la
nature non définie positive de la matrice de raideur. L'avantage de cette modification
est qu'elle peut, dans certains cas, permettre de focaliser le recalage sur certains
paramètres de la structure.

Ces deux méthodes sont validées sur un cas test simple de rotor constitué d'un
arbre, d'un disque et de deux paliers dissipatifs.



EXECUTIVE SUMMARY :

In this paper, the feasibility of the extension of two updating methods to
rotating machinery models is considered, the particularity of rotating machinery
models is to use non symmetric stiffness and damping matrices.

It is shown that the two methods described here, the inverse eigensensitivity
method and the error in constitutive relation method, can be adapted to such models
given some modifications.

As far as the inverse sensitivity method is concerned, an error function based on
the difference between right hand calculated and measured eigen mode shapes and
calculated and measured eigen values is used.

Concerning the error in constitutive relation method, the equation which defines
the error has to be modified due to the non definite positiveness of the stiffness matrix.
The advantage of this modification is that, in some cases, it makes possible to focus the
updating process on some specific model parameters.

Both methods were validated on a simple test model consisting in a two-bearing
and disc rotor system.
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NOMENCLATURE

Ma,Ca,Ka

subscript a, x
nm_a, nm_x

ke, me, cg

Ap

symmetric mass, damping and stiffness
matrices from the model
nm eigenvalue, nm eigenvector
data relative to the model, to the structure
number of available model modes, number
of available experimental modes
projection of the nth model eigenvector onto'
the measured dofs
transposition of V
conjugate transpose of V
real part of v, imaginary part of v
em stiffness, mass and damping parameters
vector of the updating parameters

1 . INTRODUCTION

Electricité De France, the French electric power company,
has for many years developed a research program on rotor
dynamics, involving numerical simulation softwares. Models
of rotating machinery are currently used to predict shaft
vibrations and critical frequencies [6]. It is believed that by
updating these models it should be possible to increase
model accuracy and even to detect early structural
damages. The updating of rotating machinery models is a
rather unusual problem since it has to deal with dissipative
models characterised by non symmetric matrices.
In this paper, two methods suitable for the updating of this
type of models are proposed. These methods were initially
developed for conservative models [12] & [11] and recently
extended to the case of viscous damping dissipative models
[9] and validated on real structures [4] & [10]. Both methods
operate on modal data such as complex eigenvectors and
complex eigenvalues. The first method minimises the
difference between experimental and calculated modes with
an inverse eigensensitivity algorithm. The second method
reduces an energy error based on the error in constitutive
relation. After a brief introduction on rotor models

characteristics, both methods will be described. An
evaluation of these methods will be given through numerical
tests on a two-bearing simple rotor model.

2. ROTATING SHAFT MODEL

As described in [6] & [8] rotating shaft models have specific
features compared to fixed structure models: both
gyroscopic effects and bearing hydrodynamic effects lead
to non symmetric stiffness and damping matrices.

2.1. Description of a rotating shaft model

Flexural vibrations of rotating shafts are satisfactorily
described by models constituted from rigid discs, beam
shafts and bearing elements.

a) The discs figure wheels, shaft couplings... They are
assumed to be rigid. Therefore, a disc is fully characterised
by 2 matrices:
- the mass matrix Md, corresponding to inertial forces

proportional to the disc acceleration (the matrix is
positive definite);

- the gyroscopic matrix Gd, corresponding to forces
proportional to the rotation speed (anti-symmetric
matrix).

b) The shaft is characterised by 3 matrices:
- the mass matrix Ma, corresponding to inertial forces

proportional to the shaft acceleration (positive
definite matrix);

- the gyroscopic matrix Gs, corresponding to forces
proportional to the rotation speed (anti symmetric
matrix).

- the stiffness matrix Ks, corresponding to bending
forces proportional to displacements (symmetric,
positive semidefinite matrix).

c) Bearings are assumed to be hydrodynamic. Two matrices



characterise the forces applied by bearings on the shaft:
- the stiffness matrix Kb, corresponding to forces

proportional to displacements at bearing locations (this
matrix has no specific properties);

- the damping matrix Cb, corresponding to forces
proportional to the velocity at bearing locations (the
matrix is symmetric).

2.2. Eigenvalue relation

The rotating rotor eigenmodes are defined by the relation (1)

[ ^ M + ^ C + K ] 0 n = O (1)

where M= Md+ Ms C=Gd+Gs+Cb K=Ks+Kb

C and/or /Care not symmetric.

The relation (1) can be written in the state space:

[XnA+B](pn=0 (2)

where A -•
ro M I r-M o I

= [ M C J B = \_ 0 K \
A-n<t>n

<Pn = '

Some matrices are not symmetric and therefore the mode
shapes <p3n associated to the matrices {A,B) (right mode

shapes) are different from the mode shapes y/3n associated
to the matrices (AJ,BT) (left mode shapes). As for undamped
models orthogonality like relations can be written:

if n*m

if n = m
(3)

2 .3 . Description of the test model

The test model is the same as the model used in ref. [2] &
[3]. It is a two-bearing rotor system loaded with a disc
(fig. 1). The bearings are located at the two ends of the
shaft. The finite element shaft model is constituted from four
Timoshenko beam elements (with 4 degrees of freedom at
each node) from both sides of the disc. The rotation speed
is 12000 rpm. Mode shape measurements are restricted to
translational displacements degrees of freedom of the rotor
journal.

L1 L2

z /

A,
bearing 1

The model characteristics are the following:

The rotor: L1 = 0.5 m, L2 = 0.8 m, Diameter D = 0.1 m
Young's modulus E = 2.0 1011 Pa,
Poisson's ratio v = 0.3, density p = 7800 kg/m3

The disk: mass m = 45.95 kg, Diameter D = 0.2944 m

The bearings: they are characterised by the following
stiffness and damping matrices:

Kb=104 r 4 i
L-3 2

C&=100 4 !]
3. INVERSE EIGENSENS1TIVITY METHOD

3 . 1 . Error function

This method consists in defining the most "natural" error
function based on the outputs from the model (i.e.
eigenvalues and eigenvectors) that is the difference
between model and experimental eigenvectors and the
difference between model and experimental eigenvalues. If
we note F such an error function, then:

(4)

Since the eigenvectors are compared at the measured
degrees of freedom only, there is no need to expand the
experimental vectors to compute the error function F.
However, a pairing between the model modes and the
corresponding experimental modes is required. Two criteria
are currently used to perform the mode pairing: the
differences between the model and the experimental
frequencies and the MAC [1]. Coefficients an, fin and yn are
weighting coefficients whose values are related to the
confidence given to the corresponding experimental data.
For the sake of simplicity we shall suppose from now on that
these coefficients are equal to unity and we write the error
function as follows:

H

(5)

3 .2 . Minimising the error function

A method, currently used with conservative models [12]
consists in supposing that the experimental eigenvectors
and eigenvalues can be obtained by a first order expansion
of the analytical eigenvectors and eigenvalues:

Fig. 1 Description of the test model
Amee

-ACP

-ACP

(6)
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Equation (6) can be rewritten as: A<f> = S^Ap AX= S^Ap
where Ap is the vector of the updating parameters, so that
finally we get

Re{A

lm[A n<t>]

Re{AX}
Ap (7)

which enables us to find the updating parameters by a least
squares pseudoinverse procedure. The splitting of the
eigenvectors terms into the real part and the imaginary part
is an easy way to inforce the updating parameters to be real.

The eigenvector derivatives from equation (6) are computed
by applying first a modal superposition method and second
the orthogonality like relations (1) (an adaptation of the Fox
and Kapoor's method [5] to the dissipative case).

4 . AN EXTENSION OF THE ERROR IN
CONSTITUTIVE RELATION METHOD

The Error in constitutive relation method was initially
developed by P. Ladevèze, M. Reynier and D. Nedjar [11].
Originally its scope was only limited to conservative models.
We first present an extension of this method to the updating
of non conservative models and then discuss the adaptation
of the method to rotor models.

4 . 1 . Principle

Let us make temporarily the assumption that the structure is
perfectly modelised by a F.E. model and that errors in the
model are only concentrated in the stiffness matrix. Then, if
we denote by AK the difference between the experimental
structure stiffness matrix and the model stiffness matrix,
the eigenvalue equation for the real structure can be written
as follows:

(8)

We introduce a vector $n such that: Ka + AK <l>Xn = Ka #„.

The vector <j>n allows us to satisfy the equilibrium relation
(8) with the analytical stiffness matrix of the model. Equation
(8) can then be rewritten as:

(9)

The difference between </>Xn and <t>n is characteristic from the
discrepancy existing between the structure and the model.
Such a difference can be expressed by an error function:

(10)

which we shall call Error in Constitutive Relation for the n th

mode. This error criterion will be used to update the model.
To evaluate the function ECRn one has to solve one

remaining problem: <pXn is an experimental vector and is

therefore known at a limited number of measured
components. Relation (9) is then rewritten as:

[ 4 n ] = 0 (11)

where <pn acts as an expansion of the experimental vector

<Pxn to the model size.

Two conditions are imposed on the unknown vector $„:

- Qn must b e c lose to <t>Xfl

- 4>n\s such that the function ECRn is small

These conditions can be simultaneously verified with a new
error function that we call J n . .

(12)

where Kg is the Guyan reduced stiffness matrix [7], n is a
projection matrix on the measured degrees of freedom and y

is a weighting factor. The wanted vector <pn is the vector
which minimises the function (12).
The minimisation of the function Jn enables us to calculate a

couple of vectors ($„ , $n) for each available experimental
eigenvalues. If we now want to perform the updating of the
model (i.e. the modification of the stiffness, mass and
damping matrices), we can build from Jn a general criterion
to be minimised. Let us call J such a criterion. Then the
general updating problem can be expressed as:

(13)

find min J(Ma, Ca, Kg)

4.3. Adaptation of the method to rotor models

It was mentioned in 2.2 that the stiffness matrix from a rotor
model is not necessarily symmetric and positive definite. In
this context the use of the previous updating method can be
difficult for two major reasons.

First, as the stiffness matrix is not positive definite, the error
function is not necessarily positive. A solution is to eliminate
the bearing stiffness terms from the stiffness matrix used to
define the ELC error. It becomes:

(14)

where Ks is simply the shaft stiffness matrix.

-7 -



The second problem is the determination of the vector <pn

which may be time consuming since it is not possible to use
a Cholesky factorisation to invert the non positive definite
stiffness matrix. A first step to solve this problem is to

change the definition of <pn:

7 = 0 (15)

Of course Ks is "only" positive semidefinite and then the
Cholesky factorisation is still not possible, but we shall see
how to solve this last problem at the end of this chapter.

An inconvenient of this formulation is that the stiffness
matrix Ks may be not complete enough to detect all the
defects in the rotor model. To illustrate this point, let us
consider the simple following example.

ml

kl

This system is characterised
by the two matrices

Fig. 2 A simple model

M=

K=

mi 0

0 k2

To simplify, suppose that all the experimental degrees of
freedom are perfectly known, i.e. <pn= <pXn. Then from (11) &
(12)

tfnM4>Xn+K0n = O (16)

Jn = (17)

We assume that the real test structure is defined by the
governing equation:

(18)

where E is a matrix accounting for the model errors. Then,
substracting (16) to (15) leads to:

(19)

(20)

[

which gives the error in constitutive relation

Let us define now two types of model errors:
-«DiagonarerrorE=[0°

- "Extra-diagonal" error E = [ ° ° ] ET K 1 E= [ ° ° j

It can be noticed that in this last case the error function Jn is
totally insensitive to extra-diagonal errors. This is not
surprising since these errors are out of range of the initial
stiffness matrix. Let us consider

(21)

(21)

(22)

ECRn =

1 - 1
-1 1

The introduction of the term [- s ] in (21) is justified by the
fact that it is necessary to ensure a zero ECR function when
the model error is null. This new formulation is now sensitive
to both error types:

- "Diagonal" error E=

k2k3

0 0

- "Extra-diagonal" error £ = 0 0

k,k3 + k2k3 [0 0[I
The introduction of the

matrix S leads to the

coupling of the two

systems. The system

corresponding to the

matrix [K + Sj is: 3 Equivalent system

Let us come back now to the rotor case. By choosing the
shaft stiffness matrix to define the error function, some
defects such as bearing stiffnesses and dampings may be
invisible since they act as extra-diagonal terms for the shaft
stiffness matrix.
To make the error function sensitive to these defects, we
have to proceed as in the previous example. The relations
(14) and (15) are modified by the introduction of a matrix S.

K s + S U ^ O (23)

t>Xn x n - <t>n (24)

For each bearing we suggest to introduce the following
matrix type:

- 8 -



-k\2 -11
~KL-1 2J

(Some numerical tests with

k = max Ks;/
U

lead to satisfactory results)

Fig. 4 Complementary matrix and associated
model for a bearing

4 .4 UPDATING
ASPECTS

PROCEDURE - NUMERICAL

After having presented the theoretical principles of the
updating method, we would like to mention some important
numerical aspects. To minimise the error function J, we used
a conjugate gradient algorithm, similarly to D. Nedjar [12].
The calculation of the error function J at each step of the
minimisation process induces a considerable numerical cost
since we have to solve nm_x systems at ndof unknowns. In
order to ensure a reasonable calculation time, a Ritz
reduction of the mass, stiffness and damping matrices was

performed. This implies assuming that the vectors %„ and "pn

can be correctly represented in a truncated basis. We shall
note <t> the matrix contituted from these basis vectors.
Therefore:

and (25)

Some considerations on energies lead to the following
reduced matrices:

Ksr=0HKs4> Mr=<PHM<P
M

Cr=<P OP

and so, the optimisation problem can be rewritten as:

4 M,+ Kn Cr+ Kb-

(26)

r]pn= 0

(27)

+ y |n<J> a n - <px^
H Kg

find min Kr)

Kg is the Guyan reduced matrix of Kb + S .

It is then much less expensive to compute the error function
gradient under the constraint that thean vectors are such
that the functions Jn are minimum. However, we still have to
define the set of vectors constituting the matrix <P. It is
known that when a vector is a solution of a complex
eigenvalue problem, its conjugate vector is a solution as
well. Some numerical tests seem to show that the set of
eigenvectors associated with the positive imaginary part
eigenvalues constitutes a basis. Nevertheless we have no
mathematical proof of this conjecture. Moreover the
columns of the matrix <t> have to be linearly independent
otherwise K> becomes singular. The most reasonable way to
operate consists in building the matrix <P by extracting (with
a singular value decomposition scheme for example) a set of
orthogonal vectors from a set of nm_a eigenvectors and
their conjugate.

5 . VALIDATION ON A SIMPLE MODEL

In this section, numerical tests on the two methods are
presented. The test model, already described in section 2.3,
was used by other research groups to validate updating
methods for rotating machinery models [2], [3].

16 model parameters are corrected: the bearings stiffness
parameters (8 parameters) and the bearings damping
parameters (8 parameters). Two of them — the bearing
stiffness diagonal term Kbzz of the second bearing and the
bearing damping diagonal term Cbzz of the first bearing —
were modified before the updating. The measured degrees of
freedom were assumed to be limited to 2 translational
displacements at each bearing location (total of 4
experimental degrees of freedom). Moreover, only the first 4
experimental modes are supposed to be known. The
measurement errors were simulated by noise. Admittedly
the added noise model was somehow arbitrary but it had the
advantage to be the same as the one used in ref. [2]. Given:

bf: a uniform distribution random variable between -1 and 1 ;
bv: a uniform distribution random vector, each component
between -1 and 1 ;
rbs_v, rbs_f: respectively eigenvectors and eigenvalues
signal to noise ratios.

m m

<t>, X: noisy eigenvector, noisy eigenvalue

(0),= rbs_v(1+bv,)(0,

A = rbs_f(1+bf)A.
We added 5 % noise to the experimental eigenvectors and to
the eigenvalues for the following updating tests. The results
were averaged over 30 events.
Then we tried the Error in Constitutive Relation Method with a
modal reduction of the matrices on the 12 first modes and
the Inverse Eigensensitivity Method with an exact
calculation of the derivatives. The results are shown in the
four following tables.



Error in Constitutive Relation
(modal reduction of the matrices on the 12 first modes)

Stiffness correction coefficients
Direction
(Bearinq)

YY(1)
YZ(1)
ZY(1)
ZZ(1)
YY(2)
YZ(2)
ZY(2)
ZZ(2)

exact value

0
0
0
0
0
0
0

-0.2

mean value

0.0119
0.0554
0.0591
0.0198
0.0028
0.0880
0.0692

-0.1985

standard
deviation
0.0496
0.1360
0.2111
0.0545
0.0529
0.2538
0.1699
0.0498

Damping correction coefficients
Direction
(Bearinq)

YY(1)
YZ(1)
ZY(1)
ZZ(1)
YY(2)
Y2(2)
ZY(2)
ZZ(2)

exact value

0.4
0
0
0
0
0
0
0

mean value

0.3970
-0.0073
-0.0194
0.0223
0.0268

-0.0191
-0.0246
0.0330

standard
deviation
0.1391
0.0633
0.0602
0.0668
0.0648
0.1101
0.1017
0.0474

Inverse Eigensensitivity Method
(exact calculation of the derivatives)

Stiffness correction coefficients
Direction
(Bearinq)

YY(1)
YZ(1)
ZY(1)
ZZ(1)
YY(2)
YZ(2)
ZY(2)
ZZ(2)

exact value

0
0
0
0
0
0
0

-0.2

mean value

0.0096
0.0570
0.0656
0.0116
0.0059
0.0760
0.0595

-0.1887

standard
deviation
0.0491
0.2497
0.2533
0.0582
0.0461
0.2049
0.2201
0.0433

Damping correction coefficients
Direction
(Bearinq)

YY(1)
YZ(1)
ZY(1)
ZZ(1)
YY(2)
YZ(2)
ZY(2)
2Z(2)

exact value

0.4
0
0
0
0
0
0
0

mean value

0.4119
0.1036
0.1962
0.0127
0.0068

-0.0140
-0.1103
0.0111

standard
deviation
0.1164
0.5987
0.6282
0.1088
0.1144
0.4697
0.4387
0.0871

From the four tables we can see that the extra-diagonal
stiffness and damping coefficients were badly identified
(see the standard deviation). This problem can be explained

by the fact that these terms have a limited effect on the
eigenvalue and the eigenvector variations. The diagonal
stiffness and damping coefficients were well identified with
the two methods. These results are found to be similar to
those obtained by other teams working on this test model
[2], [3].

6. CONCLUDING REMARKS

Two updating methods for damped models with non
symmetric matrices were proposed. These two methods
were evaluated on a rotating shaft model mounted on
hydrodynamic bearings with simulated data and — as the
results are encouraging — we planned to try these two
methods on a real experimental test case. Notice that the
technique applied with the Error in Constitutive Relation
method to improve the sensitivity to particular defects is
susceptible to be used with other types of model and
perhaps it could be possible to use it to focus the error
function on particular zones of a model.
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