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Abstract
Low energy s-wave a-a phase shifts that agree well with the measured
set, have been extracted using a nonlocal interaction formed by folding
(local real) nucleon-a particle interactions with density matrix elements
of the (projectile) a particle. The resultant nonlocal a-wave a-a inter-
action is energy dependent and has a nonlocality range of about 2 fm.

1. Introduction

Analyses of low energy a — a scattering in the past have been based
upon local equivalent potentials found from folding model calculations
such as those of the resonating group method (RGM) (Tanabe et al.
1979) or upon phenomenologically chosen interactions between the two
a particles such as the local Gaussian function form of Buck et al. (1977)
or of Woods-Saxon (WS) type as used by Marquez (1983). The phe-
nomenological (real local) interactions are very similar in shape though
(Friedrich 1984) and they are angular momentum and energy indepen-
dent. As noted by Friedrich (1984), in nuclear physics, interactions
which give good fits not only to the scattering phase shifts but also to
the bound state properties, are rare. However, and as also noted by
Friedrich (1984), there must be nonlocality in a proper description of
the a-a interaction and that nonlocality should have a range of about
2fm.

Nonlocality of the a-a interaction is assured by RGM or similar cal-
culations as such are based upon a specific form for the two-nucleon
(NN) interaction, allow for explicit consideration of the internal struc-
tures of the colliding pair, and take care of antisymmetrisation between
all nucleon pairs. But in most calculations of nucleus-nucleus scattering,
local equivalent forms of the folded interactions are required. Nonlocal-
ity has been considered in few cases, but usually as a Frahn-Lemmer



form (Perey and Buck 1962). In a first order expansion, the Frahn-
Lemmer nonlocal interaction has a simple but energy dependent local
equivalent form (Apagyi et al. 1990).

We have calculated nonlocal interactions to describe a—a low energy
(s-wave) scattering seeking first to identify constraints in that specifica-
tion needed to fit observed scattering data and second, if the first aim is
successful, to assess if the utilitarian Frahn-Lemmer form of nonlocality
can be a good approximant.

2. Outline of the Calculations

In a representation with r, r' denoting the relative a —a coordinates,
the Schrodinger equation describing scattering by a nonlocal potential
takes the form equation

V - Vo(r) + E] *(r) = / U(r, r') *(r') dr'. (1)

This reduces by using the partial wave expansions,

(2)

and

U(r, r') = £ }Wp. p YLM(Slr) i~
L Y£M(nr.) , (3)

LM Tr

to a set of differentio-integral equations * >

(4)

Therein Vc(r) is the (local) Coulomb potential between the colliding
nuclei and Wi,(r, r') are multipoles of the nonlocal interaction which we
determine by using a folding model.

(2a) The folding process

In a single folding model to define the a —a nonlocal interaction, the
nucleon in a nucleon-a particle (N *— a) interaction is presumed to be
one of the 4 nucleons comprising the projectile a particle. The task then
is to fold the chosen N — a interaction with the wave function of that



nucleon as defined by the appropriate internal nuclear wave function.
That requires one to evaluate the multiparticle matrix element

Uaa = ( * j ( l . . . 4)| £ VNa\9j(l... 4)) (5)
N=l

with (R | Wj(l... 4)) being the four-body wave function for the ground
state of the a particle. As all four nucleons in the a are equivalent, it
is useful to choose a specific entry ("1") and write

, (6)

as, with the four-body state expanded in cofactors,

(7)

with j and m being the total angular momentum quantum number and
its projection while £ is the isospin, Eq. (6) becomes

(8)

Then, as the ground state spin is zero and we ignore any breaking of the
Hartree condition in the wave function for the a, the transition density
matrix operator, fl)#m'C'aimC» reduces to the number operator for which

(*o|a},m,c,aim<|«o) = Sjj'tmm'hc Vjm( (9)

where r)jm( — 1 if the nucleon exists in the state \jmQ and zero other-
wise. If it is assumed that the N — a interaction also is independent of
spin, the resultant (o; — a) interaction has the form

= E 27^T h(P> + n(n)] {0£>(n, /) + U£(n, /)} , (10)

with the summations over the principle (n) and orbital angular momen-
tum (/) quantum numbers running over states in the structure model in
which the ground state of the projectile a particle has (single nucleon)
occupancies of n/(p>n) for protons and neutrons respectively. The shell
contributions to these a —a potentials are given by

, r') = <^,m(pi)|| Vla(p, pOII^UnW)) , (11)



in which the integration coordinates r i and r'j are easily transformed
to specify integrations over relative N — a coordinates, p and p', as the
Jacobian of such a coordinate transformation is unity.

(2b) Specification of the N — a interactions

The nonlocal interaction multipoles we have generated by folding
N — a interactions with the ground state density profile of the nucleon
therein within the second a particle. Two forms for that (real) N — a
interaction have been used.

First we have used the results of Lassaut and Vinh-Mau (1977)
that were based upon a model form for NN interactions specified by
Brink and Boeker 1967), have been considered. The associated N — a
interactions have the form

Vla(p,p') = UD(p)S(p- p') + UNL(p,p') (12)

in which the local and nonlocal terms are given by

E j ( ) (13)
i=l

and

4 §b exp ( - 5
2 /# ) exp (-i?2/*,2) , (14)

respectively. The centre of mass and relative coordinates, (R) and (s),
are defined as is usual by

R=\(p + Pr) , s = p-p' . (15)

For completeness, the potential strengths ([/), ranges (A, /?) and nucleon
bound state harmonic oscillator length (bo), used by Lassaut and Vinh-
Mau (1977), are listed in Table 1.

An optical potential of Satchler et al. (1968) is the second N — a
interaction we have used in the folding procedure. That optical model
potential is purely local and real and is given by

VNa(p,E) = [ - K,p f(p,Ro,a0)

(16)



where the relevant parameter values (we shall ignore the spin-orbit at-
tribute for simplicity) are Vn = 41.8 MeV, Vp = 43.0 MeV, RQ =
(Ma/Mp)1/3(1.5-0.01£)fm, (Ma/Mp) = 3.973, a0 = 0.25fm, and
the subscripts n and p denote neutrons and protons respectively. Note
that it is the radial parameter of the central potential rather than the
potential strength that is energy dependent. Using their parameter set
"(8)", Satchler et al. (1968) found good fits to neutron and proton elas-
tic scattering data.

(2c) The s-wave nonlocal multipoles for the a — a system

For simplicity we have taken a packed Os-shell model for the a parti-
cle. Better representations exist, but until such extra details are shown
to be essential in analysis of the a — a scattering properties, they are
not required. Furthermore we have used harmonic oscillator functions
with the 'Cl' oscillator length (see Table 1) for the (n = / = 0) bound
states of the nucleons, i.e.

5r) • (17)

Standard algebra yields for the first component of the a — a s-wave
(L = 0) nonlocal interaction,

-± r2) exp [~^/2

x Jdpp2
r '

The jo(ix) are spherical Bessel functions of imaginary argument and
Via(p) is given by either by the Lassaut and Vinh-Mau (1977) inter-
action or by the central part of the optical potential of Satchler et al.
(1968). While the decaying exponentials ensure that these integrands
are bounded at all radii, the Bessel functions rapid increase with the
moduli of their arguments so that any energy variation, even the small
amounts associated with the Satchler et al. potentials, can have a dra-
matic effect upon the calculated nonlocal multipole functions.

Only with use of the Lassaut and Vinh-Mau (1977) interaction" does
the nonlocal a — a interaction have contribution from the second term
in Eq. (10). For the simple structure model they reduce to

W0<
2>(r,r') = 4*'jlfcrr'exp ( - ^ exp ( -



where X£ are given by

= a * ± 2? ' (20)

3. Results of Calculations

By folding the Lassaut and Vinh-Mau (1977) force we obtain a non-
local a — a interaction that is real but independent of the energy of the
collision. Starting with either the Bl or Cl parameter sets gave very
similar results with which solutions of Eq. (4) were made for incident
energies to 22.9 MeV. The a —a a-wave scattering phase shifts obtained
are compared with experimental data in Fig. 1; the results being por-
trayed by the dashed curves. Clearly the result found using this energy
independent force does not describe the data well except at very low
a-particle energies. On the other hand, upon folding the N — a optical
potentials of Satchler et al. (1968), we obtain a nonlocal a — a inter-
action that is again real but is now energy dependent. In so doing we
used the approximation £$£b) « 4E%$'\ to select the-specific N — a
potential to fold at each energy. The slight variation between the neu-
tron and proton potential strengths had little effect on the calculated
a —a phase shifts and the results, displayed by the solid curve in Fig. 1,
compare well with the data.

The s-wave multipoles of the a — a interaction that we have found
by folding the potentials of Satchler et al. (1968), are shown in Figs. 2 to
4 for three incident energies as listed. The radial variations are smooth
and attractive having Gaussian form, reflecting that the exponential
terms in Eq. (18) dominate at large radii. The nonlocality is substan-
tial as the interactions are not negligible even several fermi off of the
(r = r') diagonal. As a first approximation, the diagonal values of these
multipoles can be considered as the local part of the fields. Those di-
agonal values are given in Fig. 5 for; five incident energies to 22.9 MeV.
This figure stresses that the multipoles are strongly energy dependent.
Hence they do not reflect the nonlocality of Frahn-Lemmer type as used



by Perey and Buck (1962) nor is there a simple prescription we can give
to estimate any equivalent local form. The success of the phenomeno-
logical studies (Buck et al. 1977; Marquez 1983) and the similarity of
the potential shapes may be considered that equivalence, though the
lack of energy dependence of those phenomenological forms do not en-
courage that belief.

4. Conclusions

We have calculated nonlocal interactions to describe a — or low en-
ergy (s-wave) scattering by folding candidate N — a interactions with
the density matrix elements of the ground state of the a particle. Two
candidate N — a interactions have been used. The first was the (ana-
lytic) form found by Lassaut and Vinh-Mau (1977) by their folding of
a simple form for the NN interaction with the same a particle density
matrix elements. An energy independent, real, nonlocal a — a interac-
tion results. The second candidate N — a interaction was the central
real part of the optical model potential found by Satchler et al. (1968)
to fit ./V — a scattering data. It gave a real, energy dependent form
for the nonlocal a — a interaction. When the energy of the N — a
interaction was chosen approximately to equate for each energy of the
a — a scattering system to define the optical potential to be folded, the
s-wave nonlocal multipoles lead to very good fit to the energy variation
of the a — a s-wave scattering phase shifts. Thus a simple (energy
independent) form for the underlying NN interaction for this folding
process is inadequate to analyse the a — a scattering data. How inad-
equate then the chosen simple forms used in more ambitious (double)
folding evaluations of nuclear interactions between heavy nuclear ions,
can only be guessed but inadequate they surely must be. For low energy
nucleus-nucleus scattering at least we believe that a more appropriate,
energy dependent NN (effective) interaction is required. Such may be
as framed in the recent successful analyses of nucleon-nucleus scattering
analyses (Karataglidis, Dortmans, Amos, and de Swiniarski 1995) if the
methods used therein can be extended to a low incident energy regime.

A second aim of this study was to assess if the utilitarian Frahn-
Lemmer form of nonlocality can be a good approximant. Our results
indicate that such is not the case given the strong energy dependence
found in the more appropriate of the set of s-wave multipoles that we
obtained, i.e. those formed by folding the Satchler et al. (1968) N — a
optical model potentials.
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FIGURES

FIG. 1. The s-wave a-a scattering phase shifts (in degrees) as a function
of the laboratory energy. The experimental data were taken from the PhD
thesis of Darriulat (1965) and the solid and dashed curves depict the results
found with the a-a interaction given by folding the Lassaut and Vinh-Mau
(1977) force (Brink and Boeker Cl force parameters) and by folding the
energy dependent N—a phenomenological optical model potential of Satchler
et al. (1968).

FIG. 2. The s-wave multipole of the a~ a interaction derived by folding
the N — a optical potential of Satchler et al. (1968) for a (laboratory) scat-
tering energy of 0.4 MeV. The vertical axis gives the multipole strength in
MeV-fm2 while the planar variation are the radii r and r' in units of fm.

FIG. 3. As for Fig. 1, but at an energy of 10.88 MeV.

FIG. 4. As for Fig. 1, but at an energy of 22.9 MeV

FIG. 5. The diagonal (r = r') variation of the s-wave multipoles at di-
verse (laboratory) scattering energies. The results shown from bottom to
top coincide with scattering energies of 0.4, 5.26, 10.88, 15.2, and 22.9 MeV
respectively.



TABLES

TABLE I. Parameters of the N - a potentials for different NN forces.
All lengths are in fm and the local (D) and nonlocal potential (NL) strengths
are in MeV and MeV/fm3 respectively. The link between the N — a and NN
interactions are given by Lassaut and Vinh-Mau (1977).

N-N

Bl
Cl

-77
-94.

1

.7
85

UE

230
340

>.2

.35

.63
1
1

Ai
.98
.92

A2

1.57
1.49

CNI

-72
-46

.92

.56
-514.
-1086

i

2
.5

fa
1.25
1.24

0
0

32
.68
.68

bo
1.40
1.32

10
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