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1 Introduction

The basic input to a nuclear shell model calculation consists of a set of single par-

ticle energies and two body interaction matrix elements. There are two extreme

approaches to generating this input. The first approach is to try and calculate the

form of the operators from a theory based either on a perturbation approach, eg. the

Brueckner-Hartree-Fock theory [1], or on some form of variational technique based

upon a coupled cluster expansion [2, 3]. The second approach assumes that the

matrix elements are considered merely as free parameters to be adjusted to fit the

data on a number of neighbouring nuclei. This is exemplified by the work of Cohen

and Kurath [4] and Wildenthal and his collaborators, Preedom and Wildenthal [5]

(to be designated PW), Chung [6] and Chung et al [7] (to be designated CW) and

Wildenthal [8]. Where the interaction of Cohen and Kurath was generated for the p-

shell nuclei with 5 < A < 15, the PW interaction was designed for the lighter region

of the sd-shell with 17 < A < 22, the work of CW ended with two A-independent

hamiltonians one for the lower half of the sd-shell with 17 < A < 28 (to be desig-

nated CWP) and the other for the upper half of the sd-shell with 28 < A < 39 (to be

designated CWH) and finally Wildenthal has postulated a simple mass dependence

for the matrix elements,

ME(A)/ME{18) = (18/A)03 (1)

from which a moderately successful description of all sd-shell nuclei can be obtained.

Irvine et al [9] generated a simple mass dependent effective interaction by folding

a hamiltonian (for the rest frame of the nucleus) based on a good phenomenological

bare nucleon-nucleon interaction (the Reid soft-core potential [10]) with a simple

set of two body correlation functions. This interaction gave a better description

of all the p-shell nuclei than that of Cohen and Kurath besides making excellent

predictions for the absolute binding energies of all nuclei in this region. Yazici and

Irvine [11] repeated this approach for the low mass sd-shell nuclei and, without

adjusting a single parameter, demonstrated that their effective interaction matrix

elements were in astonishing agreement with PW. Finally, we [12] extended the



work of Yazici and Irvine to the whole sd-shell and demonstrated that the 35 off-

diagonal matrix elements of our interaction show no mass dependence and are in

astonishing agreement with the fitted potentials of PW and CWP in the lower half

of the sd-shell and with CWH in the upper half of the sd-shell while the 28 diagonal

matrix elements can be brought into the same high level of agreement with the fitted

matrix elements throughout the shell by a single, mass dependent energy shift. There

was, in any case, an ambiguity in the choice of diagonal matrix elements connected

with the choice of single particle energies. However, it was seen that our shifted

diagonal matrix elements show a mass dependence very similar to that postulated

by Wildenthal. In present work we shall examine our effective interaction matrix

elements [12] and use it to determine the binding energies and energy spectra for the

mass A — 18 nuclei with T = 0 and 1. The results of this shell model calculation

will be compared with experiment [13] and with that obtained using Wildenthal's

matrix elements.

2 Formalism

Our approach [12] to the problem of effective operators for shell model calculations

involved two stages. In the first stage the bare operator must be formulated in the

rest frame of the nucleus and can be written as

) (2)

where ptJ is the relative momentum {l/^j2){pi — pj), M(A) = Am is the total mass

of the nucleus and Vij is taken to be the Reid soft-core potential. The second stage

is to assume a set of trial variational wave functions

* j = F$j (3)

where the $ j are the usual shell model basis states and F is a correlation function

designed to accommodate those correlations which cannot be described by the shell

model configuration mixing. A complete set of effective shell model operators is

then defined by

0eff = F+OF (4)

This in general is a many-body operator and it would be highly impractical to work

thus it is usual to make a cluster expansion of Oejj to obtain a set of two body



effective o p e r a t o r s OCJJ. In t h e case of t h e o p e r a t o r of e q u a t i o n (2)

£ (5)

where 7*2 are two body correlation operators and A is summed over two body chan-

nels.

From studies of the nuclear matter saturation problem [3] it is clear that the

correlation operators must take three features into account:-

(a) The short-range exclusion effect produced by the repulsive core of the bare

N-N interaction. The core has an extremely short range (~ 0.4/m) and the wound

that it induces in the nuclear wave function is a property of the potential rather than

the particular environment that the nucleon finds itself in. Thus if fx_ is restricted

to describing this short-range effect, leaving the shell model configuration mixing

to account for longer-range correlations, two bonuses can be gained. Being short -

ranged, any cluster expansion will rapidly converge and the two body approximation

for Hejt of equation (5) can be justified. Also the wound will be independent of

mass, i.e. of the nucleus being considered.

(6) The strong correlations induced by the tensor force component in VtJ. These

correlations are of longer range and may be expected to exhibit mass dependence.

(c) The effect of short-range ./V*(1232) isobar excitations. These correlations

take us out of the nucleon space described by the Reid interaction but are essential

if the nucleus is to have satisfactory saturation properties. However, the effect

of isobar admixtures is small at normal nuclear densities and is only required at

higher densities to remove the Coester line paradox. Thus we can, for energy level

calculations, ignore this feature as an approximation.

Irvine et al [9] introduced the simple parametrization

i { } ) (6)

where f(rtJ) has the form

f(ri}) = l-exp[-P(rlJ-rc)
2} (7)

with rc = 0.25/m and /? = 25/m~2 and represents the short-range repulsion of

(a). Sij is the usual tensor operator and the strength of tensor correlations of (b)

is measured by ax(A), aX(A) = 0 when A ̂ 3Si—3Di- We shall hereafter drop the

label A. The magnitude of a(A) was determined [9] by fitting it to the ground state



binding energies of ̂ He and 1 60 calculated in the closed shell approximation with

oscillator wave functions chosen to give the correct root mean square radii, and

to a Hartree-Fock calculation for nuclear matter. The results was a monotonically

decreasing function with Q(4) = 0 .1 ,Q(16) = 0.08 and a(oc) = 0.06. hi the p-shell

analysis the interpolation between A — 4 and A = 16 was made by fitting the ground

state binding energy of the most stable isobar for each value of A.

Using the effective interaction of equation (5) with the correlation functions of

equations (6) and (7) we have a mass dependent two body interaction, containing no

free parameters with which to perform large basis shell model calculations.

3 Results and discussions

In calculating the two body matrix elements for a given mass number A there remain

two parameters to be chosen namely: the oscillator parameter and the strength of the

tensor correlations a. It was seen [12] that large values of a and kui (eg. a — 0.085,

hu> =14 MeV) are more appropriate to the beginning of the sd-shell while smaller

values of a and fiui (eg. a = 0.07, fiu) = 10) give better fits to the upper end of

the shell. An acceptable fit to the whole shell was obtained with 'average' values of

a —- 0.08 and hu = 11 MeV, provided we used the mass dependent energy shift As<f

given in ref. [12].

A set of two body matrix elements of our interaction applicable throughout the

whole sd-shell is presented in table (1) of ref. [12]. In order to test these matrix

elements, shell model calculations are performed for two nucleons in the sd-shell. The

single particle energies used with the two body matrix elements of our interaction

are the experimental energies [16] from 17O, namely: -4.15, -3.28 and 0.93 MeV for

j — 5/2, 1/2 and 3/2 respectively. Results for the energy spectra obtained for the

mass A = 18 with T = 0 and 1 are displayed in figures 1 and 2 respectively. In

these figures, the energy spectra of our calculation are compared with experiment

and with that obtained when using Wildenthal's empirical matrix elements [8].

It is evident from above figures that a number of the low-lying experimental levels

are not reproduced by our calculation. This is mainly because of the model space

which we have chosen for our calculation. Our model space consists of a closed 16O

core with two active valence nucleons confined in the sd-shell. Thus our calculated

levels for 18F and 18O are those whose wave functions are predominantly of 2p0h
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Fig. 1. Positive-parity energy spectra Fig. 2. Positive-parity energy spectra

for 1 8F with (T = 0). The calculated for 18O with (T = 1). The calculated

spectrum (a) is compared with experi- spectrum (a) is compared with experi-

ment (Exp) and with that obtained us- ment (Exp) and with that obtained us-

ing Wildenthal's matrix elements (b). ing Wildenthal's matrix elements (c). In

spectrum (b) we use Wildenthal's diag-

onal matrix elements but with our off-

diagonal matrix elements together with

experimental single particle energies.

(two-particle-no-hole) nature. In order to account for those observed levels of.A = 18

nuclei we have to consider the mixing of the (sd)2 configurations with deformed 4p2,h

states. Hence it is not unexpected that these states are not reproduced well by our

calculation nor by Wildenthal's calculation which is also based on a closed 16O core

model space.

The energy spectra of 18F nucleus is presented in figure 1, which have been

rather extensively studied in ref. [14, 15]. We note that Wildenthal, spectrum (b),

included the lowest six states in his fit as these states are generally believed to

be predominantly of 2p0h nature. Our calculation, spectrum (a), has given these

six levels and are well reproduced in comparison with experiment and with that



obtained by using Wildenthal's matrix elements. It is seen that our interaction

gives less binding to this nucleus than experiment. Hence the difference between the

ground state energies obtained from experiment and our interaction is about -0.6

MeV.

We now turn to the energy spectra of 18O nucleus which is presented in figure

2. The experimental 3.63 MeV 0+, 5.26 MeV 2+ and 7.12 MeV 4+ (where the

experimental 4+ state is not shown in figure 2) of 18O are well known to be members

of a Ap2h band. Therefore, these states are not reproduced well by our calculation,

spectrum (a). We note that Wildenthal, spectrum (c), included only the lowest

0+, 1.98 MeV 2+ and 3.55 MeV 4+ states in his fit. This is clearly a reasonable

thing to do as these states are well known to be of 2p0h nature. It is obvious from

the calculated spectrum that the level sequence of the low-lying states is correctly

reproduced besides the lowest 2+ state is in good agreement with experiment. The

lowest 4+ and the second 2+ states are lower than the experimental results by about

0.8 and 0.6 MeV, respectively. The comparison between the spectra (a) and (c) gives

an indication that Wildenthal's interaction is stronger than our interaction. This is

demonstrated even more clearly by looking at the energies of the system with two

valence nucleons relative to the ground state energy of the 16O core. For the ground

state of 18O nucleus we obtain for this energy -11.37 and -12.17 MeV using ours and

WildenthaPs interactions respectively. Comparing this energy with the experimental

value -12.18 MeV, we see that our interaction gives less binding than experiment or

than Wildenthal's interaction by about -0.8 MeV. As we have mentioned before that

our diagonal matrix elements have been shifted throughout the shell by a single mass

dependent, energy shift [12]. Such a shift would not show up in the spectroscopy of

any set of isobars but would simply change the relative binding energies of different

isobaric sets of states. Therefore, an improvement can be obtained for the ground

state energies if we vary the energy shift within the limits set that would not impair

our quality of fit to the fitted matrix elements of CW interaction by more than

Ax — 0.005 about its optimum values. Thus, for example, increasing the shift by

-0.3 MeV, we see that the differences between the ground state energies obtained

from experiment and our interaction are now reduced to about -0.3 and 0.5 MeV for
18F and 18O nuclei respectively. Spectrum (a), of figure 2, can usefully be compared

with spectrum (b) where Wildenthal's diagonal matrix elements are used but with

our off-diagonal matrix elements. The differences are then due entirely to defects in



the diagonal matrix elements and these are clearly quite pronounced. In spectrum

(b), we obtain energy -12.22 MeV for the ground state of 180 which is very close

to the experimental value. Finally, we would like to point out that Wildenthal's

interaction gives results are in better agreement with experiment than ours or any

body else, with the exception of PW or CW interactions because of their limited

mass range of applicability.
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Хамоуди А.
Расчеты в оболочечной модели для ядер
с массовым числом 18 в рамках ^-оболочек

Е4-97-40

Эффективное нуклон-нуклонное взаимодействие для расчетов оболочечной
модели в рамках .«/-оболочек получено из потенциала Рейда с мягким кором,
свернутым с двухчастичными корреляционными функциями, которые учитыва-
ют короткодействующее сильное отталкивание и тензорные компоненты сил
Рейда. С этим взаимодействием рассчитаны энергии связи и спектры низколе-
жащих состояний со значением изоспина Т = О и 1 для ядер с массовым числом
18. Результаты оболочечных расчетов демонстрируют разумное согласие с экс-
периментом.

Работа выполнена в Лаборатории теоретической физики им. Н.Н.Боголю-
бова ОИЯИ.

Препринт Объелиненного института ядерных исследовании Дубна, 1997

Hamoudi A.
Shell Model Calculations for the Mass 18 Nuclei
in the »/-Shell

E4-97-40

A simple effective nucleon-nucleon interaction for shell model calculations
in the .«/-shell is derived from the Reid soft-core potential folded with two-body
correlation functions which take account of the strong short-range repulsion
and large tensor component in the Reid force. Calculations of binding energies
and low-lying spectra are performed for the mass Л = 18 with Г = 0 and 1 nuclei
using this interaction. The results of this shell model calculations show a reasonable
agreement with experiment.

The investigation has been performed at the Bogoliubov Laboratory
of Theoretical Physics, JINR.

Prcprinl of (he Joint Institute for Nuclear Research. Dubna, 1997
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