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Abstract

The problem of the nonlinear saturation of the 2 dimensional Rayleigh Taylor

instability is re-examined to put various earlier results in a proper perspective.

The existence of a variety of final states can be attributed to the differences

in the choice of boundary conditions and initial conditions in earlier numer-

ical modeling studies. Our own numerical simulations indicate that the RT

instability saturates by the self consistent generation of shear flow even in

situations (with periodic boundaries) where, in principle, an infinite amount

of gravitational energy can be tapped. Such final states can be achieved for

suitable values of the Prandtl number.

I. INTRODUCTION

The Rayleigh Taylor (RT) instability has been extensively studied in various physical

contexts ranging from neutral fluids [1] to laser ablated ICF targets [2] to laboratory [3,4]

as well as ionospheric plasmas [5-9]. While its linear characteristics are easy to investigate

through analytical calculations, its nonlinear evolution has mostly been studied by means of

numerical simulations. Surprisingly, there appears to be a wide variance in the results for the

final nonlinear states obtained in these studies and a clear understanding or discussion on

this problem is lacking. Our aim in this paper is twofold - firstly, to present a brief discussion

on the past work in order to understand the differences in the results and attempt to put

them in a proper perspective and secondly to present our own numerical investigations of this

problem which demonstrate a selfconsistent saturation arising from the generation of shear

flows. We will restrict ourselves here only to two dimensional studies of the RT instability

as three dimensional studies are yet in a very preliminary stage.
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II. REVIEW OF PAST WORK

A number of numerical as well as analytical works have been carried out in the past to

study the interchange instability in varying contexts. The conclusions regarding the final

nonlinear states in these various RT related studies, however, seem to vary and can be

broadly categorized as follows:

1. In several numerical studies, particularly those associated with periodic boundary

conditions, no saturation of this instability has been observed.(e.g. in [10])

2. In other studies, where conducting boundaries have been employed, a self consistent

generation of shear flow has been observed and the instability has been found to

saturate.(e.g. in [11])

3. A third class of studies claims to observe a turbulent final state with a power law

spectrum for the energy distribution of the fluctuations, (e.g. in [10])

The use of spectral codes is fairly widespread in the investigation of the RT instability

and hence the choice of periodic boundary conditions is a natural one. Infact, spectral

codes automatically enforce such conditions. However such boundary conditions seem quite

inappropriate for this problem since they lead to the situation where a fluid element leaving

the lower boundary with a particular vertical velocity will appear from the upper boundary

with the same velocity and fall through the height determined by the box size again and

again thereby gaining an infinite amount of gravitational potential energy. Thus, it is not

surprising that the instability continues to grow and the final state is an uninteresting as

well as an unphysical one comprising entirely of vertical flows. Unless the instability can

saturate by some mechanism within the length of one box (and we will soon comment on such

a situation) periodic boundary conditions are not the appropriate ones to use for examining

the final nonlinear state.

The choice of conducting boundary conditions in the direction of the equilibrium gradient

(and periodic boundaries in the other direction) avoid the problem associated with an infinite

gain of potential energy. It is most convenient in such a case to use a finite differencing

scheme along the gradient direction and a spectral scheme in the periodic direction. An

additional simplification is to take a constant value of <j> (implied by d(f>/dy = 0) and to

assume the perturbed density value to also vanish at the conducting boundaries. In a few

studies, a spectral scheme has been employed in both directions and conducting boundaries

have been mocked up in one direction by restricting the initial state to have only odd modes

in that direction. If the character of the evolution equation is such as to preserve the

symmetry of the modes, then the initial condition at the boundary is preserved at all times

and appears like a boundary condition. However this is not a true boundary condition (in

contrast to the one imposed in a finite difference code) and numerical results in the two

cases show a distinct difference.
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The other major source of variation in the various past studies is in the choice of initial
conditions and selection of the range of physical parameter space for investigation of the
instability. Broadly two classes of initial conditions have been considered -(i) random dis-
tribution of density and potential fluctuations (ii) states with a few long scale modes. The
physical parameter space of the instability are governed by the following relevant quantities:
(i) the strength of the appropriate gravitational force (e.g. natural gravity in the ionospheric
problem, the curvature of the magnetic field for the curvature induced instability etc.) (ii)
the equilibrium density scale length (iii) Diffusivity (iv) Viscosity (v) the length scale along
the periodic direction and (vi) the length scale along the direction of equilibrium gradient.
Actually only five of the above six variables are independent when the model equations are
suitably renormalised.

Numerical studies in the past have spanned over a large range of parameter space and
have differed in other important aspects like the boundary and initial conditions. A relevant
question to ask then is which are the crucial factors that influence the final state of the RT
instability. Partly motivated by this question and partly to gain some understanding of the
experimental results on a steady state toroidal plasma experiment at IPR, we have carried
out a numerical simulation of the magnetic curvature driven RT instability. We will first
discuss this work and its results in the next section before returning to a discussion on the
general aspects of the problem in the final section.

III. MAGNETIC CURVATURE DRIVEN RT INSTABILITY

The governing equations relevant for the curvature induced R-T instability are easily
obtained from the continuity and the momentum equations with the additional assumptions
of (1) quasineutrality (ii) cold ions, and (iii) the neglect of parallel dynamics. The coupled
set. of equations can be written as

£ + K« , . . » „ . (Vn~Vg)-^- + zxV^-Vn = DV2n (1)
at ay ay

dn _ . - ^ . _ 2 V72V72 /O>,

p = fiV V <p (2)at ay

Here V̂  = c2/(i?fic,) is the gravitational drift of the ions arising through the curvature
terms and Vn = c2/(Znf)c) is the diamagnetic drift speed(cs is the ion sound speed, R is
the major radius of the curved toroidal machine, f}c, is the ion cyclotron frequency and
Ln is the equilibrium density scale length). The equilibrium density profile is chosen as
No = Nooexp(—x/Ln), 4> is the perturbed potential and n is given by n — \n(N/N0).

We have chosen to normalize No the equilibrium density by iVoo, tp by T/e, time by fic; and
length by cs/QCJ.
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The linear growth rate, obtained from the above two equations, is given by the real part

of

i 1 1 [/ 2 2 Jfe2 1 1 / 2

For n = D = 0

1 T k2 1 1 / 2

7 r = ± - Real -fcjVB
2 + 4 T | V 3 (Vn - V,) (4)

I /C I

which indicates that all those wavelengths which are longer than Ac are unstable, where

7 (Vn ~ Vg)

The square integrals for the two variables n and ip can be shown to satisfy the following

equations.

— / n2 dx dy + (Vn - Vg) In~ dx dy = -D f (Vn)2 dx dy (5)

and

^ [ fv? 2̂ J J T/ f dn
 J J f /V72 \ 2 j j ,c\

TT / vw ax dy — VQ / w-r— ax ay = — u [V ip) dx dy (6)
at J J ay ^ J \ r J J v /

The first equation ( 5), which has been obtained from the continuity equation can be inter-

preted as follows. The / n2 dx dy term, which can be identified as a "pressure" like quantity,

changes in time due to the inequality of the incoming and outgoing fluxes at the two bound-

aries. The fluxes, which are the terms proportional to Vn and Vg are nonzero as long as

n and d(f>jdy are appropriately phased. The second equation ( 6) describes the temporal

change of the total kinetic energy which is again finite for the same reason, that is , because

of the phase difference between n and d<f>jdy. This equation has been obtained from the

evolution of vorticity which essentially represents the quasi-neutrality condition. Vorticity

evolves as a result of the difference between diamagnetic fluxes at the two x boundaries

arising from the magnetic curvature. The difference between ExB fluxes causes no change

in vorticity as they are same for both ions and electrons. The second equation ( 6) can

also be interpreted in a slightly different way where we rewrite (/ <f>dn/dy) as (— / nd4>/dy

and interpret d<j)jdy as ux, the vertical component of velocity. In that case vg f nd<t>/dydxdy

can be viewed as the change of gravitational potential energy. Thus this equation is a mere

statement of the fact that the sum of kinetic and potential energy is an inviscid constant

in the absence of diffusion. This energy interpretation can however provide no information

about the direction of cascade as the potential energy term cannot be cast as the integral

of a square of a variable.
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The two equations may be combined resulting in the following equation,

1 f[{V4,)2 V^~n2)dxdy = -fi f(V24>)2dxdy + - ^ - ({Vnfdxdy (7)
at J Vn — Vg J Vn — Vg J

Although the left hand side in this case is an invariant for D — fi = 0, it does not seem

to have any obvious physical significance. Neither can it tell us anything about the power

spectrum as it is the difference between two positive definite quantities.

We will now present the numerical solutions of equations (1) and (2) in the next section

and then discuss the characteristics of the final saturated state.

IV. NUMERICAL RESULTS AND DISCUSSION

We have used the pseudospectral method, with 128 x 128 modes, to study the evolution

of the two coupled equations ( 1, 2) In order to investigate the dependence on boundary

conditions (as discussed in section I), we have made independent simulation runs with two

different sets of boundary conditions, namely (a) periodic and (b) conducting in the x

direction. In case (b) the conducting boundaries are simulated by restricting the initial

conditions to contain only modes with odd symmetry. All runs are made with random

initial conditions.

We observe that in both cases, the potential acquires long scale structures whereas the

density shows a predominance of short scales in the beginning. (Figures 1 and 2). Eventually

however, both acquire long scale vortex structures. The final state thus comprises of long

scale coherent structures. Since a random initial condition has evolved into a very coherent

state, it makes no difference as to what initial state one chooses.

We may interpret the observed behaviour as follows. Around saturation, equations (1)

and (2) are essentially decoupled. Thus eqn.(2) becomes like a conventional driven two

dimensional Navier Stokes flow (with Vgdn/dy as a stirring force). This equation is known

to have two inviscid invariants which leads to the well known accumulation of power at long

scales. The potential thus moves towards long scales at saturation. The density equation,

on the other hand, is more like the turbulence of a passive scalar spread by a turbulent flow.

It has only one square invariant (in the absence of diffusion) and transfers energy to short

scales. Thus initially density shows significant short scale structures. Eventually however

the gravity stops pumping energy into the system because of velocity shear and so the short

scales die out.

In earlier studies, that are similar to our case (a), Hassam et al had noticed no saturation

and had argued that the lack of saturation arose from the use of periodic boundary conditions

which artificially made possible the tapping of an infinite amount of potential energy. Our

simulations show, however, that it is possible to obtain saturation even in the periodic

case through the selfconsistent generation of shear flow. The final state we obtain is very

similar to that observed earlier by Finn et al in their simulations, where they had studied
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Figure 1: Time evolution of density (A) and potential (B) for \i = 0.1, D =
0.1, Vg = 0.036 and Vn = 0.8. The initial states (t = 0) evolve rapidly into
long scale structures in the linear stage (upto t = 40).

the nonlinear interaction of a few modes using a finite difference code with real conducting

boundaries in the x direction. The crucial parameter in our runs (as compared to Hassam et

al) is the value of the diffusivity. When diffusivity is made stronger it leads to an unsaturated

state with entirely vertical flows.

In case (b) we have chosen the initial state to have only those modes which have odd

symmetry. In this case also our final state comprises of large scale structures. However,

shear in this case is less, compared to the case of periodic boundaries, presumably because

there is little gravitational energy to gain as the flows are restricted in the vertical direction.

Thus only a small amount of shear can saturate the instability. We do observe a power law

for the spectra. However the autocorrelation function has a strong oscillatory character,
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Figure 2: At t = 85, the density retains small scale structures (A) and the
potential shows coherent long scale structures. At long times (t = 130), the
final states for both density and potential show long scale coherence.

which indicates that the final state is coherent and not turbulent. Thus it is incorrect to

invoke Kolmogorov's similarity arguments to explain the observed power laws.

To summarise, our two dimensional numerical simulations indicate that the final state for

the RT instability is invariably coherent provided the boundary conditions and the value of

diffusivity and viscosity are chosen appropriately to allow for nonlinear saturation. Within

the two dimensional model there is no scope for obtaining a final turbulent state and of

explaining power law spectra in terms of Kolmogorov's inertial cascade arguments. Obser-

vational data, both in the ionosphere as well as in laboratory experiments, however point

towards a turbulent final state for the RT instabilty. This indicates a serious shortcoming

of the two dimensional model and strongly argues for a closer examination of the three

dimensional effects that could be crucial for generating turbulence.
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