
KFKI-1997-02/G
REPORT

HU9719429

G.HAZI
G. POR

NUMERICAL SOLUTIONS OF ORDINARY
AND PARTIAL DIFFERENTIAL EQUATIONS

IN THE FREQUENCY DOMAIN

Hungarian Academy of
Sciences
CENTRAL
RESEARCH
INSTITUTE FOR
PHYSICS

29-01 B U D A P E S T



KFKI-1997-02/G
REPORT

Numerical Solutions of Ordinary
and

Partial Differential Equations
in the Frequency Domain

G. Hazr, G. P6r++

Simulator Laboratory (KFKI AEKI SZL) KFKI - Atomic Energy Research Institute

""Technical University of Budapest. Institute for Nuclear Techniques



Abstract

Numerical problems are presented which came to light during noise simulation in a
nuclear power plant. Numerical solutions of ordinary differential equations (ODEs) and
partial differential equations (PDEs) are studied in the frequency domain; some numerical
methods are investigated by the transfer function approach. Phase and amplitude errors
are discussed for a linear ODE and a PDE. It is shown that the goodness of the numerical
methods is very limited in the frequency domain for ODEs. Suggestions for step-size
selection are given for future investigations.

Kivonat

Atomeromuvek zajfolyamatainak szimulaciojanal felszinre bukkano numerikus
prcblemakat mutatunk be. Kozonseges es parcialis differencialegyenletek numerikus
megoldasait vizsgaljuk a frekvenciatartomanyban atviteli fuggveny megkozelitessel.
Nehany numerikus modszer fazis es amplitudo atvitelenek torzitasat hatarozzuk meg
linearis differencialegyenletekhez. Kiserletet tesziink a lepeskoz valasztas szempontjainak
bemutatasara.
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1. Introduction

The main task of NPP noise diagnostics is to analyse the measured signals thereby
making the operation of the reactor safer and more economical. It is typical of the
development of such diagnostics that the elaboration of a new diagnostic method was
usually the consequence of some actual event (accident, failure, etc.). Nowadays,
diagnostics research tends to forecast failures. The problem here is how we can forecast
events if we have never experienced them, we have never obtained such measurements
and, moreover, we have never had reliable data about them. The testing of a new method,
developed in order to forecast a hypothetical event is by no means easy. However, a
possible way of solving this problem would be to use a simulator to create a data set,
which set would be capable of describing a discretional physical event or chain of events
for diagnostics analysis.
Recently, Kf KI-AEKI's Simulator Laboratory started a new project with the aim of
creating a simulator to study the behaviour of nuclear reactors in the frequency domain. It
is envisaged that this simulator will be applicable for reactor diagnostic goals. We wish to
avoid employing traditional black-box diagnostic models (e.g. ARMA). and - instead -
we intend to use white-box models in the time domain (this solution will be used after
FFT). A better physical approximation and understanding is expected from these models
than from the traditional noise diagnostic models.
In order to study the validity of such approximation we set up the following well-known
reactor model, which has often been applied in the literature. The neutron density
behaviour of the reactor is followed by the well-known point kinetics equation (Shultz et
al, 1961).
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where

n(t) is the time dependent neutron density,
p(t) is the reactivity,
X-x is the decay constant in the i-th neutron group,
Pi is the fraction of total neutrons in the i-th neutron group,
1* is the mean effective lifetime of a neutron and
Ci is the concentration of the delayed neutrons emitted in the i-th group.



Very simple one dimensional thermohydraulics equations were used to model the
thermohydraulics kinetics behaviour (Por, 1981).

3t oz

dTf(t,z)
^ T ( t ) T ( t ) <SK)() (1.4)

where

Tc(t,z) is the temperature of the coolant at height z,
T,(t.z) is the temperature of the fuel at height z,
O(z) is the axial relative neutron distribution and
v is the velocity of the coolant.

The temperature feedbacks were considered by temperature averages over the core in the
same way as in (Por, 1981).

ff+ncTc (1.5)

where

fc and T are respectively the average coolant and fuel temperatures over the core,

|ic and |̂ f are the feedback reactivity coefficients, and
pin(t) is the time-dependent part of the reactivity; in the case of noise diagnostics this is
the reactivity fluctuation due, for example, to rod vibration.

Our test problem was to investigate linear phase formations (Por, 1981 and Katona,
1982).
On investigating the first prototype of our simulator, we obtained a very strange result,
especially in the phase behaviour. Solutions were acceptable in a narrow frequency range
(0~3Hz) but outside this range they were chaotic. Thus, we started to investigate the
numerical methods applied in the frequency domain and we found that the absolute stable
numerical methods (Jain et al., 1979) can give solutions with wrong amplitude and phase
information. This is significant because one can use a numerical method to simulate
something only if the method is stable at a determined step-size. Naturally the accuracy
or the order of a method are also very important notions in the numerical investigation,
but they are considered mainly when selecting the method itself, and not when



determining its parameters. This paper deals mainly with the selection of a suitable step-
size, the main parameter of a numerical method.
Hamming (Hamming, 1962) was the first to study numerical integration forms and the
general multistep method in the frequency domain. He presented a transfer function
approach for numerical integration form. We adopt a similar approach for linear ODEs,
and we give the step-size which is required for adequate solution in a prescribed
frequency range in Section 2.
One equation of our model (1.3) is similar to a 1-D advection PDE. Semidiscretized finite
difference methods are extensively used to solve PDEs, then ODEs are solved in each
space segment. We know that the choice of the correct step-size is very important from
the viewpoint of both the speed of the method and the accuracy. If the selected step-size
is too small it slows down the speed, but care must also be taken not to select too big a
step-size since will affect the accuracy. It is well known that finite difference schemes can
exhibit dispersion or phase error when attempting to solve this equation (Book, 1981). In
Section 3 we present a transfer function approach of a semidiscretized finite difference
method, which was used by us initially.

?. Transfer functions for Linear First-Order ODE with Constant Coefficient

We shall investigate the solution of the ODE

y+Xy-u (2.1)

by various methods where X is a constant.

a. Transfer Function of Euler's Method

We consider function u as an excitation and y as a response. Using Euler's method

for the simulation, where h is the step-size for Euler's method.
We obtain a transfer function between u and y (the proof is given in Appendix I).

ttc(a>) = 7 i (2.3)
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The true transfer function is defined by (2.4).

(2.4)

Figure 1 shows phase and amplitude behaviours at different step-sizes in the 0-160Hz (0-
lOOOrad/sec) frequency domain. The parameter of the ODE is X=0.1.Tn reactor noise we
are interested in the 0-60Hz domain, thus the upper limit of the investigated frequency
domain is / imx = 60Hz « 400rad / sec.

We investigate three different step-sizes, which are selected for 60Hz as
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Figure 1. Amplitude and phase diagrams of Euler's method for the ODE (2.1) at A.=10.



One can see in Figure 1 that the unsuitable step-size can distort the real transfer
significantly. The unsuitable step-size causes great deviation in the absolute stability
region (h=0.1), whereas there is no difference between the real and the numerical
computed transfers for the other two selections; thus we can see perfect transfer both at
amplitude and phase of the transfer function for h=0.001 and h=0.008. Figure 2 shows a
similar investigation but the parameters of ODE were changed to A=50. NOW, we can see
a certain difference between the analytical and numerical solutions at h=0.008 and
h=0.001. In this case the last investigated step-size h=0.02 also falls in the absolute
stability region for A=50.
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Figure 2. Amplitude and phase diagrams of Euler's method for the ODE (2.1) at A.=50.

The step-size is not suitable in the absolute stability region (h=0.02). We can also see a
small difference between the real and numerical computed transfers for h=0.008 because
the parameter >.=50 describes a faster system.

b. Transfer Function of Multistep Methods

The transfer function of multistep method (2.5) is defined by (2.6) (the proof can be
found in Appendix II).

y,,-\ =«o.v,, +a,.v,,-i +a,yn_2 +A(6_ly)'I.l +boy'tt +6uy,',-i +b2y'n_2) (2.5)
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For example, transfer (2.7) uses the coefficients of Simpson's rule

1

1 1 4 1

3 ' U 1C I

(2.7)

We can see very good approximations to the exact transfer function in Figure 3 for
h=0.001 and h=0.008 with the parameter of equation (2.1) being k=10.
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Figure 3. Amplitude and phase diagrams of Simpson's method for the ODE (2.1) at A,=10.



The figure shows that an unsuitable step-size can influence the real transfer significantly
as in the case of Euler's method. The unsuitable step-size (h=0.1) causes great deviation
even in the absolute stability region.

Similarly to Euler's method the transfer in Figure 4 becomes worse when the parameter is
changed to X=50.
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Figure 4. Amplitude and phase diagrams of Simpson's method for the ODE (2.1) at

The step-size is not suitable in the absolute stability region (h=0.02). We can also see a
small difference between the real and the numerical computed transfers for h=0.008.

c. Transfer Function of Explicit Second-order Runge-Kutta Methods

The transfer function is defined by (2.9) for a second-order explicit Runge-Kutta method
(2.8) (the proof can be found in Appendix III).

(2.8)

=yn
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h \w{ + w2 ye'"*1 -

e"°" - 1 w (1 - ha2lX)]
• a(2.9)

It means, for example, transfer function (2.10) using the coefficients of the improved
Euler's rule (c , = 1/ 2, a2l = 1 / 2, w, = 0, w2 = 1 ).

h\e '- -h-X
I 2 j

icohe>u* -l + hX\ I-h-X
1

(2.10)

Figures 5 and 6 show the transfer for the Runge-Kutta method for >»=10 and X=50
respectively. Note that the amplitude transfer of the numerical solution has a peak above
the investigated frequency domain for h=0.008.
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Figure 5. Amplitude and phase diagrams of the improved Euler's method for the ODE
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We would mention that we can investigate higher order ODEs easily by the transfer
functions approach, too. Second and higher-order ODEs usually transform to equation
systems which consist of first-order ODEs. Such systems are solved by the well known
methods. In this case the transfer function can be written as the product of elementary
transfer functions; these are assigned to the first-order ODEs.
Finally, we would emphasize that the transfer function approach is similar to but not the
same as the von Neumann analysis because we use the latter only for finite difference
schemes (von Neumann analysis is based on the fact that the independent solutions of

linear difference equations are all of the form £.neok'Xx).

3. Transfer function for a linear first-order PDE

Let us investigate the (3.1) advection equation.

a ex
(3.1)

where T(t,x) is the temperature and v is the velocity of the flow.
It is well known that it is difficult to obtain an accurate (non-dispersive, non-dissipative)
numerical solution of (3.1). We apply a semidiscretized (continuous time - equidistant
backward discretized space) finite difference method. The equations are solved by Euler's

i ;



method (2.2) in each space segment. The solution is given by (3.2) for Euler's method in
the j-th segment

= r+h\-v-L

Ax
(3.2)

The transfer is investigated between the inlet and outlet (optional space coordinate)
temperatures. We obtain the transfer function (3.3) for Euler's method (the proof is given
in Appendix IV),

Hc{a>) = (3.3)

where c = Ax/hv is the reciprocal value of the Courant number (Book, 1981).
The real transfer function is given by (3.4).
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Figure 7 shows amplitude and phase diagrams at some selected step-sizes in the 10-th
segment for Euler's method. The velocity is v=l and the space-step is Ar = 0.1. We can see
that the method is numerical dissipative when the Courant number (c= Ax / hv) is greater
than 1 and it is numerical unstable when c is less than 1. The method has no dissipation
at c=l. Dispersion is observable at every step-size.

4. Conclusions

1. The transfer function approach is especially useful when we are interested both in the
phase and the amplitude errors of a numerical method. Transfer errors were presented for
different numerical methods, and it was shown that these errors are problem dependent.
The transfer functions were checked by determining the limit values of the obtained
transfer functions, where the limit value of the step-size (h) was zero (the proof is given
in Appendix V).
2. It is trivial that the suitable step-size is not only a function of the maximum frequency
but it is also a function of the parameters of the ODE. The step-size corresponding to ten
times the maximum frequency gave very accurate transfer for our problems whereas the
transfer was unacceptable at the step-size selected inside the absolute stability region'.
Our conclusion is that the stability criterion, which gives a point of reference in the
traditional applications to select step-size, is not useful if we want to obtain a very
accurate solution in the given frequency range. Of course, this is not an answer since the
question remains: What is the basis for the selection of the step-size in these cases ?
We can give the following answer: If we can determine a transfer function for an ODE
and a method, then we can easily calculate the suitable step-size from the transfer
function and if required we can estimate the phase and amplitude errors caused.
3. The transfers are especially interesting because of some peaks in the amplitude
transfer. These peaks mean that a transient (or some other excitation) which contains that
frequency component can cause numerical instability. This is very strange and dangerous
because the step-sizes in these case are in the absolute stability region.
4. We also gave the transfer function approach a semidiscretized finite-difference method.
We found that the Courant number follows a similar rule to simple finite-difference
approximations in this case, too. Unfortunately this approximation is also dispersive and
dissipative similarly to many other finite-difference methods.

The disadvantage of the transfer function approach is that the determination of the
transfer function is often a complicated problem, but it is possible to use certain tricks
that are well-known in this area (e.g. linearization for nonlinear cases, etc.).

1 Absolute stability means that if the exact solution decreases as t increases then the growing factor is less
than 1, thus the numerical solution also may not increase.
: The values of these peaks are above the OdB axis.
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Among our future plans is that of presenting the selected numerical methods and their
parameters for our model; we also plan to give some results of the first simulation.
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Appendix I. Transfer Function of Euler's Method

Equation (2.1)

is a linear equation, so we expect a y sinusoidal response for u sinusoidal excitation. We
assume that u and y are defined by (A.I) and (A.2).

u{t) = A{e
lwt

Aoe"" (A.2)

where Al is scalar, but Ao is complex because the answer may have other phase and
amplitude than the excitation.

Using Euler's method (2.2),

equation (2.1) becomes:

X ' + ^ - i + * > • : - . ) = «. (A-3)

Here, there is a linear relationship between y and u.

Substituting (A.I), (A.2) into (A.3), we obtain

15



Aoicoe"* + A(Aoe'"(t-h) + hAoicoe"o('-h)) = A,e'M (A.4)

Thus the following transfer function is obtained between Ao and A,:

-J— (A.5)

Appendix II. Transfer Function for a Gerenalized Multistep Method

Using equation (2.1) and excitation (A.I) we again assume answer (A.2).
Using the multistep method (2.5),

_,y'n+l +boy'n + b]y'n_i + b2y'n_2)

equation (2.1) becomes:

y'n + AWn-\ + axyn-i + a2yn_3 + h(b_yn + bQy'n_x + byn_2 + 62>/_3)] = un (A.6)

Substituting (A.I), (A.2) into (A.6), we obtain

1 i
A/ (A.7)

+hi6)(b0e
Uo('-h) + bxe""{l-2k) + b2e'a>('-i"))'\ = A,e"°'

Thus the following transfer function is obtained between Ao and A,:

A 1

•(A.8)
Af A ae-'"* + a^'"* + ae'lui> + icolhb +-

2
A aoe-'"* + a^'"* + a2e'lui> + icolhb^ +- + hb0e-'loh + hb^-2"1* + hb.e'1"1 -\

Appendix III. Transfer Function of the Runge-Kutta Method

Using equation (2.1) and excitation (A.I) we again assume answer (A.2).
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The coefficients of Runge-Kutta methods are defined by (A.9) for the given problem
(2.1).

n + a2I [«„ - Xyn

The solution in the n-th step is obtained from

.V,,+, =yn + w , ^ , + w : £ 2 (A. 10)

Substituting (A.I), (A.2), (A.9) into (A. 10), we obtain

Aoe
im0+h) = Aoe

iaM + w,

So we can get the following transfer function of the explicit second-order Runge-Kutta
method:

IC0h l + h^^A + w^lh^)) (AA2)A, eIC0h -

Appendix IV. Transfer Function of the Semidiscretized-Finite Difference Scheme

We assume excitation function (A.I) in the (p-l)-th segment and the response function
(A.2) in the p-th segment. The solution for Euler's method is given by (3.2). After
substitution and rearrangement we obtain

( A P
il0(t-h) J

After rearrangement between two neighbouring segments, we obtain the following
transfer function:

17



A> 3
hv

(A. 14)

The transfer function between two arbitrary segments is the product of (A. 14) segment by
segment, so it is given by (3.4) for two segments, which are at a distance of k segments
far from each other.

Appendix V. Limits of the Investigated Transfer Functions

We checked our results determining limit values of the obtained transfer functions, where
the limit value of the step-size (h) was zero.
A. The limit of the transfer function of Euler's method is easily obtained by simple
substitution.

XxmHAco) = lim—
A > 0 . . . . 1

I I I

» x -ia*(l + hi(o) + }_i
X

(A. 15)

X

B. The limit of the transfer function of Simpson's rule is also easily obtained by simple
substitution.

lim Hc(co) = lim- I I I

e-1Uoh -i- ico
i 1 . 1 , 7 4 -il0t, . 1 _2,
h — H \-h — e +h — e

3 X 3 3

A, 1 .
\ + —ico

X

(A.16)

C. We can use the L'Hospital rule to obtain the limit of the transfer function of the
Runge-Kutta method.

h\e 2 -h-A

lim Hc{(0) = lim-

1 1

A

-\ + hX\\-h-X

= lim-
1 \ A-0

e - -h-X
2

. ><»S 1 .
icoe ~ — A

2 ;

icoe"
0" \-hX-A\-h A1 X-

2 ) 2 (A.17)
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