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Summary
Time evolution of the cumulated activity in human body is one of the key characteristics

determining medical impacts of ionizing radiation. In nuclear medicine, so called effective
half-life is mostly used for the evolution description. This quantity is usually estimated by fitting a
straight line in semi-logarithmic coordinates. Its novel Bayesian estimate was also proposed and
its advantageous properties were verified. During extensive tests, it was found that the effective
half-life has limited use as the under.lyjng deterministic relationship time - activity can hardly be
taken as (mono)exponential. It .stimulated the search for a better and still simple model. A
quadratic dependence of ln(activity) on ln(time) was found as an adequate candidate. Preliminary
experiments on a restricted set of real data were promising enough to justify its further
elaboration.

The paper reports on the progress made in verifying and exploiting this non-standard model.
Its potential exploitation in dosimetric tasks is outlined. The core of the paper is positive
verification results on an extensive set of real data.
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1. Introduction
The amount of the activity administered for diagnostics/therapy in nuclear medicine has

to be large enough to reach the administration aims. At the same time, it should be as low as
possible in order to minimize a damage of healthy tissues. It calls for a reliable estimation of the
energy imparted by ionizing radiation, ie. of the absorbed dose, to the human body (1-10). The
well established MIRD (Medical Internal Radiation Dose) methodology (11,12) provides the
necessary physical and experimental background. Knowledge of the cumulated activity in the
inspected tissues is its main user's input. The cumulated activity is the integral under the time
trajectory of the instantaneous activity. In practice, this trajectory has to be reconstructed from a
few measurements. It means that a sort of interpolation is needed: a curve from a pre-specified
class has to be fitted to noisy measurements.

The quality of the resulting estimate of the cumulated activity is influenced by:
- the class of the fitted curves which results from the deterministic modelling,
- the estimation (fitting) procedure which is dictated by the model of the noise, by the
probabilistic modelling.

This paper is devoted to the deterministic modelling of the activity evolution for
diagnostic/therapeutic applications of 131I. A recently proposed quadratic relationship of
ln(instantaneous activity) to ln(time) (13) is evaluated on an extensive set of real data and refined
a bit. It outperformes the standard model ln(instanteous activity) taken as an affine function of
time characterized by the effective half-life.

Estimation procedures for an adequate probabilistic model are still under the preparation
(14).
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The paper is organized as follows. After recalling the essence of the MIRD method, the
addressed practical problem is formulated. Then, the tested model of the activity kinetics is
outlined. Experimental verifications of the model suitability presented afterwards contain the key
message of the paper. The concluding remarks list mostly the running research tasks.

2. MIRD Method
In nuclear medicine applications, the absorbed dose quantifies the amount of the energy

transferred to an inspected (target) tissue from internal sources (source organs) of ionizing
radiation. This complex transfer process depends on:
- the type of emitted radiations,
- the amount of energy emitted by the source organs, expressed usually as the product of the
number of transmutations per time unit and the (mean) energy emitted per transmutation,
- the mutual target-source organs geometry,
- the type (mass, size) of organs.

MIRD method can be interpreted, as an application of the law of energy conservation.
The method takes of the burden from practitioners by tabulating adequate conversion factors (so
called S-factors) from user*s data to doses. Factors are available for a wide set of radtonuclides
and for various combinations of source and target organs. With this support, the following pieces
of knowledge are needed for a practical evaluation of the absorbed doses: 1) radionuclides
present in the human body, 2) masses of the inspected target organs, 3) cumulated activities in
the source organs.

This paper addresses the estimation related to the third item. For.an estimation of the
mass, see (15).

' 3-Addressed. Problem
When treating thyroid diseases by l31I, a diagnostic amount of the radionuclide is

administered with the aim to estimate abilities of various lesions to accumulate the (radioactive)
iodine. The same accumulation ability is supposed during the therapeutic phase. Then, the doses
absorbed in the inspected tissues during the therapeutic phase can be estimated and the
adequate activity administration determined.

Knowledge of instantaneous and cumulated activities in the therapeutic phase is also
required in order to:
- control the radiohygienic regime of patients,
- check the accumulation similarity in both phases.

The cumulated activity Acurais a time integral of the instantaneous activities A(t) for time
t>application time=0. Because of medical/technical reasons, the induced counts a(t)
corresponding to activity values A(t) are measured in several time instants ^only (maximum 2-18)
In order to provide the needed reliable estimate of the cumulated activity A^ , these data have to
be used for estimating the whole curve A(t), t>0, which is characteristic for the treated patient.

The registered counts a(t) are related to the activity by

a(t)=c.A(t).noise [l]

where c denotes the calibration factor which can safely be estimated using an appropriate
calibration procedure (15). Under the given measurement conditions, the desired characterization
of the whole curve can be obtained only when
- the trajectory A(t), t>0, is parameterized by a smooth function containing a few time invariant
parameters only;
- the adequate probabilistic noise description is selected.
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For algorithmic reasons, the probabilistic modelling is simplified here and
logarithmic-normal modelis adopted, ie.

ln(a(t)) = ln(cA(t)) + white normal noise [2].

We concentrate on verification whether the novel model

f(t) = ln(cA(t)) [3]

proposed in (13) is suitable in practice.

4. Tested Model
Usually, the affine model is used:

f(t) = ln(cA(t1))-ln(2)(t-t1)/T4ffort>t, . [4]

In this model, t,>0 is the time instant after which fast complex transients of the activity
distribution can be neglected. Tef is the effective half-life parameterizing this model together with
tj and cA(t,).

Parameters of this model can be simply estimated by least squares. The activity AO)rol

cumulated after t, is

Aeumi1=cA(t1).Ti/ln(2). [5]

This model was, however, found to be too crude in a significant portion of the inspected
cases (13,16).

Generic activity trajectories resulting from the compartmental models suggest f(t) as a
sum of several exponentials. Such a form is, however, unfeasible with a few measurements
available. Thus, a slight deviation from the affine form is only acceptable when searching for a
better model.

The shapes of activity trajectories for the reference man (17,18) indicate the following
form as a potential candidate:

f(t) = k1+k2.ln(t)+k3.ln
2(t)-ln(2).t^p [6]

where Tp is the known physical half-life of the l31I.
This model has also triple of unknown parameters (k^kj.kp which can be estimated by

least squares. The sensitive choice of tj is avoided and the model can be used immediately after
the administration. Consequently, no data are lost and no part of the cumulated activity (t<t2) is
neglected.

The trajectory f(t)=cA(t) modelled in this way has the following desirable qualitative
properties:
- starts at zero if k2>0 (no activity is cumulated at administration time yet),
- falls to zero faster than the physical decay if k3<0,
- possess a single extreme for t>0 if k3<0,
- models explicitly the physical decay so that the individual biological elimination is to be
estimated only.

On the other hand, the cumulated activity A^^ cannot be found analytically.
Nevertheless, the approximate dependence A ^ 2 = A,̂ ,, 2(k1(k2,kj) seems to be easy to construct.
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Performed experiments (13) verifying suitability of the model for real data were
promising but clearly insufficient. This paper removes this drawback related to the studied model.
Experiments has led to a further refinement of this model.

5. Experiments
5.1 Material available "
The raw material used consists of records related to 2000 patients treated for thyroid

diseases at the Clinic of Nuclear Medicine, Faculty Hospital Motol, 2nd Medical Faculty, Charles
University. The data have been gained as a by-product of routine evaluations by a software
system JOD (15).

Among the available data, the records containing at least four (greater than the
dimension of the estimated parameter) were processed. The selected records contain at most 20
measurements and 1 up to 4 lesions.

5.2 Compared models
The studied model Ml (cf. [6])

Ml: f(t)=ln(cA(t))=k1+k2.ln(t)+k3.ln
2(t)-ln(2).t/Tp> t>0,

is compared with the standard affine model M2 (cf. [4]):
M2: f(t)=ln(cA(t))=ln(cA(t1))-ln(2)(t-t1)/Tc( for t>t,.

During experiments, a lot of alternative non-linear functions of time were tested. Among
them, the most promising results were gained when In2(t) in Ml was replaced by a
faster-changing functions of time with
M3: f(t)=ln(cA(t))=k1+k2.ln(t)+k3.t

1/2ln(t)-ln(2).t/Tp,t>0
M4: f(t)=ln(cA(t))=k1+k2.ln(0+k3.t

2/3ln(t)-ln(2).t/TpIt>0.
Results with In2 replaced by In3, In4, t1/2, etc. were unsatisfactory.

5.3 Exception handling
All models involved have their "natural" range of parameters (k3<0, 0<T,.(<Tp, etc.) which

should be and could be respected in estimation. In the intermediate research step reported (noise
properties are incompletely respected), this prior knowledge was not built in. Nevertheless, the
overall performance picture remains unchanged if the cases violating such restrictions are
skipped.

Similar robustness is observable if the cases with severe outliers (several hundreds of
percent) are omitted.

5.4 Judgement of model performance
The models are compared according to their predictive capabilities because of the

following reasons: . . • : •
- they as predictors for radio-hygienic purposes,
- those which are good in the hard extrapolation problem are believed to grasp substantial
invariant features of the reality and are expected to suit for estimation of the patient's "invariant",
his ability to accumulate activity.

Specifically, let us consider any of the tested sets of trajectories f(t,P) parameterized by a
multivariate parameter P.

Let Pj be its estimate gained from data recorded up to and including time tf The
prediction p m of the value a(tw) is

piH=exp(f(ti+1,Pi)).
Its quality is measured by the relative prediction error

ew=(pi+l/a(ti+1)-l).100 [%].
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The whole patient set is judged according to the sample mean m, and standard deviation
m2as well as the shortest empirical confidence interval [l,u] containing 70% of relative errors.

5.5 Results
The results presented in the following table reflect the relevant part of experiments

performed within the experimental environment newlmain (C-language).

Model
type
Ml
M2
M2
M2

M3
M4

t,
[days]

-
0
1
2
-
•*

No. of
cases

2175
2175
1541
1177
2175
2175

m0

[%]

30,7
95,5
102,5
46,0
17,6
1,2

m,
[%]

117
235
293
183
117
102

[l,u]
[%]

[-32,44]
[-16,112]
[-44,76]
[-28,44]
[-36,40]
[-44,24]

Remark

t, irrelevant
for comparison only
2/3 of cases
of cases
t, irrelevant
t, irrelevant

Comparison of models described in (5-2) according to
the predictive performance specified in (53)

5.6 Discussion
The presented results are almost self-explanatory. It is worth of noticing that:

- the advocated model Ml improves estimation quality substantially,
^ the standard model M2 reaches similar quality when evaluating about half of all cases only
(ti=2),

- the biases of both compared models motivated search for alternative models M3, M4 which
brought a further improvement,
- the adequate probabilistic modelling is expected to improve results by tens of percent (it was
demonstrated in (19) for the standard model M2),
- the prediction horizon is often several days (for therapy); the prediction ability of the best
models is excelent from this perspective.

6. Conclusions
In the paper, a recently proposed model describing the time evolution of cumulated

activity is successfully tested on an extensive set of real data. Moreover, the tests have led to a
further model improvement.

A lot remains to be done in order to get fully practicable solution. Specifically,
- full probabilistic model is to be exploited when designing parameter estimator (it will call for
application of approximate multivariate integration (14));
- prior information on the parameter range has to be built-in;
- estimators have to be embedded into a new version of a routine software system JOD;
- a numerical evaluation of the cummulated activity for models M1.M3, M4 has to be prepared;
- the combined on-line (least squares) and batch (the selection of the model type) estimation
technique used in the paper is worth of being developed further.

All these steps are in different stages of development and no conceptual problems are
foreseen. It will need definitely a lot of effort which is, however, worth of being put in.
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