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ABSTRACT

Explicit Jacobian elliptic wave solutions are found in the anharmonic molecular crystal
model for both the continuum limit and discrete modes. This class of wave solutions
include the famous pulse-like and kink-like solitary modes. We would also like to report
on the existence of some highly discrete staggered solitary wave modes not found in the
continuum limit.
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1 Introduction
The study of the theory of nonlinear lattices [1], [2] is an interesting subject. Recently
much work has been done on the existence of solitary discrete modes [2] in pure anhar-
monic crystals with interatomic harmonic and quartic anharmonic interactions. There
have also been several suggestions that the role of intramolecular modes and anharmonic-
ity [3] is connected with the mechanisim of high temperature superconductivity. Therefore
it is necessary to understand at a fundamental level the nature of the excitation modes
in anharmonic molecular lattice systems.

In this paper we choose to study the existence of solitary discrete modes as well as
the continuum limit solitary modes in the anharmonic molecular crystals (AMC) model
with nearest neighbour interaction and intramolecular anharmonicity. This AMC model
is a nonlinear generalization of the well-known Holstein molecular crystal model [4]. In
the linear Holstein version [4], the vibrational modes could represent the vibrations of a
diatomic molecule. These modes are used in the study of small-polaron formation in solids
where short range interactions between an electron and certain intramolecular modes of
a molecular cluster are important.

Various work on the AMC model in 1+1 dimensions had also been carried out [5] as
it is believed that the anharmonicity introduced into the model might shed light on the
role of nonlinearity in the mechanism for hightemperature superconductivity. However,
in all these previous works with the AMC model [5] as well as with the other lattice
Hamiltonian models [2], the solitary modes discussed are always within the rotating wave
approximation (RWA). However, even though the RWA is a useful and fairly good ap-
proximation, it would still be more preferable to study solitary modes that are exact in
the discrete as well as in the continuum limit.

In a previous work we have reported on the existence of solitary localized travelling
wave modes in the continuum limit of the AMC model in the 3+1 dimensional theory
[6]. These solitary spherically symmetric wave solutions are exact, explicit and real in the
Minskowski space. In this paper we wish to report on the existence of more travelling wave
solutions as well as stationary wave that are also explicit and real both in the continuum
limit and discrete lattice in the 1+1 dimensional theory. The travelling wave solutions
are Jacobian elliptic and hence are periodic and solitary in nature. In the limit when the
Jacobian elliptic parameter, k2, tends to one, the pulse-like and kink-like solitary wave
solutions are obtained. These pulse-like and kink-like travelling wave solutions possess
finite energies in the 1+1 dimensional model.

Besides the existence of Jacobian elliptic travelling waves and pulse-like and kink-like
solitary moving waves in the discrete mode, there also exist some highly discrete staggered
wave modes that are not found in the continuum limit. These staggered modes are wave
solutions that are periodic in nature. They also evolve into moving solitary waves as
the Jacobian elliptic, fc2, tends to one. Similar staggered localized states have also been
discussed in the discrete nonlinear Schrodinger equation [7].

In the next section, we will introduce the AMC Hamiltonian model in 1+1 dimensions.
Exact Jacobian elliptic travelling wave modes and solitary wave modes in the continuum
limit followed by explicit discrete solitary wave modes will be presented and discussed
in Section 3. We will show here that besides the discrete progressive wave modes, there
also exist an exact discrete staggered stationary mode. We conclude the paper with some
remarks in Section 4. The figure caption is given in the final section.



2 The AMC Hamiltonian Model in 1+1 Dimensions
#

The Hamiltonian in this model is given by [5],

^ \ \ (1)

where Qn is a given vibrational mode of the molecular unit at site n in a molecular crystal.
The intramolecular harmonic constant is K\ and the nearest neighbour (intermolecular)
harmonic interaction between the vibrational coordinates at different sites is K2- The
intramolecular quartic anharmonicity parameter is K+. The parameter M is the effective
mass of the molecular mode. The quantum mechanical momentum conjugate to Qn is
Pn = — ihjgr- Hence Pn is the classical momentum of the molecular unit at site n. When
K\ = 0, Qn represents the vibrations of a diatomic molecule in the Holstein molecular
crystal model [4].

Qn is an internal vibration mode, therefore making the Hamiltonian (1) translationally
invariant. This is not the case for the other anharmonic models [2]. In these models,
Ki = -2/Ci, hence making the linear part of the Hamiltonian translationally invariant.
In the AMC model here, there is no such restriction on the values of K\ and K2. In fact
for the pulse-like and kink-like solitary travelling waves solutions in this AMC model to
exist, (2A"i -f- K-i) must not vanish.

The equation of motion for the Hamiltonian (1), which is discrete, is found to be

2KlQn + \K2 (Qn+i + Qn-i) + K4Qn = 0. (2)

Hence the standard method of taking the continuum limit is used to convert equation (2)
into a continuum differential equation. The spatial coordinates of Qn are x — nd, where
d — Ax, are the nearest neighbour separation of the molecular units which become very
small when the continuum limit is reached. The continuum equation of motion for the
Hamiltonian (1) is found to be

(3)

In order for io to be real, K2 must be negative. Eq. (3) is just the nonlinear Klein-Gordon
equation in 1-fl dimensions,



which has been well studied (8] in the past. The coordinates x&\ A = 0,1 arc the
coordinates of the 1 + 1 dimensional Minskowski space with metric (+, —).

In the single anharmonic oscillator, the equation of motion is just

&Q 1 3 _
-^5"+ lQ + l *Q ~ •

Hence the solution to the single anharmonic is none other than the Jacobian elliptic
function, Q = fE(ut), where / is the constant wave amplitude and u is the constant
angular frequency. Then a quick guess is that in the AMC model in 1+1 D, the solutions
in general have to be Jacobian elliptic in nature.

3 The Travelling Wave Solutions

3.1 Jacobian Elliptic Solitary Modes

The exact Jacobian elliptic progressive waves are obtained by solving the nonlinear Klein-
Gordon equation (4). The ansatz used is [9]

Q — fE(u), u = {K'XI - u'xo), (5)

where / is the constant wave amplitude and E(u) is the Jacobian elliptic function that
satisfies the differential equations [8],

du2

\ 2

E(u) + aE(u) + 6£?(u) = 0,

«) + h&iu) = c. (6)

The constants a, 6, and c here are functions of the Jacobian elliptic parameter, k2,
where 0 < k2 < 1. Then the constants

2 2(2KX + K2)
a{k } =

and c(k2) for the three basic, regular Jacobian elliptic functions are

E{u) a b c
sn(u) l + jfc2 -2k2 1
cn(u) I-2k2 2k2 1 - k2

dn{u) - (2-fc 2 ) 2 ~( l - fc 2 ) .

Upon taking E(u) = snu and assuming the vector (u/, K') is space-like, that is, {K!2—a/2) >
0, then (2/Ci + K2) < 0 and K4 > 0, as K2 < 0. When A:2 = 1, the Jacobian elliptic
solution becomes the kink-like solitary wave mode,



{K12 - un) = ~ — — . (8)

When E(u) = cnu, K* similar to K2 is negative. This periodic progressive wave
becomes pulse-like as A;2 approaches the value one. Similarly when E(u) = dnu, K4 like
K2 is also negative and the same pulse-like solitary wave mode,

Q = . /_—.(K^ _ o/2)sec/i(/c'xi — u/x 0 ) ,
V ̂ 4

(K12 - u/2) = ~ — (9)

is approached when k2 tends to one.
Upon calculating for the energy of the kink-like solution (8), we found that for this

kink-like mode to have finite energy, the Hamiltonian (1) has to be slightly modified by
the addition of a constant potential energy term. The finite energy of the kink-like mode
is then

S - 2 £ ± £ 2 > (*,*/» + 2KY + K2). (10)

Hence for the kink-like mode to be a solitary wave, the Hamiltonian has to be given by

However the pulse-like mode of Eq. (9) is a solitary wave for the Hamiltonian (1) and its
finite energy is given by

s - {2K
3^J2) ( a V 2 - 2(2* + * a ) ) . (12)

Hence for the solitary wave modes of Eq. (8) and (9) to exist, the anharmonic param-
eter K\ as well as (2K\ + K2) must not vanish. When k"1 takes on values less than one,
all the Jacobian elliptic travelling wave solutions are periodic in nature.

3.2 Discrete Staggered Solitary Modes

In the discrete mode, the exact solution that we are reporting here is a stationary wave
mode of constant wave amplitude given by

Qn = (- l )V^M), (13)
where / is the constant amplitude and u is the constant angular frequency. In Eq. (13),
E(ut) can be anyone of the twelve Jacobian elliptic functions with constants,



However when E(ut) is limited to be one of the three basics Jacobian elliptic functions
then the wave is regular. The stationary wave solution (13) has zero energy.

With the exact solution (13), its shows that in this AMC model, it is possible for the
lattice to vibrate in a manner such that when the nth molecule is moving up (down), its
nearest neighbours, the (n — l)ttl molecule and the (n + l)ih molecule are moving down
(up). Hence the molecules vibrate with constant amplitude but in opposite direction
to its nearest neighbours indefinitely. When the Jacobian parameter A;2 is one, E(u>t) =
dn(ut, k? = 1) = sc.ch(ut), and the vibration is only for a limited period of time, otherwise
the vibration is periodic.

We also noticed that explicit Jacobian elliptic travelling wave solutions are also possible
when (red) is so small, that terms with (nd) to the power of four and higher powers can
be ignored. These travelling wave solutions are given by the following ansatz,

Qn = (- l )n /£nK), Un = (Kdtl - Wt), (15)

where / is the constant amplitude, K the constant wave number and u the constant
angular frequency. Upon substituting the ansatz (15) into the equation of motion (2), we
find that the equation of motion can be written as

An = En+i + En-\ — 2En

2 3 ) (16)

where prime means differentiation with respect to time. Eq. (16) can be satisfied only
when (nd) is so small such that terms containing (nd)* and higher powers in (fid) can
be ignored. Provided that this condition is satisfied then En(un) is a Jacobian elliptic
function with constants given by

2(2*! - K2)
(2Mu2 - K2K*tP)'

, = 2fK4

For a regular wave, En(un) is one of the three basic Jacobian elliptic functions, snu^,
or dnun. We also notice here that when K is set to zero, then the exact stationary wave
solution of Eq. (13) is obtained. But when d tends to zero with (nd) finite, then the
equation of motion (16) becomes the continuum Jacobian elliptic function differential
equation (6) with constants a and 6 given by Eq. (17). However when this happens the
wave solution (15) becomes unphysical.

The wavelength of the travelling wave solutions (15) is given by

A = ~ = md, (18)



when En is snun or cnun, and

A = ~ = mdt (19)
/c

when En is (fritz,,. Here K is the complete elliptic integral of the first kind [8] and m is
some large integer since d is small.

Hence the discrete solution (15), is a progressive wave that propagates along the
lattice without changing its form but with nearest neighbouring molecules oscillating in
opposite direction to each other. The wave is therefore highly discrete with the staggered
oscillations of the molecules enclosed in the periodic wave form of the Jacobian elliptic
function En (see Figure Caption). Hence solution (15) certainly has no analogue in the
continuum limit as d is small but non vanishing. In the limit when the Jacobian elliptic
parameter k2 tends to one, the Jacobian elliptic wave solutions Qn = (—l)n/ dnun and
Qn — (~ l ) n / cnitn become the solitary wave pulse-like solution Qn — (—1)"/ sechun and
the wave solution Qn = (—l)n/ snttn becomes the kink-like solution Qn — (—l)n/ tanhiin-
The energy of the travelling pulse-like solution is finite.

However when the ansatz for Qn takes the form,

Qn = fEn(Un), «n = («^n - ut), (20)

the equation of motion (2) becomes,

o
n = rr [MU £/n + ^2AI + I\2)^n + J RA&n) • 1̂ ^̂

Similarly when terms containing powers of four and higher powers of («d) are ignored,
En is a Jacobian elliptic function with constants given by

2(2*, + * 2 )

6 . _ ? £ * « _ (22)
{2Mu2 + KKW)' K '

Here the progressive wave is similar to those obtained in the continuum limit. This can
be seen by comparing the argument u of Eq. (5) in the continuum limit theory with the
discrete argument Un of Eq. (20). We note that when n is large and d is small then,

(23)
K2

Hence the constants a and 6 of the continuum limit theory in Eq. (7) is similar to the
constants a and 6 of the discrete theory in Eq. (22) when d approaches zero with {nd)
remaining finite. As a result, the discrete solution (20) approaches the continuum solution
(5) when the molecular spacing d tends to zero.



4 Remarks
1) The discrete staggered travelling wave modes are approximate explicit solutions when
d is small but non vanishing. We noticed that exact discrete staggered Jacobian elliptic
travelling wave solutions can be obtained in the AMC model only when K<i vanishes.
However the model with no interaction among molecules is far from reality.

2) In this paper we discussed travelling wave modes in the 1+1 dimensional AMC theory.
The travelling wave solutions in the continuum limit are exact explicit solutions. However
all these travelling wave modes both continuum and discrete also exist in the 2+1 dimen-
sional as well as the 3+1 dimensional AMC model as planes progressive waves. These
plane progressive wave solutions in 2+1 and 3+1 dimensions are, however, no longer soli-
tary modes as their total energies are no longer finite in an infinite crystal even though
their energy densities are bounded.

3) In the linear wave theory, a stationary wave is formed by superposing two progressive
waves travelling in opposite direction. But in this nonlinear AMC model, superposition
of two progressive waves to get a stationary wave is not possible. Approximate stationary
wave modes have been discussed by others [2], [5] using the rotating wave approximation
(RWA) and these solutions are therefore not exact.

4) We have noticed that all the exact explicit wave solutions in the simple AMC model
with constant oscillators mass M have constant amplitude. We have found that when
the masses of the oscillating molecules are site dependence, then exact highly discrete
staggered solitary modes with site dependent amplitudes are possible in the 1+1, 2+1, as
well as the 3+1 dimensional AMC model. These exact discrete modes are stationary waves
with amplitude varying periodically in space. The staggered oscillations of the molecules
are then enclosed in the envelope of the varying amplitude. We will be reporting on these
stationary modes in a separate work.
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Fig. 1 The graph shows the solitary discrete staggered wave mode,

Qn = (-l)nsech{Kdn-u;t),

where ltd = 10"1, and ut = 7. Here n runs from one to 140. The wave is a lump of
energy running through the one dimensional lattice with nearest neighbouring molecules
vibrating in opposite direction to each other.


