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1 Introduction

Relatively early in the history of nuclear physics it was realized that the atomic
nucleus is not always spherical, but in some cases can be deformed. Whether
a nucleus is likely to be deformed or not, is closely related to the number of
neutrons and protons in the nucleus. This is due to the fact that there is a shell
structure of the neutrons and protons in the nucleus, similar to the shell structure
of the electrons in the atom. Thus the equivalents of the noble gases in the
atoms, corresponding to "filled shells", exist in the nuclear case. The neutrons
and protons in these so-called "magic" nuclei are strongly bound, and the nuclear
shape is spherical. Nuclides with particle numbers corresponding to half-filled
shells are likely to be deformed, in contrast to atoms who always are spherical.

The deformation of the nucleus is also closely connected with rotation. Indeed,
in quantum mechanics it is not possible for a spherical body to rotate. This
corresponds in the nuclear case to the fact that the neutrons and protons in a
spherical nucleus cannot rotate collectively, i.e. in unison. This provides us with
an important signature of a deformed nucleus, namely the presence of rotational
bands in the spectrum of emissioned gamma-rays from the nucleus [1]. Generally
speaking, the way to study the nucleus is to transfer energy to it in some way, and
then to study the particles and gamma-rays that are emitted from it. A collectively
rotating, deformed nucleus gets rid of the excitation energy, and slows down its
rotation, by emitting cascades of gamma-rays with very regularly varying energy.
Gamma-rays emitted from a non-collective nucleus have a much more irregular
energy spectrum.

Of course, it is an over-simplification to say that some nuclei are deformed
and collective, and some are not. In reality, the spectrum of a nucleus exhibits
both collective and single-particle features. It can have several rotational bands,
and it may have shape co-existence; a given nucleus may have more than one
possible deformation. The most favourable deformation depends on the number
of neutrons and protons in the nucleus, but also on the angular momentum, i.e.
how fast the nucleus rotates. At a high angular momentum it is generally more
energetically favourable for the nucleus to have a more elongated shape, since
the rotational energy then is lower, due to the larger moment of inertia. Indeed,
in the seventies it was predicted [2] for certain isotopes, at very high angular
momentum, that the nucleus could have a very elongated shape, with the longest
axis roughly twice as long as the two shorter axes. It was a great success when
an experimental team in Daresbury in 1986 [3] found evidences for such a large
deformation in 152Dy. Since then have these superdeformed bands spurred a lot
of experimental and theoretical interest, and evidence of superdeformed nuclei at
high angular momentum has been found in three different mass regions: in the



Dy region with approximatively 150 neutrons and protons (A % 150); in the Hg
region with A % 190; and in the Zr region with A % 80.

The mechanisms that make superdeformation liable in these mass regions are
well understood. One reason is that there is a similar closed-shell situation for
the 2:1 ellipsoid, as we have for the spherical shape for the magic nuclei. This
also means that nuclei with particle numbers leading to half-filled "2:l-shells" are
less likely to have this sort of superdeformation, in the same way as the spherical
shape is unfavoured for nuclei with half-filled spherical shells.

There are similar shell effects for other deformations as well, but they are in
general not as strong as in the spherical or 2:l-superdeformed case. The reason for
this is symmetry. Only certain, discrete, energies are possible for the neutrons and
the protons in the nucleus. With a highly symmetric shape many of the nucleons
will have the same energy, and there will be large energy gaps with no available
energy levels at all. A closed shell corresponds to the favourable sitation when
all energy levels in the nuclear potential are filled up to an energy gap. Highly
symmetric shapes give large energy gaps, which in turn give large shell effects.

One such highly symmetric shape, besides the two already mentioned, is the
combination of two touching spheres to a nuclear "di-molecule". This dissertation
is about this exotic shape, and superdeformed shapes in general that have a more
or less developed neck. The possibility of forming such exotic shapes are discussed,
and their relation to "ordinary" superdeformed shapes. Detailed calculations are
made in a possible mass region, the light mercury isotopes. The effect of necked-
in nuclear shapes on the so-called giant dipole resonance, GDR, is investigated.
The GDR is an excitation mode in the nucleus where all the protons vibrate
collectively with respect to the neutrons. The GDR is known to be deformation
dependent, and we show that the GDR spectrum is sensitive to the necking degree
of freedom. Included is also a discussion of a family of nuclear models, the folded
Yukawa-plus-exponential liquid drop models, that are used in calculating the total
energy of the nucleus. It is shown that these models have the undesirable property
to be unstable with respect to certain deformations of the nucleus, and for this
reason may produce unphysical results.

2 Theoretical Background

In this section some background information is given, intended to introduce some
models and theoretical concepts. The Nilsson-Strutinsky approach, which is an
approximation of the Hartree-Fock problem, is presented in section 2.1. The
parametrization of nuclear shapes is discussed in section 2.2. Rotational motion
is described by the cranking model, summarized in section 2.3, and the random
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phase approximation, by which vibrational motion can be described, is presented
in section 2.4.

2.1 Nilsson-Strutinsky approach

In the Nilsson-Strutinsky approach the total energy of the nucleus is calculated
as a sum of two parts: a larger macroscopic energy, which is a smoothly varying
function of the number of protons and neutrons; and a smaller microscopic en-
ergy, which depends on the detailed single-particle structure of the nucleus. The
nuclear shape is obtained by minimizing the total energy with respect to different
deformation parameters (discussed in section 2.2).

The macroscopic energy is calculated with some liquid drop energy model,
which in its simplest form consists of three terms: a volume term, a surface term
and a Coulomb term. The volume term is proportional to the number of protons
and neutrons in the nucleus. The surface term originates from the fact that the
nucleons at the surface have fewer neighbours, and are therefore less bound, than
the nucleons in the interior. The Coulomb energy is due to the electrically charged
protons. In more sophisticated models more terms are added to the liquid drop
energy, describing for example the compressibility of nuclear matter and pairing
effects. Another sophistication is to take into account the finite range of the
nuclear forces, which is done in the folded Yukawa-plus-exponential liquid drop
models [4], which are discussed in detail in paper 4. In this paper is it shown that
these models have a weakness: the surface energy is not minimal at the spherical
shape. The sphere is the geometrical body which has the smallest surface area
for a given volume, and therefore should have the smallest surface energy. In
the folded Yukawa-plus-exponential models, however, the surface energy will be
smaller for a shape with a lot of ridges on the surface. This is not a serious flaw
in most cases, since generally those kind of unphysical shapes are not included in
the deformation space needed to accurately describe the nuclear shape. Still, in
the studies of large deformations, or light nuclei, the effect is not negligible.

The microscopic energy is calculated with the Strutinsky renormalization pro-
cedure [5]. Treating the neutrons and protons as independent particles, interacting
via a deformed mean-field potential, V, the energies of the individual nucleons can
be calculated by diagonalizing a Hamiltonian, R,.v. = T + V:

H..p.9i = e&i. (1)

By summing the energies of the occupied orbitals, we get a total single-particle en-
ergy of the system. The idea is then to subtract an average energy, corresponding
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Figure 1: Averaged level densities £(e) for 180Hg, neutrons with /92 = 0.05. The
dashed line is calculated with a width of the folding function 7 = O.ltuj, the dash-
dotted curve with 7 = 0.47k*;, and the solid line with 7 = l.5hu>. The locations of
the single-particle levels are indicated in the diagram.

to a system with evenly distributed single-particle energies:

(2)
i=l...A \i=l...A

This so-called shell energy is used as the microscopic correction to the liquid drop
energy, and have a decisive influence on many nuclear properties.

The average energy is calculated in the following way: the density distribution
of the single-particle energies from (1) can be written in terms of delta-functions
as

(3)

The sum over the single-particle energies can then be calculated by the integral

» = 1 . ..A

/•A
e« = /

J-
(4)
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where the integration is extended up to the Fermi energy A, given by

A = fX g(e)de. (5)
J — oo

The averaged total energy is calculated in the same way, but the density distribu-
tion g(e) is replaced with an averaged density distribution g(e). It is obtained by
replacing the delta-functions in (3) with some smearing function / with a width
7,

The choice of the function / is in principle rather arbitrary. In general it is chosen
to be a Legendre polynomial multiplied with a gaussian. The width 7 is chosen
to be of the order of hu, the mean energy difference between the different shells
in the nucleus. The averaged density function g(e) is plotted for three different 7
in figure 2.1: the dashed curve is calculated with 7 = 0.1fiu>; the dot-dashed curve
with 7 = OAhw; and the solid curve with 7 = 1.5ftu>. The position of the single-
particle levels are indicated by vertical lines in the diagram. With a smoothing
constant 7 = O.lfio; are individual levels still resolved. By increasing 7 to OAhu
the individual levels within a shell are smoothened out, but g still fluctuates. All
shell structures have disappeared with a choice of 7 = 1.57iu>, which is the desired
effect.

The constant 7 does not have any physical significance, and the calculated
energy must therefore be independent of the actual choice of 7. This is the so-
called plateau condition. In figure 2.1 this is illustrated by a plot of the shell
energy for 180Hg as a function of 7. We see that the shell energy indeed is almost
constant for 7 > \.\hu>, and that the plateau condition is fulfilled in this case.
We have carefully investigated the plataeu condition in our calculations, and have
chosen a smoothing constant 7 = 1.5 • S • hw. The factor S, which is the surface
area of the deformed nucleus relative to the sphere, is introduced in the smoothing
constant to give the same effective 7 when a nucleus with A particles separates
into two A/2 fragments.

2.2 Shape parametrizations

There exists a multitude of ways of describing the shape of the nucleus (see [6]
and references therein), and the choice of parametrization depends on the nature
of the problem one wants to study. Some are adapted to a certain model, for
example the e-parametrization, which is convenient to use in combination with a
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Figure 2: Shell correction energy for 180Hg, at 02 = 0.05, as a function of the width
7 of the folding function for neutrons and protons. The fermi level of the protons
is close to the spherical magic gap at Z = 82, which gives a favourable, negative
shell energy. In contrast, the neutron fermi level is in the middle of a shell, which
gives a large, positive shell energy. The shell energy is almost independent of 7
for 7 > l.lfta>, i.e. the plateau condition is fulfilled.

modified-oscillator potential [7]. Other parametrizations are chosen by geometri-
cal considerations, for example the Cassinian ovaloids, which have been used in
studies of fission. They are a one-parameter family of shapes which include the
sphere, necked-in shapes and separated fragments. The method used in this thesis
is based on the so-called /3-parametrization, which is an expansion of the radius
function in spherical harmonics, Y™. The idea is the following: the spherical
harmonics are orthonormal with respect to the scalar product

= /
0 < f i O r

(7)

where * denotes complex conjugation. Since the spherical harmonics form a com-
plete set, it is possible to expand all single-valued1 radius functions R(6, <p) in

'This limitation means that separated fragments cannot be described, since the radius func-
tion then is multivalued.
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Figure 3: Approximations of the double-sphere with an increasing number of basis
states. The highest non-zero ^-parameters are indicated to the right of the figures.

terms of a series

R{0,<p) = (8)

where the coefficients are calculated by the scalar product a/m = (iy|.ft). The
/ = 1 terms correspond to a translation of the system, at least for small deforma-
tions, and can be determined by the condition that the center of mass is located
at the origin. We have studied axial-symmetric shapes, i.e. R = R(6), for which
only the coefficients ajo will be non-zero. We have furthermore limited our studies
to reflection symmetric shapes, which means that only the a/o with even / are
non-zero. However, it is inconvenient to use the expansion in the form (8), since
the coefficients ajm will depend on both the angular distribution and the absolute
magnitude of the radius function R. Therefore it is customary to use

= f0)Ro[l+ (9)
1=2,4,-
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valid for shapes with axial and reflection symmetry. Since nuclear matter is prac-
tically incompressible, one usually writes the radius in terms of Ro, which is the
equivalent radius of a sphere, and /(/3), which is a factor that takes care of volume
conservation. The fit are independent of the length scale of the system, and are
related to the aio'-s by

o aoo

An example of an expansion into spherical harmonics is illustrated in figure 2.2,
where approximations of a double-sphere shape are shown with an increasing
number of basis states. The highest non-zero ^-parameters are indicated to the
right of the figures. The effect of adding additional terms is clearly seen.

Of course, in practice one does not start with a given shape, and then expands
it in spherical harmonics. Instead one uses the /3; as free deformation parameters,
and minimizes the total energy with respect to as many $ as possible. The /?-
parametrization is known to give a good description of ground state shapes. For
small deformations, i.e. when the nucleus is nearly spherical, it is usually enough
to consider /?2 and /34, but with increasing deformation higher multipoles become
important, see for example fig. 8 in paper 2. However, the main result of paper 4
is that if a finite range liquid drop energy is included in the total energy, then
there exists an upper limit of the multipoles that can be included in the free
minimization.

To order to study the necking degree of freedom, we have also used another
shape parametrization that is based on the /3-parametrization. Two new defor-
mation parameters, c and a, are defined in the interval [0,1] by

A = ( l - a ) - c ' / 2 - ^ 2 : 1 + a - c ^ r - (11)

Here are /3f° the /3-parameters fitted to a double sphere, and 0f'A are the (3-
parameters corresponding to a superdeformed shape. Thus c = 0 gives a sphere;
(c, a) = (1,0) a superdeformed shape; and (c, a) = (1,1) a double sphere, c can be
thought of as an elongation parameter, and a as a necking parameter. The family
of shapes generated by varying c and a is illustrated in figure 2.2. In this case
we have used 0$D = 0.62, (3$D = 0.12, other 0?D = 0, which corresponds to the
superdeformed minimum in 152Dy. Multipoles up to /?io are included. Due to the
way the c — a-parametrization is constructed, we get a good description of ground
state shapes, as well as superdeformed shapes and double-sphere configurations.
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Figure 4: The family of shapes obtained by the c - a-parametrization, eq. (11).
The parameters c and a are varied from 0 to 1.
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2.3 The cranking model

The cranking model [8] is a model for describing collective as well as non-collective
rotations of the nucleus. In the cranking approximation the neutrons and protons
move in a uniformly rotating mean-field potential. The single-particle Hamilto-
nian can then be written in the intrinsic, rotating system as

H" = H,.p-u,TOtjx. (12)

Here is u>rot the rotational frequency, and jx is the operator describing the compo-
nent of the single-particle angular momentum on the rotational axis. The second
term corresponds to the centrifugal and Coriolis forces in a classical calculation,
and will modify the single-particle spectrum of the rotating system. The total
microscopic-macroscopic energy E(I) of the nucleus in the laboratory system can
be written as

E{I) = itfdrop + £& + £ (£ - <T°) + "rot £ <j.>v. (13)
i/Gocc i/gocc

Here are E^^ an<^ -̂ shdl ^ne e n e r S v terms for the non-rotating nuclei, calculated
as before. The ef are the single-particle energies in the rotating system, and e"=0

are the single-particle energies at zero rotation. The (jx) are the components of
the angular momentum of the single-particles on the rotational axis. The total
angular momentum of the nucleus is given in the cranking model by adding the
(jx) of the occupied single-particle orbitals, / = ^2ueocc{jx)v To find the shape
of the rotating nucleus the total energy is minimized with respect to deformation
parameters.

2.4 The random phase approximation

The cranking model, which is summarized in the previous section, is a model that
can describe a collective rotation of the nucleus. But there are other collective
excitation modes in the nucleus; notably different kinds of vibrations. In paper 3
we have studied the giant dipole resonance, which is a collective vibration of
all protons with respect to the neutrons. In this calculation a different kind
of model is used, based on the random phase approximation, RPA [9]. In this
approach one starts by diagonalizing a single-particle Hamiltonian, eq. (1). Prom
this diagonalization one gets a single-particle ground state, by filling the single-
particle orbitals that correspond to the lowest total energy. Excited states with
higher energy are then obtained by moving a particle from a lower, occupied
orbital, to a higher unoccupied orbital. This is called a particle-hole excitation.

18



It can be written in terms of creation and annihilation operators as

P* = <*U> (14)

where the operator a^ creates a particle in the empty particle state m, and a{
destroys the particle in the occupied hole state i. In order to get a collective ex-
citation, many different particle-hole excitations must be combined. Thus, in the
random phase approximation the excited states are described by linear combina-
tions of particle-hole excitations. In the RPA one also takes into account that the
true ground state of the nucleus is not simply obtained by filling single-particle
orbitals, but have many-particle correlations. Particle-hole correlations are there-
fore also included in the ground state. The creation operator of a phonon state A
is therefore written as

J (15)
m,t

where Vm, and Zm{ are coefficients, a^a^ creates a particle-hole pair, and a^dm
destroys a particle-hole pair. The summation of m is extended over all unoccupied
(particle) states, and the summation of i is over all occupied (hole) states. The
Hamiltonian which is diagonalized consists of two parts

H — Hs.p, + Vretidual, (16)

where Ht_v, is the single-particle Hamiltonian, and Vrenduai is a term describing
the many-particle correlations giving the collective vibrations.

3 Results and discussion

In this work the necked-in superdeformed shapes are discussed from different
points of view. The topics that are discussed include the relation to ordinary
superdeformed shapes (paper 1), the existence and likely mass regions of necked-
in superdeformed shapes (paper 1 and 2), vibrational and rotational spectra and
experimental signatures (paper 2 and 3), and the applicability of finite-range liquid
drop models (paper 4). The contents and conclusions of the different papers are
summarized in this section.
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3.1 Paper 1:
Clustering aspects of nuclei with octupole and superdeforma-
tion

Several extreme nuclear shapes are treated in this paper, and their relation to
the clustering of neutrons and protons in the nucleus. Very elongated nuclear
shapes are discussed in terms of strings of alpha-particles, and it is shown that
the alpha-clustering also appears in a deformed mean-field model.

Necked-in superdeformed shapes are discussed using a simple harmonic os-
cillator model, and also with a more realistic Woods-Saxon potential. With a
harmonic oscillator potential, the single-particle energies in a 2:1 superdeformed
nucleus, and the single-particle energies in a nuclear "di-molecule" consisting of
two touching spheres, are found to be very similar, and to have the same magic
numbers. However, it is pointed out from schematic arguments that the spectrum
of the giant dipole resonance should look quite different in the two cases. In the
2:1 superdeformed shape, the GDR is expected to have two peaks, corresponding
to vibrations along the symmetry axis, at a lower energy, and vibrations perpen-
dicular to the symmetry axis, at a higher energy. With a necked-in superdeformed
shape, the vibration along the symmetry axis is hindered by the neck, and the
lower GDR peak is therefore expected to be decreased. In paper 3 this is confirmed
in realistical calculations.

With the more realistical Woods-Saxon potential, only the lowest magic num-
bers of the 2:1 ellipsoid and the double-sphere are found to be identical. As a
result, the "ordinary", ellipsoidal super deformation and the necked-in shapes are
expected in different mass regions for heavier nuclei.

In this paper there is also a discussion of the instability towards reflection
asymmetry in 3:1 hyperdeformed nuclei, and a discussion of possible C4-symmetries
in nuclei (i.e. a 90° rotation symmetry).

3.2 Paper 2:
"Hyperdeformed" nuclei in the light Hg region

In this paper the isotopes around 180Hg are predicted to have a highly deformed
minimum, with a deformation of /?2 ~ 0.74. This is to be compared to the
well-known "normal" superdeformed states found in this region (in the isotopes
around 192Hg) with a deformation of $v % 0.47. The new "hyperdeformed"
states are found to be closely related to two partly overlapping spherical 90Zr
nuclei, both in shape and in single-particle configurations, and are predicted to
become yrast at around / = 60ft. The calculations are performed within the
Nilsson-Strutinsky formalism with a cranked Woods-Saxon potential and a folded
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Yukawa-plus-exponential liquid drop model. Detailed spectroscopic properties of
the "hyperdeformed" states are predicted.

3.3 Paper 3:
Giant dipole resonance in nuclei with exotic shape

The effect of the necking degree of freedom on the giant dipole resonance (GDR)
spectrum is studied in this paper. The calculations are made with a Woods-Saxon
potential for the single-particle states, and the random phase approximation for
the phonon states. The coupling constants are determined by requirements of
translational invariance. The results are in agreement with the considerations in
paper 1: the lower peak in the GDR spectrum is diminished, and the mean energy
of the GDR is increased as a function of the necking. However, the spectrum
for the double-sphere is found to be fragmented in the direction parallel to the
symmetry axis, due to the remaining interactions between the two spheres.

3.4 Paper 4:
Instabilities in folded Yukawa-plus-exponential liquid drop
models

The folded Yukawa-plus-exponential liquid drop models take into account the fi-
nite range of the nuclear force, which is important when elongated and necked-in
shapes are considered. However, in this paper it is shown that they have the
undesirable property to be unstable against higher-order multipole deformations,
and that unphysical shapes are obtained in free minimizations with too high mul-
tipolarities included. In the finite range liquid drop model the limits of stability
of/34, fie and (3% deformations are mass numbers A % 30, A = 60 and A ss 140,
respectively. The corresponding limits for the finite range droplet models are
A ss 30, A % 50 and A % 90.
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