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SYNTHÈSE:

Lorsqu'ils sont soumis à des chargements excessifs, certains matériaux
présentent un comportement adoucissant résultant de la détérioration de leurs
propriétés mécaniques. Afin de modéliser un tel comportement, on utilise des lois à
écrouissage négatif, qui se caractérisent par une taille du domaine de réversibilité qui
diminue dans l'espace des contraintes. Ces modèles permettent de rendre compte du
comportement du matériau jusqu'à la localisation de la déformation, en accord avec
l'expérience, mais ne permettent pas de prédire le comportement post-localisé. En
effet, dès que la localisation est rencontrée, les équations d'équilibre en vitesse perdent
leur ellipticité (en quasi-statique) et les calculs numériques ne convergent plus. En
particulier, le calcul ne peut pas prédire la largeur de la bande de localisation et la
simulation numérique donne une largeur de bande tendant vers zéro lorsqu'on raffine
le maillage, ce qui est physiquement inacceptable.

Afin de lever ce problème, il est proposé, entre autres, dans la littérature,
d'introduire des termes dérivés des variables internes dans la formulation de la loi de
comportement Cette méthode souffre néanmoins d'un manque de méthodologies
solides et les termes en gradient sont le plus souvent introduits par une démarche
phénoménologique plus ou moins jusitifée.

Dans le cadre des matériaux standard généralisés, on décrit un procédé
d'homogénéisation cohérent qui permet de généraliser une loi de comportement
(locale) classique pour prendre en compte l'influence du gradient des variables
internes. Le caractère standard de la loi est préservé par le procédé et les nouvelles
variables d'état sont la déformation, les variables internes ainsi que le gradient des
variables internes. La loi obtenue fait intervenir un tenseur des longueurs
caractéristiques prenant en compte la répartition spatiale des hétérogénéités.
Cependant, quand le problème de structure est considéré, l'indépendance entre les
variables internes et leurs gradients est perdue. On propose alors de généraliser les
relations de comportement, ce qui conduit à formuler un nouveau principe variationnel
qui assure l'inégalité de Clausius-Duhem à l'échelle de la structure.
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EXECUTIVE SUMMARY:

When they are subjected to excessive loads, some materials may exhibit a
softening behaviour resulting from the deterioration of their mechanical properties. To
idealize such behaviours, constitutive relations with softening are introduced, for
which the size of the domain of reversibility in the stress-space decreases. These
models feature a strain localization within the material, in agreement with experiments,
but cannot predict the subsequent behaviour because they lead to shear bands the width
of which is equal to zero, physically unacceptable and numerically troublesome.

It has been proposed in the litterature to overcome these difficulties by adding
to the list of internal variable the spatial gradients of some of them. This procedure
suffers from lack of firm methodological basis. Although, some quantitative
justification have been advanced relying on some kind of microscopic analysis.

Therefore, we propose to extend the classical (local) models by introducing the
internal state variable first gradients. Given a local model within the framework of
standard generalized materials, a consistent homogenization procedure is put forward
to derive macroscopic free energy and dissipation potentials. The standard generalized
character is preserved, with an extended set of state variables, containing not only the
strain and the internal variables but also the internal variable derivatives. Nevertheless,
when dealing with the whole structure, the independence between the new state
variables is lost We propose then to generalize the constitutive relations, leading to a
new variational principle that ensures the Clausius-Duhem inequality at the structure
scale.
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1. INTRODUCTION

When subjected to excessive loads, some materials may exhibit a softening behaviour resulting from the
deterioration of their mechanical properties. To model such behaviours, constitutive relations with
softening are introduced, for which the size of the domain of reversibility in the stress-space decreases.
These models feature a strain localization within the material, in agreement with experiments, but cannot
predict the subsequent behaviour because they lead to shear bands the width of which is equal to zero,
physically unacceptable and numerically troublesome.

It has been proposed in the literature to overcome these difficulties by adding to the list of internal
variable the spatial gradients of some of them. This procedure suffers from lack of firm methodological
basis, although some quantitative justifications have been advanced relying on some kind of microscopic
analysis.

Therefore, we propose to extend the classical (local) models by introducing the internal state variable
first gradients. Given a local model within the context of standard generalized materials, a consistent
homogenization procedure is put forward to derive macroscopic free energy and dissipation potentials.
The standard generalized character is preserved, with an extended set of state variables, containing not
only the strain and the internal variables but also the internal variable derivatives. Nevertheless, when
dealing with the whole structure, the independence between the new state variables is lost. We propose
then to generalize the constitutive relations, leading to a new variational principle that ensures the
Clausius-Duhem inequality at the structure scale.

2. DERIVATION FROM HOMOGENIZATION

Let us consider a constitutive model related to clearly identified microscopic mechanisms. We neglect
thermal effects and assume the strain to be infinitesimal so that the behaviour is described at the material
point level by:
- a set of local internal variables [2], say (e , a), where e is the strain and a a scalar or tensorial internal

variable vector,
- a Helmholtz' free energy function <I> s * (e , a) from which the state equations are derived:

A

- a dissipation pseudo-potential A = A(a), to define the internal variable evolution equation within the
context of standard generalized materials [1]:

A e 3A(6t) (9 A subgradient of A)
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Usually, the derivation of such models is based upon two ingredients: on the one hand, the knowledge
and the microscopic representation of the involved dissipati ve phenomena and, on the other hand, a more
or less explicit homogenization process depending on the definition of a local Elementary Representative
Volume (ERV)- When softening occurs, localization of the internal variables is observed. Because of
their large gradients, the usual homogenization techniques may fail since one of their basic assumptions
is a small variation of these variables at the microscopic scale. That's why we propose to generalize the
homogenization technique in order to obtain some expressions of the macroscopic free energy and
dissipation potentials depending on the internal variable first gradients. It leads to consider another ERV,
the scale of which is larger than that of the previous one.

2.1. Homogenization hypothesis

Each macroscopic point X does hide a substructure in which a may be affected with large variations.
Therefore, instead of taking a single cell, say Y, as the ERV, we choose to take into account not only Y
but also its neighbouring cells (see Fig. 1). Let us notice that up to now some arbitrariness still remain in
the selection of the neighbouring cells. The question of deriving a systematic method of selection is
under current works.
The ERV Z, centered on X, is then constituted of N cells denoted Y1, i = 1 ,..., N.

Each cell Yl is attached to:
- the microscopic spatial co-ordinates of the cell centre: z
- the free energy: *'=*(£, of)

dd4> - • d4> •
- the constitutive laws: d = -^-{i,d) A1 = - -gHi, d)

- the dissipation pseudo-potential: A'=A(a!)

(where f denotes f(x, T )).

The relations between the microscopic variables (e1, d) and the macroscopic ones (e(x), a(x), Va(x)),
named localization relations, are chosen in a simple way:

e! = e(x) and d = a(x) + Va(x).2? (2.1)

We denote [a] the vector constituted of the N internal variables of Z: [a]s= d
Let us remind that we aim at describing the macroscopic behaviour through (e, a, Va) instead of
(Je], [a]). However, Suquet [3] showed that usual homogenization techniques in the context of
dissipative materials result in a multiplication of internal variables. Faced with this difficulty, we suggest
a method expected to ensure the consistence of the behaviour description by (e , a , Va). Such a
requirement imposes a "compatibility" condition on the rates of internal variables, that is:

a=a(x) + z\Va(x) (22)

The internal variable gradients are supposed to be small at the scale of the ERV Z:
Va(x).zi « a ( x ) Vi (2.3)

This approach can be understood as a higher order theory compared with the usual one which neglects
the internal variable variations from one cell to its neighbours (periodic or quasiperiodic media).

2.2. Macroscopic Helmholtz' free energy function: F s F(e, a , Va)

The free energy functionF(e, [a]) at the macroscopic point X is obtained as the average on the ERV Z
f h i f fiof the macroscopic free energy function

A * N

Given the localization relations (2.1), F can be expressed as a function of the macroscopic state variables
only:



Moreover, we assume the function * to be smooth enough to be approximated by a second order Taylor
expansion around a with respect to (Va.z). It leads to the following expression of the macroscopic free
energy function F(e , a , Va) (with n = 1,2 or 3 the dimension of the space):

F(e , [a]) T f F(e, a , Va) = 4>(e, a) + Lc2 ^ (e , a) [<Va. J» .Va] (2.4)

J ° = ^ (2.5)

J is a definite positive second rank tensor with dimension of square of length. It characterizes the size of
the ERV through L^ and its shape through the adimensional tensor J°.

The expression of the macroscopic free energy function F (2.4) is rather appealing. It is composed of the
free energy terms for the homogeneous state and a product of two corrective terms:
- the first one depending only of the local model (second derivative of the local free energy function

with respect to the internal variables);
- the second one that takes into account the shape of the ERV (through the tensor J) and the loss of

homogeneity (through Va).
Thus, the model exhibits a dependence on the "texture" of the material, which means the spatial
distribution of the microstructure following a pattern defined by the shape of the local ERV Y.

The free energy potential being defined, macroscopic state laws can be expressed as follows, thanks to
the standard generalized material property (s, \ , Av , denote respectively the macroscopic stress and the
thermodynamic forces associated to a and Va):

or . or . or

We can notice that the macroscopic stress is nothing else than the mean stress on the ERV at the first
order. The same holds for A,:

N - • „1 v . Taylor 1 v : Taylor

rr 2,0* = <o>2 = s and r? 2-A1 = <A>Z = A,
w i = l JN i= l

Another remark is of importance. To analyse the dissipation (or equivalently the Clausius-Duhem
inequality) at the macroscopic level, i.e. only with the variables (e, a, Va) , it requires the following
equality:

In fact, this equality is satisfied (at the first order) as soon as the localization relation (2.1) and the
compatibility condition (2.2) are ensured:

a=a(x) + zi.Va(x) and a=a(x) + z\Va(x)

23 . Dissipation potential: D = D(a , Va)

To derive a macroscopic dissipation potential D $ , Va), one can think of a similar approach as above, in

which we define the potential D([aJ) as the average of the microscopic one on the ERV Z:

4 l ^ (2.8)

However, such a choice does not always preserve the compatibility condition (2.2) and prevents us to
describe the state only through the reduced macroscopic variables (e , a , Va). We are faced with such a



difficulty especially when the potential is positively homogeneous of degree one, typical of a material
behaviour with threshold.
Precisely, if the state variables verify the localization relation (2.1), a coherent micro/macro model would
lead to a rate of [a] to be equivalent to the rate of (a, Va), when they are derived from the microscopic

dissipation potential D([ct]) or the macroscopic one D(a , Va) respectively. That is nothing else than
expressing the compatibility condition (2.2).

F(e,[o])

An=
A

F(e ,a,Va) ; D*(a,Va)

A 3F A oF9F
d[a]

A* e dDKfla]) <=> (A,, Av,) € 3D*(a, Va) (2.9)

Therefore, we choose to define a regularized dissipation potential on the ERV through a quadratic
average, instead of (2.8) [4]:

(2.10)

Let us point out that this regularization preserves the positive homogeneity of the microscopic potential if
needed.

As previously for the free energy potential, the second step consists in a Taylor expansion truncated at
the second order (as soon as A is C2):

[«]) =DR(a,Va)
D*(a,Va) = 4a) + Lc2 r ^ + — / ^ h [«Va.J<>.Va] (2.11)

L

The evolution equations are then (first order accurate):
^ ^ % «vi.J> (2.12)
da L da* A(a) Vda

We can show that (2.9), or identically the compatibility condition (2.2), are verified. Besides, the
Clausius-Duhem inequality is ensured, thanks to (2.7), under the usual assumption of convexity of the
microscopic dissipation potential.

s.e-F s ^ a + l i r ^ + - ^ - &f\ [«Va.J°.Va] sO (2.13)
da L 9a2 A(a) V9ay J

The expression (2.11) is obviously incorrect for a material with a threshold since the potential is not
smooth enough. Nevertheless, one is commonly faced with potentials that can be expressed as a smooth
function 8 of a norm (denoted I. I) of the internal variable rates. The metric tensor on the space of the
internal variables a is denoted by g.. When S is homogeneous of degree k:

D*(a,Va)= ()
laP lal4

where M and L are the tensors which involve only the tensors J and g defined by :

Mi=J^ gjj
jjkl / O \

Un = U * gaJ gji



2.4. Example: Bidimensional elastic cracked medium

We define the microscopic scalar internal variable as the crack density d = * • ( d e [0; -j— ]) (see

figure 1). When it is small (d « 1), we can use the infinite medium assumption. An analytical
expression of the compliance tensor S(d) is then given by Muskhelishvili [5]:

-
H11 -

v0)
4 (1 +

The other terms are equal to zero. Let us denote the corresponding stiffness tensor by £(d).

1. K £
As the crack density is small (d «~r~ ) , we truncate E(d) to the second order. The macroscopic free
energy is given then by:

F(e, d, Vd) = j e.E(d).e + .e («VdJ°.Vd)

F(e ,d,Vd) = i e.E(d).e+ Lc(«VdJ°.Vd) 7 - ^ 3 (v2, c?, + eL +2v0 cn

(1 - vo)

For a lattice of parallel cracks and different orientations, the tensor J is:

2 •

0 L2

4 .

U U

c]2)

local ERVY

ERVZ

Fig.l: Characteristic of the lattice of parallel cracks

2S. Remarks

- The expressions for the free energy and the dissipation potential exhibit a dependence on the
gradients of the form ['VaJ°.Va] that ensures frame indifference.

- The standard generalized nature of the 'local' law is preserved by the homogenization procedure.

- If Va = 0, the usual expressions of the local constitutive relations are recovered. In particular, if

DR*(A,, AVa) is the Legendre-Fenchel transform of D^a, Va), we obtain:

then:
DR*(Aa,AVa) andVae3. DR '(Aa,AvJ

» A Va
(2.14)
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Thus, (2.14) appears as a consistency condition that should be required for any standard generalized
model which involves gradient terms. Here, let us note that (2.14) results from the process and is not
a priori enforced.

3. INITIAL VALUE PROBLEM

Thus far, we have proposed a first order accurate homogenization method that has allowed us to derive
free energy and dissipation macroscopic potentials, the arguments of which are the average strain, the
internal variables and their first derivatives. This approach is fully consistent at the material point scale
within the context of standard generalized materials. Nevertheless, to solve an actual initial value
problem, the whole structure has to be considered. And there, a paramount difficulty arises: the lack of
independence between the internal variable vector and its gradient at the structure scale. Indeed, the state
and evolution equations (2.6) and (2.9) define the rate of a and Va, without taking into account the global
(structure scale) constraint that the second one should be the gradient of the first one. In fact, enforcing
this global compatibility requirement in addition to the local normality rule (standard generalized
materials) do lead to a lack of solution to the constitutive relations. For example, if the internal variable a
is a scalar, one can exhibit within the dissipative area of the structure a necessary condition for the

existence of a rate a solution which is not a priori verified (where f is a vector function depending only
on the state variables at a material point):

(A,,AV.) edD*(a,Va) => ^ =f(e,a,Va) => Vln(a) = f(e,a,Va) =* Rot(f(e,a,Va)) = O
a

3.1. Generalized constitutive relations

The normality rule appears to be a too restricting condition. Therefore, we propose to weaken it while
preserving the standard generalized material formalism at the structure scale. In that way, we introduce
two global thermodynamical potential functionals. They are no more functions of pinpoint state
variables but depend on the state variable fields, expressed on the whole domain Q:

Helmholtz free energy <F(e, a) = I F (<x), <<x), V<<x)) dx (3. i)

dissipation potential <D(a) = J D (a(x), Va(x)) dx (32)

As for standard generalized materials, constitutive relations are derived, where the state variables are
fields and the associated thermodynamical forces are linear forms on the state fields.

d<F dF
state equations: s - -gj Ji = - g j (3.3)
evolution equations: .# e dtfD (3.4)

In these generalized constitutive relations, the thermodynamical forces are still meaningful; they are
linked to the local thermodynamical forces through the following relations, where <.l.> denotes the
duality product

<s\e> = \s (x)<x) dx V e
d (3.5)

<A\ a> = f [^.(x) <x) + .JJx) Vd(x) ] dx V a

This latter relation enables us to rewrite the evolution equation as a minimization problem for the rate
problem: given A and^lv*. find a solution of

f [ D (*x), VInf f [ D (*x), V*x)) - A(x) i(x) - A,(x) Vi(x) ] dx (3.6)
a
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On a theoretical ground, the existence of solutions to the previous program is proved by Attouch [6],
under an assumption of coercivity on D, which turns out to be satisfied for positive homogeneous D for
index strictly greater than one. In the case of a behaviour with threshold, the problem remains open, even
though some convex analysis results may be sufficient to conclude for particular expressions of D.

It should be pointed out that these generalized constitutive relations are equivalent to the local ones if the
potentials do not depend on the state variable gradients. Indeed, one can prove (cf. [7]):

! \JL =-

Using (3.1) to (3.5) and the fact that <D is minimal in zero, it can be showed that an extended Clausius-
Duhem inequality is ensured, in agreement with the second principle of thermodynamics applied to the
whole structure:

J' = <s\e>-<F{e,a) = <M'a> > 0

Finally, the process which has been followed is nothing else than the "standard generalized" approach
extended to the whole structure. Besides, one can notice that if a generalized standard solution (2.6) and
(2.9) exists, then it is also solution of the global problem, (3.3) and (3.4).

3.2. Applications

Let us consider a classical quasi brittle damage model with a threshold, the yield value of which depends
on the damage. Using the results of part 2, a non local model can be deduced. It is applied to an infinite
ID rod, an area of which is weakened, that means its undamaged yield value (k=T|ko) is smaller in a ratio
T\ than the undamaged yield value elsewhere (k=ko). Our purpose is to study the rate problem (3.6) which
is rather instructive since it exhibits some of the main features of the generalized model.

The microscopic constitutive relations are derived from the free energy and dissipation potentials, where
E, k, y, e and a denote respectively the stiffness, the undamaged yield value (which is not uniform), a
hardening parameter, the strain and the damage:

*(£,<*) = \ E (1-a) £2 + \ k y a2 A(a) = k led (3.7)

Elementary calculations show that the constitutive relations are:

- State equations :

a = E(l-a)e G = ^ E e 2 - k Y a

- Threshold defined by :
f(G) = G-k<0

- Evolution equations :

fce=O if f<0 or f<0

lo&O iff=Oandf=O

Following part 2, the macroscopic potentials are (2.4) and (2.14), where Lc denotes the internal length
defined in (2.5):

FO a^Val = — F H-ai i»2 + — t vfa2 A-1 T 2Ca2^
•TVCj^va^ — « E \_l a^ c -r~K.7^a -r Z JUC Vd J . . . .

^ ^ (3.8)T7o2

D(a,Va) = k la l ( l+L c
2 —
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Let us assume that the considered state is undamaged (e = e0 constant, a = 0). The thennodynamical
forces associated with the damage and its gradient are:

A,(x) = ^ E e0
2 Av,(x) = 0 V x € a

For this state, the rate problem (3.6) can be written, thanks to the symmetry:

(3.9)

¥* J
Inf [kOOId ) -A a a]dx (3-10)

First, we can notice that as A, is positive, the rate of damage will be positive without needing to enforce
it. Besides, since D is positive homogeneous of degree one, the rate of damage will only be defined
modulo a positive multiplicative constant X. The effective minimisation (which is not detailed here) leads
to a yield value ko vp (where ny is obtained through the transcendental equation 3.11) that depends on the
material and the geometry. While Aa < k0 r|y, damage does not occur.

(3.11)

On the other hand, when Aa reaches ko r\y, damage appears with a rate given by (3.12) and presented on
figure 2.

a (x) = X, 1 + cos j -

ifx>4

\>0 (3.12)

1 •

ra
te

t °'5 "
CS

•o

0

symmeiry

\

•* 2 *

: \
[ yield value:

1
Tlk0(T\<

-«

1)

\ ^
yield value: kg

Figure 2 - Damage rate over the rod

The solution is worth being examined for two borderline cases:
- On the one hand, when the length of the weakened area is small compared to the material

characteristic length (1«.« Lc), the structure tends to respond as though there were no weakened area
at all. Damage occurs homogeneously as soon as the yield value ko is reached:
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On the other hand, when the material characteristic length is small compared to the size of the
weakened area CU « £,.), damage tends to occur only in the weakened area as soon as the yield value
TI ko is reached:

Xe JR+

si x > 4

Some remarks apply to the rate problem:

- it can be noticed that the yield value depends not only on ko but also on TI and le- Generally speaking,
it can be said that the threshold has become global, depending on the whole structure. Besides, it
should be pointed out that X, commonly named plastic multiplier, is no more a field but a single
positive scalar for the whole structure. Thus, the difference between formulation (3.6) and the
variational principle proposed by Muhlhaus [8] appears clearly: it is not a straightforward variational
formulation of the material point constitutive relations.

- When the yield value is reached, the whole rod does damage, and not only a finite part which would
include the weakened area. It may be explained by the Neumann natural boundary conditions that are
not a priori stated but are derived from the minimization (3.10). The question of the boundary
conditions imposed to the damage field (Dirichlet or Neumann), an issue often met (even tacitly) in
the literature, is here answered.

- The rate problem does not exhibit any bifurcation. To detect them (if there are any), one should
analyse the incremental problem which takes into account the variations of the reversibility domain.

33. Incremental variational principle

To deal with a real structural alalysis involving such generalized constitutive relations, two kinds of
equations have to be solved simultaneously: on the one hand, those describing the behaviour (3.3) and
(3.4), and, on the other hand, the equilibrium equation (where W ^ and I^A denote respectively the
external virtual work and the space of the kinematically admissible displacement rates):

<*l<t>)> = WoaOî  Vve 1 ^ (3-13)

To solve numerically these equations, an implicit time-step algorithm is chosen. It leads to the following
incremental problem:

s+As = 5̂— (e+ Ae, a + Aa)

d<F
= ^(e+Ae,a+Aa)

A+AA e dj

As the potentials are convex, this system can be equivalently expressed with a variational principle, cf.
[6]. If u denotes the displacement, we define a potential, named total energy <£:

<E(Au,Aa) = <F(e+Ae,a+Aa) + At<D(^) - (W^ + AW^XAu) (3.14)

Then, the displacement and internal variable increments, denoted by Au and Aa, are given by the two
minimization programs:

Au realizes F Min <£( 8M, Aa) 1 Aa realizes f Min <E(A«,5a) "I (3.15)

h« J I** J
- If f£ is not convex with respect to the couple (Au , A a), then a solution of (3.15) does not necessary

realizes a minimum of !£.
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- In this case, existence and uniqueness of solutions are not ensured. Bifurcations and ultimate loads

are possible, in agreement with the experiments on materials that exhibit a softening behaviour.

- This variational principle is close to the energetic approach presented in [9]. In the same way, a
stability condition of the incremental solution can be expressed: a couple (Au, Aa) is said to be stable
if it realizes a minimum of the total energy functional (E.

4. CLOSURE

Finally, this approach is a strategy among others to deal with localization phenomena. However, it
answers some questions which are often raised in the related literature.

- The homogenization technique allows a systematic derivation of constitutive relations which include
internal variable first gradients. The obtained potentials are the sum of the classical (local) potentials
and a corrective term, quadratic in the internal variable derivatives. This latter does not introduce a
scalar (so called characteristic) length but a full symmetric second order tensor, characteristic of the
shape of the cells.

- The spirit of generalized standard materials is preserved along the derivation, so that the Clausius-
Duhem inequality is naturally ensured.

- No specific (arbitrary) boundary conditions are imposed to the damage field. They are obtained
through the minimization program.

- As pointed out in [8], some non local models exhibit difficulties (localization) in the hardening phase,
even though they disappear in the softening phase. Thanks to the variational principle (3.15), such
issues are avoided here.

At last, some questions remain unanswered among which two at least are of importance: first, the choice
of a representative neighbouring cell set in the homogenization technique is not clear. Then, the existence
of solution to the rate problem (3.6) for materials with a threshold.
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A CLASS OF CONSTITUTIVE RELATIONS WITH INTERNAL VARIABLES: !
DERIVATION FROM HOMOGENIZATION

, {PERIODIC STRUCTURE WITH EVOLVT1NG POROSITY: TWO HOM0GENIZATI0N STEPS)

Macroscopic scale: £2(x> Mesoscopic scale: vxsst cells Y* Microscopic scase: aaitceS Y
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(DERIVATION FROM H0MOGENIZATION\
OF THE MACROSCOPIC MODEL :
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respect to the mxcrvscopic space variable. \ \ )
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EVOLUTION.\
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\ A MACROSCOPIC MODEL WITH INTERNAL GRADIENT VARIABLES ]

:.SmteMermblesz

Free Helmholtz Energy:

Thermodynamic Forces:

Dissiparive Potaizial:

Strain: <
Internal Variables: a.
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ct Kuhcrcha CONSTITUTIVE RELATIONS WITH INTERNAL VARIABLE
GRADIENTS: II - VARIATIONAL PRINCIPLE

MATERIAL POINT SCALE (x)

Free energy Dissipation potential

State equations Evolution equations

s = 3F/Se
AI = -3F/3a

W. = - 3F/3V*
A a Ihennodynamical

STRUCTURE SCALE (Q)

Free energy Dissipation potential

Subgradient interpretation

'"'^"^'j
State equations

internal variable*

Evolution equations

MAJOR DRAWBACK

aondVa ore considered as independent variables Subgradient interpretation

The constitutive equation is not consistent
at the structure scale

Extension of the standard generalized 1

framework to the structure scaLe

ArgMin 12)<o) - <A | o» = ArgMin
a a a

VAXTACE OF A GLGBAI. FORMULATION

1} The local model ingredUrss are preserverd

2) The internal variables are now independent '

3) The Clata'uis-Duhem inequality is enforced

( ONE DIMENSIONAL EXAMPLE )
MICROSCOPIC BEHAVIOR

Brittle damage
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&=0 j

srusxl a > ! : yieki k

Potoitials

r 71..
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tteis:

Kitfr
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0
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LOCAL BEHAVIOR
The evolution equation at the structure scale hods to a damage rate field
proportional to N(x) iir.d the intensity of-zehich is fixed by a threshold caY

er a) + i -y l |
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ytherr, r? solution of:

riozv rule multiplier

GLOBAL BEHAVIOR
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V S J
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