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Abstract

A method for the random generation of spatial angles drawn from non-Gaussian multi-
ple Coulomb scattering distributions is presented. The method employs direct numer-
ical inversion of cumulative probability distributions computed from the "universal
non-Gaussian angular distributions of Marion and Zimmerman.
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1. Introduction

This note presents a method for generating randomly the spatial angle of a
charged particle suffering small angle multiple Coulomb scattering in a material. The
non-Gaussian "universal" angular distributions of Marion and Zimmerman [1] are em-
ployed to compute the cumulative probabilities describing the multiple scattering pro-
cess. The inverse of the cumulative distribution then yields a function which may be
used as a generator of random angles drawn from the underlying scattering distribution.

Marion and Zimmerman's "universal" distributions approximate the multiple
scattering theory of Nigam, Sundaresan and Wu [2] (NSW). NSW pointed out incon-
sistencies in Moliere's treatment, and produced a multiple scattering theory suitable
for the scattering of spin-\ particles. Although the differences between the NSW and
Moliere theories for the scattering of electrons are notable, they are slight for more
massive incident particles.

We follow Marion and Zimmerman's reduction of the NSW theory. In the small
angle approximation, their distributions are a function of a reduced angle x given by

(1)

with 6 being the laboratory spatial scattering angle. The parameters characterizing
the scattering process, \c and B, are given by

(2)

and B is a solution of the equation
B-lnB = b (3)

with
6 = In

2730(Z + l)Z»zH
- 0.1544 (4)

In these equations, A and Z are the atomic weight and charge of the scattering medium,
t is its thickness in g/cm3 and z is the charge of the projectile. /?, p and v are the usual
kinematic variables. The approximate number of scatterings is given by eb.

The angular distributions are given by

F(X) =

with
F0(x) = 2e- r ' . (6)

«2)e-^rfu (7)

F2{x) = ±j\sJ0(ux)ln(l-u2)2e-^du (8)

where Jo is a Bessel function. V, the upper limit of the integrals, is given by F =
55e(fi-

15)/2-2 Note that the value i = 1 gives approximately the e"1 width of the
distribution.



The preceding formulation is valid over the range 4 < B < 15. Values of B
greater than 4 correspond to situations in which the number of scatterings exceeds
10-20, whereas those with B less than 15 correspond to situations in which the energy
loss is less than «20%.

A direct method for generating random variables [3] such that they are distributed
according to the multiple scattering probability is to invert the cumulative function
defined by

C(x) = I* F(x')x'dx' (9)
Jo

where, in the small angle approximation, F(x')x'dx' is proportional to the differential
scattering probability do(0)dO. If C(x) is normalized to unity and r is a random
variable uniformly distributed between 0 and 1, the distribution of x(r) = C~l(r) will
have the shape of F(x)x.

2. Construction of The Generating Function

Construction of the generating function proceeded through the following steps.

1. Calculate the universal angular distributions from equation 5. These were com-
puted for values of B between 4 and 15 in unit steps; the range of x was taken
from 0 to 35 (corresponding to ~ 35e~' widths of the distribution.)

2. Integrate each of the angular distributions as a function of x to produce the
cumulative function. It was normalized to unity at x = 35. Such a normalization
leads to a distortion in the scaling of the x-axes of the order of 0.01% over the
allowed range of B.

3. Construct the function x(r) = C~l(r) by inverting the cumulative distributions
using splines. In the actual generation of x(r) for values of r < 0.05, a Gaussian
distribution was employed to remove any artifacts in the splines caused by the
steep rise of the function in the vicinity of r = 0. The inverse of C(x) was
computed by numerically integrating equation 9 for specified values of x and
constructing a spline interpolation of i as a function of the cumulative function
a*)-

4. Compute the parameter B from a polynomial fit to solutions of equation 3. The
value of x is then obtained from a uniform random number distribution and
linearly interpolated in the appropriate interval for B.

A problem encountered was the production of interpolating splines that were extremely
smooth since small distortions in the interpolation can produce noticeable structures
in the generated distribution. It was found that the rational splines defined by Spath
[4] produced quite satisfactory results. These splines interpolate a set of ordered points
ixk, Vk} according to the formula

fk(x) = Aku + Bkt + Ck—^— + Dk—?— (10)
pkt + 1 qku + 1

where t = (x — xk)/(xk+i — x*), u = 1 — t and xk < x < xk+i. The coefficients {pk,qk}
are freely adjustable in the range — 1 < pk,qk < oo and allow flexible tensioning of the



spline. For pt = ft = 0 a cubic spline is obtained; for large values the interpolating
spline tends to a straight line. Figure 1 displays the interpolation of the inverted
cumulative function for values of B = 4 to 15.

The method described truncates the distributions at i = 35, a range that com-
prises the bulk of the scattering distribution. For particles experiencing the nuclear
force, finite angle scattering tails will be dominated by nuclear scattering. In such
situations, tails due to multiple scattering will be inconsequential.

2.1. Compound Materials

Compound materials are treated by computing effective values of \c and 6, with
B determined from the latter. The following prescription is employed for a compound
of N constituent elements.

<XC
2> = EfiXl. (11)

< b > = In
2730zH

-0-1544 (12)

where the /, define the mass fractions of the constituent elements of the material and
x£ are evaluated using equation 2 for the constituent elements at the total thickness
of the material.

3. Results and Discussion

The preceding discussion was implemented in a routine MCS.GEN, and the re-
sults compared with the shape predicted from calculations of the underlying NSW
theory. The extracted distributions are also compared with those from two Monte-
Carlo codes REVMOC [5] and GEANT [6].

Figure 2 displays a comparison of the shape of the theoretical probability
t̂fj sin(0)) with finely binned histograms of a large number (> 108) of random angle

generations. The materials and energies were chosen so as to span the range of validity.
Lynch and Dahl [7] have recently noted that a number of widely used multiple

Coulomb scattering calculations [8] [9] [10] have been incorrect. Part of the problem
arises from the use of Z2 instead of Z{Z + 1) in the calculation of the characteristic
correction angle Xci another is the use of an incorrect center-of-mass correction arising
from the work of Hungerford and collaborators [8] [9]. Such considerations are of
importance in the analysis of data describing the scattering from light nuclei. Figure
3 displays a comparison with distributions extracted from REVMOC and GEANT.

For the REVMOC comparison, input files describing a single foil of the appro-
priate material were employed. The routine MULT was trapped and "looped" for 108

angle generations. The REVMOC calculation is an implementation of the interpreta-
tion of Hungerford and collaborators [8] [9]. As was pointed out by Highland [10], this
interpretation incorrectly treats the theory as being in the center-of-mass system and
leads to predicted widths that are too large for massive incident particles. The dubious
center-of-mass "correction" has been cited as important in the analysis of data. In the
small angle approximation, recoil effects arising from massive scatterers are negligi-
ble [11]. This result has recently been borne out experimentally by Wong et al [12]



in a study of uranium scattering on copper. They found that the standard Moliere
treatment provided satisfactory agreement with their data.

For the GEANT comparison, slightly modified routines, GMOLIT and GMOLIE
of GEANT were used to generate the angles. The routines implement the Moliere
treatment of multiple scattering, and differ only slightly from the NSW calculation
presented here.

The procedure presented is quite economical in CPU usage, requiring approxi-
mately 20 fxsec per angle generation when run on a Vax 4000/90. The basic routine
is accessible via anonymous ftp at ftp.triumf.ca in the directory/parity/mscat. The
author would like to thank G. Stinson and W.D Ramsay for their comments on the
manuscript, and W.T.H. van Oers for originally stimulating this investigation.
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Figure captions

Fig. 1. Inverse Cumulative Distribution for B =4 to 15.
Fig. 2. A Comparison with the Approximate NSW Theory for various Materials. The
solid curve is a finely binned histogram of the random calculation, the dots are the
theory.
Fig. 3. Comparison of Distributions with those of GMOLIE (GEANT) and MULT
(REVMOC.) The energies and materials are the same as those in Fig. 2.
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