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The numerical concept realized in the the Karlsruhe Diode Code KADI2D is briefly reviewed. Several new aspects

concerning the Maxwell field solver based on high resolution finite-volume methods are presented. A new approach

maintaining charge conservation numerically for the Maxwell-Lorentz equations is shortly summarized.

1. INTRODUCTION

For experiments with the object of optimization as well as for further developments of ion diodes it
is very important to get a deep physical understanding of the fundamental time-dependent phenomena
occuring inside those diodes. Elaborate computer simulations are an effective and ideal tool to enhance
the knowledge about the complex ion diode physics and, additionally, could force time and reduce costs
of further developments. The basic physical observations are modelled mathematically by the Maxwell-
Vlasov equations. However, for numerical calculations it is more convenient to replace the Vlasov
equation by its characteristic equations resulting in the Maxwell-Lorentz system.

Solving numerically the Maxwell field equations it is important to have an adequate computational
grid which covers the relevant diode domain in an appropriate manner. Therefore, we adopt a grid
model based on boundary-fitted coordinates (BFC) [10] resulting in quadrilateral meshes with regular
data structure. The numerical solution of the Lorentz and stationary Maxwell equations for BFC based
grid concepts is realized with the simulation program BFCPIC [12] which has been developed at the
Forschungszentrum Karlsruhe during the last years. However, important time-dependent phenomena
such as the origin and consequences of electromagnetic instabilities inside the ion diode gap cannot be
investigated with BFCPIC code. For that purpose, the Karlsruhe Diode code KADI2D has been developed
solving numerically the full nonstationary Maxwell equation together with the Lorentz equations [4].
Attacking the nonstationary field equations, modern numerical techniques based on finite-volume (FV)
methods are employed in KADI2D . The application of FV methods for the numerical solution of the
Maxwell equations is a new approach in self-consistent particle simulation which is inherently very
robust even when strong gradients occur.

2. T H E NUMERICAL MODEL

The particle-in-cell (PIC) method [2, 5] is an attractive computational tool for studying kinetic phe-
nomena, in particular in plasma physics where, for example, the self-consistent numerical solution of the
Maxwell-Lorentz equations have to be computed. This means, that the orbits of electrically charged
particles have to be determined with respect to externally applied as well as (in the case of ion diodes
strong) self-generated electromagnetic fields. The basic idea of the PIC method can be summarized as
follows.

Suppose the sum external and the self-consistent charge and current density p and j , respectively, is
given at the time level t = r.n-i/2- Solving the Maxwell equations

(2.1) 9 , E - c 2 V x B = - - j , (9(B + V x E = 0 ,

(2.2) V - E = — p , V - B = 0 ,

for instance, numerically with a FV field solver, we obtain the electric field E and magnetic induction
B at the new time level t = tn at the barycenters of the computational grid zones. Afterwards, the
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electromagnetic fields have to be interpolated to the actual charged particle positions Xjt(tn), where the
index k runs over all particles inside the computational domain. The used interpolation scheme is an
extension of the standard area-weighting method to arbitrary quadrilateral BFC grid zones [11]. The
electromagnetic fields at the particle position set up the Lorentz force

(2.3) F k ( t ) = qk [ E ( x f c i tn) + v k x E ( x f c , t n ) ] ,

which is responsible for the redistribution of the charges qk within the domain of interest. The new phase
space coordinates (v^.x/t) are determined by solving the relativistic (electrons) and non-relat.ivistic (ions)
Lorentz equations:

(2.4) = — — : Uo =U f c ( t n _ 1 / 2 ; ,, =v f c ( t ) , x o = x * t n

at m* ' at
where m* and U/t = 7fcVfc denotes the mass and relativistic velocity, respectively, of the /c-th charged
particle. The particle-pushing according to the Lorentz equations (2.4) is numerically performed by
applying the second-order time-centered leapfrog-scheme. In order to obtain the new density distributions
due to the movement, the particles have to be located with respect to the computational grid [11]. The
resulting interpolation weights for the four barycenter corners surrounding the new particle position
Xjt(tn+i) are calculated, necessary for the assignment of the contribution of the fc-th particle to the
self-consistent charge and current density at the new time level t = tn + 1 /2 [4].

Now, the iteration cycle is closed and the electromagnetic fields used for the next cycle have to be
determined from the solution of the nonstationary Maxwell equations (2.1). By considering the linked
interplay of Maxwell and Lorentz equations the self-consistent solution of this non-linear system is
obtained.

3. T H E FINITE-VOLUME MAXWELL SOLVER

Solving Maxwell equations numerically we use in the KADI2D code high resolution FV methods [7]
which are from the point of construction very evident and known to be very robust and able to resolve
strong gradients without generating spurious oscillations. Usually, numerical algorithms in time domain
only approximate the Maxwell equations (2.1) and (2.2). These equations may be recast in conservation
form [4]

(3.1) dtu + dXlMu)+dX3f2{u)=q.

Here, we restricted ourselves to two space dimensions and assume that the vector of the electric field
and magnetic induction u — [E\, E2, £3, B\, B2, B3) does not depend on 13. The new aspect in this
formulation is that the differential operator is no longer the curl, but rather the divergence applied to the
fluxes fi{u) = Ki u, i = l ,2, where the K, are constant 6 x 6 matrices. The vector of the source terms q
essentially contains the current densities of equation (2.1).

We assume that the physical domain is covered by a structured boundary-fitted grid composed by
quadrilateral zones Vij with the area |Vjj|. A FV scheme is obtained integrating the conservation equa-
tions (3.1) component-by-component over the space-time volume VtJ x [ tn , tn+i] . With the average of u
over the grid cell Vij at time t = tn we get the explicit FV scheme in conservation form

(3-2)

where the vector qt" approximates the source terms averaged over V,j and the time interval At = tn+i — tn.
The so-called numerical flux G"- ̂  has to be an appropriate approximation of the physical flux through
the edges Sij,$ of Vij. FV schemes are completely defined if the numerical fluxes are specified. The
suitable calculation of these fluxes from averaged quantities at the time level t = tn is the main task in
the context of FV methods.

One possibility of flux estimation is based on the solution of the so-called Riemann problem (RP)
[4, 8], which can be solved exactly in the present case of linear hyperpolic equations. By the use of
the RP solution the local structure of wave propagation is directly incorporated into the numerical
approximation, responsible for the inherent robustness of these schemes. The simplest numerical flux
approximation based on the RP solution is only first-order accurate in both space and time and, in
general, hardly applicable for most practical purposes. To get higher-order schemes it is sufficient to
improve the order of the numerical flux calculation [8]: Applying the MUSCL approach [6] a second-order
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space and time accurate TVD FV upwind-scheme is obtained [4], which is implemented as the standard
Maxwell field solver in the KADI2D program system.

4. NUMERICAL RESULTS

The contour plots shown in Fig. 1 are recorded at t = 90 ns and t = 180 ns and give an impression
of the spatial distribution of the E3 field component for a typical TM problem, where two wave trains
are excited in each direction [8]. The numerical results (lower pictures) are obtained for a quadratic
computational domain parallel to the axis but the grid lines inside the domain are strongly disturbed
according to a sine curve. The comparison with the exact solution (upper pictures) plotted at the same
computational grid convincingly shows the quality of the approximation.

FIGURE 1. Spatial distribution of the £3 field of a TM calculation on a strongly dis-
turbed grid inside the depicted computational domain at t — 90 and t = 180 ns. The
inspection reveal that the numerical obtained (lower plots) are in nearly perfect agree-
ment with the exact (upper plots) solution.
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FIGURE 2. Contour plot of the spatial distribution of the exact (upper part) and numeri-
cally obtained (lower part) of the B^ dipol field at t = 30 ns. A quantitative comparison
between the closed-form solution (solid lines) and the numerical result (open circles) of
the B\ field component at four different fixed points is monitored in the right plot.

- 1161 -



The Maxwell equations form a system of hyperbolic equations and hence boundary conditions and their
implementation are only well-posed if they take into account the wave propagation as given by the theory
of characteristics. For the used FV based approach it is comprehensively shown in [8], that the numerical
realization of both physically and computationally motivated boundary conditions is founded within the
framework of RP. In Fig. 2 the finite-sized domain is seen, consisting of a quarter ring with an inner and
outer radius /?, and Ro, respectively. At R, the closed-form solution of an oscillating 2d-dipol is irradiated
into the domain while open boundary conditions are imposed at Ro and symmetric considerations are
necessary at the axis. The contour plot depicted in Fig. 2 is a snapshot of the numerically obtained
B-2 dipol field distribution at t = 30 ns, clearly indicating that no visible wave reflection occur at the
truncated numerical domain at Ro. By scanning the time variation of the Bi field component at four
fixed points in space lying at the bisector of the angle of the first quadrant the exact solution (solid lines)
and numerical approximation (open circles) reveal the high quality and accuracy of the applied methods.
We investigated and implemented in addition to the second-order TVD upwind-scheme modern higher
order ENO extensions of FV methods [9, 3] as a further optional Maxwell field solver for KADI2D. To
achieve consistent numerical accuracy in time Runge-Kutta schemes are used to solve numerically a
semi-discretized formulation of FV schemes in conservation form [8]. It is found out [8] that the number
of grid points could be considerable reduced using sophisticated ENO implementations and, hence, these
schemes seems to be very attractive for extension of the KADI2D code up to three dimensions in space.

5. A NEW APPROACH TO IMPROVE CHARGE CONSERVATION

As it is outlined in Sec. 2, the Maxwell field solver is applied as one part in the self-consistent charged
particle simulation. However, each step of the PIC approach introduces numerical errors and a discrete
analogue of the charge conservation does not hold exactly or even with a defect of a certain order. Since
only current density is used for the numerical field calculation, the consistency of eoV • E with charge
density p may be lost. For practical purposes the correction of the electrical field is much more important
than those of the B-field, hence, we restrict ourselves only to the E-field correction. Similar to Assous
et al. [1] we introducing the Lagrangean multiplier ip, which may be considered as a potential correcting
the actual electric field. Additionally, we modify the system of interest by introducing the term -^dt<^
and study the constraint, strictly hyperbolic problem [8]:

(5.1) ' 9 , E - c 2 V x B + c2VV = -j/f0 ,

(5.2) l-dttp + V-E = p / c 0 .

Here, /3 denotes the magnitude of the yet unknown parameter, which has to be estimated numerically.
Obviously, this purely hyperbolic approach posseses the property that the information of correction or
equivalent the errors due to GauB law propagates with a finite velocity /3c.
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