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1 Introduction

VK-algebras were introduced in 1985 by Zamolodchikov [1], in terms of conformal models,
exhibiting new symmetries generated by currents with conformal spin higher than 2. Ow-
ing to the nonlinearity of VF-algebras, the important task of constructing their realizations
in terms of free fields or affine currents cannot be carried out straightforwardly.

One of the possible ways to construct the realizations of W algebras is the conformal
linearization procedure [2-6]. The main idea of this approach is to embed the nonlinear
W algebra as a subalgebra in some linear conformal algebra Whn. Once this is done, then
each realization of the linear algebra Whn gives rise to a realization of W.

In [6] we constructed explicitly the nonlinear algebras W(sl(4},sl(3)), W(s/(3|l),s/(3))
and obtained their realizations in terms of currents spanning the corresponding linearizing
conformal algebras. The specific structure of these algebras allowed us to construct real-
izations - modulo null fields - of the W$ algebra that lies in the cosets W(sl(4), sl(3))/u(l)
and W^(s/(3|1), s/(3))/u(l). In such null-fields realizations the OPE of two spin-3 currents
contains a spin-4 operator which is null, in the sense that there are no central terms in the
OPEs of this spin-4 current with all other currents (including the spin-4 current itself).
This occurs only for a discrete spectrum of W(sl(4),sl(3)) - respectively W(s/(3|1), sl(3))
- central charges, which allows us to consider a vanishing value for such spin-4 operators
and reduces the W(sl(4), sl(3)) - respectively W(s/(3|1), sl(3)) - algebra to its W3 contrac-
tion. For this spectrum the realizations of W (si (4), si (3)) - respectively W(s/(3|l),s/(3))
- algebras provide null-fields realizations of W3.

In this Letter we follow a similar procedure, in order to obtain new null-fields realiza-
tion of Wz from linearizing W((sl(N + 3), s/(3)) algebras. In particular, we determine the
central charge spectrum for the nonlinear W(sl(N+3), sl(3)) algebras, when these algebras
are contracted to the W3 algebra lying in the coset W((sl(N + 3),s/(3))/(u(l) © sl(N)).
The completion of our task, namely the explicit construction of free-fields realizations
- modulo null fields - for the W3 contraction of W(sl(N + 3), 5/(3)) algebras, becomes
straightforward when the conformal linearization procedure is applied to the latter alge-
bras. Indeed, it turns out that the nonlinear W(sl(N-\-3), s/(3)) algebras can be embedded
into some linear conformal algebras. Hence it follows that any realization of the lineariz-
ing W(sl(N + 3), sl(3)) algebras yields a realization of the nonlinear W(sl(N + 3), .s/(3))
ones.

The outline of the Letter is as follows.
We start in Section 2 with presenting the nonlinear W(sl(N + 3), sl(3)) algebras. Their

explicit structure appears here for the first time. The importance of the algebras con-
sidered in this Section can be appreciated if one recalls that there exist very few further
examples of analogous algebras, whose OPEs are explicitly constructed and depend, in
addition to the level K of the algebra, on one more parameter (in our case denoted by
N). They include the Knizhnik-Bershadsky algebras, as well as the quasi superconformal
algebras. In Section 3, after recalling briefly the method used to construct null-fields real-
izations of W3, we consider the exceptional values of the central charges of the nonlinear
W(sl(N + 3), sl(3)) algebras for which the composite spin-4 field appearing in the spin-3
- spin-3 OPE becomes a null field. Also we discuss the properties of the spectrum and
point out the result that one central charge value corresponds to three distinct repre-
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sentations of the contracted algebra W3. We then proceed in Section 4 to construct the
corresponding linear conformal algebras. The resulting expressions giving, in terms these
currents, those spanning the nonlinear algebras immediately provide the realizations of
W(sl(N + 3), s/(3)). The constructed expressions for the currents of the nonlinear algebras
in terms of the linearizing algebras currents yield, for the specific values of the central
charge, the realization of W3 algebra modulo null fields.

We will finish this Letter with some concluding remarks and a short discussion of
further developments, including applications to the central charge spectrum for minimal
models of the nonlinear W(sl(N + 3), s/(3)) algebras.

2 Nonlinear W(sl(N + 3), sJ(3)) algebras

In this Section we give explicitly for the first time the structure of the nonlinear W(sl(N +
3), 5/(3)) algebras in the quantum case. This result provides a new example of algebras
that depend on two parameters, i.e. the level K and N, and possess the SL(N) automor-
phism. The constructed W(sl(N + 3), 5/(3)) algebras are analogous in this sense to the
case of the Knizhnik-Bershadsky and quasi superconformal algebras.

Let us first of all describe the conformal spin content of these algebras [7]. They are
spanned, in addition to the spin-2 stress-tensor T, by the following currents: the sl(N)
and u(l) affine spin-1 currents Jb and U, the commuting-with-them spin-3 current W
and two multiplets of spin-2 currents Ga, G° with opposite u(l) charges, which belong
to the fundamental and its conjugated representations of sl(N). In the basis where these
bosonic currents (U, J^,Ga,G

a ,W) are all primary fields with respect to T, the singular
OPEs of the nonlinear W(sl(N + 3),s/(3)) algebras read
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Here the indices a, fr,... run over the following ranges 1 < a, b < N, and the cttU,g, ot, /3 and
e coefficents are found in Table 1 (see appendix) in terms of the level K of sl(N) algebra.
Although the coefficient e could be set to unity provided the current VK(z) is rescaled, we
keep it for convenience, since this makes the coefficients simpler.

Inspecting the expressions given in Table 1 makes it evident that the OPE T(zi)T(z2)
(2.1) is singular for K = -1-N. In fact, the W(sl(N+ 3),sl(3)) algebras are not denned
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for this level value1 and we take K ^ — 1 — N. In order to remove from the OPEs (2.1) the
additional singularities occurring in some of the coefficients of Table 1 for the level values
K = - r , with r = 0, N, 2N/3, we must redefine the generators of the W(sl(N + 3), s/(3))
algebras (2.1) as follows:

W = W , Ga = , =Ga , Ga = . =G~a , r = 0,N , ( 2 . 3 )
K + r VA' + r yjK + r y

1 __ 1 ~ 1 J^a 2N

After the above redefinitions the OPEs (2.1) describe, for K = —r, some uninteresting
algebras obtained as a contraction of W(sl(N + 3), 5/(3)). For the first two levels K —
0, —N the central charge cu does not vanish, whereas cu — 0 at K — —2N/3. In all three
K = —r cases one has cg = tcw = 0 and ct / 0. Hence the algebra described by the OPEs
(2.1) exists for all values of the level parameter A', except K — — 1 — N. However one has
to keep in mind that the algebras of interest to us correspond to K + r =fi 0.

Let us note that the spin-4 current U^z) is defined to be primary with respect to the
stress tensor Tw(z)2

V*- (2.5)
ZZU 2 1 2 Z12 Zl2

and both Tw and t/4 have regular OPEs with the u(l) and sl(N) currents U(z) and J^{z)

U(z1)Tw(z2) = U(Zl)U4(z2) = Jh
a{Zl)Tw{z2) = Jb

a{zx)UA{z2) = regular. (2.6)

Thus, it follows from the above considerations that the currents Tw(z),W(z) and UA{Z)
belong to the coset W({sl{N + 3), s/(3))/(u(l) © sl(N)).

3 Wz contractions of W(sl(N + 3), 5/(3)) algebras

In this Section we would like to briefly recall the method for constructing the so called
realizations modulo null fields for the W3 algebra [6,8-13]. The distinguished feature of
these realizations, with respect to the ordinary ones, consists in allowing the presence
(besides standard terms) of a nonvanishing spin-4 null operator V in the OPE of the
spin-3 current W with itself 3

V V
W(ZI)W(JZ 3 ) = standard terms + -=- + - — . (3.1)

Z{2 2Zi2

The null operator V must satisfy the following requirement:

< VV > = 0 . (3.2)

1 After rescaling their currents, the algebras do not contain the Virasoro subalgebra.
2Due to the regular OPE of the spin-3 current W(z) with U{z) and Jg(z), W(z) is a primary current,

not only with respect to T, but also with respect to Tw.
3The spin-4 operator V could be composite or elementary.



- 6 -

This corresponds to requiring that the OPE of the operator V with itself contains no
central term. One can check that the condition (3.2) implies < VW >= 0. Being a null
operator, V can generate only null fields in its OPEs. All such null operators span an ideal
and can be consistently set to zero, yielding a W3 algebra which closes only modulo null
currents. Thus, on the shell defined by these constraints, the spin-2 and spin-3 currents
form a W3 algebra.

From the above definition it is clear that the problem of the construction of realizations
modulo null fields is a very complicated one. However, it can be reduced to the easier task
of constructing ordinary realizations, but for a larger W-algebra, containing more currents
than W3 and including the OPE (3.1) within the full set of its OPEs. Then, for some
discrete values of the central charge, the null field condition (3.2) for the spin-4 operator
of such W-algebra could be satisfied. Hence, for these specific values of the central charge,
the realizations of such larger W-algebra form simultaneously a realization of W3 modulo
null fields.

The W(sl(N -f 3), 5/(3)) algebras constructed in the previous Section provides a class
of such kind of W-algebras, larger than W3 and including in their OPEs a spin-4 current
V, according to (3.1). Having found the candidate algebras, all we need, in order to
use the abovementioned approach for the construction of realizations of W3 modulo null
fields, is to determine the truncation condition of these class of W-algebras to W3, i.e.
find the spectrum cw corresponding to solutions of (3.2). As a second step, we must build
W-algebras realizations for the specific cw values, for which W reduces to W3. We start
with nonlinear W(sl(N + 3), 5/(3)) algebras because they possess the following properties:

• the algebras W{sl{N + 3), 5/(3)) include the OPE (3.1);

• the algebras W(sl(N + 3), 5/(3)) can be linearized (see Section 4 below).

These facts are of use, because they respectively allow the following:

• to truncate (contract) the algebras W(sl(N + 3), 5/(3)) to W3;

• to build realizations, starting from the linearizing W(sl(N + 3), 5/(3)) algebras.

Indeed, inspecting (2.1) it is easy to realize that the OPE of the spin-3 current with
itself looks like (3.1). We stress that it is not possible to perform a redefinition of the
currents of W(sl(N + 3), 5/(3)), such as to avoid the appearance of the U^z) current in
the r.h.s. of the OPE W{z1)W{z2). Therefore, the W(sl(N + 3),s/(3)) algebras do not
contain W3 as a subalgebra.

The vacuum expectation values for the currents Tw, W, U4 which are contained in the
coset W((sl(N + 3), s/(3))/(u(l) © sl(N)) read

(2/\ +N){-1 + 3K + 2N)(1+ \K + 3N)
<TWTW> - 2(K + N)(K + N + 1) '

<WW> = -tH.4"3'
27K(3K

87V(-1 + 2K + AQ(-3 + 3A" + 2AQ(1 + 3K + 2AQ(4# + 3/V)(3 + 6K + 5N)
U5KN2
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The spin-4 operator U^{z) becomes a null field - under the condition < U4U4 >= 0, but
requiring at the same time that W{z) and Tw(z) themselves do not turn into null fields,
i.e. < WW > ^ 0 and < TWTW > ^ 0 - at the following values of the level parameter K
and for the corresponding values of the central charge cw :

^ =• cw = -2 ,(3.4)

2(iV - 6)(iV + 15)

(3.6)

Hence, just for these values of the level parameter K, every realization of the algebras
(2.1) induces a corresponding realization - modulo null fields - of the W3 algebra formed
by the currents Tw and W. All other poles and zeros of the vacuum expectation value
< U4U4 > provide us with further contractions of the algebra, where the spin-3 current
W(z) and even the stress tensor Tw become null operators.

A list of the central charges of the spectrum (3.5) corresponding to some first values
of N reads as follows:

w~ 7 ' 5 ' ' 35' 11' ' 6 5 ' 7 7 ' 5 ' 3 6 ' { '

Analogously, we can list the central charges of the spectrum (3.6) corresponding to first
values of ./V as follows:

494 690
Cu, =-30,-98,198,130,110,102, — , 9 8 , — - . (3.8)

5 7

Earlier attempts to classify the possible algebras which allow a contraction to WN have
been made in [13, 14], where the central charge spectra (3.5) and (3.6) were conjectured.
In the present Letter we proved these conjectures by explicit construction. Let us notice
that the spectrum of A'-values corresponding to the point cw = —2 of (3.4) is constructed
here for the first time. A remark is in order concerning the latter point. Indeed this point
of the resulting spectrum is particularly interesting, since it corresponds to three distinct
representations of W3 with arbitrary values of iV. Namely, it turns out according to our
result (3.4) that there exist three different null-fields realizations of W3, which have the
same value of the central charge cw = —2.

The natural continuation and completion of our reasoning brings up the task of con-
structing explicitly the realizations of the W(sl(N~\-3), s/(3)) algebras, which in turn yield
realizations of W3 modulo null fields. The tool of the conformal linearization method of
Refs. [2-5] provides a direct way to construct such null-fields realizations, a fact that has
been exploited for the first time in Ref. [6].

4 The linearizing W(sl(N + 3), sl(Z)) algebras
The method of the conformal linearization [2-5] is a tool that drastically simplifies the
problem of constructing explicitly the realizations - modulo null fields - of the W3 algebra
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obtained by contracting the W(sl(N -\- 3), 5/(3)) algebras, according to the central charge
spectrum determined in the previous section. This is so, because any realization of the
linearizing W(sl(N + 3),5/(3)) algebras gives rise to a realization of the corresponding
nonlinear W(sl(N + 3), 5/(3)) algebras.

The linearizing algebras for W(sl(N + 3),5/(3)) can be constructed starting with the
currents {JM.JlMuQa, <T, 0°, W). The OPEs of the conformally linearized W(sl(N +
3),5/(3)) algebras read

2T V_
Z12 Z\2 &\2

Qa Qa>

- ~r + ~~
Z\2

 z\2

bl

2(A + 1 + N) z{2 zu z{2 zu

+ l + iV) + 3 + /V W W
2{K + 1 + N)

U(z1)U(z2) = , W(*i)S2 (22) = —— ,
(̂ 0 T iV )Z12 Z12

12 L\ Z\2

d l J. _L _ J L , _L J J L X

1 b 1 i, - c c - t 1

A^ a c z 1 2
 a a A 7 ' 1 ' 1^ ; z 1 2

= ~ l t • (4>1)

In this basis the central charge of the linearizing algebras has the following expression:

ci = — — . (4.2)

The transformations that give the currents of the nonlinear W(sl(N + 3), 5/(3)) algebras
in terms of the currents of the linearizing algebras (4.1) read4

4The expression for the W current can be easily obtained from the first pole of the OPE Ga{zi)G
(2.1). It is a rather complicated and lengthy expression and we do not write it here explicitly.
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_ (N + Z)KW ,

~ ' + WTIWTTTN) + Ul

2N7J

w wx <T) + M « w 2°) + h*{u ga>) + /»9(W <T) + hlQga"

+hn(Jb
c Jc

h Qa) + hl2(Jb
c J: O6) + h13(U Jb

a Gb)
(Jb

au1g
b) + h15(jb

a>gb) + h16(jb
agb') . (4.3)

For the expressions of the coefficients hi,...,hi6 see Table 2 given in appendix.
With the above expressions we have completed our task to construct the realizations

for the W(sl(N + 3),s/(3)) (2.1) algebras, in terms of the currents of the linear algebras
(4.1). In fact, starting from any given realization of (4.1), the use of (4.3) allows us to
construct the realizations of the nonlinear algebras (2.1). Notice the appearence of the
following exceptional value of the parameter K: K — 0, which is a singular point of
the transformations (4.3). Precisely for this value, the currents generating the starting
nonlinear algebras (2.1) have to be redefined, in order to prevent the coefficients appearing
in their OPEs from being singular, as it appears from some of the expressions given in
Table 1.

In addition, there is a second level K = —\ — N where the transformations (4.3) have
a singularity. However, for this point the nonlinear algebras we started with, i.e. (2.1),
are not defined. Hence we must exclude this point from our present consideration of
the linearizing W(sl(N + 3),.s/(3)) algebras as well. Thus, the set of exceptional points
where the realizations of the W(sl(N + 3), s/(3)) algebras develop some singular terms is
entirely determined by the structure relations of the W(sl(N + 3),.s/(3)) algebras. Null
field realizations of the W3 algebra that lies in the coset W((sl(N+3), sl(3))/{u(l)@sl(N))
are obtained from (4.3) at each value of the parameter K and the corresponding central
charge cw, given in eqs. (3.4)-(3.6).

5 Discussion and outlook
In this paper we have explicitly constructed the algebras W(sl(N + 3),5/(3)). Using
the relations between nonlinear and linearizing algebras, we have found their realiza-
tions, including the induced realizations of W3 modulo null fields, when the algebras
W(sl(N + 3),s/(3)) are contracted to the W3 one. Such null field realizations exist
for the following values of the central charge of the W3 algebra that lies in the coset
W({sl(N + 3), 5/(3))/(u(l) 0 sl{N)):

_ 2(N - 6)(N + 15) 2(N + 5)(2N + 3)
c - " z ' ( # + 3)(iV + 6) ' TV-3 ' { }

Let us remark that one can rewrite this spectrum in terms of the spectrum of W3 minimal
models, as follows:

cw = cw (3,2), cWi (6 + /V,3 + /V), cw (3-./V,6), (5.2)
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where

cw2 (P><?) = 2 1-12 . (5.3)

We wish to conclude this Letter by predicting the spectrum of central charges for
the W(sl(N + 3), 5/(3)) minimal models. One can start with noticing that in the lin-
earizing W(sl(N + 3), 5/(3)) algebras there is a decoupling basis (when all null fields of
the linearizing algebras Qa and W are set equal to zero), with some redefined energy-
momentum tensor 7V,y, which commutes with the remaining currents and possesses the
following central charge:

cVir = 1 - 6 ( A ~ 1 ) 2 . (5.4)

This central charge is still related to the central charge of the W(sl(N-\-3), sl(3)) algebras.
It is interesting that the values of cvir corresponding to the minimal models of the Virasoro
algebra at

pq

induce the following spectrum for the central charge (2.2) of the nonlinear W(sl(N +
3), 5/(3)) algebras:

_N | 2 6 V | 5 0 4)(N + 3)(N
PH

In all known cases of linearizing algebras the minimal models of the Virasoro algebra
spanned by Tvir reproduce the minimal models for the corresponding nonlinear algebras.
For instance, in the case of JV = 2 superconformal and W$ algebras, it can be checked
that the above procedure yields the spectrum of minimal models [5]. The values of cvw
corresponding to the minimal models of the Virasoro algebra (5.4) are also found to induce
the central charges c™!"-mod- for the WN algebras [5]. One can check that, in the case at
hand, the discussed spectrum of central charges also coincides with that proposed in [15]
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Appendix

Next, we write down the expressions of the coefficients in the OPEs (2.1) for the algebra
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, _ 2A>N
t 2 1 ~ 3A'2(A-+N)Ri£

_ 3A'2Ri-12AT2+4N2

6 2 2 "" 36A'2(A+N)R1e
1

• XC23 —

(-20A--16A2-35A'3+9A'4-

16N-32A'N-78A"2N+15A'3N-

16N2-54A-N2+6A-2N2-12N3)

Table 1

Here we define fli = 1 + N + K and R2 = 3K + 2N.
Finally, we give the coefficients for the currents in the nonlinear basis (4.3).

" 1 —

A
" 1 3 -

1

' 3A'
1+2A'+3N

' 3A'NRi
. (3+NKA-+N)

6AT(l+N)Ri
3+N

3A"(1+N)R!

1

L

rii4

1
3A'Rj

3+N
3A'N(l+N)Ri

Ri+2(AT+N)2

6AR!
2

3ATNRi

1

«7 —

Uflu -

his.-

2+N+Nz

6A'N2R]
(2+N)(3+N)
6A'(1+N)2R1

1
" 6AR1

1-A
3A-R1

1

h*
ng —

hie -

-2+2K-N-N*
6KNR,

(3+N)(K+N)
3A'(l+N)Ri

1
3A'Ri

l-2Ri
3KRi

Table 2



— 12 —

References

[1] A.B. Zamolo.dchikov, Theor. Math. Phys. 63 (1985) 1205.

[2] S. Krivonos and A. Sorin, Phys. Lett. B335 (1994) 45.

[3] S. Bellucci, S. Krivonos and A. Sorin, Phys. Lett. B347 (1995) 260.

[4] S. Krivonos and A. Sorin, In Proceedings of International Workshop "Finite Dimen-
sional Integrable Systems", editors A.Sissakian and G.Pogosyan, JINR E2-95-525, p.
127-136, Dubna, 1995.

[5] S. Krivonos and A. Sorin, "More on the linearization of W^-algebras", Dubna preprint
JINR E2-95-151, hep-th/9503118.

[6] S. Bellucci, S. Krivonos and A. Sorin, Phys. Lett. B366 (1996)104.

[7] F.A. Bais, T. Tjin and P. van Driel, Nucl. Phys. B357 (1991) 632;
O'Raifeartaigh, P. Ruelle, I. Tsutsui and A. Wipf, Commun. Math. Phys. 143 (1992)
333.

[8] A.B. Zamolodchikov and V.A. Fateev, Nucl. Phys. B280 (1987) 644.

[9] F.J. Narganes-Quijano, Int. J. Mod. Phys. A6 (1991) 2611.

[10] C M . Hull and L. Palacios, Mod. Phys. Lett. A7 (1992) 2619.

[11] I. Bakas and E. Kiritsis, Int. J. Mod. Phys. A7 (Suppl. 1A) (1992) 55.

[12] E. Bergshoeff, H.J. Boonstra and M. de Roo, Phys. Lett. B292 (1992) 307.

[13] R. Blumenhagen, W. Eholzer, A. Honecker, K. Hornfeck and R. Hubel, Int. J. Mod.
Phys. A10 (1995) 2367.

[14] K. Hornfeck, Phys. Lett. B343 (1995) 94.

[15] J. de Boer and T. Tjin, Commun. Math. Phys. 160 (1994) 317.

— ™ -•••• mawm m

IT9700077


