
Introduction

The basic concepts of X-ray diffraction may be more easily understood

if it is made preliminary use of a mathematical background. In these

pages we will first define the delta function and its use for the

representation of a lattice. Then the concepts of Fourier transform and

convolution are given. At the end of this talk one should realize that a

crystal is the convolution of the lattice with a function representing the

content of the unit cell.

The Dirac delta function
In a three-dimensional space the Dirac delta function <5(r-r0) has the
following properties

6 = 0 for r^r0, 6 = 00 for r = r0, I 6 ( r - r o ) d r = l (3.A.I)
Js

where S indicates the integration space. Thus the delta function corresponds
to an infinitely sharp line of unit weight located at r0. It is easily seen that, if
r0 = xoa + yob + zoc, then

d(r- r0) = 6{x - x0) 6(y - y0) d(z - *). (3.A.2)

d(x—x0) may be considered as the limit of different analytical functions.
For example, as the limit for a —> 0 of the Gaussian function

Of particular usefulness will be the relation

<5(JC - JC0) » f exp [2n\x*{x - *<>)] &* (3.A.4)
J — 00

where x* is a real variable. It easily seen that (3.A.4) satisfies the properties
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Fig. 3.A.I. The function Y = (sin 2itgx\l(itx) is
plotted for g= 1,3. Clearly Y{~x) = Y(x).
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(3.A.I): indeed its right-hand side may be written as

lim f $
-*„)] dx* = lim

The function sin[2jzg(x—xo)]/[n(x—xo)] takes the maximum value 2g at
jc=;to (see Fig. 3.A.I), oscillates with period l/g, and has decreasing
subsidiary maxima with increasing x: the value of its integral from — «> to
+0° is unitary for any value of g. Therefore the limit for g—*•<» of
sin [2ng{x — xo)]/[n:(x — x0)] satisfies all the properties of a delta function.
Consequently we can also write:

(3.A.5)
~v~ ~ u / ;™; 7t(x-x0)

In a three-dimensional space (3.A.4) becomes

<5(r-ro) = J exp[2mr*'(r-ro)]dr* (3.A.6)

where 5* indicates the r* space. Two important properties of the delta
function are:

/(r)6(r-ro)-/(ro)5(r-ro).
( ' '

Indeed, for r¥=r0, left- and right-hand members of (3.A.7) are both
vanishing, for r = r0 both are infinite. From (3.A.7)

1/ ( r )6( r - r o )dr=/ ( r o )

is derived. Consequently

<5(r - r2) 6(r - rx) dr = d(r2 - r,).1

(3.A.8)

(3.A.9)

The lattice function L
Delta functions can be used to represent lattice functions. For example, in a
one-dimensional space a lattice with period a may be represented by

L(x)= § *(*-*») (3-A.10)
« = — oo

where xn = na and n is an integer value. L(x) vanishes everywhere except at
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the points na. Analogously a three-dimensional lattice defined by unit
vectors a, b, c may be represented by

L{r)= § 8(r-rUtV.w) (3.A.11)
U,V,W=— oo

where rUiV%w = ua + vb + wc and u, u, W are integer values.
Accordingly, in a three-dimensional space:

(1) a periodic array of points along the z axis with positions zn = nc may be
represented as

Py(r) = 6(x) 6(y) 2 _ «(z - *„); (3.A.12)

(2) a series of lines in the (x, z) plane, parallel to x and separated by c may
be represented by

P2(r) = <5( v) 2 ^(2 ~ ^n); (3.A. 13)
rt = —oo

(3) a series of planes parallel to the (x, y) plane and separated by c is
represented by

ft(r)= 2 <5(z-zn). (3.A.14)

The Fourier transform
The Fourier transform of the function p(r) is given (for practical reasons we
follow the convention of including 2n in the exponent) by

F{r*) = f p(r) exp (2*rir* • r) dr. (3. A. 15)

The vector r* may be considered as a vector in 'Fourier transform space',
while we could conventionally say that r is a vector in 'direct space'.

We show now that

p( r )=[ F(r*) exp (-2jzir* • r) dr*. (3.A.16)

Because of (3. A. 15) the right-hand side of (3. A. 16) becomes

| p(r ' )( /_ exp [2mr* • (r' - r)] dr*) dr',

which, in turn, because of (3.A.6), reduces to

f p(r')5(r'-r)dr'=p(r).
Js

Relations (3.A. 15) and (3.A. 16) may be written as

F(r*) = T[p(r)], (3. A. 17)

p(r) = T-1[F(r*)] (3.A.18)

respectively, we will also say that p is the inverse transform of F. Obviously
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but

F(r*) is a complex function: by denoting

Mr*) = f P(r) cos {2mr* • r) dr (3.A. 19)

B(r*) =\p{r) sin (2mr* • r) dr (3.A.20)
Js

then
F(r*) = A(r*) + iB(r*).

We calculate now the Fourier transform of p(—r). Since

[ p(-r) exp (2mr* • r) dr = f p(r) exp [2;ri(-r* • /•)] dr = ^4(r*) - iB(r*),

it may be concluded that
r)] = F-(r*) (3.A.21)

where F~(r*) is the complex conjugate of F(r*).
If p(r) is symmetric with respect to the origin, say p(r) = p(—r), because

of (3.A.17) and (3.A.21) it will result F(r*) = F~(r*), or, in other words,
F(r*) will be a real function (B(r*) = 0). Vice versa, if F(r*) = F~(r*) then
p(r) is symmetric with respect to the origin.

If p{r) - -p(-r) then F(r*) = -F~(r*), so that F(r*) is pure imaginary
(then A(r*) = 0).

Some examples of Fourier transform
In a one-dimensional space (3.A. 15) becomes

F(x*) = I p(x) exp (2jrur*x) dx. (3.A.22)
J_oo

Let us consider some examples for p(x).

1. Gaussian function:

pW^O^^exp^). (3.A.23)

Since

exp [-l/z«2 + itu] du = y y e x p ( - ^ ) , (3.A.24)

then

T[p(*)] = F(J:*) = exp ( -2JTVA:* 2 ) . (3.A.25)

It should be noted that the larger the 'width' of p(x), the smaller is that of
F(x*) (see Fig. 3.A.2(a))

2. Exponential function: p(x) = exp (—g \x\). Its Fourier transform is the
Cauchy function (see Fig. 3.A.2(b))

5 —



The diffraction of X-rays by crystals | 177

Q(xl F(x*)

©
6(x)

3. Rectangular aperture:

p(x) = c for -g < x <g, otherwise p(x) - 0.

Then

F(x*) = > 1 = = C"
~g nx

Fig. 3.A.2. Examples of Fourier transform.

which is plotted in Fig. 3.A.I.

4. Dirac delta function: p{x) = 6{x). Then (see Fig. 3.A.2(c))

F(x*) = 6(x) exp (2relc*jc) djc = 1.
J—QC

If p(x) = d(x - a) then F(x*) = exp {Iniax*).

5. One-dimensional finite lattice: pp = Tln=-p^(x ~ na), where pp

represents a set of Af = 2p + 1 equally spaced delta functions. Then

(2jrinax*) = 2J cos{2nnax*)

: S \
2 sin (JIOX*) ntt

2 cos (2nnax*) sin (jiax*)

2 sin (jtax ) n = _ p
l)ax*]-sin[ji(2n-l)ax*]
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1
2 sin (ma*) { s i" [*(2p + 1)aX] S in [j

+ sin [jt(2p - l)ax*] - sin [n{2p - 3)ax*]

+

+ sin [n(-2p + l)ax*] - sin [n(-2p - l)ax*]}

sin [(2/7 + l)jrar*] _ sin Nnax*

~ 1)aX*]

sin

The function

f(y)-
sin Afary
sin ay

(3.A.26)

(3.A.27)

is plotted in Fig. 3.A.3 for N = 6, 7. When y = h (h is an integer value)
numerator and denominator of the right-hand member of (3.A.27) both
vanish. Then the value of f{y) (as determined from its limit for y-*h) is
equal to N it N is odd; if N is even, then f(y) is equal to N if h is even, to
—N if h is odd. Between each pair of main maxima there are N — 2
subsidiary peaks. Each main peak has width equal to 2/JV (1/Af is that of the
subsidiary peaks), therefore it becomes sharper as N increases. Furthermore
the ratio between the amplitude of a main peak with respect that of a
subsidiary one increases with N.

What we noted for f(y) may be easily applied to (3.A.26), whose
principal maxima are at x* = hi a.

6. One-dimensional infinite lattice:

d(x-na).

According to 5 above the Fourier transform of p will be

sin Nnax*
F(x*) = hm —

The function F(x*) will present infinitely sharp lines at x* =h/a of weight
I/a. Indeed

f+esinNjiax* , t 1 f+esin
—: — dx* = - h m

J-e sm nax* aN-*«,}-£ sx

sinNjiy

sxnny
Whichever the value of e', when N—>°o the value of the integral is unity.

Fig. 3.A.3. The function f{y) - sin Nnyfsin re/for
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Consequently we could write

F(*) 2_ — ) = - 2 S(ax*-h) (3.A.28)
a /,=_<x> V a / a/,=-=

or, in words, the Fourier transform of a one-dimensional lattice with period
a is a one-dimensional lattice with period I/a represented by delta functions
with weight I/a.

7. Three-dimensional finite lattice:

P\ Pi py

P(r)= 2 2 2 6(r-ru,ViH,).

Its Fourier transform is

exp(2;rir* •#•„,„,„,)
t

= 2 exP (2jri«r* • a) • 2 exP (2^iur* • b) • 2 exP (2^iwr* • c)

sin NYna • r* sin N2xb • r* sin A ĴTC • r*

W=— p\ V — —P2 H>=-p.-i

sin ^a • r* sin ;ri> • r* sin JZC • r*
(3.A.29)

where ^ = (2^,4-1), Â  = (2p2+1)» ^3 = (2p3 + l). In accordance with
point 5, each of the terms in the right-hand side of (3.A.29) is maximum
when r* satisfies

a-r* = h, b-r* = k, c •r* = /

with integer values of h, k, I. It is easily seen that the solution of the above
three equations is given by

where

„ b AC CA<I a A b

** = — > <>* = — < *' = —

and V = a-bAc. The vectors a*, b*, c* are nothing else but the basic
vectors of the reciprocal lattice defined in §2.3. When Nlr N2, N3 are
sufficiently large then F(r*) has appreciable values only in the reciprocal
lattice points defined by the triple of integers H = (h, k, I).

8. Three-dimensional infinite lattice:

P(r)= 2 2 2 P(r - rUiViH).
u = ~2o )v=—3

Its Fourier transform is the limit of (3.A.29) for Nu N2, N3 tending to
infinity.

_. „. ,. sin N,na • r* sin N-,jtb • r* sin
F(r*) = hm "N,,N2. Nr~*= sin Jta • r

According to points 6 and 7 F(r*) represents a three-dimensional lattice by
an array of delta functions the weight of which may be calculated by

— 8 —



180 I Carmelo Giacovazzo

integrating F(r*) on a domain dV* about a specific lattice point H. Since

dV* = dha* • dkb* A die* = V* dh dk d/

because of the point 6

>•) dV* = V* limf
J

El sm N,nh

-ei sin

x dh f 2 —
J-*, si£2 sinjr/c J_E3 sinxl V

arises. In conclusion, the Fourier transform of a lattice in direct space
(represented by the function L(r)) is the function L(r*)/V:

=4 f
X 6(6 • r* - k) d(c • r* - /)

A,fc,/=-oo
(3.A.30)

which represents a lattice again (called the reciprocal lattice) in the Fourier
transform space.

9. Fourier transform of a one-dimensional periodic array of points along
the z axis, as defined by (3.A. 12). Then

(3.A.31)

10. Fourier transform of a lattice plane lying on the plane z — 0 and with
translation constants a and b. Then

and
p(r) = 6(x - na) 6{y - nb) <5(z)

al o A=-OC
O.A.32)

fig. 3.A.4. Polar and Cartesian coordinates.

Fourier transform of spherically symmmetric functions
If p(r) is spherically symmetric we can represent r and r* in spherical polar
coordinates (r, 6, cp) and (r*, 6*, <p*) defined by (see Fig. 3.A.4)

x = r sin <p cos 0 _y = r sin q> sin 0 z = r cos cp

with r > 0 , 0<<p=£;r, 0^f5<2JZ. Analogous transformations could be
written for r*. Without loss of generality we can choose z along the r*
direction: then r • r* — rr* cos (p. Furthermore, for each point with coordin-
ates (r, 6, <p) another point will exist, equivalent to the first, with
coordinates (r, x + 0, n — cp). The contribution of both the points to the
integral (3.A. 15) will be exp (2mrr* cos <p) + exp [2nirr* cos(n — q>)] =
2 cos (2nrr* cos qp). Thus (3.A. 15) reduces to

F(r*)=\ p(r) cos (2xrr* cos <p)r2sin (p dr dq> dd
Jo Jo Jo
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where r2 sin q> is the Jacobian of the transformation (from Cartesian to polar
coordinates) Integration over q> and 6 gives

(3.A.33)

where U{r) = 4nr2p(r) is the radial distribution function. Thus F(r*) is also
spherically symmetric and its value at r* = 0 is given by

F(0) = I U(r) dr.
Jo

As an example, let p(r) be a spherically symmetric function equal to 1 for
r^R and vanishing elsewhere. Its Fourier transform

-, sin 2nrr*

2nrr*

2 fR

= —I r sin 2nrr* dr = %jiR3q>{y)
r h

where <p(v) = 3(sin>' - .y c o s y ) / / and >> = 2jrr*fl. The function <p(><) is
plotted in Fig. 3.A.5. The main maximum occurs at y = 0. Intensities of the
subsidiary maxima decrease when y increases. The distance between Fl9.3.A.5. The func t i on ,,,>,, = 3 ( s i n y_
consecutive maxima is inversely related to R. y cos y)/y3 is plotted as a function of y = 2nr*R.

Convolutions
The convolution (or folding) of two functions p{r) and g(r) (it will be
denoted by p(r)*g(r)) is denned by the integral

C(«) = p(r) *g(r)=( p{r)g(u - r) dr (3. A.34)
h

where 5 is the r space. Note that in (3.A.34) the integrand is a function of
both a and r while the integral is only a function of u. The relation between
p(r) and g(r) is symmetrical in forming their convolution. That may be
proved first by replacing in (3. A.34) r by R = u - r and after R by r: then

Convoluting two functions very often has the effect of 'broadening' the
one by the other. As an example, the convolution of two Gaussian functions
N(olr a,) and N(o2, a2) is the Gaussian function N((o\ + of)1'2, ax + a2).

The convolution operation appears in many scientific areas, and is
involved in the interpretation of most experimental measurements. For
example, when the intensity of a spectral line is measured by scanning it
with a detector having a finite slit as input aperture, or when a beam of light
passes through a ground-glass screen and is broadened out into a diffuse
beam. Suppose in the second example that p{8) is the angular distribution
of the incident beam and g{6) is the angular distribution which could be
obtained if the incident beam was perfectly collimated. For any given p(6)
the angular distribution of the transmitted beam is given by:

c(d)=\" P{d')g{e-e')del = p{9)*g{d).
J-71/2
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That may be explained by observing that the component of the
transmitted beam emerging at angle 6 due to the light component incident
at angle 6' (and therefore deviated through the angle 0-6') has intensity
p(9')g(6 - &'). If interference effects are absent the total intensity in the
direction 6 is the integral of p(8')g(6 - 6') over all values of 6'.

A very important theorem for crystallographers is the following:

T[p(r) *g(r)} = T[p(r)] • T[g(r)]. (3.A.35)

The left-hand side of (3.A.35) may be written

f f p(r)g(u-r)exp[2jri(u-r*)]drdti (3.A.36)
JS" JS

where r and u vary in S and 5" respectively. Denoting u = r + r' gives

T[p(r) *g(r)] = f f p(r)g(r') exp [2m{r + r') • r*] dr dr'.
Js' Js

= f p{r) exp [2;ri(r • r*)] dr \ g(r') exp [2m(r' • r)] dr'
Js Js'

= T[p(r)].T[g(r)].

In an analogous way the reader will prove that

T[p(r) • g(r)] = T[p(r)] * T[g(r)]. (3.A.37)

If g(r) = p(—r) (3.A.34) will represent the autoconvolution of p(r) with
itself inverted with respect to the origin: in crystallography it has a special
significance, the 'Patterson function', and will be denoted by P(u). It is

P(«) = p(r) * p(-r) = f p(r)p(u + r) dr (3. A.38)
Js

the transform of which, according to (3.A.35), is given by

] = \A{r*) + W(r*)][A(r*) - iB(r*)} = \F(r*)\2. (3.A.39)

It is now easily seen that the Fourier transform of an autoconvolution is
always a real function: therefore, in accordance with the conclusions of
p. 176, P{u) will always be centrosymmetric even if p(r) is not.

Convolutions involving delta functions
Because of (3.A.8) and (3.A.34)

d(r-ro)*p(r) = p (u - r o ) .

If r and u are assumed to belong to the same space, choosing the same
coordinate system transforms the above relation onto

6(r-ro)*p(r) = p(r-ro). (3.A.40)

We see that the convolution of p(r) with <5(r — r0) is equivalent to a shift
of the origin by r0 (see Fig. 3.A.6(a)).

Suppose now that f(x) is a function defined between 0 and a. Because of
(3. A. 10)

L(*)*/(*)= 2 6(x~na)*f(x)= f f(x -na) = p(x)

— 11 —
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({* 9(x)

© P P P P
P P P P

P P P P
Fig. 3.A.6. Convolutions of the function fwith:
(a) the Dirac d(x - a) delta function; (b) a one-
dimensional lattice. In (c) the convolution of the
function f(x, y) with a two-dimensional lattice is
shown.

where p(x) is a periodic function defined between — °° and +°°, equal to
f(x) for 0 =s x =s a and with period a. Indeed each term in the summation
corresponds to a function equal to f(x) but shifted by na (see Fig.
3.A.6(b)). It may be concluded that each function p(x), periodic with
period a, may be considered as the convolution of the function f(x) = p(x)
defined between 0 and a, with an array of delta functions located at the
lattice point positions.

This result may be generalized to a three-dimensional space. Indeed

L(r)*/(r)= <5(r-rw)*/(r)= £ / ( r - rB.OiW) = p{r)

(3.A.41)

where:/(r) is a function defined for 0 m x *$ a, 0=sy =s6, 0 « z « c ; p(r) is a
function defined for J:, _y, z between — <» and +», periodic with periods a, 6,
c, and equal to/ ( r ) when O^x^a, O^y^b, O ^ z ^ c .

In conclusion, a three-dimensional periodic function p(r) may be con-
sidered as the convolution of a function defined in an elementary cell with a
three-dimensional lattice, this last represented by the lattice function L.

Some properties of convolutions
Let p(x) and g(x) be two one-dimensional distributions defined in the
interval (—*>, +oo) and C(u) their convolution. Consider the characteristic
equation of C(u):

r+3C r + " / r+x \
C(u) exp (itu) du = I I p(j:)^(« - x) exp (itu) dx ) d«.
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Table 3.A.1. Properties of distributions under the
convolution operation

Ac = AA
mC = mp + mg
fi2lC) = fi2(p) + n2lg)

(C) = ft3(p) + n3(g)

Y^) ( r , p ) ( p n ( g ( 9 ) ) / ( ( p ) o2(< ?))3 '2

YiiC) = (yz(p)aA(p) + y2(g)a"(g))l(ai(p) + ^ 2

Changing the variable u into q — u~x gives

C(M) exp (ifw) d« = p(x) exp (to) dx I g(^) exp

(3.A.42)

which implies that the characteristic function of a distribution obtained by
convolution is equal to the product of the characteristic functions of the
constituent distributions. From (3.A.42) several properties of great import
follow.

Setting t = 0 in (3.A.42) gives

Ac=\ C(«)dM=f p(jc)dx[ g(q)dq=ApAg

where A represents the area under the distribution.
Taking the derivative of (3.A.42) with respect to t and setting t = 0 yields

J- + X /- + » (• + *!

C(u)u du = p(x)x dx + g(q)q dq
— OC J — 3C J — OC

or
m c = mp + mg.

Thus, the mean of the convolution is equal to the sum of the means of the
constituent distributions.

By extending the procedure Table 3.A.I may be obtained. The following
notation has been used:

= — J C(u)(u - mcy du

are the central moments of order p for the convolution distribution (similar
expression can be derived for the constituent distributions). Accordingly
)U() = 1 , fix = 0, fi2 coincides with the variance a2, while yx = fijo3 and
72 = [(1*4/o*) ~ 3] are the skewness and the excess parameters for any
distribution.

Deconvolution of spectra
Often it occurs that an experimentally measured function C may be
considered as the convolution of the functions p and g. If p is known in
advance then it may be of some interest to obtain g. That frequently occurs
in spectroscopy or in powder diffraction, where a spectrum is often
constituted by overlapping peaks and it is wanted to deconvolute from such
a spectrum a given lineshape function. Effects of such self-deconvolution
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are:114"16' the component lines are more clearly distinguished, their location,
area, etc. are more correctly defined, the signal to noise ratio is increased.

Let us consider C as the convolution of the lineshape function p and of
the ideal spectrum g. Then p may be deconvoluted117' from C by taking the
Fourier transform of C,

and by calculating

T[C)=T[p)-T[g],

= T[C}/T[p]. (3.A.43)

g is finally obtained as inverse Fourier transform of the right-hand side of
(3.A.43):

g=g' = T-l{T[C]/T[p]}. (3.A.44)

An example of what can be achieved is shown in Fig. 3.A.7. In (a) a
diffractogram of quartz measured between 67° and 69° is shown, in (b) a
possible Fourier self-deconvoluted spectrum is drawn. The widths of
deconvoluted lines are narrower, peak centroids shift as a result of changes
in degree of overlap: since integrated intensities of peaks are retained (see
p. 184) more careful estimates of integrated intensities of single peaks may
now be accomplished.

The practical use of (3.A.44) is not always straightforward.'18191 The
limited instrumental resolution and the random errors associated with
experimental data are a difficult problem. In particular, random errors are
usually amplified by the process so that the right-hand side of (3.A.44)
could coincide with a function g' substantially different from g. Filtering
operations or supplementary considerations are then introduced to reduce
spurious features.

IB

Fig. 3.A.7.
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