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Abstract

High temperature plant such that to be used in the Fast Reactor operates under
conditions which produce creep and plasticity in the presently available materials (eg.
Austenitic Stainless steel). For estimation of creep and fatigue endurance in such plant
recently established techniques such as the shakedown method developed in the UK primarily
as a design tool to prevent the onset of ratcheting allows the prediction of the steady cyclic
state to be made and provides less conservative assessments than current elastic assessment
routes available in design codes. The method uses essentially elastic analyses of a load cycle
and requires the estimation of a constant residual stress field which is used to obtain a
reference stress for creep damage estimates and local estimates of fatigue damage. The
method also offers significant advantages over time stepping inelastic analysis methods.

The present status of the shakedown method is reviewed, the application of the
shakedown based principles to complex hardening and creep behaviour is described and
justified and the prediction of damage against design criteria outlined. Comparisons are made
with full inelastic analysis solutions where these are available and against damage assessments
using elastic and inelastic design code methods. Current and future developments of the
method are described including a summary of the advances made in the development of the
post process ADAPT, which has enabled the method to be applied to complex geometry
features and loading cases.

The paper includes a review of applications of the method to typical Fast Reactor
structural example cases within the primary and secondary circuits. For the primary circuit
this includes structures such as the large diameter internal shells which are surrounded by hot
sodium and subject to slow and rapid thermal transient loadings. One specific case is the
damage assessment associated with thermal stratifications within sodium and the effects of
moving sodium surfaces arising from reactor trip conditions. Other structures covered are
geometric features within components such as the Above Core structure and Intermediate Heat
Exchanger. For the secondary circuit the method has been applied to alternative and more
complex forms of geometry namely thick section tubeplates of the Steam Generator and a
typical secondary circuit piping run. Both of these applications are in an early stage of
development but are expected to show significant advantages with respect to creep and fatigue
damage estimation compared with existing code methods.

The principle application of the method to design has so far been focused on Austenitic
Stainless steel components however current work shows some significant benefits may be
possible from the application of the method to structures made from Ferritic steels such as
Modified 9Cr IMo. This aspect is briefly discussed as a potential application and future
development of the method.
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1. INTRODUCTION

Design assessment procedures based on the principles of shakedown are important
where cyclic thermal stresses are imposed such as in the Fast Reactor. Shakedown is defined
as the process whereby a structure reaches dimensional stability within the first few cycles
of loading and if the loading is increased progressively above shakedown and the dimensions
of the structure do not stabilise but change incrementally in each cycle this gives the condition
known as ratcheting. The practical application of shakedown procedures to design problems
has become possible with the development of shakedown computer algorithms and a method
of assessing shakedown in high temperature plant based on the lower bound theorem(1'2>3) has
been developed within the UK nuclear industry and is used for the design of the European
Fast Reactor (EFR). The shakedown design method was developed for Fast Reactor
components operating in the creep range at large cyclic thermal stresses and moderate levels
of primary stress(4) and uses elastically calculated solutions to indicate whether progressive
deformation or ratcheting will occur under specified cyclic loading. The method provides an
estimate of a reference stress during periods of steady operation at creep temperatures for
assessment of creep damage with fatigue damage covered by use of simplified methods.

Structural materials and weldments often possess limited ductility and for strongly
strain-hardening materials, such as austenitic stainless steels, the strain accumulation rate does
not become constant but eventually reduces to zero after a certain amount of accumulated
deformation. For such materials the ratcheting limit can be replaced by an appropriate strain-
accumulation limit.

However, even within shakedown part or all of a structure may undergo cyclic
plasticity in which there are increments of plastic strain, summing to zero, at different stages
of the loading cycle. Such a state is often known as 'plastic shakedown'. It includes the
possibility of low-cycle fatigue damage and, in creep conditions, of a strong influence of
plasticity upon the stress-levels at which creep damage occurs. At lower levels of loading a
state may develop in which, after a moderate number of cycles, all plastic straining ceases and
the behaviour is entirely elastic apart perhaps from creep. This is known as 'elastic
shakedown' or 'strict shakedown'. It eliminates low-cycle fatigue and simplifies the conditions
governing creep damage. Shakedown in any of these senses may be regarded as defining a
type of steady cyclic state at each point of a structure. If such states can be predicted, there
is an evident basis for sound design and prediction of fatigue and creep/fatigue damage.

The basis of the shakedown method is the mathematical lower bound shakedown
theorem applied to structures made from an elastic perfectly plastic material. Although the
inelastic step-by-step analysis is nominally capable of predicting the shakedown process,
shakedown analysis as outlined in this paper provides a short cut to the inelastic analysis route
by going immediately to the prediction of the steady cyclic state.

The explicit use of shakedown methods for the design of high temperature structures
is relatively new, though similar concepts are implicit in several design codes, and further
development is expected. Improvements have been evaluated to cover a better estimation in
regions of alternating plasticity and also under development are less conservative creep and
fatigue damage prediction using techniques based on strain quantities rather than stress values.

The purpose of this paper is to provide an outline of the shakedown design rules,
including the analysis using ADAPT and to indicate the additional benefits of the method in
providing, in many cases, more realistic prediction of creep/fatigue damage than many current
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elastic code design routes. Comparisons are made with design code methods and inelastic
analysis and example applications on typical high temperature structures are given to
demonstrate the usefulness of shakedown as a design tool.

2. SHAKEDOWN - THE BASIC IDEA

To describe the basic idea of shakedown, the more restrictive definition, in terms
of elastic shakedown, is considered. Shakedown is defined as the condition whereby, within
a small number of load applications the stress and strain response at all points in the structure
becomes elastic at all times (in the absence of creep). The assumptions are then made that:

(i) The material is elastic perfectly plastic with temperature dependent properties

(ii) The loading consists of a combination of time varying mechanical loads and
independently time varying temperature distributions, in a sequence which repeats
at regular intervals (one complete sequence constitutes a single load cycle)

(iii) The finite element modelling of the structural geometry allows a detailed distribution
of stresses to be defined, but may include plates, beams, shells, etc, as well as
continuum elements.

Fig.. 1 shows the shakedown process is illustrated for the case of a rectangular beam
(regarded as containing uniaxial stress) subjected to a repeated primary end load. The bending
stress distribution on a section of the beam is illustrated. The elastically calculated stress in
the extreme fibre, aE, exceeds the material yield stress ay. Plastic strain occurs which
increases the beam curvature, with a resultant redistribution of stress as shown. On removal
of the beam end load a residual stress field p, appears obtained by subtracting <rE from the
redistributed stress field produced by yielding. Two points are evident:

(i) The beam has achieved shakedown, since response to re-application of load will be
elastic

(ii) The residual stress field is in a state of self-equilibration.

w
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View stress

Residual stress

Fig. 1. Shakedown - basic idea
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The shakedown process is further illustrated in Fig.. 2 for a general case in
two-dimensional stress space where the elastic stress vectors due to mechanical and thermal
loads at a point in a structure are brought within the yield locus by the presence of a vector
representing residual stress. (A Tresca yield surface is shown, although the Von Mises
formulation is used in the shakedown procedure).

2.1 Types of Shakedown

Using the elastic perfectly plastic material model, it is helpful to distinguish the
different forms of shakedown or non-shakedown that may be achieved. These are described
below using the terminology applicable to the shakedown method.

(i) Strict or elastic shakedown

Wholly elastic strain changes at all points,

(ii) Overall shakedown

Wholly elastic strain changes over most of the structure volume, including a core
region consisting of at least 80 per cent of every section, with local small regions
undergoing alternating plastic strain
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(iii) General plastic shakedown.

Unlimited regions of the structure undergo alternating plastic strain,

(iv) Ratcheting

Widespread regions of plastic strain changes involving at least one entire structural
section and leading to cyclic increments of strain.

2.2 Effect of Material

The shakedown method is applied to structures made of materials which differ from
the elastic-perfectly plastic model in having a more gradual yield, especially in cyclic
conditions, and in having some cyclic hardening. The actual behaviour, at a point in the
structure undergoing the shakedown process, is then as indicated in Fig.. 3. For such
materials it is wasteful to seek a completely elastic shakedown since somewhat higher loadings
would only induce very moderate plastic strain-ranges. Also, as noted in the introduction, the
phenomenon of steady ratcheting - even if it can occur at very high loadings - is normally
replaced by ultimately stabilised strain accumulations. In general, it is possible to increase the
loading level, resulting in further accumulated strain and attendant hardening until renewed
stabilisation.

Fig. 3. Shakedown with strain hardening

For such materials it is better to adopt an effective yield stress, much as the 0.2%
proof stress is commonly adopted for consideration of monotonic loading problems. The value
chosen should correspond to real stress levels within which there is an acceptable amount of
accumulated plastic strain according to a design code and suitably small plastic strain-ranges.
Reasonable engineering conclusions may then be expected from an elastic-perfectly plastic
model based on such a yield stress.
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2.3 Effect of Creep

If the loading cycle contains one or more periods of steady or slowly varying load
during which time dependant material effects occur, the resultant creep strain will modify the
short term shakedown state. Creep can cause relaxation and redistribution of stress during the
hold time, in a manner analogous to plasticity. This analogy is employed to determine the
steady cycle state following long exposure to creep.

3. IMPLEMENTATION OF THE SHAKEDOWN DESIGN METHOD

The three main features of the shakedown design procedure are the use of an elastic-
perfectly plastic model, the lower bound shakedown theorem and shakedown analysis using
the ADAPT computer program. These are described in the following paragraphs.

3.1 Choice of the Elastic-Perfectly Plastic Model

The elastic-perfectly plastic model is selected because it is believed to produce
conservative predictions of ratcheting potential. This is in contrast to, for example, the
kinematic hardening rule which is incapable of describing a ratcheting mechanism. A further
reason for the choice is the simplicity of the constitutive law that enables the analysis to be
performed using essentially elastic methods and with a minimal set of material parameters.

3.2 The Lower Bound Shakedown Theorem

The lower bound shakedown theorem is employed for the shakedown analysis. It
recognises that shakedown takes place as a result of the presence of a favourable residual
stress field.

A residual stress field has the following characteristics:

(i) It is a stress that can remain in the structure if all mechanical and thermal loads are
reduced to zero and any kinematic constraints are returned to their initial conditions.

(ii) It is in equilibrium throughout the structure

(iii) It is constant with time for shakedown (time-varying residual stress fields can be
defined for non-shakedown).

Shakedown can then be understood for cyclic loading as a state where the applied
elastically calculated stresses superimposed on residual stresses do not violate the yield
condition.

[crE(x,t) + p (x)] < ay(0(x,t)) (1)

The square brackets represent the Von Mises equivalent stress.

From this shakedown criterion, it is clear that for there to be any possibility of
achieving shakedown, the stress trajectory representing the elastic stress history crE(x,t) at each
position must be of such a size as to fit within the yield surface when moved bodily relative
to the origin of stress space. This can be seen by reference to Fig. 2b.
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The remaining question to be decided is the permissible choice of the residual stress
field to be used in testing for satisfaction of the shakedown criterion. The lower bound
shakedown theorem, states that if and residual stress field (with the characteristics given
above) can be found which satisfied the shakedown criterion then the structure will
shakedown.

Such a residual stress field is not in general unique. Many different residual fields
can usually be found to satisfy the shakedown criterion, each corresponding to some different
initial state of the structure. This is of no detriment to the method. The question becomes
more important however for creep conditions which, in fact, induce a unique residual field,
independent of the initial state. The effect of cyclic creep within elastic shakedown is to
reduce the equivalent stress, at peak positions during a hold period as far as possible until
either a steady-state stress distribution is attained or loss of shakedown would occur at some
stage in the cycle. This allows an optimisation to be used for estimation of a particular
residual stress which in fact minimises creep damage.

The method is limited to cases with loadings within the overall shakedown criteria
and though this often covers satisfactory design for long term purposes, there are situations
where other methods such as full inelastic analysis are needed to deal with loadings beyond
overall shakedown. Likewise, though usually to a lesser extent than in other simplified
assessment procedures found in design codes, the built-in conservatisms may sometimes prove
too much and inelastic analysis can usefully reduce the damage estimates for problems within
shakedown, though developments for improved treatment of creep, are intended to reduce the
need. In general however, shakedown analysis is capable of giving an effective assessment
of a large proportion of problems for structures subjected to repeated, and especially thermal,
loadings over long design lives.

A structure is said to be at the shakedown limit when any small increase in load
results in failure to satisfy the shakedown criterion at some critical location and at some load
step. When this condition is reached, no change in the residual stress field is possible without
causing a violation of the yield criterion. The residual stress field at the shakedown limit
is therefore unique, at least at the critical location.

3.3 The ADAPT Program

The preceding section explains that the demonstration of shakedown requires the
generation of a suitable residual stress field, followed by a check that the shakedown criterion
is satisfied. The computer program ADAPT is designed to perform these functions, and to
proceed on an interactive basis until either shakedown is demonstrated or there is a failure of
the solution to converge indicating that shakedown is not possible under the specified loading.

3.3.1 Input to the computer program ADAPT

ADAPT receives as input, the elastic stress history calculated by a finite element
program with which it interfaces, and employs the finite element program again as a
subroutine to produce equilibrated residual stress fields.

When performing a calculation the finite element idealisation of the structure should
be designed to be suitable for elastic plastic analysis, although only elastic analysis is
performed. This is because the search procedure produces residual stress fields having
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distributions similar to those generated by time stepping inelastic analysis, the detail of which
might be lost if the mesh were only designed for typical elastic stress distributions.

A commercially available package such as ABAQUS is employed to calculate the
elastic stresses at each integration point for a number of load steps, using the finite element
idealisation described above. The load steps are selected using the principle that stresses at
times between load steps could be estimated with reasonable accuracy using linear
interpolation. By this means, if necessary by trial calculations, it is ensured that a sufficient
number of load steps are selected to represent all extreme points in the elastic stress history.
The elastic stress history represents the sum of elastic stresses due to all simultaneous
mechanical, thermal and kinematic loadings.

The input to ADAPT is completed by the specification of temperature dependant
yield stress.

3.3.2 Procedure of ADAPT

The procedure used by ADAPT is described in the following steps

(i) Step 1

For each integration point ADAPT examines the elastic stress history and selects a
trial value of residual stress pL(x) which satisfies the shakedown criterion at that
point but need not necessarily form part of a self-equilibrated stress field.

(ii) Step 2

ADAPT enters the ph(x) values into ABAQUS as initial stress values. ABAQUS
then solves for the nearest self-equilibrating stress field fls(x) for null load
conditions.

(iii) Step 3

ADAPT checks whether £s(x) satisfies the shakedown criterion at each point and
each load step. If satisfied, a solution to the problem has been demonstrated
confirming that shakedown will occur, and the process ends.

(iv) Step 4

If the criterion is not satisfied, ADAPT selects a new trial value of £L(x) based on
the previous value and £S(x) and steps 2 and 3 are repeated.

3.3.3 Results of ADAPT analysis

The result of the analysis is in one of the three classes A, B or C as follows

(i) Strict shakedown

The analysis converges to a solution for the residual stress field with satisfaction of
the shakedown criterion at all times and all load steps. For convenience the state of
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shakedown is expressed in terms of a Normalised Shakedown Ratio (NSR) at each
integration point:

NSR = [aE(x,t) + p(x)] (2)

<ry(0(x,t))

If NSR < 1 at all points and all times, strict shakedown has been demonstrated,

(ii) Overall shakedown
ADAPT will also converge to a solution over the bulk of the structural volume,
when small local volumes have values of NSC in excess of unity:

Shakedown (NSR < 1) is shown over the bulk of the structure.

For conservatism, 80 per cent of any structural section is required to have NSR < 1.

Regions where NSR > 1 are interpreted as zones of alternating plasticity,

(iii) Potential Ratcheting

ADAPT may converge to a solution in some cases but show NSR > 1 across much
or all of an entire structural section. Under these conditions, ratcheting cannot be
excluded as a possibility and the design is therefore rejected.

In more severely loaded cases, ADAPT may fail to converge, indicating that the
loading is well beyond shakedown, and the design must be rejected.

In an extreme case where no initial value of £L(x) can be selected over large
volumes of the structure, showing that shakedown is not possible the calculation is
stopped. This is the case where at too many positions the translated elastic stress
trajectory is too extensive to fit inside the yield surface.

4. ASSESSMENT OF DAMAGE USING THE SHAKEDOWN METHOD

4.1 Selection of the Effective Yield Stress

It is important to appreciate that in a structure in a cyclically steady state of stress,
the material may undergo stress controlled, rather than strain controlled loading. This is due
to the possibly significant presence of primary loads or elastic follow up, and one or both of
these effects might operate in virtually any type of structure. It follows that the results used
to select an effective yield stress to be used in shakedown analysis should include cyclic load
controlled tests, and not only strain cycling tests (which cannot show strain accumulation
effects).

A particular reason for using stress controlled testing is that it is able to reveal
instability of the response of the steel to axisymmetric repeated loading, which would not be
detected in strain cycling tests. This instability is a particular form of material ratcheting often
associated with time-dependence in material behaviour. It may occur not only at high
temperatures but also, as in type in 316 stainless steel below about 250°C, when 'cold creep'
effects are seen.
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The scheme for performing the material deformation tests is one where a repeated
tension of fixed amplitude is applied to a specimen at constant temperature (Fig. 4). The
strain response of the test specimen is one of two types, namely:

(i)

(ii)

Stable, or

Unstable

The response is termed stable if the total strain is asymptotic within a designated
number of cycles to a value below a suitable strain limit. The number chosen was 500 for
EFR applications of type 316 stainless steel but the strain usually stabilised in many fewer
cycles. Unstable response corresponded to the case where the total strain was still increasing
at the end of 500 cycles.

For this application of the shakedown method, the choice was made of a maximum
strain accumulation of two per cent. The effective yield stress is therefore limited by the
results of the deformation tests corresponding to between one and two per cent total
accumulated strain at each temperature.

At temperatures below 250 "C there was some instability and to ensure a stable
response beyond 500 cycles it was necessary to adopt a lower accumulated strain limit. In
fact, the stress at the onset of instability was chosen as the effective yield stress under these
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conditions. The results of the tests were normalised by the 0.2 per cent proof stress of the test
material at the test temperature (Sy), and represented as K^

Kj Sy = min (stress at instability,
stress for one to two per cent strain)

From test results obtained with dwell periods at 500 *C and above it appeared
possible that the strain hardening due to plastic deformation might be retained at higher
temperatures over long service periods.

The selected value of Kt is shown versus temperature in Fig. 5 for Type 316
austenitic stainless steel. Initially a conservative assumption was used for Kx (reducing to 1.0
at temperatures above 500°C), however, more recent evidence has suggested that Kj could
be maintained at the value of 1.35 up to 580° C. The chosen yield stress of KjSy was also
found to correspond to adequately small strain ranges after cyclic hardening.

4.2 Effect of Creep on Shakedown

The use of an analogy between creep and plasticity was proposed as a basis for
introducing the effects of creep into the shakedown analysis. A requirement was however that
the loading should be within the short term strict or overall shakedown limit.

Many different types of loadings and structural geometries occur in practice, leading
to a wide variety of stress-strain responses in the steady cyclic state. Two extreme cases can
be identified, namely a structure in which primary stresses dominate and at the other extreme
a case where the loading is essentially kinematic. Most high temperature structures are subject
to cyclic loading between these extremes. The possible types of behaviour at a particular point
of a structure are illustrated in Fig. 6 and 7 where it is assumed that the creep dwell takes
place at the maximum stress in the stress cycle. In Fig. 6 behaviour is elastic perfectly plastic
and emphasis is upon low stress changes with time during the dwell period.
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4.3 Code Assessment

The major steps in the code assessment of a structure and loading using the
shakedown method are as below.

(i) Check primary stress limits

The primary stress limits for negligible and significant creep conditions must be
satisfied before proceeding to steps (ii), (iii) and (iv). These limits are not discussed
here and are given in conventional design codes such as ASME and RCC-MR.

(ii) Demonstrate conformity with the shakedown limit for either strict or overall
shakedown

The conditions of steps (i) and (ii) must be satisfied before proceeding to steps (iii)
and (iv).

(iii) Calculate creep and fatigue damage

(iv) Calculate accumulated strain

4.3.1 Calculation of Creep Fatigue Damage and Strain Accumulation

(i) Strict shakedown

For a structure and loading which have been shown to be within the short term
shakedown limit, the procedure for calculation of the creep damage is outlined in the
following steps.

1. Determine the reference stress <r0 and reference temperature 60.

The total stress intensity at all points and times is given by:

a,&,t) = [ o ^ t ) + p(x)] (3)

with corresponding temperature:

Taking the time point at the start of a dwell period (t') locate the point (x') for
which the total stress intensity crs(x't') in combination with the temperature 6(x\V)
produces the shortest time to rupture read from minimum stress to rupture curves.

The reference stress and temperature for the dwell are then:

a0 = as(x',t') (4)

60 = 6(x\V) (5)
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2. Calculate the reference stress correction factor, K2:

K2 = 1 + 0.13 (X-l) (6)

X = ieEUx (7)

In this expression (o2),,^ is the maximum value on the section containing x' of the
equivalent stress corresponding to o^(x,t'). K2 is not taken less than 1.0.

3. Calculate creep damage, W:

W = 1« (8)

Here t ^ denotes total duration of steady operation where Tr is the minimum time
to rupture at temperature 8o and constant stress level equal to K2 aJQ.9

4. Optimise residual stress field

The above calculation of creep damage is performed using the results of a
shakedown analysis which showed the loading to be within the strict shakedown
limit. The residual stress field may not therefore be unique. The possibility exists
therefore that the residual stress field can be optimised to reduce the reference stress
level and so reduce the calculated creep damage. The procedure to be used is the
following:

If the loading is below the short-term strict shakedown limit, perform ADAPT
analyses with decreasing trial values of fictitious hot yield stress until the limit is
reached. Determine the corresponding reference stress and repeat the damage
evaluation.

5. Calculate fatigue damage.

Obtain the elastic stress intensity range A<rel at the point with the highest value of
shakedown criterion and when the creep deformation is not negligible.

The total strain range for fatigue damage assessment is obtained by calculation of
the elastic plus plastic strain range taking into account the effect of stress relaxation
during the dwells. The total strain range is calculated from Aac, r which is the sum
of the elastic stress range A<rel and Affrd the stress relaxation drop.

(a) Calculation of A<rrd

Determine Aard as the stress relaxation drop over the period from starting stress
aa where aa = os (x,t) the stress intensity at the time point at the beginning of
the dwell.

A f frd (9)
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(b) Calculation of Aetot

Determine the total strain range Aetot

A6tot = ACTcI + A6p, + AfvoI (10)

A€el = 2 (1 + V) . Aafl r (11)

3E

Aevol = (K,-l) Aecl (12)

K, accounts for the changes in Poissons ratio in plasticity. Kv is taken from
material property data given in design codes such as RCC-MR for the
temperature #„„„ and stress range A<TC1.

Aepl represents an enhancement to the elastic strain due to the occurrence of
plasticity and measured by the intersection of the material cyclic curve and the
hyperbola, ACT Ae = constant passing through the point (ACP1, A(Tpl) Fig. 8, the
Neuber Law.

(c) Calculation of fatigue damage V

From the fatigue design curves for the material determine the allowable number
of cycles M,. at the strain range Aetot.

V = n, (13)
Mr

where nr is the number of design cycles of type r.
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6. Calculate Creep-Fatigue Damage

Check for a given point whether the values of W ad V are inside the allowable area
a the creep/fatigue interaction diagram. If the point lies outside the diagram the
creep/fatigue damage is acceptable.

Repeat steps (a) to (d) for all points where creep and fatigue damage may be
considered significant to confirm that all points be with the allowable area on the
interaction diagram.

7. Calculate the Strain Accumulation

The creep strain is read from an average isochronous stress-strain curve at the
reference stress and temperature and total duration of steady operation, by
subtracting the short-term plastic strain given by the curve for zero time:

ec = ec (a0, 0O, t) (14)

The plastic strain is read from an average monotonic stress-strain curve:

ep = ep(a0, *„) (15)

The total accumulated strain summed over all cycles should be limited to two per
cent:

ep + ec < 2% (16)

(ii) Overall shakedown

As noted earlier, ADAPT will converge to a solution in cases of overall shakedown
with a minimum elastic (strict shakedown) core of 80 per cent of the structural
section. Regions outside the core are deemed to undergo alternating plasticity. At
this stage of the development of shakedown methods and of ADAPT in particular,
it is considered desirable to check that the results obtained in the analysis do
conform with the physical interpretation. The first step therefore is to check that the
ADAPT solution in regions of non-satisfaction of the shakedown criterion,
corresponds to symmetrisation of the stress cycle with respect to the hot and cold
yield surface. If the above check is satisfactory, the calculation of creep damage and
creep strain then proceeds as for the strict shakedown case in item (i) above.

For the calculation of fatigue damage the procedure is again as described in (i)
except that the value of <rrd is calculated assuming a starting stress of aa = 1.5SY.

It is noted that there is no potential for optimisation of the residual stress in this
case, because the residual stress field has a unique definition at the shakedown limit.
Beyond this limit the residual stress is subject to some cyclic plasticity and is not
constant over the cycle. However, for moderate excursions, as in overall
shakedown, the approximately symmetrising estimate obtained above is adequate for
evaluation of creep effects, with the K2 factor in place.
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5. FBR APPLICATIONS

To demonstrate the type of design applications permitted by the procedure some
example cases have been selected:

(a) Tee butt geometry with small fillet radius.

(b) Free surface investigation of a cylindrical structure partly immersed in sodium.

(c) Thin plate subject to thermal shock.

(d) Large diameter plate subjected to thermal transient loadings.

(e) Tubeplate of an intermediate heat exchanger.

(f) Secondary circuit piping structure.

The latter two cases represent an extension of the method to different forms of
structure involving complex geometries and alternative finite element formations. Both of
these applications are at an early stage of development but are expected to show significant
advantages with respect to creep and fatigue damage estimation compared with existing
application of elastic code methods.

5.1 Tee Butt Geometry with Small Fillet Radius

This structure consists of two plates welded together in a T-type joint. The weld and
parent materials are taken to have the same properties and only the concentration effect caused
by the geometry of the butt weld is examined. Finite element calculations were carried out
on a 2-D generalised plane strain idealisation with only two plates modelled because of
symmetry conditions (Fig. 9). The upper fillet region gave a maximum stress concentration
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Fig. 9. Tee-butt weld problem — finite element model
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factor of 2.1, the accuracy of the finite element discretization verified by comparing elastic
results with different degrees of refinement. The material properties assumed were for type
316 stainless steel. For inelastic calculations plasticity parameters of a form appropriate for
The Oak Ridge National Laboratory (ORNL) constitutive laws were used.

The loading cycle consists of a variable bending moment applied at different
temperatures. The moment loading M is applied at the vertical and horizontal legs by a
combination of concentrated forces and kinematic constraints to simulate locally pure bending
defined by the nominal bending stress anom on the vertical leg. The temperatures change
proportionately with mechanical load from 540°C to 370°C and sufficiently slowly that no
thermal stresses were generated. Three test cases were examined, the details of which are
given in Table 1. Problems 1 and 2 were cases where the nominal stress range was 86% of
the strict shakedown limit (evaluated by the elastic-perfectly plastic analysis). Problem 3 had
a nominal stress range well above this strict shakedown limit. This case was also examined
by inelastic analysis first with no creep effects and then with 1000 hr hold period included at
the hot condition, using plasticity properties including hardening.

5.1.2 Shakedown Analysis and Damage Assessments

The numbers of iterations needed to achieve shakedown are given in Table 1. The
result for the steady cyclic stress path at the peak positions in case 2 required seven iterations
(equivalent to elastic solutions). This compares favourably with the inelastic analysis which
required three times as many solutions. For case 3 shakedown was achieved in an overall
sense and convergence was found for practical purposes after about 7 iterations although there
were minute changes in the estimated non-shakedown area up to 10 or 11 interactions, this
area being conservatively represented with respect to all the inelastic analyses (Fig. 9).

TABLE 1. T-BUTT WELD JOINT, DETAILS OF TEST PROBLEMS

Problem erHnom 0 ^ ^
Number (MPA) (°C)

1 100 540 6 370 5

2 130 540 36 370 7

3 131 540 -40 370 7 to 11

Fatigue damage estimates were made for case 3 using the strain enhancement
procedures and compared with estimates from elasto-plastic-creep analyses including
hardening. Comparisons were also made with results from elastic assessment routes in design
codes ASME N-47 and RCC-MR. The various estimates of strain range are summarised as
shown in Table 2.

For the cycle with no dwells, the N-47 estimate is closest to the value obtained in
the finite element analysis. This occurs as a result of the different specification of cyclic
stress-strain curves. When creep is significant, both N-47 and RCC-MR were shown to be
more pessimistic than the shakedown method.
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TABLE 2. T-BUTT WELD JOINT, COMPARISON OF STRAIN RANGES (%)

Assessment
Method

FE inelastic analysis

Shakedown method

RCC-MR

ASME CC N-47

Cycle with
No Dwells

0.167

0.129

0.233

0.186

Cycle with
Dwells

0.169 (6th cycle)

0.279

0.362

0.378

5.2 Free Surface Inyestigation of a Cylindrical Structure Partly Immersed in Sodium

This example is an axisymmetric 316 stainless steel shell of 20 mm thickness which
has hot sodium at 550 CC on the inside and cold sodium with a free surface on the outside at
395 °C. Above the cold sodium is argon gas which is assumed to be a perfect insulator (Fig.
10)

not Pool

Argon 91s i

Intlul ceM
pool level

Fig. JO Cylinder with cold moving surface

The cylinder is subjected to 300 transients where the cold sodium rises rapidly by
1000 mm over a 20s period. After 20 seconds temperatures reduce slowly on both sides of
the cylinder down to a uniform 395 °C which is followed by a slow return to the starting
conditions and a 1000 hour dwell period at which creep is considered to be significant. Above
the cold pool surface the metal is at a constant temperature of 550°C. Below the cold pool
the outer metal surface is thermally shocked while the temperature on the hot pool side is
largely unchanged.
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5.2.1 Details of the Analysis

The load cycle was divided into 24 steps with 18 steps representing the rising fluid.
Both elastic and inelastic analyses were performed using twenty load steps. Kinematic
hardening was used to represent the plasticity together with a subroutine for creep estimation
for the inelastic calculations for the shakedown calculation. The residual stress was estimated
using the post processor ADAPT.

Using design values of yield stress (KjSy) it was not possible to achieve strict
shakedown because of peak stresses arising in the structure during the rapid rise in the colder
sodium. However it was possible to find a residual stress field that satisfied overall
shakedown criterion and nowhere did shakedown exceed 15% of the section. The reference
stress and reference temperature at the most highly loaded point was 142 MPa and 543 °C
respectively.

The results of the creep/fatigue damage assessment for this point are shown Table 4.

TABLE 3. COMPARISON BETWEEN SHAKEDOWN AND INELASTIC DAMAGE
ASSESSMENTS FOR MOVING TEMPERATURE FRONT PROBLEM

Shakedown Method

Inelastic analysis

RCC-MR

Fatigue

0.09

> 0.03

Creep

2.94(0.05)

0.86

(0.25)

( ) Creep in compression assumed non-damaging

The shakedown assessment has proved relatively conservative but the following
issues were raised:

(i) The positions of maximum creep and fatigue damage were not consistent between
the two assessments.

(ii) Considerable reduction of conservatism was achieved if an account was taken of
compressive creep being less damaging than tensile creep. Further reduction in
conservatism would be possible if only 'tensile' creep damage was counted in the
shakedown assessment.

(iii) The ADAPT residual stress distributions agree very well in shape with those of
inelastic analysis. However, a shift of values - nearly uniform along each surface -
causes appreciable differences in the calculated stress-intensities for the two methods
and probably leads to the differences in positions of maximum creep and fatigue
damage estimates,
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Fig. 11. Plate under thermal shock, elastic-plastic-creep calculation

5.3 Thin Plate Subject to Thermal Shock

5.3.1 Description of the Problem

This example considers a thermal transient on a stainless steel circular flat plate
20 mm thick and of large radius which is immersed in sodium at 585 °C. The plate undergoes
300 thermal downshock cycles on the top and bottom surfaces with temperatures reducing to
395°C over a period of 100s. The temperature on the bottom surface reduces more quickly
than the top surface giving rise to through-wall temperature differences of approximately
60°C after 4s, reducing to 22°C after 10s, followed by a slow re-heat to 585°C.

The loading cycle includes a 1000 hr creep hold period at 585°C. 2-D axisymmetric
finite element elastic and elastic-plastic-creep calculations were carried out on an idealised
section of the plate geometry. The inelastic analyses were performed using bi-linear
approximations to the material behaviour, according to different detailed constitutive laws
selected from alternatives in the RCC-MR code. A further case was investigated using an
ORNL constitutive mode. The endurances of the plate were estimated from the calculated
stress-strain loops for the third loading cycle. Fig. 11 shows the cyclic behaviour of a point
on the lower surface using the ORNL constitutive law that gave the highest creep/fatigue
damage.

5.3.2 Details of Shakedown Analysis and Damage Assessments

Convergence was found after four iterations of ADAPT. Strict shakedown was not
found. There was a region of non-shakedown adjacent to the lower surface representing 7.5%
of the section. This was less than 20% and therefore overall shakedown is assumed.
Creep/fatigue damage estimates were made and compared with the results using RCC-MR
elastic and inelastic code rules, as given in Table 3.

The table shows the creep-fatigue damage using the shakedown method, to be
significantly lower than calculated using the present RCC-MR elastic code method but higher
than calculated using the inelastic code route. Also because the shakedown analysis is based
on elastic stress solutions the analysis steps are much simpler to perform than full inelastic
analysis.
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TABLE 4. COMPARISON OF CREEP-FATIGUE PREDICTION METHODS FOR
THIN PLATE

Assessment Method

Elastic RCC-MR

Inelastic RCC-MR"1"

Shakedown method

Creep Damage (W)

174

2.25(0.1*)

3.1 (0.14*)

Fatigue Damage (V)

0.2

0.05

0.13

RCC-MR rule allowing for less damaging effects of compressive creep. (Note that this could not be
used in the RCC-MR elastic assessment, since no estimate of stress components during the dwell is
made).
Highest value from inelastic calculations using ORNL model.

5.4 Large Diameter Plate Subjected to Thermal Transient Loadings

This example shows the application of the method to large 3-D shell type structures.
The case chosen is a thin flat plate supported by a number of tubes. The plate has a number
of holes drilled in it to allow sodium to pass through the plate. The study is to investigate
stresses and creep/fatigue damage in the plate under thermal gradient conditions arising from
temperature differentials in the sodium flow. The geometry and the resulting finite element
mesh with a refined region for calculation of localised stresses is shown in Fig. 12. A

EOC.E 2

EDGE 1

Fig. 12 Large plate - finite element model
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temperature profile was applied to the complete mesh and a shakedown calculation carried out
in accordance with the shakedown rules using the ADAPT post processor to estimate a
constant residual stress field. A stress optimisation technique was used but a reverse
application of the usual process. This was necessary since, the hot yield stress of the material
was of an insufficient level to prompt the ADAPT programme to evaluate a residual stress.
This in itself meant that the plate was globally within the strict shakedown limits, however,
for creep/fatigue evaluation it was important to minimise the calculated plus residual stresses
at the hot end of the cycle. For the plate therefore a lower yield stress (of 50 MPa) was
selected initially and then this was increased until the strict shakedown limit had been
achieved. The final calculation step in which shakedown was achieved in fact used a hot yield
stress of 65 MPa.

Results of the subsequent creep/fatigue evaluation are shown in Table 5 for the
highest stress point. Note that fatigue damage results are negligible as expected, however,
creep damage estimates using the shakedown approach are lower than those predicted using
the RCC-MR code elastic route.

TABLE 5. COMPARISON OF CREEP/FATIGUE ASSESSMENTS USING RCC-MR
AND SHAKEDOWN METHOD

Temperature

Stress range

Fatigue damage (V)

Creep damage (W)

(Neglecting stress relaxation)

(Including stress relaxation)

RCC-MR Elastic
Code Analysis

Top of Plate

562

135

0

2.87

1.91

Bottom of Plate

567

110

0

2.12

1.48

Shakedown

562

135

0

0.31

-

Analysis

567

110

0

0.34

-

5.5 Tubeplate of Heat Exchanger

Elastic methods are available which permit the modelling of the perforated regions
of tubeplates under non-creep conditions as an axisymmetric continuum. American work is
the basis of most of the current design methods resulting in the simplified procedures of
ASME HI. This approach has been developed to cover thick plates with triangular and square
perforation patterns.

Work under significant creep conditions is less well established with the main
emphasis in recent years coming from Japanese developments. Three studies were initiated
by the European Commission DGXI, Environment, Nuclear Safety and Civil Protection,
Working Group Codes and Standards, Activity Group 2[8].
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The methods of assessing shakedown in high temperature structures as described
above uses elastic results to indicate whether ratcheting will occur under specified loadings
and to provide an estimate of the reference stress during periods of steady operation at creep
temperatures. The purpose of this example (Fig. 13) was to extend the principles of
shakedown to tubeplate design methods. One approach is to perform an elastic analysis using
the full tubeplate geometry, however, an alternative strategy was devised based on tubeplate
equivalent solid plate techniques as follows:

(i) Although not part of the shakedown method, there is a prerequisite to check that the
primary stress limits are not exceeded. This would be done by following the
tubeplate methods of ASME A8000 or RCC-MR for example

If satisfied the following steps are undertaken:

• Establish the elastic stress history.

• Establish an effective yield stress for the equivalent solid plate region. This is
a function of biaxiality ratio and the value used may correspond to the actual
biaxiality ratio in the elastic calculations, alternatively the most pessimistic
value of yield stress may be used. A further choice exists between the yield
stress that corresponds to the limits of strict shakedown or that corresponding
to overall shakedown. Initially the value for strict shakedown would be used.

• Determine the residual stress field which satisfies the usual self equilibrium
conditions. This process is most easily carried out using the computer code
ADAPT.

FLAT

Fig. 13 Typical FBR tube plate
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The determination of the yield stress was a significant part of the work performed,
one approach being to carry out a shakedown calculation on a representative geometry and
the other to use the stress function method. An investigation of an example case in fact
showed a creep/fatigue damage prediction to be considerably lower than that of the
conventional design code approach of ASME. However, this technique has not been
extensively tested nor subjected to rigorous theoretical justification. At this stage in its
development the technique is therefore applied with care and the results treated with caution.

5.6 Secondary Circuit Piping Structure

The work is at an early stage and involves the application of the shakedown approach
to a piping structure as shown in Fig. 14. The work is funded by a European Commission
DGXI, WGCS, Activity Group 2 on structural mechanics. Some preliminary calculations are
underway to test the method using piping (elbow) elements in order to establish the suitability
of the elements to cope with the ADAPT algorithms. A comparison of the results will be
made with full inelastic analysis and with other simplified methods.

SGU - axis

IHX- axis
\i

OJD. 711X11
Obows
BendRadu*
1086.5
BendDhrara
OJ>. 711x11

Bbow4

Elbow 2 AJM5D-1O06.5

Cartesian coordinates x.y,z (mm)
•" • • x y z ' •

0 0 51750
0 -2000 51750
0 -3700 51750
0 -3700 13484

10200 -3700 13484
12200 -3700 13484
12200 -3700 21840
15200 -3700 21840
20700 -3700 21840
25400 -3700 21840
30200 -3700 21480
31900 -3700 21480

A
B
C
D
E
F
G
H
I
J
K
L

Fig. 14 Geometry of FBR secondary main circuit - pipe section IHX-SGU

6. RECENT DEVELOPMENTS

The shakedown design method has been accepted within European Fast Reactor
project as a means of assessing a cyclically loaded high temperature structure against
ratcheting, fatigue and creep damage. The above examples show the benefits available with
respect to existing elastic and inelastic simplified methods. Despite the success further
developments have been introduced particularly in the areas of creep-fatigue damage
estimation.
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6.1 Incorporation of Alternative Plasticity Algorithm

One such development is a modification of the ADAPT algorithm to provide a
residual stress which gives a nearly symmetrical stress-trajectory in the case of overall
shakedown[5]. This modification tested on performance trials, showed a slightly slower
convergence but gave a higher degree of symmetrisation in areas of alternating plasticity
giving a lower estimated value of elastic plus residual stress at the most severe stage of the
cycle. The results were shown to be closer to those of inelastic analysis and gave a more
realistic estimate of creep usage. In some cases these have led to higher estimate of stresses
and higher creep damage. Incorporation of this algorithm in regions where conditions for
strict shakedown are not achieved, but still within overall shakedown give results which are
nearer to the condition where creep damage is minimised.

6.2 Incorporation of Elastic Follow-up and Strain Based Damage Estimates

Creep damage estimates are currently correlated using equivalent stress whereas it
is desirable to allow an assessment using strain based damage rules. In order to allow this
development some allowance would be required for elastic-followup effects and a value of
elastic followup factor [9] was proposed^6'7' in conjunction with a suitable creep law in order
to give conservative estimates of stress-reduction during hold periods for estimating stress
based creep damage. For component estimates for strain based damage it was assumed that
strongly creeping regions are localised at a small region on the surface and a method based
on bounds for computer changes devised which enables bounds to be obtained for the creep
damage increment. This extension has been developed to an initial stage but requires more
work and trials in order to provide a simple assessment approach without undue pessimisms.

6.3 Inclusion of Mod 9CrlMo Steel

In principle there appears to be no difficulty in providing a value of K,Sy for Mod
9CrlMo steel over the defined operating temperature range. However, results of tests are
sparse. Work is underway within a CEC funded WGCS study contract to estimate appropriate
yield stress values from creep/fatigue tests and to perform some initial benchmarks.

7. DISCUSSION AND CONCLUSIONS

7.1 Usefulness of Shakedown as a Design Tool

Significantly experience in FBR design suggests that the loading of structures must
fall within the overall shakedown limit if creep and fatigue damage rates are to be acceptable
over a plant lifetime of 40 years.

From the foregoing description and examples it should be clear that use of the
principle of shakedown fulfils the following design purposes:

(i) It excludes ratcheting.

(ii) It limits strain accumulation

(iii) It provides a basis for creep damage calculation and

(iv) It permits strain range prediction for fatigue analysis in creep conditions
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The advantages of the shakedown method with regard to implementation are first that
it involves only elastic analysis in determining the shakedown state, second that this obviates
the need for time-consuming and costly cyclic inelastic analysis, and third that the problem
of definition of complicated constitutive laws is avoided.

The overall advantages of shakedown as a design route are that it provides a
powerful physical description of structures subject to cyclic loading; it goes directly to the
steady cyclic state without the need to evaluate the detailed intermediate processes; it is a
procedure of general applicability and it provides conservative assessments of design
suitability which are potentially less pessimistic than assessments made by traditional code
routes.

Shakedown assessments can be made for a wide variety of loadings and geometries
at less computational effort and complexity than complete inelastic analysis.

Comparison of creep/fatigue endurance against elastic design code methods show less
conservatism and allows specialized rules that enable the less damaging effects of creep under
compressive stress in stainless steel to be utilised with elastic predictions. The creep/fatigue
damage estimates were shown to be conservative with respect to full elastic-plastic creep
analysis, but less pessimistic than rule-based methods.
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