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Abstract:

A set of three computer programs is reported which allow for the deconvolution of

overlapping molecular electronic state structure in electron energy-loss spectra, even

in highly perturbed systems. This procedure enables extraction of absolute differ-

ential cross sections for electron-impact excitation of electronic states of diatomic

molecules from electron energy-loss spectra. The first code in the sequence uses the

Rydberg-Klein-Rees procedure to generate potential energy curves from spectroscop-

ic constants, the second calculates Franck-Condon factors by numerical solution of

the Schrodinger equation, given the potential energy curves. The third, given these

Franck-Condon factors, the previously calculated relevant energies for the vibrational

levels of the respective electronic states (relative to the u" — 0 level of the ground

electronic state) and the experimental energy-loss spectra, extracts the differential

cross sections for each state. Each program can be run independently, or the three

can run in sequence to determine these cross sections from the spectroscopic constants

and the experimental energy-loss spectra. The application of these programs to the

specific case of electron scattering from nitric oxide (NO) is demonstrated.

PACS #s: 33.10.Ca, 35.20

1. Introduction

Determination of low-energy (< 100 eV) electron-impact excitation cross sec-

tions of molecules not only provides crucial information required in many natural

phenomena but also provides the basis for developing a more complete understand-

ing of electron collisions with complex targets (Takayanagi 1983; Kirby 1993). The

energy-loss spectrum for this excitation (the intensity of the features in the energy-loss

spectrum being proportional to the respective differential cross sections) is a compli-

cated function, consisting of overlapping series of peaks corresponding to vibrational

levels horn one or more electronic states, ail affected by the instrumental response

function. These peaks (location and magnitude) can be approximately represented

by the energies of the vibrational levels and the Franck-Condon factor for each level,

modified by the instrumental response function.

As a first step in extracting electron collision parameters from electron energy-

loss spectra, the potential-energy curves and Franck-Condon factors and vibrational

energies for the electronic states of diatomic molecules are determined. The differen-

tial cross section for each state can then be determined by "fitting" the contribution

of the vibrational levels of that state to the observed spectrum. In practice, this is

difficult due to the superposition of many overlapping features in the spectrum, so

that deconvolution is required. This can be done using a least-squares fitting tech-

nique first described by Trajmar et al. (1971). The fit can converge to an unphysical

solution unless reasonable initial estimates are available. Nickel et al. (1989) found

such estimates by identifying isolated features in the observed spectrum with a par-

ticular state and removing the contribution of that state, repeating these two steps

until no recognizable features were left.

Three computer programs are reported here which allow the cross sections to be

determined from spectroscopic data and independently measured energy-loss spectra.

Two of the programs are enhanced versions of codes (Albritton et al. 1976, 1979)

that have been used for many years to determine potential curves, energies of the

vibrational levels of the relevant electronic states and Franck-Condon factors. The

third is an independently written program which follows the method of Nickel et
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al. (1989) in finding the cross sections by a least-squares multiparameter fit to the

experimental spectrum, but provides a range of methods to allow a mix of manual

and automatic selection of the ab initio estimates. The current least-squares fitting

code also incorporates a procedure, based on Bevington and Robinson (1992), which

enables determination of numerically valid confidence limits on the parameters derived

from the fit.

2. Theory

(Sa) Potential Energy Curves

One of the most practical, and accurate, methods for generating potential energy

(PE) curves is the Rydberg-Klein-Rees (RKR) procedure (Rydberg 1931; Klein 1932;

Rees 1947). The RKR code provided here is basically that originally described by

Albritton et al. (1979) which has been used extensively for many years to treat a very

large number of diatomic molecular states. This code generates PE curves from the

customary vibrational and rotational constants [i.e. Dunham expansion coefficients],

Gv = « « ... (1)

where Gv is the vibrational energy term (value in cm ' and related to the energy

£„ for vibrational quantum number v by G* = Evjhc)^ we, ufxc, ueyt and wtzt are

harmonic and anharmonic vibrational spectroscopic constants, and

fl_ = B, - ac L+-J+ 7, („ + i J ... (2)

where /?„ is the rotational constant for vibrational level v (Herzberg 1950, pp 92,106).

These spectroscopic constants are denned and collected in the classic works by

Herzberg (1950) and Huber and Herzberg (1979) and are frequently obtained by

weighted least-squares fits (Albritton et al. 1976) to band origin and rotational con-

stant data obtained from high-resolution optical photoelectron spectroscopy.

A detailed discussion of the RKR formulation, and its numerical implementation,

is given by Zare (1964). The potential function V is obtained by connecting the

turning points R+ and R^ with a smooth curve by interpolation, with the turning
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points for a vibrational level of energy Ev being given by:

(3)

where f{Ev) and g(Eu) are found by evaluation of:

where E(I,K) is the sum of vibrational and rotational energies up to Ev (for which

- , and K =

where y. is the reduced mass and h is Planck's constant.

A summary of the numerical techniques used to evaluate these integrals is given

by Zare (1964) and is the one used in the RKR program reported here.

(H) Franck-Condon Factors

The Franck-Condon factors are obtained from the definition

(6)

where ^^j'^^"j") is the vibrational wavefunction for the final (initial) electronic

state and the integration is over the internuclear distance R. The customary notation

of double-primes for the initial state, and single-primes for the final state, is used

here. The vibrational wavefunctions are obtained by solving the radial Schrodinger

equation (Zare, 1964; Albritton et al. 1976)

d2

where U(R,J) is the "effective" radial potential energy for the initial or final electronic

state, and Euj, the energy eigenvalues of (7), represent the energies of the vibrational

levels of a given electronic state. Note that length is measured in Bohr radii ao and

the unit of energy is hNo/Srr2ca\y. = 0.948844 era"' where Na is Avogadro's number

(physical scale) and \i is the reduced mass in Aston units (Herzberg 1950).



The "effective" radial potential energy is defined (Zare, 1964) according to

1)] (8)

where the rotational constant for a specific vibrational level Bv is related to the

rotational spectroscopic constants by Eq. (2) above. The spectroscopic "term value"

for a (y, J) rovibrational level is then given by (Herzberg, 1950, plO6-7)

l ^cm j = CTV ~r r , , ^ j y ^yj

with

- DvJ
7{J + I)2

where D» is the mean rotational constant representing the influence of centrifugal

force.

Note that the only dependence of the vibrational energies, and associated wave-

functions, on the rotational quantum number J is contained explicitly in Eq. (8). In

those applications for which transitions between specific rotational levels are not of

interest, one can set J = 0 which results in a complete separation of the rotational

and vibrational motion in the diatomic molecule.

(2c) Differential cross sections

The differential cross section DCs(Eo,8e) relates the scattered intensity dN to

the incident electron beam current /o, the target beam density p, an instrumental

factor C and an annular differential increment of solid angle dil:

dN = DCs(Eo,ec)hpCdn (10)

for impact energy Eo at scattering angle 8C.

Based on the assumptions (Brunger and Teubner, 1990) that :

• the contribution of any one vibrational level is spread out (due to the exper-

imental resolution) as a Gaussian distribution i.e., the experimental resolution

function F is approximated by:

2<r2 (11)

where Wn'u' is the energy loss for vibrational level v' of electronic state n ' , W

is the energy loss and 2.35a- is the full width at half maximum of this resolution

function,

• the width of the rotational energy distribution in the ground vibrational level and

final vibrational level can be neglected compared to the width of the experimental

resolution function, and

• the relative vibrational energies are independent of the incident energy and scat-

tering angle,

the scattered intensity S(E0,9t,W) is given by

where

2^ Xn,(Eo,8c) 2^ q^v"F{Wn.u, - W) + B{W) (12)
n' —0 t/ '-O

*„'(£»,««) = hpC{E*,8c)Dcs(E<,,8t)

and where qv'v» is the Franck-Condon factor (at energy loss W,v)i DCS(£ O ,S , )V is

the differential cross section for electronic state n', M(n') is the number of vibrational

bands within state n\ N is the number of electronic states, B(W) is any background

present and C{Eo,8t) incorporates any other instrumental factors.

3. Computational form of the approximations

(Sa) Franck-Condon Factors

The eigenvalue equation (7) is solved by iteration using the Cashion-Cooley

(Cashion 1963 and Cooley 1961) method which is based on an even-interval Numerov

method of integration (Zare 1964). Since the vibrational wavefunctions have been de-

termined on an even-interval grid, Simpson's rule integration is used for determining

the Franck-Condon (FC) factors from Eq. (6).

The RKR program provides the potential energy curve for a given electronic state

at the classical turning points of each of the vibrational levels (two for each level).

In order to solve Eq. (7), the RKR potential is interpolated over the evenly-spaced

mesh provided as input to the FC program and extrapolated (if required) outside the
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data range provided according to

ft'1
V(R) =

[repulsive wall at small .ft],

[asymptotic dependence at large R],

where the pairs of constants (o,6) and (a1,6') are determined by fitting to the last

two pairs of points at both small and large R provided by the RKR program.

Table 1 contains a comparison of the measured and calculated vibrational energy

levels and rotational constants for the ground state of NO. The two columns labelled

"poly, fit RKR" contain the rotationless vibrational levels and rotational constants

calculated in the RKR program from spectroscopic constants (Huber and Herzberg,

1979) using the polynomial expansions given in Eqs. (1) and (2), respectively. Com-

paring these two columns with the corresponding columns labelled "measured" pro-

vides a calibration of the ability of the polynomial expansion to fit the measured

vibrational and rotational energy-level data over the range of vibrational levels from

0 to 19 in the NO ground state. The first of the two columns labelled "calculated FC

pgm" contains the vibrational energy levels obtained as eigenvalues of the Schrodinger

equation, (7), using the RKR potential (J = 0). The accuracy (relative to the column

labelled "measured") of these calculated vibrational energies is determined by both

the numerical accuracy of the algorithms used to solve Eq. (7) and the validity of the

approximations used to derive Eq. (7) itself (e.g. the Born-Oppenheimer separation

of nuclear and electronic motion, Herzberg, 1950; Zare 1964). This is clearly also very

important in determining the accuracy of the calculated Franck-Condon factors, as

obtained from Eq. (6). The sensitivity of the absolute value of the eigenvalues of Eq.

(7) to the mesh size was tested by doubling the number of mesh points (from 2000 to

4000 points) and it was found that 2000 points is generally sufficient except for the

very broad (i.e. RmaI - Rmin 5 0.6 angstroms) potential energy curves occasionally

encountered.

The second column labelled "calculated FC pgm" enables a comparison of the

measured and calculated rotational constants for each vibrational level in the NO

ground state. The rotational constant for each vibrational level is proportional to the
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reciprocal moment of inertia and is calculated according to (Herzberg, 1950; plO6)

where the brackets in Eq. 13 denote the mean value of l/ftJ for the particular

vibrational level.

Although we have not conducted an exhaustive study of diatomic molecules, the

results in Table 1 suggest that the combination of the the RKR and FC programs can

probably be expected to produce results accurate to 0.1-0.2 cm"1, for the vibrational

energy levels and to 0.0003-0.0010 cm"1, for the rotational constants, for diatomic

molecules (other than H2 and He2) and vibrational levels which are not strongly

perturbed.

(3b) Determination of differential cross sections

Given an experimental energy-loss spectrum y(Wk),k = [l,-/f] measured at K

values of energy-loss W/,, the coefficients Xn'(Eo,9t) are determined by a multiparam-

eter fit of the predicted intensity S(Eo,8e, W^), as defined in Eq. 12, to the observed

spectrum. The background is approximated by the quadratic function

3

i = l

As hpC(Eo,8e) is constant for a particular spectrum, relative values of the differential

cross section DCs(E0,8e)n, are determined by a least squares fit of S(Eo,0e,W) to

the observed spectrum, with the values of Xni(Eo,8e), a and a; being varied. To

allow for any systematic error in the energy-loss scale measurement, the position of

the "zero channel" which specifies 0 eV energy loss (i.e., the position of the elastic

peak) is also a variable parameter in the fit.

This multiparameter fitting is implemented using the Marquardt method of least-

squares fitting described by Bevington and Robinson (1992). This minimizes the value

of x 2 >n

(15)
K ~kc

where kc is the number of parameters fitted.



The errors in each of the fitted parameters are determined by a method of Bev-

ington and Robinson (1992). One parameter is varied, keeping the other (kc - 1)

parameters fixed, until a case is found where %3 has changed by 1.0 from the mini-

mum given by Eq. 15. The corresponding change in the parameter is one standard

deviation.

The fitting procedure requires initial estimates of the parameters which are to

be varied, both to allow it to iterate and to ensure that the fit does not converge to a

local minimum. Nickel tt al. (1989) found initial estimates by repeatedly choosing a

particular state for which isolated features in the spectrum could be identified, scaling

its contribution to match these features, and subtracting out its contribution. The

scaling factors were then used as the initial estimates.

In this implementation a less rigourous method is used to find the initial esti-

mates, to accommodate the fit when it is working with data exhibiting more scatter.

The initial estimate of a is made from the autocorrelation function of the data. The

initial estimates for the relative cross sections and background constants are based

on the limitation that any one contributor cannot have an intensity anywhere in the

spectrum that is larger than the experimental value, i.e.,

y(Wk)

,F(W , , — WL)

and

. \v(wk)
i; = nun '

(16)

(17)

To deal with exceptional cases in which these initial estimates are not sufficiently

close to the actual values, two other facilities are provided:

• A "trial-and-error" fitting procedure can be run to provide initial estimates for

the "least-squares" procedure. For each component in turn, a range of different

values of the fitting parameters are tried to minimize x2- The trial values have a

random component to avoid the search getting stuck on a local minimum. This

technique is useful if there is substantial noise in the measurements.

• The ability to set particular initial estimates, or to restrict particular coefficients

to a constant value or an allowed range.
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4. Program description

The RKR and FC codes provided here are modified versions of the codes origi-

nally written by Zare (1964) and by Albritton el al. (1979). Both codes have been

extensively edited to incorporate detailed instructions for their use in comment cards

at the beginning of them, which we do not detail further here. We note that both the

RKR and FC codes have also been modified from their original forms to be compatible

with FORTRAN 77.

The RKR code finds the transition energies for a diatomic molecule using the

Rydberg-Klein-Rees method. The user must specify in an input file the masses of the

atoms, and the spectroscopic constants which define Gv and Bv (as in equations 1 and

2). The FC code reads a potential curve from a file, interpolates to a desired spacing

and computes the intensity distribution of electronic transitions, using the radial

Schrodinger Eq. (7) and Simpson's rule, thus finding the Franck Condon factors.

An additional program "rkrfcf'is provided to convert output from the RKR code

to input for the FC code. On rare occasions the FC code fails to do the integration

and, under this circumstance, the input file must be edited to judiciously select a

better range of integration. The input file produced by "rkrfcf" is annotated to make

this editing easier.

A program "fitcomp" finds a set of coefficients Xn'(Ea,Bt), given the Franck-

Condon factors with the transition energies and the experimental spectrum of in-

tensity against energy-loss. The absolute excited electronic-state differential cross

sections can be determined from this set if the elastic peak is included in the spec-

trum (Brunger and Teubner 1990).

Program "fitcomp" is written in FORTRAN 77 with some common extensions.

It takes as input the Franck-Condon factors and vibrational energy levels (as pro-

duced by the FC code) and an experimental energy-loss spectrum. It computes the

coefficients which give the best fit of the computed spectrum to the observed spec-

trum. It allows the user to eliminate particular states or background components, or

to constrain particular coefficients to set values or ranges.

These choices and other parameters must be entered when the program is run.
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These are explained in "on-line" documentation. When run interactively, these pa-

rameters are written to a file which can then be used for running in batch mode.

The program is preloaded with a set of energies and Franck-Condon factors for

a fit to nitric oxide (Mojarrabi et al. 1996). They can be replaced, for NO or other

molecules, with different electronic states, energies and factors by input files in the

same format as the output of the FC code. Program "fitcomp " produces output files

as described below:

• MoEoBo.modLbck.fit This lists the experimental spectrum and the fitted spec-

trum, plus a comparison spectrum if requested, for molecule Mo, impact energy

Eo and scattering angle Bo, using model modi with background (none, constant,

linear or quadratic) bak.

• MoEoBo.modLbck.com This lists the contribution to the spectrum for each com-

ponent state.

• MoEoBomodLbck.cof This lists the coefficients for each state which give the

best least-squares fit, along with the error calculated by the least-squares proce-

dure.

• MoEoBornodLbck.err This gives a list of the coefficients and true errors, deter-

mined using the method of Bevington and Robinson (1992).

A program "plotcomp" is included to produce Tektronix-4014 or Postscript plots

of these output files. It will plot either or both of the spectra listed in the ".fii"tt\e and

the individual components of the fitted spectrum from the ".com" file. For the first

option it also plots the difference, y(W*) — S(Eo,0e, Wj) VJfe, between the experimental

and fitted intensities at each value of energy loss, providing an alternative means to

assess the overall quality of the fit and to identify where, in energy loss, the fit to the

data is poorest.

5. Sample inputs and corresponding outputs

A fit produced by this suite of programs is shown in figure l(a). The discrete error

bars indicate an energy-loss spectrum measured by Mojarrabi et al. (1996). The curve

indicates the fit determined by running the suite of programs "rkr", "rkrfcf", "fcf"

and "fitcomp"and then plotting the contents of the output file "noS090.fcfv.qad.fit"
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using program "plotcomp ". The difference between the experimental and fitted inten-

sities is shown in figure l(b).

The fit to the data in figure 1 is not perfect, reflecting, amongst other things, the

strong Rydberg-valence perturbations in the NO molecule for states with energy loss

above 6.7 eV. Procedures for dealing with this are beyond the scope of this paper but

have been discussed previously by Nickel et al. (1989) and more recently by Brunger

and Buckman (1996).

To enable the fit embodied in figure l(a) to be reproduced, spectroscopic com-

ponents are given in file "rkr.input", dissociation energies in "rkrfcf.dat", the experi-

mental energy-loss spectrum in "noS090.dat" and the input parameters for "fitcomp"

in "fitcomp.bat". A Unix script file "tesLnoS090" runs "rkr", "rkrfcf", "fcf" and

"fitcomp"'in sequence. The sequence of operations which it performs is:

• Copy the file "rkr.input" to "tapeS"

• Compile and execute "rkr.f"

• Compile and execute "rkrfcf.f"

• Compile and execute "fcf.f"

• Rename file "tape7" to "no.fcfv"

• Compile and execute "fitcomp.f", choosing the "fcfv" model.

The vibrational energy levels and associated Franck-Condon factors produced

by the RKR and FC procedures (in "tape7") are reproduced in table 2. The valid-

ity of all the output files produced by "fitcomp " may be checked by comparing the

files "no.S090-fcfv.qad.*" with those labelled "sample.*" that are supplied with the

programs.

6. Summary

A suite of programs is described which, given spectroscopic constants and exper-

imental energy-loss spectra for electron-impact excitation of a given molecule, allow

the determination of absolute differential cross sections for each electronic state of

that molecule. The RKR code calculates potential curves from spectroscopic compo-

nents. The FC code then calculates the vibrational energy levels and Franck-Condon

factors. Given these levels and factors, "fitcomp" fits a predicted spectrum to an

12



experimental one, finding relative electronic state differential cross sections. The ab-

solute differential cross sections can then be determined, if the elastic peak is included

in the spectrum, by calculating (in turn) the ratio of the coefficients for the electron-

ic channel of interest to the elastic channel and then multiplying this ratio by the

known absolute elastic differential cross section. This elastic cross section is usually

determined in a separate series of experiments based on the relative flow technique

(Nickel et al. 1989, Mojarrabi et al. 1995).

The suite of programs and sample files can be obtained by electronic mail by con-

tacting phmjbi8cc.flindert.edu.au. As delivered, the programs should run and provide

a fit for the Eo = 30 eV and 0e = 90° energy-loss spectrum of NO.
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Table 1: Comparison of Measured and Calculated Spectral Properties for NO (X PI ]

v"

1)

1

2

3

4

5
6

7

8

9

10

I I

12

13

14

15

16

17

18

19

.ill
measured

948.66

2824.76

4672.68

6492.51

8284.34

10048.21

11784.15

13492.19

15172.30

16824.45

18448.58

20044.62

21612.45

23151.97

24663.02

26145.43

27599.01

29023.55

30418.81

31784.54

G(v) [cm"

polv. fit
RKR

948.66

2824.76

4672.68

6492.52

8284.34

10048.21

11784.16

13492.20

15172.32

16824.47

18448.61

20044.66

21612.51

23152.05

24663.11

26145.54

27599.15

29023.72

30419.02

31784.28

'1

calculated
FC pgm

948.679

2824.820

4672.769

6492.624

8284.463

10048.342

11784.287

13492.309

15172.392

16824.502

18448.615

20044.661

21612.514

23152.046

24663.112

26145.544

27599.151

29023.720

30419.015

31784.779

difference
[meas.-calc]

-0.019

-0.060

-0.089

-0.114

-0.1 23

-0.132

-0.137

-0.119

-0.062

-0.052

-0.035

-0.041

-0.064

-0.076

-0.092

-0.114

-0.141

-0.170

-0.205

-0.239

measured

1.69562

1.6783 (al

1.6608 (al

1.6433 (al

1 62624

1.60782

1.59040

1.57227

1.55452

1.53657

1.51798

1.49987

1.48412

1.4641 (b)

1.4455 (b)

1.4273 (b)

1.4085 (h)

B(v)

polv. fit
RKR

1.69562

1.67827

1.66084

1.64334

1.62576

1.60811

1.59039

1.57259

1.55472

1.53677

1.51875

1.50066

1.48249

1.4642

1.4459

1.4275

1.4091

1.39054

1.37193

1.35324

[cm ]

calculated
FC pgm

1.69562

1.67826

1.66083

1.64333

1.62575

1.60810

1.59038

1.57259

1.55473

1.53679

1.51879

1.50071

1.48255

1.46432

1.44600

1.42758

1.40905

1.39037

1.37149

1.35224

difference
[meas.- calc

.00000

.00004

-.00003

-.(XXXL3

.00049

-.00028

.00002

-.00032

-.00021

-.00022

-.00081

-.00084

-.00157

-.00022

-.00050

-.00028

-.00055

(1) R. Engleman, Jr., P.E. Rouse, H.M. Peek. V.D. Baiamonte, "Beta and Gamma Band Systems of Nitric Oxide",
Los Alamos National Laboratory Report: LA-4364, July 1970.

(a) interpolated
(b) from: A. Lagerqvist and E. Miescher. Helv. Phys. Acta 31, 221 (1958)
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) Least-squares fit (including quadratic background) to experimental NO data (£<, = 30 eV, 8e = 90°). i2 = 646.9
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