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Abstract

Inverse scattering theories, algebraic scattering theory and exactly solvable

scattering potentials are diverse ways by which scattering potentials can be

denned from S-functions specified by fits to fixed energy, quantal scattering

data. Applications have been made in nuclear (heavy ion and nucleon-nucleus

scattering), atomic and molecular (electron scattering from simple molecules)

systems. Some nuclear results are ambiguous but the atomic and molecular

inversion potentials are in good agreement with postulated forms.

I. INTRODUCTION

The ultimate aim of any scattering experiment is to determine the real forces that are

acting between the colliding particles and, in that quest dealing with non-relativistic atomic

and nuclear collisions, there are two basic approaches taken in the analyses of measured data.

The first of these is the 'direct approach' in which the initial task is to choose a Hamil-

tonian (i.e. define the forces) to describe the reaction. Then one must solve the Schrodinger

equation with that Hamiltonian and obtain the asymptotic forms of the wave functions of

relative motion. Those asymptotic functions yield phase shifts with which one can predict

measureables such as the differential cross section ^ etc. Frequently this method is then

changed to an approximate inverse scattering theory, by varying the parameters denning the
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Hamiltonian until a "best fit" is found to the data. These variations have been classified as

numerical inversion [1].

Alternatively, one can analyse scattering data using inverse scattering theory [1,2], even

if only then by approximation. With any such approach, one need find scattering (S-)

functions from a fit of the data of interest and, if necessary, map them to a convenient

functional form. Then the equations that define the (local) potential via inversion are to be

solved. The potentials that result are linked to the inverse scattering method used so that

questions of uniqueness arise. But inverse scattering methods usually allow insight into the

sensitivity of the associated potentials with respect to the range and amount of the input

data.

Whichever approach is used, central in the procedure is the scattering function, Sj(fc),

per

| L <=> St(k) «=* V(r) . (1)

Its specification is not unambiguous, however, and so there is no unambiguous specification

of the underlying coordinate space interaction. A bias will be necessary to identify the

'physical' interaction.

Some current interest centers upon investigations of the quantal inverse problem in which

classes of 5-functions are chosen for study. With each form considered, the values of the

('inherent') parameters have been fixed by a fit of the data. Then potentials (local, central)

are defined by one of three basic methods. The first is essentially, inversion of the Schrodinger

equations themselves. Specifically, the Lipperheide-Fiedeldey inverse scattering theory [2]

have been used to give quantal inversion. A much simpler approach is to use a semiclassical

approximation with which WKB inversion is defined. Some success has attended use of both

the semiclassical and fully quantal approaches in the analysis of nuclear [3], atomic [4] and

molecular [5] scattering data.

The second approach is to use algebraic scattering theory. Algebraic treatments of scat-

tering problems are of interest not only because they lead to closed forms for scattering



and transfer matrices but also because they may correlate with an underlying dynamical

symmetry of the scattering system. There is an extensive literature on the use of dynamical

algebras to describe bound state spectra of a variety of physical, quantal systems. Collective

states of nuclei and rovibronic spectra of molecules are examples. It is a more difficult task to

include the continuum and so study scattering and dissociation processes. But such studies

have been made, usually with 1-dimensional equations and with the Poschl-Teller potential

[6]. That potential corresponds to a dynamical symmetry in the associated algebra that is of

particular interest for Solid State studies and Alhassid, Giirsey and Iachello, [7] have shown

how the scattering and transfer matrices can be deduced (algebraically). They have also

obtained results from a generalisation of the Poschl-Teller potential that defines a periodic

interaction. Usually, however, algebraic scattering theories for quantal scattering involve

use of variations, the so-called 'algebraic potentials', upon exact S-functions obtained by

Euclidean connections to SO(3,N) group algebras [7]; a scheme that is appropriate for stud-

ies of nuclear heavy ion elastic scattering since those events are dominated by the Coulomb

interaction and the nuclear (hadronic) mean field is characterised by strong absorption.

Recently, Ginocchio [9] investigated another approach within the general class of al-

gebraic scattering theories. He studied the properties of an exactly solvable (bound and

continuum spaces) interaction. His potential belongs to a class of interactions that have

been considered by Natazon [10] and for which solution of the radial Schrodinger equations

may be cast in terms of hypergeometric functions. These Ginocchio potentials are spheri-

cally symmetric but they are also angular momentum dependent. They can be defined [9]

in a way that simulates the expected forms of nuclear mean fields and so it is intriguing

whether or not they can be applied to real scattering data.

The three 'inverse' scattering approaches discussed above are now considered in more

detail. The semiclassical WKB and fully quantal, Lipperheide-Fiedeldey (L-F) methods for

solving the fixed energy inverse scattering equations are considered first. Then algebraic

scattering theory and application to heavy ion scattering is developed. Finally, use is made

of the exactly solvable, Ginocchio potentials.



II. FIXED ENERGY INVERSE SCATTERING THEORIES

The inverse scattering problem for fixed energy scattering resolves to the following:-

"Given the partial wave scattering amplitudes (i.e. the S-function ) at a particular energy

and as a function of the angular momentum (X), find the central, local potential which

reproduces that S-function."

That potential will be independent of the angular momentum but, in general, it will be

energy dependent. Therewith lies another problem for the inverse scattering approach. The

5-function must be defined at all (continuous) values of the angular momentum variable.

But measured data are only sensitive to that 5-function at the real integer values of A — \.

There are several methods of solution of fixed energy inverse scattering problems. Herein

I will consider the applications of just two. They are the semiclassical (WKB) method [11]

and a fully quantal method based upon the L-F schemes [2].

A. The semiclassical (WKB) method

In this approach, with r0 being the classical turning radius and Ki(r) being the local

momentum through the interaction region, scattering phase shifts defined by

') - *) * " , (2)
JTQ

are used to specify the 'classical' deflection function,

^ (3)

from which, via an Abel integral transformation [1], one can find the quasipotential

^ _ 2£ r e(A)

, . . =A dX . (4)
•K a da V ô VA2 - a2 J

The scattering potential is determined from that quasipotential per the Sabatier transfor-

mation, by



VWKB(T) = E [l - (5)

so long as the there is a 1:1 correspondence between r and <r from the transcendental equation

(6)

(7)

This condition is valid if, for the actual potential,

E>V(r)+
1-rf;

a condition that E exceeds £<*•«* (the energy at which 'orbiting' occurs). Also, as the

definition of the quasipotential has the limit

Q O r ^ o o , (8)

the transforms lead to r —• r^ and V —*• E in that limit. The WKB method for basically

attractive (nuclear) interactions only hold for radii in excess of the classical turning value

and/or the condition for orbiting.

The integral form of the quasipotential is solved easily if one has a rational function

representation of 5(A), to wit

Sk(X) = (9)

where S^^X) is an appropriate 'background' S-function. Often that corresponding to a

'classical' Coulomb potential,

S<»(A) = e W + A < > (10)

is used, but many others exist. With the above (modified) Coulomb reference function, the

quasipotential is analytic, specifically

2Er)
Q{<r) =

N
2iE

n = l
(11)

so that the residual problem for use of the WKB procedure is to find a set of complex

zero/pole pairs {an,/3n} that fit 5(A).



B. Fully quantal inversion (L-F method)

It is convenient to begin with the radial Schrodinger equation in the form,

^ ( !2±*2) = U(r)xi(kr) , (12)

since the scattering potential U(r) is to be defined in terms of the free Jost solutions which

satisfy

and have the asymptotic properties

^ ^ ' ^ ) , (14)

wherein / are free Jost functions. The potential obtained by inversion is given by

where the function K is a solution of

r)/4r>(r) = /i->(r), (16)
m

and the Wronskian function x is defined by

x2_^ L (17)

This development can be extended [2] to include reference potentials in the basic Ricatti

equations and to generalise the associated iterative scheme mentioned in brief next.

The L-F schemes are particularly useful ways to go about determining that potential.

The simplest I will but sketch here as the diverse theories in existence are well documented

[2]. With this simple scheme, one assumes that the fixed energy S'-function for scattering

can be represented by a complex, rational function form

S(X) = S<0>(A) ft 1 ^ 5 (18)
n = l



where S^ is a reference S'-function (which one obtains from some useful reference potential

V(°)(r)). The total scattering potential (V(r) = V}v(r)) can then be obtained by iteration

as

K(r) = V«-i(r) + A<n>(r), (19)

where the increment function for each additional pole/zero pair of the N set defining the

S'-function is given in terms of the Jost solutions from the preceding iterate of the potential

by

Therein, Lx (r) are logarithmic derivatives,

with f{ (r) being the Jost solutions of the potential ( Vr
n_i(r) ) that asymptote as

respectively. To use this simple scheme, however, the poles and zeroes of the S'-function

must lie in the appropriate quadrants of the angular momentum plane. In actual fact, some

data, and nuclear scattering data in particular, could not be fit with small X2/F values

unless the poles and zeroes were distributed in all quadrants. In such cases it was necessary

to use the mixed rational-nonrational method of Lipperheide and Fiedeldey [2].

Most applications made so far of inversion methods, and of heavy ion scattering in

particular, usually involve a two step process. The first is to use a convenient functional

form of the S'-function and adjust its parameter values so that as good a fit to the measured

data as possible is found. The second step is then to re-express that S-function form as a

rational function i.e. find the best set of pole/zero pairs.

Heavy ion scatterings, by and large, can be classified as examples of strong absorption

with a strong absorption model (SAM) form for the S'-function being one for which

| 5 f c ( O I « l for l<lg (22)



Such a general prescription is appropriate for the whole range of heavy ion scattering, from

those events typical of Praunhofer diffraction through to those characterised by rainbow

scattering. Diverse functional forms for such SAM S'-functions have been proposed [12],

but the most useful to date is that of Mclntyre, Wang and Becker [12] and which is the five

parameter expression,

S(X) = SM(X) = \SM(X)\ exp [2iCci(A)] SSUA) , (23)

where the magnitude of this S-iunction is a Fermi distribution,

[ (k^i)] , (24)
the (real) phase shifts are given by

O*) = *> [l + exp^i)] , (25)

and the point Coulomb ^-function,

r(A + 1 + ir,)
1 iV) ( 2 6 )1 - iV)

keeps the prescription simple. As usual the Sommerfeld parameter is defined by,

m
Note that the parameter values defined by using this form to fit data really only specify

the values for values of the angular momentum variable, (A), along the real axis and at the

points / + | .

C. Application to nuclear, atomic and molecular systems

The semiclassical (WKB) inversion procedure has been used [8] to obtain a scattering

potential from the 1449 MeV cross section of 12C scattering from 208Pb by first finding a good

fit to that data with a SAM (Mclntyre) form of an S'-function With Mclntyre parameter

values of
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lg = 267AS = 24 SQ = 100

l'g = 210A ,̂ = 18 (28)

a data fit with x2 /F approximately unity was found. The same data has been analysed by

full quantum mechanical inversion as well [3]. The extracted potential (when used in the

Schrodinger equation to find phase shifts) then gave the cross section that is compared with

the data in Fig. 1. The potential obtained by inversion of the data is displayed in Fig. 2.

The real and imaginary parts are as indicated but one must note that the sensitive radial

region for the current data set lies outside of 6 fm.

The semiclassical method is a high energy approximation but it is also a useful one

for any strong absorption condition even when the energy is not very large. The real and

imaginary potentials shown by the solid and dashed curves in the diverse segments of Fig. 3

respectively, are the results of WKB inversion of the cross sections from the elastic scattering

of 420 MeV 12C ions from 90Zr and from 208P6, of 125 MeV 12C ions from 208P6 and of 170

MeV 16O ions from 208P6. All four cases are examples of SAM character as the extremely

absorptive potentials epitomise. But in all cases the sensitive region is at large radii.

A second example of the use of inversion techniques is the case of the cross sections from

the elastic scattering of 62.5 meV He atoms from Ne atoms. The data are shown in Fig. 4. In

the insert, the actual measured data [13] are displayed by the dots with error bars and they

are compared with the result of a deconvolution calculation (solid curve). Deconvolution

was necessary as the experiment involved a velocity profile in the atomic beam. The values

of that deconvoluted cross section at the stipulated experimental scattering angles then are

displayed by the dots in the main body of this figure (the error bars are the empirical ones

again). The y?/F minimisation that specified the S-functions were defined with respect to

fits of calculated cross sections to that set of (deconvoluted) data. The cross sections with

which this data are compared were obtained by using the quantal inversion , a (modified)

WKB inversion and a Hartree-Fock calculated [13] potential to give the solid, short dashed

and long dashed curves respectively. Clearly the results are all very similar, reasonably good



fits to the data. The WKB result is designated as modified since a short range potential

had to be added to the WKB potentials as they are defined only to the turning point («

2.1 A). The values of the quantal inversion potential were used at radii smaller than that.

Four (real) potentials are shown in Fig. 5 with the solid, dotted, short dashed and long

dashed curves portraying the quantal inversion, a WKB inversion (using an exponential

background potential), a WKB inversion (made using a Bessel function form background)

and Hartree-Fock interactions respectively. Clearly, the quantal inversion potential has a

deeper minimum value than the others with the two WKB results lying between that and

the theoretically calculated one. All three inversion potentials decrease more slowly at large

radii than does the Hartree-Fock interaction, and all three inversion potentials are indistin-

guishable on this scale from 4 A outwards. The variations are not a reflection of different

5-function values for not only did all calculations start with same product 5-function (de-

fined for the quantal approach), but also that S-function was mapped to the Bessel function

reference form so as to have equivalent phase shifts from 1=0 to Z=200. The quality of that

match is reflected by a total mapping x2, (E?=o \SWKB - Squantai\
2), being less than 7xlO~5.

From Fig. 5 note that the quantal and both WKB inversion potentials coincide very well
o

except at around 3A where the potentials have a minimum. With the (exponential) WKB

potential, its variation from the quantal result reflects the effect of the WKB approximation.

But there are also differences between the two WKB potentials. The two WKB 5-functions

have different structural forms, so that the interpolation/extrapolation they make upon the

set of (physical) values has lead to these different potentials. To verify these conjectures,

it is necessary to check that use of the WKB inversion potentials in direct solution of the

Schrodinger equations reproduce the input S'-functions. However, the WKB inversion po-
o

tential is not specified at radii less than the classical turning point. But at r = 2.2 A, the

WKB inversion potential has not reached the classical turning point and it is equal in value

there to the quantal inversion potential and so the reason for the choice of continuation to

low radii. The resultant phase shifts are not sensitive to the exact short range nature of the

interaction.
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Data exist that are not readily fit by a simple functional form for the S'-function such

as proton scattering from nuclei. Then it is better to seek a direct fit to data using the

rational form of the ^-function. In that way the 200 MeV data of Meyer et al. [14] has

been analysed and the result used in the L-F fully quantal inversion method to specify

the interaction potential. The final check on any fixed energy inversion study of nuclear

scattering is the comparison of cross sections obtained from the phase shifts one gets by

using the potentials derived by inversion, with the data that was chosen in the first instance

to set the input (S-function) to that inversion process. In the present case, the 200 MeV

p—12C cross sections so obtained are compared with the data in Fig. 6. There are two results

shown and both are in extremely good agreement with the measured values. Specifically,

those fits to data have y?/F values of 1.006 and 1.018 for the solid and dashed curves

respectively when a reference S'-function of the form,

50(A) = e*" ln[xi+xl] , (29)

where r\ is the Sommerfeld parameter, was used. These results are of similar statistical

significance but have been obtained by using quite different S'-functions. The two results

were found by using quite different starting conditions in a search upon the (complex) values

of a set of five pole/zero pairs {an,/?n} that define the rational scattering function. In the

first search, the initial set of parameter values where chosen arbitrarily The second set, on

the other hand, were obtained by starting with a set of pole/zero parameter values that map

the S'-function obtained from using the best phenomenological optical model potential [14]

in the Schrodinger equation. Those values were then varied to obtain an improved fit to the

data. These approaches in defining the S-function led to quite different (but equivalent)

minima and they provide a striking illustration of the ambiguity in the relationship between

the differential cross section and the scattering function. It is not surprising to find therefore,

that when used in the appropriate fully quantal inversion scheme of L-F type, these two

parameter sets yield markedly different complex, local effective interactions. The real and

imaginary components of those potentials obtained by inversion are compared in Fig. 7 with
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the best phenomenological (central) one [14], and designated as a double Woods-Saxon

(DWS) in that reference. The inversion results obtained are displayed therein by the solid

and dashed curves and the DWS phenomenological interaction is represented by the dot-

dashed lines. Clearly the phenomenological potential has an imaginary part very similar to

that we find with the (initially) 'constrained' search result. The real part of both inversion

potentials, however, are far more attractive overall than the phenomenological one. But it

must be remembered that the phenomenological interaction does not give a very good fit

to the cross-section data. Both potentials obtained by inversion yield excellent fits. But

one is 'unrealistic' as it has an extremely strong absorptive character and a real part that

is excessively long ranged; the consequence of very many (too many) partial waves being

significant in the associated 5-function. The other is the preferred result. Its S-function was

defined by starting with the conventional optical model scattering function. It is much more

refractive than the other, and as such, it is more like results one finds by folding realistic

NN g-matrices with nuclear densities to define a (microscopic) optical model potential [15]

than are those obtained with current phenomenological forms.

Direct fitting of cross section data was also made in an analysis of electron scattering from

water molecules. The 200 to 1000 eV data [16] from such scattering are fit extremely well

when rational forms for the 5-function with two pole/zero pairs of complex (and conjugate)

angular momentum values are used. The complex conjugate character of the pole/zero pairs

ensures that the associated scattering potential will be purely real. At each energy for this

electron-molecule scattering, those pole/zero pair values were taken as parameters whose

values were adjusted until a x2 minimisation fit to the actual data was found. The results

displayed in Fig. 8 are the measured cross sections [16] for various energies (200 to 1000 eV)

and the agreement between them and calculated results is excellent. With minor variations,

the resulting parameter values show a monotonic variation with incident energy. Essentially,

the first pole, cui, moves further away from both the real and imaginary (A plane) axes. The

pole CK2, on the other hand, moves slightly towards the real angular momentum plane axis

with increasing energy and at the same time, it moves slightly away from the imaginary
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one. That energy dependence reflects in the potentials obtained by inversion. The real,

local, inversion potentials for the 200 to 500 eV data from electron scattering from HiO

are displayed in Fig. 9. They were evaluated using the WKB inversion scheme. While all

energies to 1000 eV were considered, only the results for the 200, 300, 400 and 500 eV

scattering are shown in this diagram. Clearly these (real) potentials are energy dependent.

Above 500 eV, that energy dependence is very slight (at least for radii in excess of 0.1 a.u.).

Energy dependence in local potentials can be a reflection of true nonlocality of the actual

interaction. Indeed, nonlocal interactions do map to phase equivalent (energy dependent)

local ones when the solutions of the relevant Schrodinger equations link by a functional

transform [17].

III. ALGEBRAIC SCATTERING THEORY

Algebraic scattering theory is predicated upon the notion that quantum systems have a

dynamic symmetry with the groups T and Q giving representations of the system in the ab-

sence and presence of interactions respectively. Between these groups' eigenfunctions there

is an Euclidean connection that yields the 5-function associated with the asymptotic group

{J7). Recent studies have considered such a group theoretic approach to the analysis of scat-

tering of heavy ions. The groups 50(3, iV) for N — 1,2 are particularly interesting in that

context since the dynamical symmetries inherent within them yield ^-functions that equate

to quantum scattering from Coulomb potentials. Quantum scattering that is dominated by

Coulomb effects then might be treated by postulating algebraic 'potential parameters' to

modify the arguments of the 5-function forms from those of the exact realisations of the

50(3, N) groups. Strictly speaking the term 'potential' is a misnomer in this context, but

as it has been used frequently in the literature, it is retained herein.

For kinetic energies in excess of 10 to 20 MeV/u, heavy ion scattering is usually so

strongly absorptive that the process is quite peripheral and the Coulomb interaction dom-

inates any hadronic term. For lower energies the 'classical' turning radius is well outside
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the summed nuclear radii and Coulomb scattering again dominates the elastic events. In

both circumstances only large angular momentum channels are essential to explain observed

data. 'Light' heavy ion collisions, such as that between two l2C nuclei, may be not so

well described. But the majority of nuclear hevy ion elastic scattering events are Coulomb

dominated so that it is appropriate to use algebraic scattering theory in the analysis. That

theory [7] gives algebraic S'-functions in terms of algebraic Jost functions Ai by

wherein k is the wave number. The realisation of the 50(3,1) group determines a recursion

relation for these S'-functions, namely

where r\ is the Sommerfeld parameter,

h2k '

and zi(k) is the algebraic 'potential parameter' caused by the hadronic interaction between

the two heavy ions. To within a constant phase (taken as zero) the S-function is then

For heavy ion scattering so many partial waves are involved usually that one may consider

the S-function to be a continuous function of angular momentum, whence

^ (34)

Then, with the deflection function defined by

6(0 = - < * » , (35)

the approximation for the (continuous) function (Eq. (34)) when used with the recurrence

result (Eq. (31)) gives
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1 + iQ{l) = ^ ^ " l - r o i ^ ( 3 6 )

I + 1 — Zi — 17]

from which one finds the relation

fi(/ +1)0(0 ,1

In the limit z\ —»• 0, these two equations reduce to

0(0 - (f + i^_<T? • (38)

so that

e(«) r J£TS i (39)
*-»« (Z + 1 )

the result expected for pure Coulomb scattering. The asymptotic form for zi (Eq. (37))

should be appropriate therefore in conditions I » rj » 1.

However, for pure Coulomb scattering or for any algebraic 'potential parameter' that is

independent of I, the product form of the 5-function (Eq. (33)) reduces to the conventional

form

O/J\ \ "" ' ^ ' W) / Af\\

r( / + I — z — if})

where T(z) represents the Gamma function of complex argument. But to use this form with

an algebraic 'potential parameter' that is dependent upon / invokes a second approxima-

tion to that of the insertion of an algebraic 'potential parameter' in the first place. That

second approximation form for the 5O(3,1) case is identified by using Eq. (40) with the

substitution,

z - • vi(k) . (41)

To date that form has been used in applications either with a Woods-Saxon parametric form

for vi [18] or by directly matching the algebraic 5-function to one that fits the measured

cross section. The latter was usually of the type defined by Mclntyre, Wang and Becker [12]

viz.
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L ^ 1 (42)

and

For large / values, the Mclntyre phase shift is

2id\M)-^ - e x p ^ - ^ + 2 i / x e x p ^ - . (44)
l—»oo A A

But one may anticipate that the form found for vi(k) by fitting data will be structurally

different to that of zi(k) when Eq. (33) is used to fit the same data. Herein just what

those differences are for typical cases is considered. For completeness, note that a similar

reduction and double approximation gives the 50(3,2) form for the 5-function

Interest in algebraic 'potential parameters', and especially of simple functional forms

of them, initially stemmed from the expectation [7] that they could be determined from

underlying microscopic reaction processes without recourse to coordinate space interactions.

Although the S-functions as given in Eqs. (40) and (45) have a compact analytic form, from

the foregoing it is clear that the S-function of Eq. (33) has also that advantage by being an

analytic expression in terms of the deflection function, ©(0- Neverthless, recently, inverse

scattering theory allowed a coordinate space potential to be defined that corresponded to

an algebraic one [18]. Only the vi(k) and wi(k) forms were considered in that study and

differences were found between directly fitted forms (mapped to Mclntyre functions) and the

postulated (Woods-Saxon) shapes assumed by others. It is worth noting that Amado and

Sparrow [7] studied connections between SO(3,2) algebraic 'potential parameters', wi(k),

and coordinate space ones by means of the eikonal approximation, finding that if Wi(k) —*

exp(-fil) then V(r) —• r~5 exp(—/z&r). But that connection is highly nonlinear save in

the periphery, although Zielke et al. [19] recently have found explicit coordinate realisations
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of the algebraic Hamiltonians with general SO(3,2) dynamical symmetry. Likewise, with

a semiclassical approach and the SO(3,1) 'potential parameter', vi(k), Hussein, Pato and

Iachello [7] found that an exponentially decreasing form with / mapped to an exponentially

decreasing coordinate space interaction. In a very recent development [20], attention has

been drawn to the results of studies in the past [21] from which S-functions of the form of

Eq.(40) are related directly to a generalised sum of Yukawas in coordinate space.

For the 1449 and 2400 MeV 12C-208Pb scattering cross sections, quite simple 5-functions

suffice to give excellent fits to the data. With the Mclntyre form fits those cross sections could

be found with chisquares per degree of freedom (x2/F) of 1.2 to 1.3; signifying a quality fit to

the measured values. The algebraic 'potential parameters' obtained by mapping the various

forms (Eqs. (33) , (40) and (45)) to the 'experimental' 5-functions are given in Figs. 10

and 11. {Similar results for zi(k) were obtained when the total deflection function (nuclear

plus Coulomb) was used in Eq. (37). The imaginary parts are slightly smaller overall.}

Clearly, Zi(k), vi(k) and wi(k) for these two cases as shown in Fig. 10 have distinctively

different shapes with /. But one must recall that only the large /—values (> 200 and > 250

for 1449 and 2400 MeV respectively) are of any significance in fitting the cross-section

data. For those angular momentum values, all three algebraic 'potential parameters' are

essentially monotonically decreasing and exponentially so. But each has a different exponent

coefficient. That is evident from Fig. 11 wherein are shown the logarithms of the separate

real and imaginary parts of the algebraic 'potential parameters', z\ and v\. Those results

are again smooth and asymptote to a linear form with large I. One may expect simple

functional forms of these 'potential parameters' will reproduce the plotted shapes. But it is

to be noted that the large /—values are parallel (real and imaginary components considered

separately) with ln(^) about twice that of ln(tty).

Thus, algebraic scattering theory, when applied to the analysis of heavy ion scattering

that is characterised by strong absorption, results in smooth exponential forms for the alge-

braic 'potential parameters' at the large angular momentum values that are important so far

as fits to the cross-section data are concerned. But the exponent values are different accord-
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ing to use of the zi, vi or wi representations. As the latter two result from a mathematical

approximation in addition to the basic algebraic scattering theory concept, presumably the

2/ forms should be used and particularly so if an investigation seeks an underlying theory

of the algebraic 'potential parameter' or if a coordinate space realisation as per a sum of

Yukawa functions [21] is to be made.

IV. THE GINOCCHIO POTENTIALS

Ginocchio [9] considered the radial Schrodinger equations with angular momentum de-

pendent interactions viz.

in which m(r) is an effective mass. These equations can be transformed to the dimensionless

forms

+„,(,) C U ( p ) = o, (47)
p2 J

by using

W(r) = VUl(p) , lt(p)=
rim, (48)

and a dimensionless energy

t= vv • (49)

The potentials considered by Ginocchio are based upon a function y(p) that is defined by

the relation

1 r . . . / r ^ - y arctan((v/ATZ-i)2/)l > (50)

with A a parameter. Note that the entire radial range, 0 < p < oo, maps to the finite

interval 0 < y < 1, and the function has asymptotic values,
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, y(p) (51)

where

Po = 72— arctan(VA2 - 1)

Note also that if the effective mass is respecified by

fj,(p) = 1 — a + ay2 0 < a < 1 ,

it varies with (dimensionless) radii from (I — a) at the origin to unity at infinity.

The Ginocchio potential is then given by

\f(p) + 9(p)]

(52)

(53)

(54)

where, with the parameter set {A, a, Vi, an}, the first factor is

S{p) = - Wivt + 1)(1 - y2) + ^ - ^ ( 1 - y2) [2 - (7 - A V + 5(1 - A V ]

^ ( l - j , 2 ) [ l - ( l - A V ] x [ l - o + {a(4-3A2)

y2 + 5(1 - A2)(l - a)y4 + 2a(l - A V } ] , (55)

i
A4

- 3 ( 2 -

and the second,

9(P) =

The first factor is negative and finite at the origin, behaving as

1)'
P2

(56)

(57)

while the second factor tends as

9(P)
'(a2 -0.25) -1(1 + 1)

p-0
(58)

which diverges unless a; = I + \. At infinity, the total potential varies as

(59)
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With this potential, Ginocchio established that the bound state spectrum and the scatter-

ing function are given analytically. When the incoming beam has (dimensionless) momentum

k, the scattering function is given by

-if)' (60)

where

1 A
Pi = Po- T ^ M T T )

zx = o, + 1 + y/[(vt + 0.5)2 + /?2(1 - A2 + aA2)]

0.5)2 + P2(l - A2 + aA2)] . (61)

The poles of that 5-function can be easily specified with those due to bound states and

others due to redundant states, virtual states and resonances identifiable [9]. Resonances

occur if the potential parameters satisfy

A2(l - a) > 2 , (62)

and will be identified by integers such that

\ 1
(63)U > \ \

+ =:)-al-l2

To date, I have used the Ginocchio 5-function form only to analyse a test set of phase

shifts. Those phase shifts were obtained from a (real) Woods-Saxon potential that is a

reasonable interaction to give the low energy n — a (neutron-alpha) s-wave phase shifts (to

~ 20 MeV). Then the Ginocchio 5-function parameters were adjusted until a good fit was

found. The starting phase shift values and the Ginocchio fit are shown in the top segment

of Fig. 12. The input (real) Woods-Saxon and output Ginocchio potentials are shown in the

bottom segment of that figure. They are markedly different, with the Ginocchio interaction

being stronger, shorter ranged and having a small repulsive barrier. But the two potentials

when used in the Schrodinger equation give almost identical s-wave phase shifts to ~ 20
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MeV. As with the inverse scattering studies described previously, here is another ambiguity.

Again, one must use a bias to specify a physical potential if one is to use inverse methods

to extract interactions from data.

V. CONCLUSIONS

Diverse exact S-function specifications have been used to analyse quantal scattering data

to extract interactions (local, energy dependent and possibly complex) which, when used to

obtain solutions of the relevant Schrodinger equations, give back the starting S-functions

very accurately so that the fit to scattering data is retained.

The fixed energy quantal inversion method (exact or under WKB approximation) was

used to extract effective local, complex potentials from the elastic scattering differential cross

sections for a number of nuclear heavy ion collisions and for 200 MeV protons off of 12C.

The associated fits to the measured data are extremely good in each case, and in most cases,

sufficiently so that sensible error analyses of the results could be made. The procedure used

a rational function form for the 5-function and the complex values of its poles and zeroes

specified by a x2 minimisation search to fit the data. The proton scattering study was of

particular interest since two starting sets of parameter values (of a five pole/zero pair set)

led to two very distinctive and different S-functions. Both sets, however, gave fits to data

for which x 2 / ^ is close to unity and so are statistically significant. Quantal inversions of

the two rational function forms then were made using L-F theory, and smooth well behaved

complex potentials resulted. But only one study led to a 'realistic' interaction. It has an

imaginary component quite similar to that of the phenomenological potential and a real part

that, while more refractive than the phenomenological one, resembles the result found by

folding realistic NN g-matrices with the density matrices for the ground state of 12C.

Both WKB and full quantal inversion analyses were made of atomic (He-Ne atom) and

molecular (electron-water molecule) elastic scattering data. Those analyses were constrained

to use complex conjugate pole/zero pairs in defining the 5-function (as a rational function)
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in the complex angular momentum plane. The potentials that are given by the process were

all smooth and purely real and were good representations of those determined phenomeno-

logically. Also such inversion potentials are expected to be energy dependent; a dependence

that might reflect true nonlocality in the optical potential due to Pauli effects. That was

one reason for the study of the differential cross sections from the elastic scattering of elec-

trons from water molecules. Both semiclassical (WKB) and fully quantal inversion methods

were used to analyse data taken in the energy range 100 to 1000 eV. Constrained to be

real, the local inversion potentials were found to have an energy dependence consistent with

nonlocality one could expect in the actual interaction.

Algebraic scattering theory is another form of inversion of fixed energy data. When

applied to the analysis of heavy ion scattering that is characterised by strong absorption,

such studies result in smooth exponential forms for the algebraic 'potential parameters' at

the large angular momentum values that are important so far as fits to the cross-section

data are concerned. But the exponent values are different according to use of the zi, vi or

wi representations. As the latter two result from a mathematical approximation in addition

to the basic algebraic scattering theory concept, presumably the zi forms should be used

and particularly so if an investigation seeks an underlying theory of the algebraic 'potential

parameter'. For heavy ion collisions, the structure of the associated 5-functions may be

used to map to a sum of Yukawa potentials in coordinate space and such studies are in

progress.

Finally, an exactly solvable case was considered. That case, the Ginocchio potential, was

used to analyse test n — a scattering data for low energies. Exact mapping of phase shifts

led to a smooth potential, phase equivalent to the starting chosen Woods-Saxon form, but

which was noticeably different in shape. That simple study emphasised the result framed by

analyses of real data by other inverse scattering methods that to use any of these techniques

to specify the physical interaction from observed data, it will be necessary to input a physical

bias as to the nature of the interaction, or of the actual S-function.
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FIGURES

FIG. 1. The fit to the 12C — 208Pb cross section using the Mclntyre S-function with parameters

given in the text.

FIG. 2. The potential obtained by inversion starting with the Mclntyre S-function that fit the

12 C - 208P6 cross-section data.

FIG. 3. The potentials obtained by WKB inversion of diverse nuclear heavy ion elastic scat-

tering data.

FIG. 4. The differential cross sections for elastic scattering of 62.5 meV He atoms from Ne

atoms. The 'data' obtained from deconvolution is displayed in the larger segment by the dots. The

solid line shown therein was obtained from the quantal inversion. The short dashed line displays

the WKB inversion result while the long dash line represents the cross section found by using a

potential from a Hartree-Fock calculation. The insertion shows the effect of deconvoluting the

diffraction oscillations of the actual measured data (dots).

FIG. 5. A comparison of the diverse He-Ne interatomic potentials. The solid, short dashed,

dotted and long dashed lines represent the potentials obtained from the quantal inversion, the Bessel

background (WKB) inversion, the (exponential) WKB inversion and the Hartree-Fock calculations

respectively.

FIG. 6. The differential cross-section data from the elastic scattering of 200 MeV protons from

12 C and two fits to them that result by using inversion potentials in obtaining solutions of the

Schrodinger equation.

FIG. 7. The real (top) and imaginary (bottom) parts of central potentials for 200 MeV protons

on 12C. The dashed and solid curves are the results obtained by inversion using the two rational

form S-functions that fit the data accurately. The dot-dashed curves display a central (DWS)

phenomenological interaction.
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FIG. 8. The differential cross sections for elastic electron scattering from H^O at diverse ener-

gies.

FIG. 9. The (real) potentials obtained by WKB inversion of the 200 to 500 eV scattering data

shown in Fig. 8.

FIG. 10. The diverse algebraic 'potential parameters' obtained from fits to the 1449 MeV (left)

and 2400 MeV (right) elastic scattering cross sections of 12C from 208Pb. The real and imaginary

parts are represented by the solid and dashed curves respectively.

FIG. 11. The logarithms of the real and imaginary components of vi and zi algebraic 'potential

parameters' from the analyses of 12C-208Pb scattering. The logarithms of the real and imaginary

components of vi are displayed by the solid and short dashed curves respectively while those of zi

are given by the long dashed and dot-dashed curves respectively.

FIG. 12. The Ginocchio results and the starting Woods-Saxon phase shifts (top) and real

potentials (bottom) for low energy n — a scattering.
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