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Abstract

The growth of instabilities of finite nuclear systems at low densities is investigated

using a fluid dynamical approach. For a sufficiently large source several multiple

modes up to an ultraviolet cut-off become unstable with nearly the same growth rate,

indicating that the system may develop towards different fragmentation channels with

nearly equal probability.
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Spinodal decomposition has been proposed as a possible mechanism for the mul-

tifragmentation processes observed in heavy-ion collisions at intermediate energies

[1, 2]. According to this mechanism, hot nuclear systems produced in the collision pro-

cess are mechanically unstable in the spinodal region, and small density fluctuations

are rapidly amplified leading towards a catastrophic transformation of the system

into an ensemble of nuclear clusters. In order to deal with such processes involving

large density fluctuations, stochastic transport models of the Boltzmann-Langevin

type have been developed, and applied to study the dynamics of the fragmentation

processes in nuclear collisions [3, 4]. However, for understanding the early develop-

ment of the instabilities, valuable information can be obtained more easily in a linear

response framework of such approaches [5, 6]. In such a context, while the proper-

ties of the unstable nuclear matter seem to be well established, the influence of the

finite size effects in the early development of the spinodal instabilities has not been

investigated in a systematic manner, except the pionering work reported in [7] on the

instabilities in calcium nuclei. Here, we address this problem in a fluid dynamical ap-

proach, and investigate the early growth of the unstable collective modes in realistic

cases of finite dilute systems, which may be formed during nuclear collisions.

In the standard treatment, the fluid dynamical equations are deduced from the

Boltzmann equation by taking the zeroth and the first moments of the phase-space

density in the momentum space. A similar reduction based on the Boltzmann-

Langevin equation gives rise to a stochastic fluid dynamical description, which in-

cludes the two-body dissipation and fluctuation mechanism in accordance with the

fluctuation-dissipation theorem [8]. As an alternative treatment, the fluid dynamics

can be derived from a variational approach, which we consider here [9, 10].

In the variational formulation of the fluid dynamics, the starting point is the

action integral, I = J dt < ty\ihd/dt — H\ty >, in which the expectation value of the

Hamiltonian < ^1/^1^ > is calculated by making a specific ansatz for the many-body
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wave function of the form,

*(r i , r 2 , . . , rA ; i ) = $ ( n , r2, ..,rA; t)exp[jS] (1)

where $(r i , r 2 , ..,r>i; £) is a real-symmetric function and 5 = Z/f=1 S(rj,t) is a real-

symmetric phase factor. For a Skyrme-type force and the Slater determinant form of

the wave function 4>, the expectation value of the Hamiltonian can be expressed as

[10, 11],

>.= [d3r(-}—p(r,tWS- VS + e[p}\. (2)
J 12m* J

In this expression, p(r, t) is the one-body density associated with the wave function

$, m* denotes the effective mass
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and the intrinsic energy density is taken as

r __ n2 3 2 i 3 i 2

2m* 8 16 64

where (^01^1^2,^3) are the parameters of the Skyrme force and r [p] represents the

kinetic energy density, in general, as a functinoal of the one-body density matrix p(t).

For the Coulomb energy density we use the expression,

e c { r ) = %rPP{r) I d3r' , , , - 7 e 2 ( - ) 1 / 3 p P
4 / 3 ( r ) ( 5 )

2 J \r' — r\ 4 w

where pp(r) is the proton density and the second term represents the Slater approxi-

mation for the exchange part. With the ansatz (1) and the expectation value of the

Hamiltonian (2) , the action integral takes a classical form,



with S and p playing the role of the momentum and the coordinate conjugate to the

momentum, respectively. The Hamilton's equation for p gives the continuity equation,

^ + V - ( u p ) = 0 (7)

with the velocity field u = VS/m* and Hamilton's equation for S yields an Euler-type

equation for the velocity field. In contrast to the reduction based on the Boltzmann

or Boltzmann-Langevin equations, as a result of the mean-field approximaton in the

variational formulation, dissipation terms do not appear in the equation of motion.

In order to study small fluctuations around a stable or unstable equilibrium state

characterized by a spherically symmetric density po(f) , it is sufficient to linearize

the fluid dynamical equations around po(r). For this purpose, it is convenient to

introduce a multipole expansion of the velocity potential . Here, we consider a single

mode with the multipolarity L and parametrize the velocity potential as,

S{r,t) = qLjL(kr)PL(cos6) = qLSL(r) (8)

where <7L(0 and k are the amplitude and the radial wave number associated with

the collective mode. The corresponding distortion in density is determined by the

continuity equation (6),

8p(v, t) = qLV-(^VSL) = qL6pL{r). (9)

Then, the expectation value of the Hamiltonian assumes the form,

< tj,\H\tp >= Eo +
 l-MLq2

L + \cLq\. (10)

Here, EQ is the energy of the equilibrium state, and Mi and Ci denote the inertia

and the stiffness coefficient associated with the mode qi,,

= Jd3r^VSL-VSL (11)



where E = J <Pr e[p]. The frequencies of the collective modes are determined by

where CL is negative for the unstable modes, and it describes the growth (or decay)

rates of the amplitude q^.

In the expression (13) for the growth rates, all the input quantities are fixed

by the standard parameter of the Skyrme-3 force, except the kinetic energy density

T [p] in eq (4). In determining the kinetic energy density particular attention must

be given in order to include the contribution arising from the deformation of the

Fermi surface [8, 9]. This is a quantal effect associated with Fermi systems[12]. In

the case of high-frequency surface vibrations at normal density, such as the giant-

quadrupole mode, the overwhelming contribution to the restoring force arises from

the deformation of the Fermi surface. At lower densities, this effect is still important

and tends to stabilize the surface modes. Consequently, well inside the spinodal

region, the instabilities are dominated by the unstable volume modes, for which the

effect due to the deformation of the Fermi surface is expected to be small. We check

the validity of this approximation in the case of infinite matter by comparing the fluid

dynamical calculations with the result of the semi-classical RPA dispersion relation

which includes effects due to distortion of the Fermi surface. This comparison shows

that the fluid dynamical calculations provide a good approximation, within about

10 — 20%, for the semi-classical dispersion relation in the unstable zone. Moreover,

both treatments give rise to the same ultraviolet cut-off in the dispersion relation.

Therefore, in the calculations presented here for finite systems at zero temperature,

we neglect the deformation of the Fermi surface and take the kinetic energy density



as given by the Extended-Thomas-Fermi theory with the curvature correction, r [p] =

(3/5)(37r2/2)2/3p5/3 -I- Vp • V/a/36/9 + V2p/3. Hence, we expect that the expression

(13) gives a reasonable estimate for the growth rates of the volume modes, provided

that the source employed has a sufficiently sharp surface so that the instabilities are

not influenced appreciably by the surface properties.

In the calculation of the growth rates, we consider that a dilute source is prepared

well inside the spinodal zone, and it is specified by a Fermi shape density profile,

PQ{T) = pQ/ [1 + exp(r — R)/t] with p0 as the central density and its radius R is

fixed by the mass number of the source. In order to minimize the surface effects,

we determine the thickness parameter t by minimizing the energy EQ associated with

Po(r), which yields a source profile with a small thickness of the order of t « 0.2 fm.

As an example, figure 1 shows the density profile PQ(T) used in the calculations for

a source of nucleon number A = 50, and the radial part of the transition density

6p[,(r) for L = 3 and for radial wave numbers k = 0.7 , 1.0 fm'1 (volume modes)

and k = 0.1 fm'1 (surface mode). In figure 2, the calculated growth rates for a set of

multipole modes are shown by solid-lines as a function of the radial wave number for

a finite source with A = 50 and 200 nucleons at about one third of saturation density,

pa = 0.06/m~3. At this density, for a small source with A = 50 nucleons, only the

modes with L = 2 and 3 are unstable with a typical growth rate of 0.04 c fm'1, where

as for the source with A = 200 nucleons many multiple modes become unstable with

the most unstable modes having a radial wave number in the range of 0.7 — 1.0 fm'1

and a typical growth rate 0.05 — 0.06 c fm'1.

The numerical simulations of the Boltzmann-Uhlen-Uhlenbeck equation as well as

Vlasov equation for an expanding nuclear system give rise to hollow shape unstable

configurations [13, 14, 15]. In order to investigate the properties of such non-compact

systems and compare with the previous calculations, we also performed calculations

for a hollow shape source specified by adding a monopole distortion to the Fermi shape



density profile, Po(r) = Po(r) + qo6po(r). Here, the monopole distortion is taken as

6po(r) = — V-(/>^Vjo(fc'~)) a n ( i the amplitude qo is chosen so that it produces about

30% decrease in the central density. In figure 2, the results of this calculation are

indicated by dashed-lines for the same systems. As seen from the figure, the hollow

shape source is slightly more unsatable than the uniformly diluted system.

Figure 3 shows the growth rates of the most unstable modes for different multipo-

larities L for a source of A = 200 nucleons with a Fermi shape profile and two different

central densities p = 0.075 fm~3 (solid line) and p = 0.060 /m~ 3 (dash line). In the

upper corner of the figure the fluid dynamical dispersion relation for infinite matter

is illustrated for comparision. As seen from this figure, the growth rates of the most

unstable modes of the finite source are nearly the same for different multipolarities

up to a maximum multipolarity Lmax. This result indicates that the unstable finite

system can develop, with nearly equal probability (aside from the factor 2L + 1),

into different break-up channels, following the linear regime specified by the multi-

pole distortion of the source. However, the production of small size fagments may

be inhibited due to the absence of instabilities for large Vs. These findings are in

agreement with the recent results obtained from Boltzmann-Langevin simulation [15].

This behaviour of the finite system is qualitatively different from the development of

instabilities in nuclear matter, in which the most unstable mode is characterized by

a single characteristic length determined by a wave number k. In the case of finite

systems, unstable modes are characterized by a radial and an angular wave numbers.

The radial wave numbers for the most unstable modes have about the same mag-

nitude for different multipolarities and compare well with the nuclear matter value.

The angular wave number for each mode is approximately determined by 2TTR/L with

R as the radius of the source and it provides a measure for the fragmentation pattern

in the given mode. Furthermore, by comparing the angular wave numbers with the

corresponding values in nuclear matter, we can deduce an approximate expression for
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the maximum value of the most unstable multipolarity , Lmax — kR with k as the

the wave number for the most unstable mode in nuclear matter, which is in good

agreement with the values of the Lmax illustrated in figure 3. We should also note

that the Coulomb potential has, in general, a very small effect on the growth rates of

the unstable collective modes, except close to the border of the spinodal zone, where

it stabilizes very long wave-length unstable modes.

In summary, we investigate the growth of instabilities of finite nuclear systems at

low densities using a fluid dynamical approach. A parametrization of the collective

flow in terms of multiple moments and together with the continuity equation leads to

a simple expression for the growth (or decay) rates of the unstable collective modes,

which provides a good approximation for the volume modes since the effect due to the

distortion of the Fermi surface is small. For a sufficiently large source, many multiple

modes up to an Lmax become unstable with nearly the same growth rates indicating

that the system may develop different fragmentation channels with nearly the same

probabilty with a statistical weight given by the multiplicity 2L + 1.
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Figure 1:
Fermi shape density profile PQ(T) used in the calculations for a source with a mass
number A = 50 (upper part), and the radial part of the transition density 6pL(r) for
L — 3 and for a range of radial wave numbers k (lower part).

Figure 2:
Dispersion relations for unstable finite systems with mass numbers A = 50 (left panel)
and A = 200 (right panel), as a function of the radial wave number for different
multipolarity L, at zero temperature. Solid lines show the growth rates calculated
using a Fermi shape source profile with a central density po = 0.06 fm~3 and dashed
lines are those obtained with a hollow shape source (see text).

Figure 3:
Growth rates of the most unstable modes for a source with A = 200 nucleons with
a Fermi shape profile as a function of the multipolarity L at central densities p0 =
0.060 fm~3 (dashed line) and po = 0.075 fm~3 (solid line). The insert shows the fluid
dynamical dispersion relation for infinite matter as a function of the wave number k.
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