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Abstract

Stochastic differential equations with the deterministic, algebraically cor-

related noise are solved for a few model problems. The chaotic force with both

exponential and algebraic temporal correlations is generated by the adjoined

extended Sinai billiard with periodic boundary conditions. The correspon-

dence between the autocorrelation function for the chaotic force and both

the survival probability and the asymptotic energy distribution of escaping

particles is found.



1 Introduction

For the description of dynamics of a classical many body system, there have been

two main theoretical approaches proposed. The first one relies upon investigation

of some kinetic rate equations and the second one uses the molecular dynamics ap-

proach. Both these approaches can be extended to include some elements of the full

quantum problem such as the Pauli exclusion principle for fermions. In application

to nuclear physics, the classical molecular dynamics (MD)[1] or its 'quantal' ver-

sion the antisymmetrized molecular dynamics (AMD)[2] have been mainly studied

in connection with the dynamics of the collision and the subsequent instabilities

leading to the fragmentation[3] . Chaotic properties of nuclei have been discussed in

the framework of the MD in connection with the heavy - ion scattering[4, 5]. It was

shown that for sufficiently violent collisions, the colliding ions form a chaotic tran-

sient with the exponentially decaying survival probability. Moreover, one gets fast

memory loss and the equilibration, corresponding to the excitation of many overlap-

ping resonances (Ericson fluctuations), as well as the Lorentzian shape of the energy

autocorrelation function of an S-matrix element Cij(t) — (S'j(E)Sij(E + C))E [6].

For simple chaotic Hamiltonian systems containing essential elements of both direct

reactions and isolated or overlapping resonances, the relevance of the random matrix

theory of compound nucleus reactions has been demonstrated for quantities like the

averaged fluctuating cross section and the correlations function C(e)[7] . Recently,

the velocity autocorrelation function (VACF) : C(t) = < v(to)v(to + t) > has



been studied in the MD for the reaction 12C -f12 C [8] . Two regimes have been

demonstrated in this study. For central collisions , the VACF decays exponentially

in time and the entire energy is dissipated at the very beginning of the reaction.

The equilibration time is short, allowing the statistical properties of the compound

nucleus to show up at the early stage of the reaction. On the contrary, in the pe-

ripheral collisions of ions, the algebraic C(t) ~ t~y (7 = 1) , long time tail in

the VACF has been demonstrated[9] . The force autocorrelation function (FACF) :

C(t) =< F(to)F(t) > decays in the same way C(t) ~ t~^ (7 = 1) as can be seen

in Fig. 1.

VACF is the principal quantity of interest from which many other useful quan-

tities can be obtained by simple manipulations. The Fourier transform of C(t)

gives the power spectrum S(LJ). For the peripheral collisions[8] , one finds S(u;) ~

I In a.'I and S(LO = 0) = 2D =• 00 , where D is the diffusion constant [10] . The mean

square displacement in configurational space can be obtained from the VACF using

the Green-Kubo formula[12] , which yields in this case[8] :

o2{t) = {(r(t) - r(t0))
2) = 2 f\t~T)C(r)dT oc t\nj--t + t0 . (1)

i.e. the diffusion is anomalously enhanced (superdiffusion) and D = limt^co a2{t)jt di-

verges logarithmically. The same dependence as in the configurational space holds

also for the mean-square displacement in the velocity space because diffusion in

classical Hamiltonian systems proceeds in the phase space and no subspace is dis-

tinguished by the dynamics. One can also argue differently. The Green - Kubo



formula for the mean square displacement in the velocity space can be written sub-

stituting the VACF by the FACF in Eq. (1). Since C(t) decays like ~ 1ft ,

therefore the momentum variance grows like a ~ tint . Direct numerical verifi-

cation of this logarithmic deviation from the linear growth of a(t) is particularly

difficult in small systems[8] , where the small available phase space cuts short the

diffusion before the logarithmic corrections can be seen with the naked eye. The

same problem has been reported before for simpler systems such as billiards[ll] or

Lorentz gases[13, 14] , which are easier to handle numerically than the MD and

where the time-dependence is easier to decide. For heavy-ion collisions at grazing,

independently of the MD results obtained in ref. [8] , one expects particularly small

number of open decay channels[15] and, therefore, both the existence of algebraic

survival probability[16, 17] and the formation of long-lived orbiting complex[18] .

In MD approach, the anomalous diffusion appears in peripheral collisions. In

this case the projectile and target preserve their identity for a long time, i.e. the

correlations fall off slowly and the interactions between nuclei are extremely weakly

absorptive. The long-time rotation of weakly interacting reaction constituents is a

necessary condition for the anomalous diffusion to take place. A decisive factor in

that process are violent collisions of particles at the border between the projectile

and target nuclei. For large impact parameters such collisions are rare and most

of the particles are affected only by weak interactions from the side of their neigh-

bours in the same nucleus, whereas the rest of the system continues its quasi-free



, rotational motion. Hence, in spite of the full chaoticity, interacting nuclei during

a long period of time resemble an integrable, two-body system and their peripheral

collision mimics the nonhyperbolic scattering[4] .

Studies of VACF in MD point to the existence of two different mechanisms[8] :

the fusion dominated process at small angular momenta (impact parameters) with

large number of open channels, and the diffusive process associated with orbiting

with small number of decay channels. In the latter case, intensity of the diffusion

process grows monotonically with time, i.e. the dissipation rate does not stabilize, as

it would be the case for the normal Brownian diffusion, but instead it diverges loga-

rithmically. Consequently, for peripheral collisions or for strongly elongated shapes

from saddle to scission, it is more appropriate to use the time- or coordinate- de-

pendent diffusion coefficient. The prediction of coexistence of the fusion dominated

processes with the diffusion process in light heavy-ion collisions is in agreement with

the coupled-channel analysis[19] and supported by experiments [20] .

The description of fission as a diffusion over a potential barrier in a collective

variable was proposed long time ago by Kramers[21] . Kramers proposed also to

use the Langevin equation to study this phenomenon. The slow collective motion

with its high mass parameter is treated as a Brownian particle, whereas the fast

nucleonic degrees of freedom form the heat bath. The diffusion process is driven

by the coupling to the heat bath which models other equilibrated nuclear degrees

of freedom, different from the shape degree related to fission. Effects of the rapid



exchange of energy with nucleonic motions are described in two ways: the average ef-

fect of the coupling between fission and the heat bath is described as the friction and

the residual rapidly varying effect by the Langevin force. The friction then controls

average behaviour whereas the fluctuating force produces a distribution around the

average. The diffusion constant D is related to the friction constant & through the

temperature T via the Einstein relation. The random force is phenomenologically

assumed to be a Gaussian random variable with no time correlations, satisfying the

fluctuation - dissipation theorem :

< F{t)F{t) > = 2iT8(t -t) . (2)

In the above equation. 7 is the reduced friction (= 0/m) , m is the mass associated

with the collective fission mode, and T is the temperature of the heat bath.

These concepts have been fully appreciated with the discovery of deep-inelastic

heavy-ion reactions[22] . A complete study of the fission process within this formal-

ism was performed more recently [23, 24] and a long transient time was pointed

out. Transients in fission, related to the time scale set by the friction constant, lead

to higher pre-fission neutron multiplicities [23] than predicted by the statistical

model[25] . The effect increases with the energy of the fissioning nucleus and seems

to have been well documented experimentally[26, 27] .

The unusual algebraic VACF found in the MD are relevant for the formulation

of the stochastic transport theory. To incorporate fluctuations into the semiclassical

limit of the extended time-dependent Hartree-Fock approach with the Uehling -



Uhlenbeck collision term, it was proposed to consider the evolution of the single-

particle density as a generalized Langevin process[28] . This approach is called

usually Boltzmann - Langevin model. The analogy with the Langevin treatment of

the fission process is close except that now the stochastic variable is the whole single-

particle density and the correlated part of the two-body collisions acts on the single

particle density as a Langevin force characterized by its own correlation function.

All parameters of such a generalized Langevin process are explicitly given in terms

of the canonical microscopic values [28, 29] . The stochastic force is usually assumed

to be 8 - correlated in time[28, 30] , although the inclusion of a finite memory time in

the stochastic force, which yields the Langevin approximation with the exponential

correlated 'colored noise', has been discussed recently to describe coupling between

high frequency collective vibrations and single particle degrees of freedom [31] . (For

a recent review of stochastic theories with the colored noise see ref [32] .)

The hypothesis of the rapid decay of the force correlations holds when the mo-

tion of particles does not depend on the history of the system and , therefore, one

may neglect possible correlations between the position of the Brownian particle and

the fluctuating force. For central (low angular momentum) collisions, the MD yields

fast decaying correlations in both velocity and acceleration (force) [8] . In this regime

the conventional Langevin approach is applicable. However, for peripheral and/or

strongly elongated shapes, the correlations decay algebraically[8] . Such slowly de-

caying correlations are known in various phenomena including the chemical reactions



in solutions[33] , ligands migration in biomolecules[34] , atomic diffusion through a

periodic lattice[35] , Stark broadening[36] and many others. This regime is cer-

tainly beyond the standard Langevin approach and requires the consideration of

the colored noise of arbitrarily long correlation time. The first important step in

this direction was the theory of line shapes and relaxation in magnetic resonance

systems through the study of the so called Kubo oscillator[37] . More recently,

the Kubo-Anderson process[38] with the slowly decaying noise correlation func-

tion, the so called 'Kangaroo process' [39] , was used to explain the noise-induced

Stark broadening[36] . In this paper we propose a new method which extends the

Langevin approach for phenomena with either exponentially or algebraically de-

caying force correlations. In this exploratory studies, we shall investigate a simple

two-dimensional Langevin-type equation :

dv
Tt ~ v

m%{t) = - / M 0 - ^ j ^ + F(t) , (3)

where the potential V generates a conservative force. The friction term does not

contain the memory kernel and, therefore, the noise generated by F(t) is called

external.

The aim of the present paper is to study the properties of the Langevin equation

for cases which are relevant in nuclear physics and in which the noise F(t) has

algebraically decaying correlations: < F(0)F(t) > ~ 1/t and < F(t) >= 0. Since

these conditions do not determine the noise uniquely, its choice is, from the math-



ematical point of view, somewhat arbitrary. Physically, however, MD suggests a

connection of the fluctuation term F(t) to the velocity of particle in the periodic

Lorentz gas (the extended Sinai billiard). Properties of dynamical system decay ap-

pear to be determined by the long-time tails of the velocity autocorrelation function,

connected with the existence of long free paths. Consequently, details of interac-

tions involved and, therefore, the method of generation of those correlations, are

of minor importance. In the Langevin problem with the exponentially correlated

colored noise, one uses the Ornstein-Uhlenbeck process which is given by the second,

adjoined, Langevin equation with ^-correlated noise. In the following, we simulate

both exponential and algebraic correlated colored noise F(t) by the time series of

particle velocity in the adjoined Sinai billiard. We will solve (3) both with and

without conservative force. In the case when the conservative force is present, we

consider radial motion for two cases with the circular symmetry : (i) the attractive

potential and, (ii) the attractive potential with an external barrier. The main in-

terest is to study the relation between the time evolution of r(t) . r2(i) , v(i) and

v2(t) , and the chaotic properties of F(t) . In particular, we are interested in the

relation between the FACF for different regimes of the billiard , on one side, and

the thermalization property of the particles, their position and velocity distributions

and the escape probability from the potential , on the other side. In chapter 2, we

present our approach for the Langevin-type evolution of macroscopic variable with

the deterministic, algebraically correlated noise. In sect. 2.1 , wTe briefly present
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most important results known for the extended Sinai billiard, which are relevant

for our problem. In sect. 2.2 , we discuss the main features of the macroscopic

relation between friction force parameter, temperature and the diffusion constant

as well as the thermodynamic properties for the correlated Langevin problem. In

case of the Sinai billiard with an open horizon which yields the FACF : C(t) o c l / l ,

these macroscopic relations are modified with respect to the well known Einstein

relations of the ordinary diffusion. We show also that the thermodynamic proper-

ties of particles in the correlated Langevin problem, such as the escape velocity and

the velocity distribution of particles, are strongly dependent both on the regime of

the billiard, and hence on the VACF (FACF), and on the strength of the stochastic

and friction forces. The results obtained without the conservative force, with the

circular attractive potential and with the external barrier are presented in sects. 3.1,

3.2 and 3.3, respectively. Finally, the conclusions and outlooks are given in chapter

4.

2 Langevin problem for the correlated stochastic

force

In generalized Brownian motion theory[40] , the Hamilton equations can be rewrit-

ten in the form of a Langevin equation by making use of the projection operator

technique. The total force acting on a Brownian particle or a relevant variable such

10



as the collective coordinate in fission, is divided into a systematic part and a random

part. The slowly varying part describes the evolution of macroscopic variables. The

fast varying part leads to the fluctuations around the most probable path and has a

deterministic nature. In the conventional Langevin approach, it is usually assumed

that the time-evolution of the fast varying random part is stochastic and the time

rate of change is much faster than that of the systematic part. Consequently, it is

assumed that the correlation function of the random part is 6 - correlated or decays

exponentially. It should be stressed that the random part can be regarded as an ef-

fect of some deterministic process. In fact, Markov processes were usually attributed

to 'coarse-graining' procedures which , comparing with an underlying deterministic

dynamics, lead to the information loss. It is possible, however, to prove the equiv-

alence of both kinds of description, deterministic and stochastic one[41]. Roughly

speaking, there exists a non-unitary and chaotic transformation without any loss of

information , which is linking the deterministic and stochastic descriptions. On the

other hand, the deterministic nature of the random force follows from the derivation

in the generalized Brownian motion theory. In particular, both the magnitude of

the impulses from the surrounding fluid on Brownian particles and the time inter-

val between two successive collisions r are deterministic. Moreover, r is finite,

even if it is very small compared with the observation time. The consequences for

the Brownian motion of using such a 'deterministic', short-time correlated random

driving force, generated by the chaotic sequence of iterates of some map has been

11



studied recently by Shimizu[42, 43] . In this paper the chaotic force is modeled by

the time-sequence of the velocity of a particle in the 2D extended Sinai billiard. Such

simulation of fast variables ('molecular environment') allows to study the motion of

Brownian particles for broader class of random force correlations than studied by

Shimizu[42, 43] . In particular, the algebraically decaying velocity correlations C(t) ,

which have been documented in the MD, can be generated and studied for the first

time in the Langevin type of approach.

2.1 Extended Sinai billiard and the correlations for open

and close horizons

The extended Sinai billiard (periodic Lorentz gas) consists of a single point particle

moving in a two-dimensional array of fixed circular scatterers of radius R [44] . The

point mass is scattered elastically from scatterers. We choose the square lattice

with a lattice spacing equal to two and periodic boundary conditions. We choose

also the particle velocity of unit length. The geometry of the billiard is shown

in Fig. 2. The particle is reflected upon hitting arc of hard discs or meets the

periodic boundary condition when it crosses the straight-line segment between hard

discs. As seen in Fig. 2, the phase space is spanned by the arc length s with

0 < 5 < L = 2irR -f 4/ and by the tangential momentum p — cos a with p < 1 .

The orbit consists of the succession of pairs {sn(so),pn(po)} corresponding to the

nth bounce when the initial condition was {so-Po} • This dynamics is a mapping

12



M of the phase space {s,p} into itself[45] :

\
•Sn + l

Pn+1

= M

\ P n }

(4)

with :

= det

'o i

(5)

The sequence of iterates (4) is uniquely determined as a function of the initial value.

The separation between disks completely determines the behaviour of the system.

If R > 1 ('the high-density regime' of the billiard) then the disks overlap and

the particle is trapped in a region bounded by four arcs of circles. This situation

corresponds to the closed horizon as the particle trajectory is bound. If R < 1 ('the

low-density regime' of the billiard) the particle sees an infinite horizon and may

move to an arbitrarily long distance between subsequent collisions, i.e. the length of

free paths is unbounded. At around R — 1 , the Sinai billiard undergoes a transition

in its dynamics which has common features with the second-order phase transition.

This system is rich enough and its properties are sufficiently generic to provide a

model of the physical system ('the molecular environment'). On the other hand,

it is also simple enough to allow derivation of rigorous results[46] . We choose this

system to model erratic chaotic force acting on Brownian particles.

The extended Sinai billiard, both for R < 1 and R > 1 , belongs to the category

of so called K-systems[44] , for which the nearby trajectories diverge exponentially

and the metric entropy is positive. The extended Sinai billiard is known to be
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ergodic in two dimensions and numerical experiments in higher dimensions also in-

dicate its ergodicity[14] . This means for example, that in two dimensions there

exists an invariant asymptotic measure on the full three-dimensional manifold of

constant energy. In spite of its very simple definition and its deterministic char-

acter, the extended Sinai billiard is an extremely chaotic system where any long

time predictions concerning a single trajectory are impossible. So this system can

be studied from the statistical point of view, similarly as complex multidimensional

systems. Despite the ergodicity, the extended Sinai billiard exhibits long-time cor-

relations which are typically associated with the existence of the KAM tori in the

phase space. In the case of Sinai billiard with infinite horizon, there exist families

of trajectories which do not collide with hard scatterers and therefore correspond

to a regular motion as, for example, the particle motion in the rectangular box.

Existence of these families is a reason of long-time tails in the correlation functions.

The VACF changes from a stretched exponential decay[14] ( C(t) ~ exp(—bt0'1) )

for R > 1 to an algebraic decay[47] ( C(t) ~ t~l ) for R < 1 . The self-generated

diffusion process is Brownian in two dimensions and the diffusion constant exists in

the limit t —• oo if the horizon is finite, i.e. for R > 1 . In case of the open horizon

(R < 1), the l/t tail of C(t) implies that diffusion is anomalous and D(t) behaves

like ~ logt , i.e. it shows a weak divergence. In this case, the distribution of free

path lengths for large s is algebraic : N(s) ~ s~3 [14].

The VACF with respect to the number of collisions : C(n) =< v(k)v(k+ n) > ,

14



where v(k) denotes the velocity after the kth collision, is : | C(n) |< exp( — rC) with

0 < 7 < 1 for a billiard with bounded horizon[46] . This means that in the

extended Sinai billiard for R > 1 all correlations decay exponentially. In the case

of an open horizon, it was conjectured [48] that correlations decay algebraically,

as n~3 . For small n , the numerical experiments suggest the stretched exponential

C(n) ~ ( — 1)" exp(K(i?)n'7) rather than the algebraic decay. At around R — 1 ,

many quantities, including the probability density of free path length N(s) and

VACF's C(n) and C(t) , exhibit a critical behaviour which resembles a second-

order phase transition. In particular, the correlation length diverges and the length

scale disappears. One can also define the order parameter :

lim < r2(t) > /(flogi) , (6)

which is zero for R > 1 and changes to a finite value Do for R < 1 .

2.2 The model

Let us consider a dissipative system which consists of many particles. Each particle

obeys a simple damping which is considered to be an intrinsic damping in the system,

i.e. independent of the fluctuation term. The 'deterministic' random force acting on

a particle in the dissipative system is denoted by F(t) . The force F(^) , generated

by the external dynamical system, is called in the following the deterministic chaotic

force (DCF). In this work F(t) = su , where u is the velocity of particle in the

billiard and s is a force amplitude. Then, in the absence of external potential,

15



the velocity v(t) of particle in the dissipative system at time t is governed by the

equation :

~(t) = -TV(0 + iF(<) , (7)

where 7 is a reduced friction (damping) constant.

At each collision with the circular scatterer, the direction of the particle velocity

changes what corresponds to the update of the chaotic force F(t) . Otherwise the

value of the force remains constant. The collisions are elastic so the length of the

velocity vector remains constant. In the following discussion we take for the radius of

the scattering disks always R = 0.3 and 1.2 , in the case of open and closed horizons,

respectively. The distance between scattering centers is then 1 = 2 — 2R . The Eq.

(7) is solved for the ensemble of initial conditions of the chaotic force. They are

obtained by uniform sampling of positions of the particle inside the billiard, and of

particle momentum components on the unit circle. Any final quantity < A > which

is a function of r and v , is obtained by averaging over this statistical ensemble.

Operationally, we solve the Langevin Eq. (7) independently for any initial condition

of the chaotic force (the Sinai billiard) and at any instant of time t we take the

average for any observable < A(r(t), v(i)) > .

16



3 Macroscopic relations and t her mo dynamic prop-

erties for the correlated Langevin problem

3.1 V = 0: The free particle case

Let us begin with a simple example of Brownian motion in the absence of any

potential. If the friction force is absent then the velocity fluctuations grow extremely

fast. In the case of the open horizon, when the free path of particle in the billiard

may be very long, the Brownian particle is subjected to constant acceleration, in

the same direction, for a long time. This leads to the behaviour which resembles

the Levy flights. The diffusion of Brownian particles is rapid and the mean square

displacement grows anomalously fast. The dependence of < r2 > on time (see

Fig. 3) is < r2 >— t"5 with 8 ~ 3.1 and resembles the Richardson's law of a

turbulent diffusion[49] . In this case, Eq. (7) is solved with the initial condition for

the Brownian particle u(t = 0) = 0 and x(t = 0) = y(t = 0) = 0 . The velocity

variance < v2 > (t) for Brownian particles, can be calculated from the FACF C(t) ,

using the Green - Kubo formula. In the case of the open horizon, C(t) ~ ^ -1 and ,

therefore , < v2 > (t) ~ tlogt.

We will be mainly interested in the case when the intrinsic friction force is

present. In the overdamped limit where the friction constant is large, the veloc-

ity correlations of the Brownian particle are evidently identical with those for the

DCF. The mean square displacement < r2(t) > for 7 = 1 and e — 1 is shown in
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Fig. 4. The chaotic force is generated by the billiard with the open horizon. In this

case < r2(t) > is proportional to tlogt , i.e. the diffusion process is weakly (log-

arithmically) anomalous and the diffusion coefficient D(t) = (1/4) < r2(t) > jt is

D(t) ~ D0logt . Existence of a finite intrinsic friction (77^ 0 ) leads to the equili-

bration, i.e. < v2(i) > reach the asymptotic value < v2 >eq at later times. The

equilibration rate depends obviously on the value of the intrinsic friction constant.

D(t) , < v2 >eq , 7 and e are related through the equation :

~ ^ < r2 > -m < v2 >= -1± < r2 > + < rF > . (8)

For the conventional Langevin problem < rF >= 0 and the above equation yields

the relation linking the temperature T =< v2 >eq /2m, 7 and D: D = T/7 (the

Einstein relation). In our approach, < rF > (t) ^ 0 and the relations among

D(t) . < v2 >eg , 7 and s are obtained by comparing independently the time-

dependent and the time-independent terms in (8) . Keeping in mind the dependence

of < r2 > on time in the open horizon case, we get terms which are either constant

or proportional to log t . This means that there are two equations relating D(t) ,

< v2 >eq , 7 and e . In a broad range of friction force parameters (0.01 < 7 < 10)

we find :

*o~4 • (9)
7

The dependence of the velocity variance < v2 > on time is shown in Fig. 5 for

-y = 0.01 and e — 1 . Fig. 6 show's the dependence of < v2 >eq on the strength of

18



the friction force in a broad range of 7 - values : 7 > 0.01 . This dependence can

be parameterized by the function :

<v̂ ,= e>(l-^pH) , ,10)

with the optimal parameters c\ = 0.5 , C2 = 0.75 and C3 = 2.187 . The fit is

particularly impressive for large 7 in the overdamped limit.

In the case of closed horizon < r2 > depends linearly on time and < r F >

is a negative constant. Thus, (8) gives the ordinary Einstein relation but the

temperature T is slightly larger then the average kinetic energy < v2 >eq /2m. This

difference diminishes with 7 and in the limit of large 7 one finds < rF > = 0 , as for

the conventional Langevin problem.

3.2 Particles in the circular attractive potential well

In this section we shall consider the motion of the Brownian particle in the circular

attractive potential. This example may be considered as an idealization of the

evaporation process from, for example, an excited atomic nucleus or a polyatomic

molecule. The potential well is defined as :

V(r) = Vo{\ - ( ^ ) 2 ) for |r| < rB
TB

V{r) = 0 for |r| > rB , (11)

where Vo and T-Q are the depth and the radius of the potential, respectively. Inside

the potential, the motion of particle is given by the Langevin equation (3) with the
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correlated DCF (4) . Otherwise the particle is free. Initially (t = 0), the particle rests

at the bottom of the well (|r| = 0). At later times, the chaotic force F(£) accelerates

the particle which may eventually escape from the well. F(t) fluctuates according

to the deterministic rule of the billiard what leads to the stochastization of the

Brownian particle motion.

The finiteness of the time interval between two subsequent variations of the

chaotic force, which is a characteristic difference of the present approach with respect

to the conventional Langevin problem, makes possible the escape of particle from the

potential well before their motion is randomized due to multiple kicks (fluctuations)

of the DCF. We may call these particles 'pre-randomized'. Their energy distribution

depends on the relative magnitude of the chaotic force as compared to the size of

the potential ( depth and radius ) and the strength of the intrinsic friction. Fig.

7a shows the energy distribution P{E) for particles escaping from the container

in the case when the DCF is generated by billiard with the open horizon. Since the

particle motion outside the container is free, this distribution is equivalent to the

asymptotic distribution at |r| = oo . Results shown in Fig. 7a have been obtained

for £ = 1,7 — 0.02 and the parameters of the potential are VQ — —40, T\B = 50 . The

mass of the particle is taken to be 1 . The distribution P{E) has a form of a sharp

peak superimposed on a broad structure. This peak corresponds to trajectories

subjected to the constant acceleration due to the chaotic force (free path in the

Sinai billiard), until the border of the potential is reached. The amplitude e of the
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accelerating force, the friction force slowing down the particle, and the parameters

of the external container determine the position of this peak for pre-randomized

particles. It moves towards smaller energies with increasing both the depth of the

potential Vo and the friction force constant 7 . In our case, the peak for pre-

randomized particles disappears for Vo < —50 . The broad structure in P(E) is

given by 'randomized' particles. The shape of this bump (see the dashed curve in

Fig. 7a) is Gaussian : P(E) ~ exp(—E2/2<j2) with a = 60.5 . It should be stressed

that the energy tail for randomized particles is not exponential, as one would expect

for the thermally equilibrated system.

For a fixed potential V(r) , the decrease of an amplitude of the DCF leads to the

increase of an average number of the DCF fluctuations before the trajectory of the

Brownian particle leaves the potential. The energy distribution P{E) for a small

amplitude DCF (e = 0.25) is plotted in Fig. 7b. Similarly as in Fig. 7a, the DCF

is generated by the billiard with the open horizon. In this case, P{E) decreases

exponentially for large energies as expected for an 'equilibrized' system. Fig. 8 shows

the distribution P(E) in the case of the closed horizon. The friction parameter is

7 = 0.001 . Parameters of both the DCF and the spherical potential well are the

same as chosen before for the open horizon ( Fig. 7a). The time-correlations decay

fast and the length of the free path between the two subsequent DCF fluctuations is

always bounded. As a result, one never finds the peak for pre-randomized particles

and the energy distribution P(E) is always exponential. It should be noticed that
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the effective viscosity is significantly smaller when the horizon is open than when it is

bounded. In the former case (C(t) ~ l/t)- dissipation mechanism is associated with

the presence of the long free paths between successive collisions and the size of the

attractive potential yields a natural cutoff scale for the length of the particle orbit,

in a somewhat similar way as for the one-body dissipation mechanism[50] based

on the concept of a Knudsen gas[51] . In the latter case ( C(t) ~ exp(— ata ) ),

the dissipation is similar to the two-body hydrodynamic dissipation[52] and results

from a short mean free path of the Brownian particles.

The form of the energy distribution of particles escaping from the container

depends on the correlation properties of the DCF. One finds a sharp peak super-

imposed on a broad Gaussian distribution if FACF decays algebraically (~ l/t )

and the amplitude of the DCF is sufficiently large, so that the average number of

fluctuations of the DCF preceding emission of the particle is small. The decrease of

an amplitude of the DCF, leads to an increase of the average number of the DCF

fluctuations which are necessary for the particle emission to happen. The potential

cavity enslaves particles for a long time and the long-time correlations, resulting from

the openness of the horizon, cannot be seen easily. For an external observer, this

phenomenon is hardly distinguishable from the effect of the short-time correlated

chaotic force. The energy spectrum of emitted particles becomes in this case expo-

nential, as should be for the emission from thermally equilibrated system. As said

before, a similar particle enslavement can be achieved when the FACF decays fast
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(exponentially), i.e. when the horizon is closed. This enslavement is independent of

both the size of the potential and the amplitude of the DCF, and the exponential

tail of P(E) is generic in this case.

The escape from the potential requires acceleration by the chaotic force to climb

the well. Frequent collisions with the scatterers (frequent changes of the applied

force) reduce the mean acceleration. In the absence of an external potential, all

trajectories in the billiard, both long and short ones, provide a sufficient change

of the particle momentum to allow its escape. All those particles which by chance

appear sufficiently close to the distance r = rg from the center (the absorbing

barrier), may escape. The survival probability of the system is thus proportional

to the number of particles, N{t), still inside the potential well at a time t. The

time-variation of this number depends only on the phase-space density of particles

which is just proportional to the number of particles : N(t) ~ N(t) , i.e. N(t) =

N(t — 0)exp(—at) and a is a constant. N(t) is shown in Figs. 9 and 10. In the

case of FACF decaying algebraically (~ l/t) and for sufficiently large amplitude of

the DCF, N(t) approaches its asymptotic behaviour ~ l/t (see Fig. 9a) in a short

time. The potential V(r) , e and 7 are the same as in Fig. 7a. On the contrary, the

survival probability for small e decays first exponentially (see Fig. 9b), following

an analogous tendency in the energy distribution P(E) of escaping particles (see

Fig. 7b) and the algebraic ~ l/t tail in the survival time distribution begins to be

visible only after a very long time. Finally, for the exponentially decaying FACF.
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N(t) decreases also exponentially : N(t) ~ exp(—Tt) (see Fig. 10) and the decay

width is F — 2.5 • 10~4 . Hence, there is a close interrelation between the behaviour

of the survival probability and the energy distribution of emitted particles and,

moreover, both these distributions depend on the nature of the chaotic force.

To understand this behaviour more in details, let us investigate features of the

ensemble of trajectories in the billiard corresponding to those Brownian particles

which survive inside the circular container up to time t . As said before, the ini-

tial conditions of the chaotic force acting on each Brownian particle, are obtained

by uniform sampling of the positions of the particle inside the billiard, and of the

momentum components of the particle on the unit circle. At later times, we keep ac-

count of only those trajectories in the billiard for which the corresponding Brownian

trajectory is found inside the potential, i.e. we count only the surviving particles.

Without this constraint, as described in sect. 2.1, the distribution of path lengths

would depend only on whether the horizon is closed or open and the average path

length would be constant in time. However, since the escape probability may not

be the same for trajectories driven by long and short free paths in the billiard, that

distribution can be different if we consider only particles inside the container. The

mean free path in the extended Sinai billiard for those surviving particles, < s >B ,

is plotted as a function of time in Fig. 11. The horizon is open and the calculations

are done for the two sets of parameters : £ = 1 , 7 = 0.02 (the solid line) and

£ = 0.25 , 7 = 0.001 (the dashed line). In both cases the parameters of the poten-

24



tial are Vo = —50 and TB — 50 . < SB > (t) changes qualitatively with the strength

£ of the DCF. For the weak DCF (e = 0.25 ), < s >B grows extremely slowly in

time and in the considered range of times this growth is hardly visible. On the con-

trary, in the case of the strong DCF (e = 1 ), < SB > (t) grows fast. The first case

corresponds to the exponential distributions of both the energy of emitted particles

P{E) (Fig. 7b) and the survival probability N(t) (Fig. 9b) though, in the latter

case, the algebraic 1/i-tail emerges at late times. The case of the strong stochastic

force (e — 1 ) is connected with the Gaussian energy distribution P(E) (Fig. 7a)

and the algebraic tail ~ 1/t in N(t) (Fig. 9a).

In the absence of the potential or in the case of a very weak DCF, both short

and long free paths in the billiard have equal chance to bring the particle outside the

spherical cavity. Therefore, the ratio between short and long trajectories in the bil-

liard for surviving Brownian particles remains constant in time. The time-variation

of N(t) is then proportional to the phase-space density of particles and, hence, it

decreases exponentially in time. For strong DCF situation is quite different. Here,

the relative number of long free paths rapidly increases in time. In order to under-

stand the reason of this growth, we plot a typical trajectory, corresponding to long

free path in the billiard (Fig. 12). It appears to be very regular. The constant DCF

and the conservative force from the potential act like the gravitation and elastic

forces in the simple problem of the oscillatory motion of a string. The friction force

slows down the Brownian particle which finally stops at the point where the con-
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stant DCF exactly compensates the conservative force[53] . Since such trajectories

do not have much chance to escape, therefore their weight in the ensemble increases

and < SB > grows in time. The stoppage of Brownian particle, favouring long free

paths, is decisive for its properties. The Brownian particle is at standstill as long as

the particle in the billiard stays on a free path. At some time however, the particle

in the billiard hits the scatterer and the long path finishes. This changes the balance

of forces and the Brownian particle begins to move irregularly. The decay process

starts again from vx = vy ~ 0 and, usually, one observes a rapid stochastization

of the particle motion and the particle escapes. The long-time decay can therefore

be considered as starting from some quasi-stationary distribution of motionless par-

ticles, corresponding to long paths in the billiard. As long as the particle in the

billiard continues its free motion, the balance of forces ensures that the Brownian

particle remains inside the absorbing barrier. The larger becomes deviation from

the free path direction, the better is a chance that the Brownian particle escapes.

Therefore, the survival probability up to time t is just proportional to the average

projection of the velocity of particle in the billiard on its initial velocity, connected

with the free path direction, i.e. to the velocity autocorrelation function C(t) ~ 1/t .

For £ = 0.25 , < sg > grows slowly because the stochastization coming after the

termination of the long free path in the billiard is weak and has a small chance to

kick the particle out of the potential well. The particle is driven by many short free

paths and either escapes or the free path becomes long again. In the latter case,
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the whole process starts from the beginning. Eventually, however, < SB > becomes

large, long free paths prevail and, asymptotically, the survival probability turns into

the algebraic shape.

For e = 0.25 , if time is not too large, and in the case of the short-time correlations

(closed horizon), short free paths in the billiard dominate. The system is in the

equilibrium. The velocity of a particle coming to the absorbing barrier is a sum of

a large number of small random variables (the Sinai billiard looses memory fast)

and, therefore, its distribution is Maxwellian. On the other hand, for e — 1 , the

decay process starting at later times from the configuration of particles at rest is

fast because DCF is sufficiently strong to bring the trajectory to the absorbing

barrier. Usually, a small number of its fluctuations is enough for that. Hence, the

final velocity of a particle at the absorbing barrier is the sum of small number of

components, which yields approximately the Gaussian kinetic energy distribution

~ exp(—const v4) . This form of the energy distribution results from the apparent

pre-equilibrium character of the emission process. Summarizing, for the strong DCF

generated by the billiard with open horizon, the decay times and the energy spectra

of escaping particles result from the dominance of long free paths. In spite of long

life-times, the deexcitation process has features of the 'fast' process due to the

liberation of 'frozen' trajectories.
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3.3 Passage of the particles over the potential barrier

In this section we shall investigate the motion of the Brownian particle over the

potential barrier as a simple model of fission. We shall consider the dissipative

dynamics towards 'scission' for the DCF (4) generated by the extended Sinai billiard

with both closed and open horizons. The potential is denned as :

V{r) = V0(l-(—f) + V1 for |r| < rB

V(r) = Vi(l — ( -)2) for TB < |rj < rSc

V(r) = 0 for |r| > rsc . (12)

Let the particle be initially at the bottom of the potential well ( |r| = 0 ) at t — 0 .

At later times, the DCF F(i) moves the particle away from its ground state. The

particle is accelerated and may have eventually enough energy to reach the top of

the barrier V(r) = V\ at |r| = r# . For |r| > TB , the potential is down sloping

accelerating particles towards the 'scission' at |r| = r$c • The motion continues

to be erratic and the DCF may decelerate or even turn back the particle into the

attractive region for |rj < r# , though the probability of such an event is small. In

its attractive part, the shape of the potential (12) is identical to the one considered

before (11) in sect. 3.2. For |r| > rsc , particle moves freely. Hence, taking different

measures of the particle distribution at |r| = rsc is equivalent to determining its

asymptotic distribution at |r| = oo . In the following, we assume rg = 50 and

rSc = 150.
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Fig. 13 shows the energy distribution of particles P(E) at scission in the

case when the DCF is generated by billiard with the open horizon. Results have

been obtained for e = 1 , 7 = 0.02 . The depth of the attractive part is either Vo =

—50 (the solid line) or Vo = —80 (the dashed line) and the barrier height is \\ — 5.6 .

The asymptotic distributions P{E) at |r| = r$c , both for Vo = —50 and Vo = —80 ,

exhibit a peak at E ~ 80 for pre-randomized particles which is superimposed on

a broad structure. This peak corresponds to trajectories subjected to the constant

acceleration towards scission due to the chaotic force (long path in the Sinai billiard)

in region of an external barrier. Obviously, the position of the peak depends not

only on the amplitude e of the accelerating force and the magnitude of friction force

slowing down the particle but also on the size of the barrier. The broad structure

in P{E) for large E has a Gaussian shape : P(E) ~ exp — (2aE + E2)/'2a2) with

a — 82.5 and a =• 65 . The distribution P(E) is given approximately by the

convolution of two Gaussian distributions : Pi(EQ) corresponding to the energy

distribution of particles at the barrier (|r| = rg) , and P2(E,Eo) corresponding to

the conditional probability of finding the particle with energy E at |r| = rsc if its

initial energy at |r| = rg was Eo • Width of this distribution is close to the one

shown in Fig. 7a without the external barrier. Similarly as seen before in Fig. 7a.

the energy spectrum P(E) differs from the spectrum of the thermally equilibrated

system. It is interesting to notice that P(E) is almost independent of the depth of

the attractive part of the potential.
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The decrease of magnitude of the DCF leads to the increase of average number

of the DCF fluctuations which are necessary for the particle emission to happen.

The energy distribution of particles P{E) at scission for the weak DCF (e = 0.25)

is shown in Fig. 14. Results have been obtained for 7 = 0.001 and the depth

of the attractive part of the potential is Vo = —50 . The asymptotic distribution

at |r| — rsc has again a Gaussian shape : P(E) ~ exp — {2a E + E2)/2a2) with

a — 11.3 and a — 20.2 . This shape is a convolution of the exponential energy

distribution of particles P\{EQ) at |r| = rg (see Fig. 7b) and the Gaussian distri-

bution P2(E,E0) at |r] = rsc with the supplementary condition that the initial

energy at |r| = rs was Eo . In the barrier region, the conservative potential is

repulsive and the long free paths may show up independently of the amplitude of

the DCF. Therefore, the form of P(E) as shown in Fig. 14 is generic for any weak

DCF generated by the billiard with open horizon.

Fig. 15 shows the distribution P(E) in the case of the closed horizon. The

friction parameter is 7 = 0.001 . Amplitude of the DCF is e = 1 and the attractive

circular potential has the same depth Vo = —40 as in the analogous case without

an external barrier (see Fig. 8). Barrier height is Vi = 5.6 . The time-correlations

decay fast. The length of the free path between two subsequent DCF fluctuations

is bounded and the energy distribution P(E) is always exponential. Notice also

that the velocities of particles are significantly smaller than in the case of open

horizon because strong accelerations due to the long free paths in the billiard are
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now lacking.

Particles which reached the top of the barrier at |r| = rjg may further reach the

scission point even in the absence of the DCF, i.e. the down-sloping potential for r >

re introduces a net flow towards scission. The DCF provides an erratic component

superimposed on this coherent motion and may either further accelerate particles

down the potential hill or decelerate or even return them back to the attractive

region. Frequent collisions with the scatterers (frequent changes of the applied

force) reduce the mean acceleration and system has more chance to equilibrize. The

survival probability of the system is proportional to the number of particles, N(t),

still inside r — rSc at a time t. The time-variation of this number is shown in Figs.

16, 17 and 18. In the case of FACF decaying algebraically (~ l/t) and for sufficiently

large amplitude of the DCF, N(t) approaches fast its asymptotic dependence ~

l/t (see Fig. 16) , independently of the depth of the attractive part of the potential.

The potential V(r) , e and 7 are the same as in Fig. 13. The survival probability

for small e decays first exponentially (see Fig. 17), following an analogous tendency

in the energy distribution P(E) of the escaping particles (see Fig. 14), and an

algebraic tail ~ l/t in this distribution is visible only asymptotically. Finally, for

the exponentially decaying FACF, N(t) decreases exponentially (see Fig. 18) with

the decay width T = 2.3 • 10~4 ', which is similar to the case without an external

barrier. The features found in the case of the potential with the external barrier

are qualitatively similar to those corresponding to the emission from the spherical
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container and discussed in sect. 3.2. The behaviour of both the survival probability

and the energy distribution are closely interrelated and depend directly on the nature

of the chaotic force. The features of the escape probability find their explanation in

the properties of the trajectories in the billiard , in particular the long ones, which

were used to generate the DCF.

4 Summary and Outlook

Close collisions of heavy ions, in which nuclei experience a considerable overlap of

their density distributions, may lead either to the formation of a compound nucleus

or to the deeply inelastic dissipative processes in which the system breaks apart be-

fore the compound nucleus is formed, i.e. before a complete statistical equilibrium

is achieved. In this latter case, there exist 'collective' degrees of freedom which relax

very slowly as compared to the relaxation of single particle degrees of freedom or to

the contact time of colliding heavy ions. This process is associated with the mass

transfer, kinetic energy loss and angular momentum dissipation. The phenomeno-

logical description of slowly relaxing , collective degrees of freedom employs the

transport equations or the Langevin equations[54] . With respect to the collective

variables, the dissipative collisions are similar to the induced fission in the highly

excited nucleus and, indeed, the Langevin approach has been applied for the de-

scription of this process for a long time[21] . Irreversibility of dissipative processes is
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related to the memory loss, quantitatively described by various time-dependent cor-

relation functions. Analyzing those functions is important because they determine

essentially the transport properties, in particular the diffusion coefficients.

Recently, the velocity autocorrelation function has been determined in the MD

approach with the realistic nuclear potential[8] and the slowly decaying algebraic

velocity and force correlations have been demonstrated for peripheral collisions of

nuclei. The decay of both VACF and FACF seems to be universal (~ t~~* with

7 = 1 ) and originates from the long free paths between collisions, similarly as in the

strongly chaotic (ergodic) extended Sinai billiard with open horizon. This means also

that the decay of the force (velocity) correlations is independent of both the details

of the potential, in particular its short range features, and the fermionic/bosonic

nature of the particles involved[55] . In this work we have shown how such slowly

decaying correlations can be incorporated in the Langevin approach which is a usual

framework for the description of the dissipative reactions and/or the induced fission

of hot nucleus. The main problem is the generation of the properly correlated noise

which drives a Brownian particle in each microscopic realization of its trajectory. It

was solved by introducing the adjoined extended Sinai billiard, for which the VACF

of the particle in the billiard is known to decay either slowly (algebraically : ~ l/t)

or fast (exponentially), depending on whether the horizon is open or bounded. In

each event of the Langevin evolution, the erratic Langevin force is proportional to

the instantaneous velocity of the particle in the adjoined billiard. This procedure
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should be relevant for a broad class of problems, involving correlations, in nuclear

physics, condensed matter physics and chemistry.

The way of generating the chaotic force in the Langevin equation , as described

in the present work, is attractive also from the conceptual point of view as it pro-

vides a unified procedure of simulating the molecular environment in a theory of

the Brownian motion. In one and the same theoretical framework, one may be

able to describe dissipative systems in which viscosity is associated either with fast

decaying temporal correlations and short mean free paths of particles, like for the

hydrodynamical two-body viscosity mechanism[52] , or with slowly (algebraically)

decaying temporal correlations and the dominance of long mean free paths. The

latter case resembles somewThat the one-body dissipation mechanism for rarefied

(Knudsen) gas[50] with a mean free path comparable or larger than the dimension

of the container, although it differs from the Knudsen gas by the salient features of

the VACF (FACF). The correspondence between this one-body dissipation mecha-

nism, in particular the window dissipation, and the dissipation mechanism discussed

in this work which is associated with long-time auto-correlation of the DCF, will be

published separately[56] .

The adjoined extended Sinai billiard determines the overall time scale of the

force fluctuations. The Langevin force is defined by means of the particle velocity

in the billiard and, hence, it is deterministic. This property of the force can be

elucidated from the derivation of the Langevin-type equation from the Hamilton
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equation[40] . In our exploratory study, we assumed for simplicity that the amplitude

of the Langevin force is constant. The generalization of the above scheme to the

force of a variable amplitude is straightforward. The friction force was assumed to be

an intrinsic property of the system, unrelated to the properties of the driving noise.

Hence, there is no fluctuation - dissipation theorem. Nevertheless, for any initial

condition in the Langevin equations, system drives towards an asymptotic stable

state and the relations between the diffusion coefficient Do , the intrinsic friction

force constant 7 , the amplitude of the Langevin force e and the average kinetic

energy in this asymptotic stable state < v2 >eg , can be determined. The studies

of the memory effects in the friction term which are generated by the long-time

correlated Langevin force and can be consistently described within a framework of

the generalized Brownian motion theory[40] , will be published elsewhere[56] .

For particles escaping from the attractive potential, either with or without exter-

nal barrier, we have found an entangled relation between the FACF of the DCF, on

one side, and both the survival probability and the asymptotic energy distribution

of particles, on the other side. For fast (exponentially) decaying FACF, the survival

probability decays exponentially and the asymptotic energy distribution of particles

is always Maxwellian. For the FACF decaying as C(t) ~ l/t , the situation is more

involved. For a shallow potential , the asymptotic energy distribution of escap-

ing particles exhibits a pronounced peak corresponding to pre-randomized particles

which are associated with long trajectories in the adjoined billiard with the open
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horizon and leave the potential without any collision with particles of the molecu-

lar environment. With increasing depth (size) of the potential, this peak is shifted

gradually to lower energies and finally it disappears. The peak for pre-randomized

particles is superimposed on top of the Gaussian distribution. The Gaussian shape

of the energy distribution is connected with the randomized particles. They can stay

inside the potential well for a long time, never reaching the equilibration state. De-

creasing magnitude of the fluctuating force leads, first of all, to the disappearance

of the 'pre-randomized peak' and, moreover, the smooth part changes its shape

gradually from the Gaussian distribution to the Maxwellian one. In the survival

probability distribution one sees a similar tendency accompanying the decrease of

the magnitude of the Langevin force. In the case of a strong force, the survival

probability approaches the asymptotic ~ \jt dependence in a short time. With

decreasing magnitude of the Langevin force, the exponential modifications of this

dependence show up for short and intermediate times and the algebraic 1/i-tail is

seen only asymptotically. The passage time from exponential to algebraic regime of

the decay law moves gradually towards higher values with decreasing magnitude of

the DCF.

The simple laws relating the FACF to the properties of both the decay probabil-

ity of the system p(t) and the asymptotic energy distribution P{E) are challenging.

For peripheral collisions of particle aggregates such as heavy nuclei, the diffusion is

anomalously enhanced and the diffusion coefficient grows from D(t0) — 0 logarith-
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mically in time. Hence, depending on the duration time of the process, the time-

averaged diffusion constant may exhibit considerably different values. From this

stand point , the long-lived orbiting dinuclear complexes, found in medium-heavy

ion reactions, are particularly attractive for theoretical studies. On the one hand,

classical MD and Langevin studies of this work predict characteristic dependencies

for N(t) and P(E) , associated with the anomalous diffusion. On the other hand,

small number of open decay channels, which one expects in these configurations,

yields by independent quantal arguments the algebraically decaying survival prob-

ability N(t) . The correspondence between these two formulations, if any, remains

an intriguing open question.

The induced fission is also important for our discussion because in this pro-

cess the shape changes from the compact configurations, where a normal diffusion

is expected, to the strongly elongated configurations, close to the scission point,

where the geometrical conditions are similar to those of the peripheral collisions and

where the diffusion could be anomalously enhanced. One would then expect differ-

ent time-averaged diffusion coefficients and, hence, different dissipations for low and

high fissility systems which are characterized by substantially different path length

from saddle to scission. Such a tendency has been suggested in the simultaneous

analysis of the fission probabilities and the prescission neutron multiplicities in the

hybrid Langevin model of Frobrich et al.[57] . The existing data on prescission

neutron multiplicities and fission fragment kinetic energy are clearly incompatible

37



with hydrodynamical two-body viscosity and hence with the fast decay of the tem-

poral correlations. A much better description is obtained using the one-body/long-

path type dissipation[58] . This is an indication that the dissipation mechanism for

strongly elongated shapes, proposed in the present work, could be the correct one.

Much systematic work has still to be done to address appropriately this challenging

open problem.
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Figure captions

Fig. 1

The force autocorrelation function C(t) = < F(0)F(<) > for the peripheral reaction

12C +12 C at I = 16fe and Ecm - 20MeV . The collision is described using the

molecular dynamics with a - particles as the elementary constituents. F(t) is the

18 - dimensional velocity vector and <> means the average over an ensemble of

events. For more details of the model see the discussion in ref. [8] .

Fig. 2

Geometry of the Sinai billiard, equivalent to the periodic Lorentz gas. The dashed

line denotes periodic boundary conditions. The particle is reflected elastically at the

solid lines. The lattice spacing is 2 and the separation distance between hard disks

is 2 - 2R .

Fig. 3

The mean square displacement < r2(t) > of the Brownian particle in the absence

of the intrinsic friction (7 = 0 ). The amplitude of the chaotic force is e = 1 and

the FACF is ~ 1/t . The diffusion process closely approximates the Richardson's

law of turbulent diffusion [49] .

Fig. 4

The mean square displacement < r2(t) > divided by \ogt in the overdamped case
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(7 = 1 ) for £ = 1 with the FACF of the chaotic force ~ 1/2 . The diffusion process

is weakly anomalous and the diffusion coefficient, D(t) = (1/4) < r2(2) > ft ~ log 2 ,

diverges logarithmically.

Fig. 5

The dependence of the velocity variance on time for 7 = 0.01 . The FACF of the

chaotic force is ~ 1/2 and e = 1 .

Fig. 6

The dependence of the velocity variance in the equilibrium < v2 >eq on the value of

the intrinsic friction constant 7 . The FACF of the chaotic force is ~ 1/2 and e — 1 .

This dependence can be fitted for 7 > 0.01 with a phenomenological function (10).

Fig. 7

The asymptotic energy distribution of the particles escaping from the spherical po-

tential (solid line) of radius rg = 50 .

(a) The deterministic chaotic force with the FACF proportional to 1/2 (open hori-

zon in the billiard) and amplitude e — 1 . The constant of the intrinsic friction is

7 = 0.02 . The potential has the depth Vo = —40 . The dashed line shows the

Gaussian shape fit.
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(b) The same as in (a) but for the amplitude e — 0.25 and the friction constant

7 = 0.001 . The potential has the depth Vo = -50 .

For more details see the description in text.

Fig. 8

The asymptotic energy distribution of the particles escaping from the circular at-

tractive potential (solid line) of depth Vo = —40 and radius r# = 50 for the

deterministic chaotic force with the exponentially decaying correlations and ampli-

tude e — 1 . The constant of the intrinsic friction is 7 = 0.001 . The dashed line

shows the exponential fit.

Fig- 9

Time variation of the particle number inside the circular attractive potential of depth

Vo = —50 and radius rg = 50 . The absorbing barrier is at r = 7-5 .

(a) The deterministic chaotic force with the FACF proportional to I ft and am-

plitude e — 1 . The constant of the intrinsic friction is 7 = 0.02 . The dashed line

shows the 1/^-dependence.

(b) The same as in (a) but for the amplitude e — 0.25 and the intrinsic friction

constant 7 = 0.001 .

For more details see the description in text.
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Fig. 10

Time variation of the particle number inside the circular attractive potential of depth

Vo = —40 and radius rg = 50 for the deterministic chaotic force with the expo-

nentially decaying correlations and amplitude £ = 1 . The constant of the intrinsic

friction is 7 = 0.001 . The absorbing barrier is at r — TB • The dashed line shows

the exponential fit.

Fig. 11

Time-variation of the mean free paths of particles in the extended Sinai billiard

corresponding to the non-escaping trajectories of the Langevin particles in the cir-

cular container. Parameters of the potential, the deterministic chaotic force and

the friction are the same as given in caption of Fig. 9. The solid and dashed lines

correspond to e = 1 and e — 0.25 respectively.

Fig. 12

Spatial coordinates of an examplaric trajectory of the Brownian particle, corre-

sponding to the very long trajectory in the extended Sinai billiard. At t ~ 560 ,

trajectory in the billiard bounces off the scatterer for the first time. At this time, the

Brownian particle is at rest in the point at which the applied deterministic chaotic

force is exactly compensated by the conservative force.
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Fig. 13

The asymptotic energy distributions of particles escaping over a potential barrier of

height V\ = 5.6 from the potentials of different depth : Vo = —50 (the solid line),

Vo = —80 (the dashed line). Radius of the potential is r# — 50 and the 'scission'

radius at which the particle energies are registred is r$c — 150 . The constant of

the intrinsic friction is 7 = 0.02 . The deterministic chaotic force with the FACF

proportional to \jt has an amplitude e — 1 . For more details see the description

in text.

Fig. 14

The asymptotic energy distributions of particles escaping over a potential barrier of

height Vi = 5.6 from the potential of depth : Vo = —50 . The deterministic chaotic

force with the FACF proportional to 1/2 and amplitude e = 0.25 is used. For more

details see the caption of Fig. 13 and the description in the text.

Fig. 15

The asymptotic energy distributions of particles escaping over a potential barrier (

V'i = 5.6 ) from the potential of depth : Vo = —40 , for the deterministic chaotic

force with exponentially decaying correlations and the amplitude e = 1 . The con-

stant of the intrinsic friction is 7 — 0.001 . The dashed line shows the exponential

fit. For more details see the caption of Fig. 13 and the description in the text.
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Fig. 16

Time variation of the particle number for |r| < rsc , where rsc = 150 is the 'scission'

radius. Particles escape over a potential barrier of height V\ = 5.6 from a circular

attractive potential of depth either Vo = —50 (the solid line) or Vo — —80 (the

dashed line) and radius TB = 50 . The constant of the intrinsic friction is 7 = 0.02 .

The deterministic chaotic force with the FACF proportional to 1/t has an ampli-

tude £ = 1 .

Fig. 17

Time variation of the particle number for |r| < rsc • The depth of the attractive

region is Vo = —50 . The deterministic chaotic force with the FACF proportional

to \jt has an amplitude e = 0.25 . For more details see the caption of Fig. 16 and

the discussion in the text.

Fig. 18

Time variation of the particle number for |r| < rsc , for the deterministic chaotic

force with the exponentially decaying correlations and amplitude e — 1 . Particles

escape over the potential barrier of height Vi = 5.6 from the potential of depth

VQ = —40 and radius r# = 50 . The constant of the intrinsic friction is 7 = 0.001 .
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