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ABSTRACT

An analysis of a general non-perturbative technique for calculating ground
state properties of extensive lattice Many-Body systems is presented, in or-
der to extract accurate numerical values characterising the ground state
spectrum. This technique, the plaquette expansion, employs an expansion
about the thermodynamic limit of the coefficients that are generated by the
Lanczos process. For the ground state energy this error analysis, using the-
orems on the error bounds for the Lanczos method and the truncation in the
plaquette expansion, allows for an accurate estimate when the approxima-
tion is taken to a given order. As an example we analyse the 1-dimensional
antiferromagnetic Heisenberg model, and find the best ground state energy
density is within 3 x 10~6 of the exact value, although the systematic error
is 10~5. We also find, for this model, systematic improvement with each
new order included in the expansion and have not observed any asymptotic
tendencies. At equivalent orders of truncation we achieve far better results
than the other moment methods, such as the ̂ -expansion or the connected
moment expansion.

Keywords

Many-body theory, Non-perturbative methods,
cluster expansions, Lanczos method

PACS numbers: 71.10.-w, 75.10.Jm, 05.30.-d, 05.50.+q, 11.15.Tk

Submitted to Journal of Physics: Condensed Matter

E-mail nswOphysics .unimelb. edu. au



Introduction

Recently a number of non-perturbative techniques have been devised to calculate spec-

tral properties of strongly interacting systems, and all share a common background in being

based on moment formalisms. The first of these was the ^-expansion [1], which in turn lead

to the connected moment expansion (CMX) [2], and most recently an analytic Lanczos

expansion, the plaquette expansion [3]. These methods are all based essentially on linked-

cluster expansions, that is to say connected moments with respect to some trial ground

state, and all ground state averages automatically have size extensivity. However while

these methods have the same starting point they differ in their treatment and consequently

have different properties with regard to accuracy and convergence. Most implementations

of these techniques have been numerical ones where the aim was to accurately represent

ground state properties over a wide range of coupling strengths, far beyond any perturba-

tive regime. There have been a number of numerical investigations of the ^-expansion and

the CMX in all its variants with simple models drawn from a range of problems, e.g. corre-

lation energies in molecules [2] and quantum spin systems [4] to name a few. Our intention

here is to present a theoretical analysis of the errors in the plaquette expansion, and apply

this analysis to a specific example of an exactly solvable model thereby demonstrating that

this method is capable of yielding accurate ground state energies. We can also test directly

a number of aspects of our analysis against the known exact results of the model.

The resolvent function,

= (^I^|W (i)

plays an important role in describing the spectrum of many-body systems with a Hamil-

tonian H at zero temperature. Specifically knowledge of the behaviour and analyticity of

the resolvent as a function of complex z yields the ground state and excited states within

a given sector, and the density of states from which any physical average may be com-

puted. It has a real Jacobi-fraction continued fraction form constructed from the Lanczos

coefficients an, /3n

R(z) = - K - ^
n on=o \z-a

n



and its termination after the nth element, termed its nth continuant, defines the nth nu-

merator and nth denominator Pn(
z) and Qn(z) respectively,

B W . L J L J ! L S * m (3)
z-aQ-z-ai-z-a2- - z - an Qn{z)

Here 0% is taken to be unity. The polynomials Pn(z) and Qn(z) are orthogonal polynomials

defined by the 3-term recurrence relation

Qn (z) = (z- an) Qn_! (z) - 0lQn-2 (z) (4)

with the polynomials having the initial terms

Q-2(z) = 0 Q.1(z) = l
(5)

P-2(z) = l F_i(z) = 0 .

In the more traditional manner the Lanczos coefficients arise from the following recurrence

which generates the Lanczos basis (IV'o)? IV'i) • • •} m which the Hamiltonian becomes tri-

diagonal

H\*l>n) = 0n\rl>n-l) + Ctntyn) + Pn+l\i>n+l) •

The Lanczos coefficients, whose individual terms are ordered with respect to size of the

system, or the number of plaquettes N, were shown [3,5] to have a simple relationship to

the scaled connected moments for arbitrary order,

1
- + ... (6)

for n > 0, and

(7)
-12c| + 21c2cfc4 - 4 c | c | - 6cjc3C5 + c|c6l 1

for n > 1, where the cn are defined through the connected Hamiltonian moments as {Hn)c =

cnN. Here the definitions and notations of Reference [5] have been adopted, in contrast to

those in References [3,6].

The plaquette expansion is a general purpose non-perturbative method of calculating

the spectrum and other ground state properties of lattice models in the bulk limit. An-

alytical behaviour and the physical predictions of the first two orders in the plaquette



expansion, referred to as the zeroth level and the first order level, have been described in

previous papers [5,7]. In all of the analysis presented here we concentrate on the ground

state spectrum, but a formalism has been developed for other ground state averages by

considering modified moments and their modified resolvent operator in Reference [8].

For accurate evaluations one needs to take the expansion to higher orders, in fact

to arbitrarily large orders, only limited by the practical considerations at hand, such as

the maximum number of moments that can be computed. However there are some delicate

questions to consider in applying the plaquette expansion. Assuming that we knew the exact

an and 0^ for all iterations n, (which would be tantamount to detailed knowledge of an

exactly solvable system) and therefore the derived numerator and denominator polynomials

Pn and Qn, we have two limiting processes to consider

• firstly the limit as the number of Lanczos iterations n —> oo for a fixed size,

finite system with N sites, and

• the thermodynamic limit N —>• oo.

i.e.

î oQ (z) — — lim < lim " ^ > . (8)

So in practice one would numerically diagonalise the tridiagonal Lanczos matrix, for a series

of finite sized systems tending to large sizes, where in each case the Lanczos procedure

would be applied to construct a sufficiently large matrix for the Lanczos truncation error

to become small. But it is immediately apparent that this procedure cannot be applied

to the plaquette expansion in general because the error in the truncated coefficients can

sometimes grow with Lanczos iteration number, and at a faster rate than the coefficient

themselves.

There will be an optimal value nopt at which the Lanczos iteration should be terminated,

which will depend on N and the specific model;

n < nopt(r,N;{ck})

the plaquette expansion approximation to the resolvent is

Pnopt(z;NA4\/3Jr):k = l,2nopt+l})\
= ~ . i m S 7 . ^ ^ : v t • (9)>
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In earlier applications of this method [3,6,9,10], these choices of cut-off and termination

were made on a plausible although ad-hoc basis, where the point of inflection of the ground

state energy versus Lanczos iteration number was taken for the cut-off point (assuming

there to be a point of inflection, which is not always the case).

The purpose of this paper is to elaborate a theory for the errors arising in the expansion,

and therefore to describe an algorithm by which these errors are controlled, and thus extract

the best estimate from numerical data. By way of example we test this analysis on the

1-dimensional antiferromagnetic Heisenberg Model.

Error Analysis in the plaquette expansion

We begin by making some definitions and stating some conventions. Firstly we use the

Hamiltonian density, that is the Hamiltonian matrix divided by the number of plaquettes,

so the Lanczos coefficients are adjusted accordingly. The exact Lanczos coefficients are

denoted by

4 r = 0 o ) (N)

(/?ir=oo))
even though they are not known for general n beyond some very low values. The approx-

imated Lanczos coefficients for the Hamiltonian density, accurate to order r = 0,1,2,...,

can be represented as

p=0

where ap and bp are polynomials of degree p in n. For a given order in the expansion, one

has essentially a double asymptotic expansion inn -> oo and N —> oo.

The Lanczos termination error, for a system of exact Lanczos coefficients, is defined as

_ (r=oo) (r=oo)



where e^ °°' is the exact ground state energy density and €„ °°' is the lowest eigenvalue

of the nth terminated exact Lanczos matrix. No exact expressions are known for this,

except for some simple classical orthogonal polynomials, e.g. Chebyshev, although there

are results for asymptotic approximations n ^> 1 for a larger class of orthogonal polynomial

systems. It appears that a universal expression is unlikely to exist. However there exist

bounds on this error [11] of which the simplest form is

< oen < (esup ^

although there are optimised variants of this [12,13]. Here €sup is the exact supremum to

the energy density spectrum, eo the exact ground state energy density, O(ifttriah V'o) is the

angle between the trial state tfttTtal and the exact ground state wavefunction ipo computed

with the appropriate inner product, and 7 is defined by

with the first exact excited state energy ei. Finally the n dependence is controlled through

the complex Chebyshev polynomial

Tk (z) = cosh (k cosh"1 (z)) (15)

Physically this result means that the rate of convergence of the Lanczos method is deter-

mined by the spectrum of the system, controlled in particular by the relative gap between

the first excited state (within the sector defined by the ground state) and the ground state

to the spectral width. The larger this relative gap is, the more rapid the convergence is.

We will take this functional form to give the exact Lanczos termination error, and not

just the the bound to it. There is numerical evidence given in Reference [12] that this form

quite accurately describes the actual error for n >• 1, at least in its optimised forms. We

also have verified that the optimised forms can represent this termination error in the case

of exact finite AFH chains for over 12 orders of magnitude. All the spectral quantities that

are unknown will be parameterised and determined from the numerical values of the lowest

eigenvalue for a sequence of Lanczos iterations. That is, for large Lanczos iterations

S4T = eLT A - (16)



where eix and A are parameters to be determined. From such a simple form there is a

simple interpretation of the Lanczos rate of convergence coefficient A - for large system

sizes TV we find the scaled energy gap is given by

TV2 (*i (TV) - e0 (TV)) = (esup - e0) ^ (A - I)2 TV2 (17)

where eo(TV), ei(TV) are the ground state and first excited state energy densities in the

particular sector the trial state happens to lie in. We have found that this gap can be suc-

cessfully extracted from the convergence behaviour of the Lanczos eigenvalue for the exact

finite AFH chain using the above simple dependence Eq. (16). However it is not possible

to identify the gap found using the plaquette expansion data with the exact gap because

of plaquette expansion corrections, although there may exist a simple and approximate

relationship between them.

How accurate this simple form may be can be gauged by examining the exact results for

the ID AFH model. Given that we have moments up to order 28 [14](see the Appendix),

one can exactly perform the first 14 Lanczos iterations on systems of arbitrary size. In

Fig. 1 we display log \Se^T\ versus Lanczos step n for a system of size TV = 64. We have

taken the exact ground state energy density for TV = 64 from the finite size correction

formula of Reference [15]. On top of the exact differences we have placed a best fit straight

line to indicate the extent of deviations from this simple form. It is clearly not accurate

enough in a quantitative sense to follow the local detail but the deviations are small and

regular.

To model the effect of the truncation due to the plaquette expansion taken up to order

r we define

6e™ = eir) - eLr=oo) (18)

where e£ is the lowest eigenvalue of the Lanczos matrix truncated to order r and terminated

at the n-th Lanczos iteration. To arrive at a general form for this error we appeal to three

arguments. Firstly, one can utilise theorems for lower bounds on the lowest zeros of members

of an orthogonal polynomial system [16] which states en > B where

B = min{a;r : 1 < k < n] (19)



with the simplest bound sequence is given by

\ [( + )xk = \ 1601 ] • (2°)k = \ [ ]
Then given that the error in the Lanczos coefficients are going to be of the order O((n/N)r+1),

then the error in the bound will be the same, and thus we take this to be the order on the er-

ror in the plaquette expansion for the ground state energy density, at this Lanczos iteration.

That is we write

c PF r /ny+l . /nV+3/2 /nsr+2

***-*(») + /2(w) +AGv)
where f\, fa and fa are parameters to be determined.

Our second argument arises from the possibility of analytically diagonalising the Lanc-

zos tridiagonal Hamiltonian for the first three iterations, with the exact Lanczos coefficients

and with the plaquette expansions of them. It is found that the plaquette expansion is exact

for the first two iterations, 6eff = 0. The first nonzero difference is found to be

(^) ( ) ( 2 2 )

which agrees with out first argument.

We also compute the exact plaquette expansion error for Lanczos iterations up to 14

for a system of size N = 64, and these are shown in Fig. 2, in the form of log \Se^E\ versus

Lanczos step n for expansion orders r = 5,7,9 and 11. Clearly the leading order term is

correct, as indicated by the initial point and slope and the total corrections are reasonably

well bounded.

Combining both these forms, and neglecting the small adjustments in the error law for

finite Lanczos termination due to the replacement of the exact Lanczos coefficients with

the truncated ones (this adjustment can formally be taken into account in the plaquette

expansion error law) one has the total error

cjotal — (r) (r=oo)

= SiT + Se™

or in terms of the introduced parameters

n \ r+i / n\ r+3/2 / n \ r+2

) + / ( £ ) + fa (£) . (24)



It is the quantity eo that is sought, being the estimate for the ground state energy. We must

emphasise that the above form is not expected to exactly represent the actual variation

of the eigenvalue with Lanczos iteration number, but that it is the form that most closely

represents it for a given small number of free parameters. The actual, or highly accurate

but unknown form would be much more complicated and require a greater number of free

parameters. In all the above, the size of the system N was finite, although large for the

expansion to work, and we have to extrapolate to the thermodynamic limit by a sequence

of systems of increasing size.

Method applied to ID AFH Model

We test these ideas on the 1-dimensional isotropic antiferromagnetic Heisenberg Model,

where the trial state taken in this case was the classical Neel state. The expressions for the

connected moments up to (#2 8)c [14] and the Lanczos coefficients up to order r = 11 are

given in the Appendix. With the Hamiltonian matrix constructed in tri-diagonal form the

lowest eigenvalue for the model was computed for various chain lengths N and at various

orders in the plaquette expansion r, all at regular Lanczos iteration numbers. Qualitatively

the data was found to exhibit two types of behaviour as Lanczos iteration number becomes

large (of order N)

• Critical Point behaviour with at least one point of inflection and where the

eigenvalue often diverges through negative values as n —• oo, which applies to

orders r — 4 . . . 6, and 11, and

• Non-critical Point behaviour without a point of inflection and where the eigen-

value usually asymptotes to a fixed value as n —• oo, which occurs for orders

r = 7...1O.

The essential distinction is the existence of a high order critical point (the slope is always

negative), rather than the limiting behaviour of the eigenvalue. For small values of iteration

number both have the similar rapid decay and flattening out shape. Examples of both these

types of behaviour are displayed in Fig. 3.
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There are two possible options for making the correspondence of our assumed, but

inexact, form with the actual data -

• a direct and local approach where the data is transformed under repeated appli-

cations of a combined Shanks-type transformation and Richardson extrapolation

law constructed according to our assumed form, or

• a global approach whereby the form is fitted to a subset of the data according

to some appropriate criteria.

We choose the later course as it was more stable and yielded superior accuracy.

For the fitting criteria there were two different criteria that we tested, a least squares

and a Lp norm fit over the residuals for p = 10. The latter case should be prefered because

the criteria of the fit is then the largest absolute deviation from the chosen law, which is

more appropriate for data that has very little random error in comparison to the systematic

errors. This was borne out in the analysis, with the least squares giving inferior results.

Fitting points were sampled in step sizes of iV/1000, and a total of 70 points in an interval

were taken to be fitted which included at least 41% of the total number of points. Results for

fitting intervals containing more than 80 points sometimes failed to yield physical solutions,

and those with less than 50 points had little significance. An average of the fitted results

for 60 —* 80 points changed the most accurate energy by only 1.0 x 10~5. The fitting

interval was moved along the total range of data, and the residuals computed. The fit for

the interval where the residual was smallest was the one taken as the best estimate. When

the interval included low Lanczos iteration number data, the form for the termination error

is not adequately modelled by a simple exponential decay although the plaquette expansion

error is negligible. On the other hand when the interval includes high Lanczos number data

the termination error is very small but now the plaquette expansion error terms have grown

and cannot be adequately represented by three terms. So our fitted residuals were lowest

in the intermediate Lanczos iteration number regime, which also happened to be close to an

inflection point, where it existed. Generally it was found that the best total residual (not

the average residual) was less than 10~6. We used the sequential quadratic programming

algorithm to solve the nonlinear optimisation problem as implemented in the 64-bit packages

FSQP Version 3.4 and QLD [17]. This combination was found to be the most robust and
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efficient amongst the other codes of equivalent accuracy that were available. The intercept

parameter, representing the best estimate of the ground state energy density eo and the

Lanczos convergence parameter A for these fits is tabulated in Table 1.

The first point to note from this data is that the energy density estimates are quite good,

the best having a percentage error of 3 x 10~4%, i.e better than 5 decimal digits accuracy.

For a given system size it is observed that each new order in the plaquette expansion,

amongst the critical data sets, brings about improved accuracy, although this improvement

is uneven. We do not offer a theoretical justification for convergence of the expansion on

the basis of this. The non-critical data sets follow quite a different trend which arises

from the fact that when the eigenvalue asymptotes to a fixed value the Lanczos process

has effectively terminated and no further information can be extracted from the eigenvalue,

and all of this has occured before a critical point has been encountered. A second note can

be made with regard to the trends in the Table 1 with system size. Generally results are

better, and more so, with larger systems when the approximation is taken at a given order.

The third point to consider is that the results here systematically improve considerably

the initial employment of the plaquette expansion [3,6], whereby the eigenvalue at the

point of inflection in the Lanczos iterations was taken as the best estimate. Fourthly, these

results are considerably better than other related treatments that are based on a moment

formalism. We present, in Table 2, the best estimates obtained by these methods.

Our approach in analysing the plaquette expansion can be independently appraised by

seeing how well the computed energies at a given order in the approximation scale with

system size. In Fig. 4 we display the JV-dependence for the highest order and it is clear

that there is, within the errors, an analytical dependence of eo on 1/N about the infinite

system limit. The system sizes we have used have easily placed us in the regime where a

purely linear form can be observed. This form is different from the finite size scaling for

the exact finite systems where one expects [19,20]

7T2
(e0 (N) - 60 (oo)) = 1 + ai (In iV)"3 + a2 (In TV)"4 + . . . (25)
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This difference we attribute to the truncation brought about by the plaquette expansion, as

there must exist first order differences in \/N between the exact finite system and the pla-

quette expansion truncated form. This result also gives us our most accurate extrapolated

energy, which is given in Table 2.

It should be noted that we have not attempted to do an extrapolation from the sequence

of energies arising from finite orders in the approximation. This is primarily because we

have no theoretical basis for such an extrapolation, and there is not enough unambiguous

data to draw a purely empirical deduction.

There are several sources of error to be associated with these ground state energies,

some of which cannot be corrected for with our simple analysis but can only remain as part

of the final total error, whereas others can be corrected for. In the first instance is the error

associated with the relatively crude form for the Lanczos convergence process, and which

is represented by the residuals and the systematic variation with fitting parameters. We

estimate that the residual and the systematic fitting errors to be of the order 10~6 and 10~5

respectively, in the most accurate case. This cannot be reduced except by the employment

of a more refined form for this dependency. Even if this source of error were negligible or

even absent there would still be two remaining errors - those due to the finite size of the

system, and with the finite order at which the cluster expansion is terminated. These errors

can in principle be corrected or compensated for.

Conclusion

We have analysed the errors involved in the truncation of the plaquette expansion

and the termination of the Lanczos process, and formulated a simple method to extract

accurate estimates for various ground state spectral quantities of an arbitrary extensive

lattice Hamiltonian system. We have shown by way of the application of such an analysis

to the 1-dimensional Heisenberg spin chain that this method is capable of producing accurate

spectral quantities. By taking the expansion up to the 11th order we have reproduced the

known ground state energy density to better than 10~5. We have taken a very simple form

in the modelling of the errors in our method, and predict that with refinements in this form,
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reflecting deeper knowledge of the spectrum of the system and the dynamics of the Lanczos

process, that better results would be obtained. The effort in obtaining these results is

very modest, the computation of the connected moments taking most resources, but even

considering this it is modest.

The authors would like to thank Z. Weihong and J. Oitmaa for sending us their ex-

pressions for the connected moments and to acknowledge the support of the Australian

Research Council for this work.
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Appendix

The Lanczos coefficients for the ID isotropic AFH model, in the plaquette expansion,

have been calculated using connected Hamiltonian moments up to (#2 8) c , which were

supplied by Z. Weihong and colleagues [14]. The cumulants are

1
1 ~ 4

1
C2 = 4

1
C 3 = 4

1
C4 = — -

3
C5 = ~2

21
C6 = g"

105

158316
85

c9 = y

c10 = -3313
75049

en =
1238205

13808933

86136239

1946437647
Cl5 = 16

48648668001
016 = 32

4956065233

941859237097

i

7205189029583

i

48236616891961



15

2428162380902951
C2i = i

5327280876104537
C22 = £

1052422934005914395
C23 = g

61701166499274850269
C2A = 32

112340790507409053473
C25 = g

12667392645464208889487
C26 = 16

94843163193573897164999
C27 = 16

6711378063993548991266789
C28 = 32

We have used the Product-Difference Algorithm, obtained within the memory func-

tion formalism as given in Reference [21,22], to compute the Lanczos coefficients from the

moments. These are given as

T^"~5 ( 210 n3 - 1362 n2 + 4342 n- 4187 )

( 140582 n4 - 929692 n3 + 1700893 n2 - 178397 n - 1422579 )

( 64575972 n5 - 710985570 n4 + 3158172786 n3 - 6918822744 n2

+7213536994n - 2731938959 )

( 311527768 n6 - 5154146572 n5 + 36936763436 n4 - 143037493740 n3

+310453622807 n2 - 354598837993 n + 165617497829 )

oZi^Zlro ( 16786391218 n7 - 503265803348 n6 + 6133025503696 n5

2679075 iv y

- 39653616126992 n4 + 148309865809252 n3 - 322812742610162 n2

+379788815870154n - 186550051658733 )

( n ^ ( 3174474037048 n8 - 43129963498412 n7
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+ 24576090111598 n6 + 3155378566565398 n5

- 27990559112820068 rc4 + 117491604700840522 n3

- 272308586162125563 n2 + 335238991480902087n

-171164104602550695 )

Mil ( 15176031492685496n9 - 401919589151576624n8

+ 4570929424679058896 n7 - 27673736155964397154 n6

+ 84314449276255671554 n5 - 31615032028493508976 n4

- 682114308214569142656 n3 + 2384945211109432352044 n2

-3465290185480122259410 n + 1936654040721149943615 )

Q7O POTR KT12 ( 280300746102128860 n10 - 10496379239017861796 n9

+ 176823404635631842152 M 8 - 1739266835019967448428 n7

+ 10889263495730478089702 n6 - 44361677981084936977606 n5

+ 114557665082079015617038 n4 - 168648154510819763442962 n3

+ 89138172579288212156423 n2 + 82569934955879344632987n

-100322647978542498931455 ) ,

3n(n-l) 2n(n-l)(n-2)
+

n (n ~ !) (n ~ 2)/ 459462 n4 - 4828633 n3 + 18332762 n2

v4725 N7

-28233188 n +12946425 )

n ̂ " ~
8

53388974 n5 - 890874762 n4 + 5972222242 n3
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-19833459525 n2 + 32260719952 n - 20332973325 )

^ 451248519 n' ~ 12504840213 »5

+ 138202639019 n4 - 787887363444 n3

+ 2458921542016 n2 - 3997396968204n

+2650302750375 )

( 176168174831 n7 - 639734467962n6

- 40977757046218 n5 + 589229689961640 n 4

- 3611778557866159 n3 + 11677497818820723 n2

-19565278733607948 n + 13427375476123665 )

" 1 " ~ llj11,?? ( 199175934109344 n8 - 5183540980556528 n7

2210236875iv11

+ 54309968801294208 n6 - 263993839360704620 n5

+ 291254807836923426 n4 + 3087069670597452283 n3

- 15962930674141982358 n2 + 31711574499136002360n

-23822737554385527975 )

"1" ~ llj11??

" ~ J i ~ 2 ( 15766793682689636n9 - 592338801353612752n8

+ 9750431961636419752 n7 - 90997250105008896490 n6

+ 519492230795756143324 n5 - 1808128956078860881588 n4

+ 3468470566147543888868 n3 - 2128745948163978472695 n2

-3661810249382593309080 n + 5306069418676176444525 ) .
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Tables

1. Ground state energy density estimates eo for the ID antiferromag-

netic Heisenberg chain at various orders r in the plaquette expan-

sion for systems of various sizes N 21

2. Comparison of ground state energy density estimates for the ID

antiferromagnetic Heisenberg chain calculated by various methods

using Hamiltonian moments 22
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Figures

1. Exact Lanczos termination error |<$e£T| with Lanczos iteration num-

ber n < 14 for the ID AFH Model with JV = 64 sites 23

2. Exact plaquette expansion error \6e^ \ with Lanczos iteration num-

ber n < 14 for the ID AFH Model with JV = 64 sites. Curves are

labelled by the order r at which the expansion is truncated 24

3. Variation of the lowest eigenvalue in the plaquette expansion €„

with Lanczos iteration number n for the two different types of be-

haviour: Critical case for order r = 11 and the Non-critical case for

r = 7 when N = 105 25

4. Finite size scaling of the ground state energies eo at the order r =

11, where system sizes range from N = 103 to 105. Also shown is

the best fit straight line 26
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fo

Order r = 4

5

6

7

8

9

10

11

N = 103

-0.44234416

-0.44249269

-0.44262340

-0.44263779

-0.44264286

-0.44268143

-0.44273850

-0.44273378

5.103

-0.44322563

-0.44306696

-0.44301700

-0.44301040

-0.44299829

-0.44302047

-0.44304903

-0.44304510

104

-0.44344398

-0.44316526

-0.44310245

-0.44309561

-0.44308267

-0.44309788

-0.44312078

-0.44311535

5.104

-0.44358913

-0.44327309

-0.44320550

-0.44319945

-0.44319129

-0.44319907

-0.44320957

-0.44312623

105

-0.44361008

-0.44329576

-0.44322762

-0.44322255

-0.44321584

-0.44322146

-0.44322830

-0.44314609

T^ble 1:
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Method

t-expansion"

plaquette expansion

CMX6

plaquette expansion

plaquette expansion

Exact

Ground State Energy

Density

-0.441892

-0.443815

-0.434784

-0.443610

-0.443144

-0.44314718

Notes

# 8

r = 3,H8,N = 105

5 orders Hn

r = 4, H 10,iV = 105

r = 11, H2i,N = oo

a Ref. 1
b Ref. 18

Table 2:
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