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BOSON SYMMETRIES IN EXOTIC N~Z NUCLEI

P. VAN ISACKER
GANIL, BP 5027, F-14021 Caen Cedex, France

Abstract: Heavy N ~ Z nuclei provide an ideal testing ground for various
symmetries such as isospin and isospin-spin or SU(4) symmetry. The asso-
ciated quantum numbers of orbital angular momentum L, isospin T, spin 5
and SU(4) labels (Xfii/) can be carried over onto appropriate versions of the
interacting boson model (IBM). Symmetries allow to relate the boson model
to the shell model; the composite character of the bosons permits a broader
application of the concept of symmetry in IBM. The discussion then focuses
on IBM-3 (which includes T = 1 bosons only) and IBM-4 (with T = 0
and T = 1 bosons). A connection is established between them which relies
on an IBM-4 classification that breaks Wigner's SU(4) symmetry. The re-
sulting generalised IBM-4 is relevant for studying the competition between
T = 0 and T = 1 pairing in N ~ Z nuclei. An application to odd-odd
self-conjugate nuclei is presented.

1. T h e symbios is of fermion and boson symmetr i e s

Ever since the discovery of the neutron, symmetries—and the mathematical de-
scription of them, group theory—have played an important role in nuclear physics.
It was indeed the observation of a neutron mass nearly equal to that of the proton
which led Heisenberg to propose1 that neutrons and protons are identical except for
a quantum label which characterises the charge state of the particles. Heisenberg's
idea proved remarkably fruitful because the conjecture of invariance in isospin space
led to simple predictions (e.g., selection rules in El transitions) which in turn allow
one to extract information about the nature of nucleonic interactions in the nucleus.
His idea was seminal in another respect since it could be readily extended to more
general symmetries involving larger algebras than the isospin algebra SU(2) and/or to
symmetries of the orbital part of the nuclear many-body wavefunction. Pivotal devel-
opments of this type were Wigner's isospin-spin supermultiplet [or SU(4)] symmetry,2

Racah's classification of complex spectra in terms of SU(2) seniority3 and Elliott's
SU(3) model of nuclear rotation.4 These symmetries, as well as many later ones pro-
posed in the context of models such as the pseudo-SU(3) model5 and the fermion
dynamical symmetry model,6 share the common feature of providing special, analyti-
cal solutions of particular hamiltonian equations for a system of interacting fermions,
which in general can only be solved numerically.

The interacting boson model (IBM) of Arima and Iachello7 represents in many
respects a continuation of preceding efforts to elucidate the structure of nuclei through
methods based on symmetry. The model gives a simple yet realistic description of
nuclear collective features in terms of s and d bosons. Again, for particular classes of
hamiltonians, the eigenequation can be solved analytically—the only difference with



previous examples being that now a system of interacting bosons instead of fermions is
considered. The bosons of the IBM are composite in nature: they represent correlated
fermion pairs in the valence shell. From this interpretation of the bosons derives the
microscopic foundation of the boson model in terms of the more fundamental nuclear
shell model. The treatment of symmetries, however, is entirely analogous in both
models.

Why should recourse be taken to an interacting boson model, when a more funda-
mental shell model is available? A practitioner's answer to this question would point
out that the region of applicability of the shell model is much more restricted even
with current computational techniques. There is, I would conjecture, another advan-
tage to the use of the boson model which concerns the role of symmetries. Fermion
symmetries are rather restricted affairs. Their occurrence depends on a set of con-
ditions to be satisfied by fermion energies and fermion-fermion interactions. Boson
symmetries are more general and this is so because of the composite nature of the
bosons. A typical scenario will run as follows. A fermion symmetry of restricted ap-
plicability in the shell model suggests a corresponding symmetry in the boson model.
If the fermion symmetry is exact, it can be carried over into the boson space for a
particular choice of the boson structure. If the fermion symmetry is approximate
only, the corresponding boson symmetry can still be maintained exact in the boson
space by adapting the structure of the bosons.

This, then, is the symbiotic nature of the relationship between fermion and boson
symmetries: The latter acquire their microscopic justification through the former; on
the other hand, the composite character of the bosons allows a broader application
of boson symmetries than is possible with fermion symmetries.

In this contribution the relation between fermion and boson symmetries is il-
lustrated with the examples of IBM-3 and IBM-4, versions of the IBM appropriate
for nuclei with valence neutrons and protons in the same shell. Many shell-model
quantum numbers such as the orbital angular momentum L and spin 5, isospin T,
Wigner's supermultiplet labels (A^z/) can be carried over onto the boson space, guid-
ing the choice of the boson classification.

2. IBM-3 and IBM-4 in words

The IBM exists in different versions according to whether or not a distinction
is made between neutron and proton bosons: in the original version (IBM-1) no
such distinction was made8 while it proved to be necessary in IBM-2 to establish a
connection between the boson model and the shell model.9 Furthermore, if neutrons
and protons occupy the same valence shell, isospin symmetry considerations become
crucial and lead to two more versions of the IBM. In IBM-3 the complete isospin
T = 1 triplet of bosons is included,10 comprising a neutron-proton (np) Tz = 0
pair in addition to the nn and pp Tz = ±1 pairs of IBM-2. With this complete
isospin triplet an isospin invariant boson model can be constructed. In IBM-4 the
T = 1 bosons are assigned an intrinsic spin 5 = 0 and complemented with a set
of T = 0, S = 1 bosons.11 The rationale behind this choice is that the two-particle



isospin-spin combinations (TS) = (10) and (01) are the ones favoured by Wigner's
SU(4) classification2 which is known to have physical significance in light nuclei. In
heavier nuclei SU(4) symmetry is increasingly broken but IBM-4 may remain a valid
approximation (as it does in sd-sheW nuclei12) if the boson L and 5 are not equated
to the orbital angular momentum and spin of two fermions.

The IBM offers thus two extreme possibilities in its different formulations: IBM-3
which does not contain T = 0 bosons and IBM-4 where these are included on an equal
footing with T — 1 bosons. In this contribution a connection is established between
these two limiting situations. This is done by constructing a classification in IBM-4
that does not conserve SU(4) symmetry13 and which has a subset of states in direct
correspondence with IBM-3 states.

2bis. IBM-3 and IBM-4 in equations

The dynamical algebra of IBM-3 is U(18) arising from the six orbital (s+d) degrees
of freedom times the three isospin degrees of freedom. The IBM-3 classification that
conserves angular momentum L and isospin T is10

U(18) D (UL(6) D '•• D O L ( 3 ) )

I i I
[N] [AWAy L

(1)
<8> (U r(3) D SUT(3) D SUr(2))

I i i
[A^Ay (\TI*T) T

where Elliott's SU(3) labels are used,4 AT = Ni - N2 and fiT = N2 - N3. All states
are contained in a symmetric representation [N] of U(18) where N is the number of
bosons14 (i.e., half the number of valence nucleons). Due to overall symmetry in the
bosons, the orbital algebra U^(6) and the isospin algebra U T ( 3 ) are characterised by
the same representation [NiN2N3]. The orbital reduction from UL(6) to 0^(3) is not
specified in (1) but may correspond to one of the three limits of IBM-1.7 Any nu-
clear hamiltonian conserves angular momentum, and, to a good approximation, also
isospin. This justifies the use of a classification in which L and T are good quantum
numbers and as such it provides an illustration how symmetries of the shell model
guide the choice of basis in the boson model. Note, however, that the conservation of
the SUT(3 ) charge labels (XTI^T) (or, equivalently, of [N1N2N3]) is less fundamental
as it depends on the details of the residual interaction. A classification that preserves
L and T but not (\T^T) has been proposed recently by Ginocchio.15 Realistic appli-
cations of IBM-3 typically yield a 10% admixture in the S U T ( 3 ) representation of the
lowest states, but in some cases much higher.16

The dynamical algebra of IBM-4 is U(36) since it involves the same orbital de-
grees of freedom coupled with the six isospin-spin [(TS) = (01) and (10)] degrees of



freedom. The usual IBM-4 classification, as proposed by Elliott and Evans,11 is

U(36) D (UL(6) D -" D 0 L ( 3 ) )

I I 1
[N] [NL^NS] L

, (2)
<S» (UT5(6) D S U T S ( 4 ) D S U T ( 2 ) ® SU5(2))

1 1 I I
[^...iVe] (AH T S

where the orbital angular momentum L must be coupled with spin S to total an-
gular momentum J (not shown). The novel element with respect to IBM-3 is the
appearance of spin algebras, notably of Wigner's SUTS(4) . If the bosons correspond
to two fermions in a harmonic oscillator shell coupled to the orbital angular momen-
tum L and spin 5, then the fermion SU(4) algebra corresponds exactly to the boson
SUTS(4) algebra in (2). This can be shown by an OAI mapping of Wigner's super-
multiplet generators £,• T\, Yli <*i-> a n d Yii ?{${, which map exactly onto the generators
of SUTS(4) . This then justifies the choice of basis (2) as a reasonable ansatz. The
point to note is that, even when the fermion SU(4) symmetry is broken, it is still
possible to maintain exact boson SU(4) symmetry by changing the structure of the
bosons. In that case, the generators of SUrs(4) do not correspond to the physical
Wigner supermultiplet operators.17 To what extent this mechanism can be used to
describe the breaking of fermion symmetries (such as L, 5, (A/zi/) or even T) is still
an open question. At some point this approximation breaks down and also the boson
symmetry needs breaking. The latter is more conducive to phenomenology and this
is the approach illustrated here.

3. An Alternative Classification for IBM-4

The IBM-4 classification (2) is introduced because it contains Wigner's super-
multiplet algebra. It is known, however, that in heavier nuclei SU(4) symmetry is
increasingly broken and hence it is natural to search for an alternative classification
scheme that reflects this symmetry breaking. The particular alternative reduction of
UTS(6) suggested in this contribution has several attractive features, (i) It allows to
establish a connection between IBM-3 and IBM-4. (ii) It introduces interactions that
determine the relative importance of T = 0 and T — 1 pairing, a problem of topical
interest in heavy N ~ Z nuclei, (iii) In odd-odd N = Z nuclei, it gives rise to a
variation with boson number of the relative energy of T = 0 and T = 1 states which
can be verified experimentally and can be linked to the relative strength of T = 0
and T = 1 pairing.

A convenient starting point of the discussion is to consider the following alternative



IBM-4 classification:

U(36)
I

UL(6) ® UT5(6)

I 1
SUL(3) SU5(3) <8> SUT(3) . (3)

\ / i
SUj(3) SUT(2)

I
SUj(2)

The essential difference between (2) and (3) is the presence of SUT5(4) in the former
whereas it is absent from the latter and replaced by SUT(3 ) <8> SUs(3). This difference
will be elaborated upon below. Other features of (3) are less important: the fact that a
rotational orbital classification is chosen with SUL(3) symmetry which is subsequently
strongly coupled with SUs(3) to total SUj(3) obviously restricts the applicability of
the classification but is incidental to the conclusion reached below as regards the
relative energy of T = 0 and T — 1 levels.

The hamiltonian associated with (3) is

H = aC2[UL(6)] + /3zA[SUL(3)] + feC2[SUs(3)] + A/C2[SUj(3)]

+/?rC2[SUT(3)] + 7 T C 2 [ S U T ( 2 ) ] + 7 J C 2 [ S U J ( 2 ) ] , (4)

where C2[C] is the quadratic Casimir operator of G with C2[SUj(2)] = J2 and
C2[SUT(2)] = T2. The states classified by (3) are denoted as

\[N\[NY... N6](XLtiL) x [N,... N6](\T»T)T X (A 5 /US )S; (XJHJ)J), (5)

where the labels (XxVx) are associated with the algebra SUx(3) for X = L, 5, J or
T. The eigenenergy of the state (5) is

E = a

+(3Tg(XT, nT) + 7TT(T + 1) + 77 J( J + 1), (6)

with <jr(A, //) = A2 + /x2 + A/z + 3A -}- 3/z. To determine the energy spectrum associated
with (3), the UTS(6) D SUr(3) <8> SUs(3) reduction rule is needed and it will be given
here for the lowest U J S ( 6 ) representation in self-conjugate nuclei which is symmetric,
[Ni... N6] = [N], giving rise to the UTs(6) D SUT(3) (8) SU5(3) branching rule

[N] -+ (XTliT) x (Xsfis) = (NO) x (00) + (TV - 1 0) x (10) + • • • + (00) x (NO). (7)

The orbital reduction UL(6) D S U L ( 3 ) is the usual one of IBM-1 leading to a ground-
state configuration with (A^/XL) = (2TV 0). The T = 0 states in self-conjugate odd-
odd nuclei arise from (XT^T) — (00) which from (7) implies (A5A5) = (TVO). After
coupling (TVO) to orbital (2TV 0) this leads to a lowest SUj(3) representation (Xjfij) =
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Figure 1: Partial energy spectrum of T = 0 and T = 1 states for N = 3 bosons. The
energy formula (6) is used with fis = 5 and 'jj = 1, in arbitrary units. Levels are
labelled with T (left) and J* (right). Bands are labelled with (XT^T) X (XS^S) (top)
and (Aj/ij) (bottom).

(37V 0) which for odd TV contains J* = l+,3+,5+, . . . . The T = 1 states on the other
hand arise from (XT^T) = (10) or (\s/J>s) = (N — I 0) giving rise to a lowest SUj(3)
representation (Xjfij) = (3N — 1 0) containing J* = 0 + , 2 + , 4 + , . . . . An odd-odd
N = Z spectrum is shown in figure 1. Leaving aside J2 contributions, the relative
energy of the lowest T = 0 and T = 1 levels is

AE = E(T = 0) - E(T = 1) = 2(JV + l)/35 + 2(3N + l )0j - 4/?T - 2 7 T . (8)

It is thus seen that AE changes linearly with N for constant parameters.

4. Connection between IBM-3 and IBM-4

The states of IBM-3 are a subset of those in IBM-4. The precise relationship
cannot be established via the classification (2) but rather via one in which the isospin-
spin reduction is replaced by

(9)

In table 1 the IBM-3 isospin classification (1) is shown for TV < 3 bosons while the
corresponding IBM-4 isospin-spin classifications are given in table 2 for the SUTS(4)

and the SUT(3)<8)SUS(3) reductions. The essential point is that only in the latter case

UTs(6)
1

^ i . . . N6]

D SUT(3) <S

i
(XT^T)

* SU5(3)
1

(XsfJ-s)

D SUT(2) <S

i
T

5 SU5(2)
1
S



Table 1: IBM-3 isospin classification for TV < 3 bosons.

N
1
2

3

UT(3)
[NiN2N3

[1]
[2]
[11]
[3]
[21]

[HI]

SU r(3)
] (^TVT)

(10)
(20)
(01)
(30)
(11)
(00)

SUT(2)
T
1
0,2
1
1,3
1,2
0

Table 2: IBM-4 isospin-spin classifications for N < 3 bosons.

TV
1

2

3

UTs(6)
[Ni... TV6

[1]

[2]

[11]
C

O
.

[21]

[111]

SUT5(4) SUT(2) (8) SU5(2)

] (V")
(010)

(000)
(020)

(101)

(010)
(030)

(010)
(111)

(200)
(002)

(TS)
(01)(10)

(00)
(00)(02)(ll)(20)

(01)(10)(ll)

(01)(10)
(01)(03)(10)(12)
(21)(30)

(01)(10)
(01)(02)(10)(ll)2

(12)(20)(21)

(00)(ll)
(00)(ll)

SUT(3) <8> SU5(3)
(XT^T) x (XsVs)
(00)x(10)
(10)x(00)«-
(00)x(20)
(10)x(10)
(20)x(00)<-
(00)x(01)
(01)x(00)<-
(10)x(10)
(00)x(30)
(10)x(20)
(20)x(10)
(30)x(00)<-
(OO)x(ll)
(10)x(01)
(Ol)x(lO)
(10)x(20)
(ll)x(OO)*-
(20)x(10)
(00)x(00)<-
(OO)x(OO)*
(10)x(01)
(Ol)x(lO)

SUT(2) ® SUS(2)
(TS)
(01)
(10)
(00)(02)
(11)
(00)(20)
(01)
(10)

(11)
(01)(03)
(10)(12)
(01)(21)
(10)(30)
(01)(02)
(11)
(11)
(10)(12)
(10)(20)
(01)(21)
(00)
(00)

(11)
(11)



a direct correspondence between IBM-3 and IBM-4 becomes obvious: states indicated
with an arrow are scalar in SUs(3) [(XsVs) = (00)] and their (XT^T)T values coincide
with those found in IBM-3. An example might clarify the situation further. In
Wigner's classification the favoured two-boson state with T = S = 0 has (A/zi/) =
(000). This state can be expanded in the SUT(3) <8> SU5(3) basis |[W](ArjiT)T x

as

|[2](000)00) = VT|[2](00)0 x (20)0) - v^|[2](20)0 x (00)0). (10)

Only the second component on the rhs is IBM-3 like. This illustrates that the SUTS(4)

state cannot be mapped entirely onto IBM-3 but only its fraction which is scalar in
SU5(3).

In general, IBM-3 analogue states have (\sl*s) = (00). The converse is not nec-
essarily true since some SUs(3) scalar states have no counterpart in IBM-3 (cfr. the
asterisk in table 2). These, however, belong to highly non-symmetric UTS(6) [or
UL(6)] representations and occur at higher energy anyway.

The conclusion of this analysis is that adding an interaction which removes all
non-scalar SUs(3) states from the low-energy spectrum essentially reduces IBM-4 to
IBM-3. Such interactions are easily constructed and the simplest one is the quadratic
Casimir operator of SU5(3), C2[SUs(3)]. The physical relevance of interactions of this
type is that they determine the relative importance of the T — 0 and T = 1 pairs.

5. An Application to Odd-Odd Self-Conjugate Nuclei

The effect of the C*2[SUs(3)] operator can best be illustrated in odd-odd self-
conjugate nuclei where the balance between T — 0 and T = 1 pairing is thought to be
most crucial. It is convenient to ignore the orbital degrees of freedom in the problem
and study the transformation between the two limiting symmetries in isospin-spin
space

U(6)

I

(a)

(*)

SUTs(4)
I

(Xfiu)

SUT(3)

i
SU5(3)

I

D SUT(2)
I
T

The algebras SUT(3), SU5(3) and SUT5(4) are generated by {
{TM, 5^, VMJ/}, respectively, where the generators are defined as

Tu = (aj x «,)2,0),
s, = («! x a . ) ^ ,
*nu — \at x a3 + a

Ql = («!
= («! X a.)%\)%

SU5(2) . (11)
1
S

and

(12)



in terms of elementary a\ and a\ bosons of SUj(3) and SUs(3), respectively. The
coupling in (12) is in isospin and spin, and furthermore at^ = (—)1~Mat,-M and aS)M =
(—)1~Maa)_At. The required transformation brackets are obtained by diagonalising the
Casimir operator of SUTS(4) ,

C2[SUT5(4)] = 3(F x Yjgp + T2 + 52, (13)

in the basis SUT(3) ® SU5(3). For self-conjugate nuclei the lowest UTS(6) represen-
tation is symmetric and the general transformation reduces to

\[N](0pO)TS) = £ C & M ( A T O ) T x (AaO)S), (14)
\T+XS=N

The matrix elements of (13) in the S U T ( 3 ) <8> SU5(3) basis with fir = Us — 0,

Klh^s = d^K^o)?1 x (Aso)5|c2[suT5(4)]|[iv](Ai.o)r x (A'so)S), (is)

are given by

VxN
Tls

sxTxs = 2ArAs + ZN + T(T + 1) + 5(5 + 1),

s + 5 + 3)]'/2,

+ 5 + l)]1/2. (16)

For the cases of interest here the ensuing diagonalisation problem can be solved
analytically by recurrence techniques with the following results for the transformation
brackets, always valid for the leading SU(4) representation in self-conjugate nuclei.
1) Even-even nucleus with N even, (0/uO) = (000), (TS) - (00):

'2

2) Odd-odd nucleus with N odd, (0/i0) = (010), (TS) = (01):

N01

' ^ L(Ar + 1)(Ar + 3 ) ( ^ + 5)AT!HA5-l)!!.

3) Odd-odd nucleus with N odd, (0/zO) = (010), {TS) = (10):

16(AT + 2)!!(A5 +1)!! ]lf

even. (18)

5)(AT - 1)!!A5!!
A r odd. (19)

With the above expressions the expectation value of operators diagonal in the
S U T ( 3 ) (8> SUs(3) basis can now be evaluated in the basis (2). For example, the
expectation value of C2[SUs(3)] is

(Ct) (20)
XT+XS=N



For the three cases listed above one finds

( j^ + 6), N even, T = 0
(C2[SU5(3)]) = { ±(7N2 + 427V + 15), N odd, T = 0 . (21)

( ± 2 + 187V - 21), N odd, T = 1

Thus, in first-order perturbation, the effect of C2[SUs(3)] on the energy difference
between T = 0 and T = 1 states in self-conjugate odd-odd nuclei is

= E(T = 0) - £(T = 1) = \(N + 3)2. (22)

Assuming a breaking of SU(4) symmetry that favours T — 1 pairing, this result
predicts that, as the (valence) particle number increases, the energy of the T = 0
states increases relative to those with T = 1.

6. Summary and Outlook

The competition between T = 0 and T = 1 pairing is a problem which tradition-
ally has been treated in the context of the Hartree-Fock-Bogoliubov approach.18 The
conclusion of the latter analysis is that only for N = Z nuclei T = 0 is the dominant
mode. For N = Z ± 2 both modes are competitive while T — 1 pairing wins in all
other cases. Recent experiments for N ~ Z nuclei in the pf shell19 seem to disagree
with this conclusion and hence it is appropriate to revisit the same problem from
a different perspective. The main message of this contribution is that IBM-3 and
IBM-4 provide an ideal framework to study this question: IBM-3 does not contain
T = 0 bosons while IBM-4 contains both T = 0 and T = 1 bosons on an equal foot-
ing if Wigner's SU(4) classification is chosen. It should be acknowledged that T = 0
fermion correlations can be represented in IBM-3 through boson-boson interactions;
this may be a valid approximation for even-even but it is not for odd-odd nuclei. A
natural representation of T — 0 pairing is best obtained through the inclusion of the
corresponding boson. The central result of the detailed discussion in sections 3 to 5
is to establish a continuous connection between IBM-3 and IBM-4 and hence supply
an ideal tool to fine tune the relative importance of T = 0 and T = 1 pairing modes.

Many aspects of IBM-3 and IBM-4 still need to be explored. For example, not
much is known about their dynamical symmetries. Enumeration and study of their
properties is a relatively straightforward problem for IBM-3 and work in this direction
is in progress.20 Analytic solutions of IBM-4 are virtually unstudied. Clearly, the
results presented here are of a schematic nature and need to be supplemented with
more detailed studies that involve numerical IBM-4 calculations as well as the study
of the boson interactions from a shell-model viewpoint.
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