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SYNTHESE

Le problème de conduction thermique inverse utilise des mesures de
température en paroi externe d'une tuyauterie pour reconstituer les sollicitations qui
ont lieu dans sa paroi interne.

Il existe dans la littérature différentes approches pour tenter de résoudre ce
problème mal posé. De ces méthodes, une des plus utilisées est la méthode séquentielle
de spécification des fonctions proposée par BECK.

La qualité de la solution obtenue est cependant étroitement liée à la qualité de
l'instrumentation, au nombre et à la localisation des points de mesures.

Le travail présenté concerne la détermination du nombre et de la localisation
des thermocouples en paroi externe d'une section de tuyauterie droite.

L'objectif est d'obtenir le nombre minimal de capteurs qui permettra d'estimer
correctement tout le flux thermique appliqué en paroi interne. Un des buts de ce travail
concerne la préparation des essais destinés à la validation expérimentale des méthodes
sur le banc ESTHER du Département REME.

Pour cela, la circonférence interne est discrétisée en M éléments.
Sur chacun de ces éléments, nous appliquons un flux unitaire puis nous

résolvons le problème direct de conduction thermique pour acquérir la température sur
toute la paroi externe.

Il s'agit ensuite de choisir la localisation des thermocouples en fonction de ces
résultats. Cela peut être fait sur la base d'un taux de représentation qui définit la
dispersion d'un flux unitaire sur tous les capteurs.

Le problème est la nécessité d'avoir à calculer ce taux de représentation pour
chaque proposition d'implantation de capteurs. Pour éviter cette lourdeur, nous
proposons d'utiliser une méthode de matrices transposées.

La démarche a été appliquée pour définir l'expérience sur une tuyauterie en
acier ferritique (diamètre 600 mm, épaisseur 20 mm). Il est montré qu'un capteur
disposé tous les 3° d'angle est nécessaire pour la reconstitution complète d'un champ
quelconque dans une telle structure.

L'étude de sensibilité en fonction de l'épaisseur du tuyau montre également
que, si cette dimension diminue,

- on favorise comme prévu la détection du flux juste en face du capteur,
- par contre, on est plus pénalisé si le phénomène se passe entre deux capteurs.
Ce qui implique donc la nécessité de disposer plus de capteurs sur la paroi

externe quand l'épaisseur est plus faible.
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EXECUTIVE SUMMARY:

The inverse heat conduction problem (IHCP) to be solved involves with the
reconstruction of unknown thermal loadings applied on piping internal wall. Only
external temperature measurements are avalaible as data.

Different approaches can be found in the literature for solving this ill-posed
problem. The most frequently used among them is the function specification method
proposed by Professor BECK.

However, for multidimensionnal IHCP, the accuracy of the solution strongly
depends on the number of sensors and their location.

This work focuses on the determination of minimal number and locations of
external thermocouples to get the most complete estimation of internal heat flux in a
straight pipe.

It more particularly concerns the preparation of experimental validation tests
which will be performed on the ESTHER mock-up of Electricity de France (EDF).

The internal circumference of the pipe is meshed.
A flux is applied on each of these elements, and the direct problem of thermal

conduction is solved to get the temperature on external wall.
Then, to choose the location of the thermocouples according to the results

achieved, we compute the rate of representation which defined the applied flux
dispersion over all the sensors.

The main difficulty is the need to perform a calculation for each proposal of
sensors location. A transposed matrix method which allows to quickly determined the
rate of representation is proposed.

An application of this methodology is made to define experiments with a
ferritic steel piping (diameter: 600 mm, thickness: 20 mm). It is shown that a sensor
set every three angle degrees is necessary for a complete reconstitution of any field in
such a structure.

For smaller thickness, results of a sensitivity study shows that:
- the detection of the flow variations just in front of the sensor would be better

as expected,
- on the contrary, poor information is provided when variations occur between

two sensors.
This implies the need for having more sensors along the external wall when the

thickness is smaller.
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Determination of the sensor locations for 2D inverse heat conduction problems
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1 INTRODUCTION

l.l Sensitivity coefficient

The heat conduction problem illustrated in Figure 1
is considered. The boundaries at y=0 and y=H are
insulated, the thermal boundary conditions are
known along y but unknown along I\ The objective
of the inverse heat conduction problem (IHCP) is to
estimate the boundary condition history along the
surface exposed to thermal perturbations. In many
instances it is impossible to place temperature or
heat flux sensors directly on the surface, due to the
severity of the environment or to the unaccessibility
of the surface. We must then infer the surface
conditions from remotely sensed data. Temperature
can be measured within the solid as shown in Figure
1 or even on the undisturbed face, i.e., on y if it is
impossible to imbedded sensors within the solid.

k y Surface
discretisation
for two
dimensional cases

flux on the
"£" element

• Sensor
Fig.l : A typical inverse problem.

If the problem of Figure 1 is reduced to a one-
dimensional problem, a unique sensor is necessary.
Many techniques have been proposed for one-
dimensional IHCP and it is now very easy to predict
the feasibility of such an approach for a given
problem. It means that it is possible to predict the
largest distance at which the sensor can be placed to
determine, with a given resolution (for a given time
step), the unknown surface temperature and flux.

For one-dimensional cases, the sensor location
determination is based on the investigation of the
step heat flux sensitivity coefficients (Beck 1970).
The sensitivity coefficient of a sensor is defined by:

S = (1)

where "T" is the temperature at the sensor location
and "<p" the flux density on P. One of the desired
characteristics of a sensitivity coefficient is that its
magnitude be as large as possible.
For a transient problems "S" is time-dependent.

Consider, for convenience, that the boundary is
insulated along y, and that the time-variation of the
flux is a step starting at the initial time. Then the
sensitivity coefficient variations can be plot for
different sensor locations as shown in Fig. 2

It is clear that the sensitivity decreases with the
sensor depth. The sensitivity coefficient value give
the largest distance at which the sensor can be
placed. The time lag of "S" (Fig. 2) that exists for
any interior location indicates that a correct



Fig. 2 : Sensitivity coefficient shape for step change
in (p as a function of time

estimation of the surface condition at time t=tl
requires to use temperature measurements at time
t>tl. Any efficient technique for the IHCP uses such
" future time temperatures".

The method of reference for the IHCP was
developed by Beck (Beck 1970); It is a sequential
method in which the unknown heat flux at time
"n+1" is calculed only once the heat flux (and thus
the entire temperature field) at time "n" is known.
The estimation is based on the minimization of the
following sum of squares function, over the "ntf
future time temperatures:

mf
(2)

The "Y" values are the temperature measured at
point "i" and at times "n+j". The temperatures T
are calculated, for the same locations and times. A
key assumption to calculate the "T" is to let,
temporarily, the flux for future times "n+j" equals to
the flux at time "n+1". This is why the step heat flux
sensitivity coefficient is used in this method.

Fewer techniques have been proposed for
multidimensional IHCP. Practically the accuracy of
the results depends mainly on the number of sensors
that can be used and also on their locations.
However no guides for placing sensors at
appropriate locations are given in the literature.
Very often the choice in done by trial and error with
numerical simulations of the complete IHCP. Such
an approach becomes unrealistic when the geometry
of the solid or the surface thermal conditions are
non uniforms. The objective of the present work is
to show a methodology for determining the
minimum number of sensor and their locations.

1.2 Rate of representation

The method proposed herein is based on the
following idea : in any techniques used do
determine the unknown boundary conditions, the

number and sensor locations are physically link with
what a sensor can "feel", i.e.t it is necessary to
quantify the sensitivity of this sensor to a space
dirac of flux, in relation with its position. Intuitive
consideration on Figure 3 shows that the sensor
response varies with the value of the length "X".

Y

j

<p

Fig. 3 : Sensor sensitivity to a space dirac of flux

For convenience the method is presented for a
two-dimensional case. The extention to three-
dimensional problem is straightforward. A 4 steps
algorithm defines the method :

-Stepl : the T surface is meshed in "M" elements.
In each element a step flux (Fig. 1) is applied.

-Step2 : by use of a numerical method the explicit
relation which link the heat flux entering in each
elements and the temperatures at the sensor
locations are obtained. A matrix notation gives:

[ST.*] [FJr=[T] (3)

[ST,<P] sensitivity matrix

[F] r column vector of boundary conditions on T

[T] column vector of temperature.

-Step 3 : The boundary conditions could be
obtained by the inversion of system (2):

(4)

but the sensitivity matrix is ill-conditioned, i.e., a
small change in the right hand side results in very
large changes in the solution vector. Since the
temperature vector comes from measurements, it
unfortunately contains random errors and the
inversion is impossible. Nevertheless the condition
number of the matrix (i.e. the ill-posedness of the
problem) depends on the problem geometry, the
material thermophysical properties and the sensor
locations. Thus the sensors should be placed in
order to obtain a matrix sensitivity as well
conditionned as possible. A method to improve the
conditioning, given by (Hensel 1991), is to place
sensors so that the overall information collected by



the sensors be as uniform as possible for any points
of the unknown thermal boundary condition P. The
development of a system (2) row gives

The term S-J-J <p̂  is the step heat flux sensor
sensitivity at point "i" of the element flux "/". We
now define K^ as the "rate of representation" of the
element "/" by all sensors :

M
(6)

This number allows to quantify the conditioning
criteria described above:

3(e>0) / Vi,Vj Ki=(l±e)Kj (7)

the smaller £, the better system (3) is conditioned.

Thus step 3 is simply the calculation of the
normalized rate of representation for all elements,
where the normalized rate of representation is
defined by:

and K
max

(8)

-Step 4 is the analvsis of the normalized rate of
representation. The K( = f{£) graph gives a visual
approach of the criteria (7). A typical curve is
shown in Figure 4. The system is well conditioned if
the curve is closed to an horizontal straight line. If
the criteria is not satisfied it is necessary to change
the sensor locations and to repeat steps 2, 3 and 4.
Typicaly the ondulation of the curve should be such
that all of the K̂  be over 0.75.

The main difficulty of this method comes from
step 2 and the calculation of the sensitivity matrix.
Two ways of determining the sensitivity matrix in a
transient problem are now given.

1
0.75

O £ H
Fig. 4 iNormalized rate of representation.

2 SENSITIVITY MATRIX DETERMINATION

2.1 Sensitivity system method

The linear transient boundary value problem of
Figure 1 is governed by the following system:

dx2 dy2 a dt

dT
dx

= <pk M equations for k e [1,M] on T
(V)

9T
-z-r- " hT - f "n" is the outward normal on y

dn

The general form for the y boundary conditions
allows to obtain:
- a prescribed temperature if z=0, h=l and f=T
- a prescribed flux if z=^ h=0 and f = 9
- convection if z=X, h=h and f=h*Tf.
"V is the thermal conductivity, "h" the heat transfer
coefficient and "Tf' the fluid temperature.

The differentiation of system (9) by
sensitivity system:

leads to the

a2s d2

dx dy

= 1

a dt

for element "£" on T

= 0 for clement " k"on T k * £

on 7
(10)

S(x,y,t=O) =

the solution of system (10) gives the step heat flux
sensitivity coefficients S(x,y,t) and shows that, for
linear problems, these coefficients are independent
of the flux values on F, of the magnitude of the
boundary conditions on y and of the initial
temperature.

Comparison between (9) and (10) gives the physical
significance of coefficients "S". The step heat flux
sensitivity "S" is the temperature variation at point
"i" at time "n" for a step on the flux element

"/"only. Such a coefficient is noted : Sn



The determination of the rate of reseniation as
described above requires to solve a sensitivity
system for each of the "f surface elements. This
method is not computationnally efficient when the
number "M" of surface elements is large. A more
appropriate technique, based on Hensel's method for
station nary problems is now described for transient
problems.

2.2 Transposed matrix method

Another sensitivity coefficient is now introduced.
Instead of an imposed step flux, this coefficient is
calculated with a flux that is equal to unity during
the time step "j" and zero otherwise. This square

pulse flux sensitivity coefficient is noted : S j .

Since the system (10) is linear the superposition
theorem of Duhamel gives the relation between the
two coefficients:

ntf
ntf

-X * m f (ID

with

The first step of the transposed matrix method is to
obtain a discrete set of equations. System (9) can be
discretized using finite differences, finite elements
or any other methods. Let R be the number of
unknown temperatures. If a purely implicite scheme
is used for the time integration, the set of equation
can be written in the general matrix form.

(12)

[A] a (R*R) matrix time-independent

| T n known node temperature vector

[a] a diagonal (R*R) matrix

IF explicit external action column

vector at time "n+1".

Iterative substitutions in equation (12) allow to get
an explicite expression of the temperature field at
time "n":

(13)

Let "m" be a node number that corresponds to a
sensor location. We now define the vector

that contains "zero" everywhere except for a "one"
at the node "m". The multiplication of equation (13)
by [U m ] gives the temperature at node "m" and at
time "n".

(14)

The sensitivity vector for a square heat flux at time
Mn-j" i s :

S n
 n i

T ,f J
on

T

then by definition of the square pulse flux sensitivity
coefficient, we can write equation (14) as

(15)

Each sensitivity vector gives the sensitivity of the
node "m" to each of the entries in "F". This is
exactly what we are looking for. They can be
determined as follow : from equations (14) and (15)
we may write

(16)

Each sensitivity vector indicates the square heat flux
pulse sensitivity at node number "m", to all of other
nodes in the mesh. Practically, the sensivity vectors
are obtnained by solving the transpose of (16) :

{[A] j+1}1[ar1[s;n)fn. j]=[um]

Equation (17) is the transposed matrix system that
corresponds to the measurement located at the node
number "m".

But we are only looking for the sensitivity to the
flux imposed on the boundary I \ After the
computation of the sensitivity vector by solving
equation (17), we can partition equation (15) into
three parts. One portion that corresponds to a known
boundary node on I \ another to the unknown



boundary nodes on y and the last portion to the
interior node Q not intersecting with the boundary.
So Equation (15) can be rewritten as :

normalized rate of representation which will
improve the accuracy of the unknown surface heat
flux estimation.

m

Mr'
(18)

which shows that the desired pan of the sensivity
vector can easely be taken out the complete vector.

Because system (16) is linear, the transposed
matrix system for several interior measurement
locations numbered "ml,...,mM" is :

(19)

The right hand side vector containing "zero"
everywhere except for a "one" at each interior
measurement nodes.

Finaly the rate of representation vector for a step
heat flux change:

fv-mfl1 _IVntf v-nu" v-ntfl n n \

can be calculated from equation (11), (18) and (19):

mf l

(21)

Each term of the rate of representation vector
permits to calculate the normalized rate of
representation curve. As shown by equation (21) it
depends on the future time temperature number
"ntf1. The "ntf" number must be chosen before
equation (19) is solved. This point is adressed in the
next pan.

The transposed matrix method allows to quickly
determined the rate of representation along I\ In
many inverse methods, system (12) is writen and we
just use matrices "A" and "a" for equation (19). If
equation (12) does not exist it can be computed with
a general finite element code even for a complex
geometry. The rapidity of numerical calculation
gives the possibility of finding, in a limited number
of runs, the sensor location set, that leads to a good

3 APPLICATION

The case of an insulated cylindrical tube is
considered to illustrate the methodology. Only non
intrusive measurements are allowed, thus imposing
to place the sensor on the outer surface. The internal
boundary conditions which vary with time and
azimuthal angle (we consider an infinitaly long
cylinder) are known. The solution of the direct
problem gives the exact temperatures. Then the
sequential function specification in time with spatial
regularisation (Beck et al. 1985, Pasquetti 1991) is
used for solving this IHCP, the temperatures
calculated previously being used as input. The
estimated internal azimuthal temperatures, for a
given^ime, will be compared to the exact internal
temperatures.

The thermophysicals properties and dimensions of
the tube are : internal diameter 0.6 m. thickness
0.02 m, volumetric heat capacity 4.10+ o J.m^K'1

and conductivity 50 w/m.K.

The sequential function specification in time with
spatial regularization is based on the minimization
of Beck's square function. For two dimensional
cases we must minimized the differences beetween
the calculed and measured temperatures for the "N"
sensors. To assure a certain regularity to the angular
variation on <p, various regularization terms can be
added to the classical function defined by
equation (2).

The new function is :

N ntf

(22)

h=l
M

h=l

where pi and p2 are the coefficients of
regularization:
If pl *0 and p2=0 first order regularization is used
and space variations between consecutives flux
elements are smoothed. (31=0 and p2*0 correspond
to a second order regularization which limits the
variations of the spatial flux derivative between two
consecutives elements.



3.1 Rate of representation for a single sensor

The normalized rate of representation are intrinsic
"properties" and must be independent of the time
and space discretizations Consequently the rate of
representation is calculated with a sufficiently small
time-step and a fine spatial discretization. For our
case a 0,5° mesh along 6, a 0,001 m mesh along r
and a 0.2 s time step have been used.

The last parameter to be fixed is the number of
future temperatures. The normalized rate of
representation width increases slightly with the
number of future temperatures. After 10 future
temperatures (2 s) the plots are very similar. As ten
future temperature is a very realistic number, the
rates of representation have been calculated with 10
futures times.

The rate of representation of one sensor placed at
the zero azimuthal angle is plotted in Figure 7 for
different thicknesses. The analysis of Figure 7
shows that the normalized rate of representation
width increases with thickness but maximum of the
rate of representation (icta=zcro) shown in the top
right corner graph decreases with thickness. Thus
small thicknesses will facilitate the time variation
estimation of the flux in front of each sensor but will
requires many sensors to determine the spatial
variations. On the other hand, a large thickness
provides a better information of the spatial
variations but at the expense of the time variation
flux estimation because of the small magnitude of
the sensitivity coefficients.

3.2 Rate of representation for a group of sensors

3.2.1 Uniform rate of representation

If "N" sensors are placed with regular intervals on
the outer surface the main question is : what should
be the discretization of the internal surface if we
want to have the same rate of representation for all
of the unknown heat flux elements.

The rate of representation has previously been
calculated with "very small" surface elements. So
we have obtained the "density" rate of
representation. The element rate of representation is
obtained by integrating the density rate of
representation over the surface clement, Figure 6.

Each space elements have equal rate of
representation if the discretization angle of the
elements is a multiple of the angle between two
consecutive sensors. Then the minimum angle of
discretization is equal to the angle between sensors.
The most physical way is to place the center of the
element in front of a sensor.

Consequently if we need to discretized the inner
surface in "M" surface elements, and to obtain a
strictly uniform rate of representation, we must
place "MH sensors on the outer surface. Then the
inversion can be made without any supplementary
information, i.e., with no regularization.

©fin

jK(6)d9

Sensor

I element
surface

Density
rate of
representation

Fig. 6 I element rate of representation.

If the sensor locations lead to a non-uniform rate of
representation, then regularization must be
introduced as shown in the following paragraph.

3.2.2 Non uniform rate of representation

If we stil have the same number of internal elements
and take away one sensor out of two or two sensors
out of three e t c . , we have fewer temperature
measurements than unknown fluxes. Some elements
have lower rate of representation than others,
without regularization we obtain an unstable
inversion. We want to know the highest angle
between two sensors that allows an accurate
estimation of the inner heated surface.

The internal boundary condition, used in this
example has an azimuthal angle variation, shown in
Figure 8, by the curve named "exact". Each surface
points have a triangular time variation rising from
zero at 1 s to reach the value shown on the "exact"
curve at 10 s and then decrease to zero at 19 s. The
sequential function discretization is used with spatial
regulatization of first order (coefficient of
regularization equal to 10"l2) wjth io future
temperatures. Figures 8 and 9 show the azimuthal



temperature variation at 10s. Figure 8 corresponds to
an angle of 3 degrees between two consecutives
sensors, while Figure 9 is for an angle of 4 degrees.
The rates of representation are shown in the top right
corner of the figures.

It is dear that the maximum angle between sensors
is 3 degrees. Until 3 degrees the estimated inner
temperature is independent of the sensors locations.
The ondulation of the normalized rate of
representation is less than 25%. When the sensors
are separated by an angle larger than 3 degrees, it is
still possible to obtain results but the azimuthal
temperature variations between the surface points
which have the lowest rate of representation,
depends greatly on the regularization term and
parameter that are chosen.

4 CONCLUSION

The study of the normalized rate of representation
provides the necessary insight for the determination
of the minimum number of sensor and their
locations. The method proposed herein has been
described for a simple geometry but its application
to irregular geometry is straightforward. As a matter
of fact, the main step is to transpose the stiffness
matrix of the matrix system (12) that is obtained by
any numerical techniques. The easiest way for
choosing the sensor location is to study the rate of
representation for several single sensors rather than

performing the study for the whole sensor set.
However, the uniformity of the rate of
representation is a necessary but not sufficient
condition to ensure the quality of the inversion. The
magnitude of the sensivitivity coefficients must also
be large enough to garanty the accuracy and stability
of the inversion. If they are too small, then larger
time steps must be used. The extension to nonlinear
problems is rather tedious and, in our opinon, not
worthwhile since for most conduction problems, the
nonlinearities barely influence the rate of
representation.
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