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INTRODUCTION.

A general relativistic theory of changed particle beam motion along a curved optical axis,
s, is important for designers of optimal beam control systems. Some basic publications on
this topic can be found in [1-4]. In these references the scalar and tensor methods are used
and usually a nonrelativistic theory is developed. In this paper a new matrix approach is
presented which is based on some previous papers [6,7]. This approach gives the possibility
to develop a matrix relativistic theory of charged particle beam motion in the most general
case of curved reference trajectory, including the gravitational force and space charge.

The term 'beam control system' is used throughout this paper for focusing, forming, deflect-
ing and accelerating the beam. The beam control system is often a complicated nonlinear
system whose optimal parameters can be found by optimization calculations. We consider
the beam motion as a motion of the closed phase set. The representation of a real beam
by the closed phase set is due to finite spreads of coordinates and time, momentum and
energy of particles.

The Reference Particle.

We understand the motion of any material body as a motion relative to other material
bodies. The motion of any particle Q of the beam is described in the form of a motion
relative to a single particle M of the beam. The particle M is called the reference particle.
This follows the 'reference trajectory' of the beam. We assume that the reference trajectory
is known and the motion of the reference particle is described relative to any material body.

The Matrix - Recursive Approach.

The proposed matrix approach includes the following parts:

• Selection of the coordinate system, generally a curvilinear system in 4-dimensional space-
time attached to a reference particle.

• Writing out of the matrix equations of motion and the matrix equations of electromag-
netic field in the moving selected frame.

• Expansion of the equations of motion and of the electromagnetic field in a Taylor series
in powers of the deviation from the reference particle.

• Solution of the nonlinear differential equations in phase space by reformulation of them
as linear equations in phase moment space.

• Use of the new compact, conservative, recursive method of integration of the equations
of motion. In this method the phase volume of the beam will be strictly conserved in each
step of the numerical integration.

• Use of the method of the envelope matrix a for calculation the beam envelopes in the
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par axial approximation.

• Use of the moments of the particle distribution function in phase space for calculation
of the averaged characteristics of a beam.

• Solution of the paraxial nonlinear equations of motion of an elliptical 3-dimensional
bunch of particles taking into account the effect of space change.

• Use of a special system of units in which all quantities in the equations of motion and
in the field equations are either dimensionless or expressed in terms of units of length or
inverse length.

The Moving System of Coordinates.

The position of an arbitrary particle in the moving reference frame is determined by the
4-vector L — ex where e is the reference frame matrix, attached to the reference particle,
xi and X2 are the transverse coordinates, X3 is the longitudinal coordinate, X4 = cAt,
where At is the flight time.

The Observer Surface.

Let us assume that in the moving reference frame, there is a surface where all particles are
detected. The equation of the observer surface is written as f(x) = 0. We use two kinds
of this surface: x$ = 0 and X4 = 0. In the plane £3 = 0 all particles are detected reaching
this plane at different times. In the plane x± — 0 all particles are detected at the same
time.

The Reference Frame Matrix.

The proposed matrix approach relies on three basic matrix functions: the reference frame
matrix, the curvature matrix and the eletromagnetic matrix. The Cartan method of the
moving 3-vector is generalized as the method of the moving 4x4 reference matrix e. The
curvature matrix function consists of the normal curvature, the geodesic curvature and
torsion and three components of the gravitational force acting on the reference particle.

The Method of Embedding in Phase Moment Space for Solving the Nonlinear Equations of
Motion.

The analysis and calculation of the nonlinear systems of equations are considerably sim-
plified by transforming from the nonlinear differential equations of motion in the phase
space {q} = {x,x'} to the system of linear equations in extended phase space - the phase
moment space fj, — {q1,q2, ...,qm}, where qr is the r-moment of the vector q. This is the
essence of the method of embedding in phase moment space. For example, for n-vector x,
where n = 2, we have x1 = x,x2 = {x\,x\Xi,x\}\ x3 = {x\,x\x2,xix\,x\}. These terms
are those involved in the most important second order and third order aberrations of a
probe forming system.

The Equation for the Phase Moments.

Using the Taylor expansion, the linear equation for the phase moments can be written as

as

Here s is the path along the reference trajectory. We call the matrix P(s) the coefficient
matrix.
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The Matrizant.

Writing a nonlinear equation in a linearized form makes it possible to construct the solution,
using the matrizant, in the form:

H = R(P,s/so) -/io

The matrizant R(P,s/so) is defined as the n x n matrix function which is the solution of
the matrix linear differential equation

The initial matrizant is the unit matrix, R(P,so/so) = In. This solution will be inde-
pendent of the initial vector {q0} whereas the solution of the nonlinear equation is sought
for each value of {q0}- The use of matrices for solving nonlinear beam problems was first
proposed by Brown [8].

The Method of Shuttle-Sums and Shuttle-Integrals.

A continuous, generalized analogue of the Gaussian Brackets or the method of shuttle-
integrals [6,9], can be used to calculate the matrizant for an arbitrary coefficient matrix
P(s) with rigorous conservation of the phase volume of the beam at each stage of the
calculation.

CONCLUSION.

In this paper a new matrix and recursive approach has been outlined for treating nonlinear
optics of charged particle beams. This approach is a new analytical and computational
tool for designers of optimal beam control systems.

This work has been supported at Melbourne University by a grant from the Australian
Research Council.

References.
[1] Cotte, M., Recherches sur l'optique electronique, Annales de Physique, 10 (1938), 333-
405.
[2] G.A. Grinberg, Selected Problems of Mathematical Theory of Electrical and Magnetic
Phenomena, Press of Academy Sciences USSR, Moscow, Leningrad (1948), 507-535 (in
Russian).
[3] K.G. Steffen, High Energy Beam Optics, (Wiley 1965), 94-97.
[4] Zhou Liwei, Ni Guoqiang and Qiu Baicang, Optic, 79, No.2 (1988) 53-66.
[5] A.D. Dymmikov, Deposited Report Bl-10427 (in Russian) JINR, Dubna (1977).
[6] A.D. Dymnikov, Problems in Mechanics and Control Processes, No.2, Control of Dy-
namical Systems (in Russian), Leningrad State University, Leningrad, (1978), p64.
[7] A.D. Dymnikov and G.M. Osetinskii, Sov.J. Part. Nucl. 20, No,3 (1989), 293-310.
[8] K.L. Brown, R.Belbeoch and P.Bounis, Rev. Sci. Instr. 35, 481 (1964).
[9] V.Yu Vasil'ev and A.D. Dymnikov, Sov. At. Energy (English translation), 374, 1091
(1974).


