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ABSTRACT
Quasicrystals are new materials with strictly defined quasiperiodic atomic long-range order.
One of their most striking features is their scaling symmetry (self-similarity) in direct and
reciprocal space. The quasiperiodic order gives rise to a new type of low-energy
excitations, the so-called phason modes which are related to well-defined atomic jumps.
The open problems connected with the research on quasicrystals and the role of neutron
scattering in their solution is discussed.

1. What are Quasicrystals?

1.1. Introduction
The discovery of an Al-Mn phase with icosahedral diffraction symmetry in 1984

[1] (Fig. 1) opened a new and exciting field for crystallographers and solid state
physicists. It was a big surprise and hardly believable that a material could crystallize
with "non-crystalline" symmetry despite the fact that quasiperiodic tilings with fivefold
orientational symmetry had already been studied by Roger Penrose ten years before
[2,3]. Even the optical diffraction pattern of such a "Penrose tiling" had been published
by Alan Mackay in 1982 proving that sharp Bragg reflections and lack of translational
symmetry are compatible with each other [4].

(c) (d)

Fig. 1. Selected area electron diffraction (SAED) patterns of icosahedral Al-Mn taken in the characteristic
orientations marked by arrows in the stereographic projection [5].
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The first years of quasicrystal structure analysis were marked by the investigation
of badly characterized samples with non-crystallographic diffraction symmetry, shortly
called "quasicrystals", with spectroscopical and powder diffraction techniques. It was all
but clear whether these samples were homogenous and quasiperiodically ordered,
whether they were twinned approximants (i.e. closely related structures with huge unit
cells), or had rather a kind of complicated crystalline nanodomain structure. The
generalization of models basing on singular experimental results caused confusion in
many cases until one learnt that the experimental findings were strongly dependent on
chemical composition, thermal history and growth conditions of the samples. The
turning point came with the discovery of an increasing number of stable quasicrystals
with icosahedral or decagonal diffraction symmetry. It turned out that most stable
quasicrystals transform to crystalline
phases at lower temperature or higher
pressure running through intermediate
states with sometimes complicated
modulated and/or nanodomain structures.
The stable quasicrystals can be grown to
dimensions suited at least for single A \ -j • $ J ' 5 i a n
crystal X-ray diffraction studies and in Fig. 2. icosahedral Al-Mn-Pd single crystal grown by
several cases also for neutron scattering the Czochralski method [6].
experiments (Fig. 2).

What do we know today about quasicrystals, twelve years and approximately
3500 publications later? Some structural principles of quasicrystals and their
relationships to approximants are now fairly understood: both the quasiperiodic and
periodic related structures are built from the same clusters. Whether the structural units
order periodically or quasiperiodically can be influenced by slight changes in
composition for stable samples and also by the annealing conditions for metastable
ones. The physical properties of quasicrystals have also been studied by several groups.
Most of them, e.g. the mechanical properties, change only gradually going from the
quasiperiodic to a low order approximant phase. Others, like the electronic transport
properties which are more sensitive to changes in the global ordering of atoms, change
drastically even by decreasing the quality of a quasicrystal. Characteristic for
quasiperiodic structures are also new low-energy excitations, the phason modes.
Contrary to phonon modes which are propagating and associated with the physical
space, the phason modes are diffusive and associated with the complementary space
(see next paragraph). The existence of phason modes give also rise to new mechanisms
of diffusion and movemont of dislocations in quasicrystals (for reviews see, e.g.,
[5,7,8].

1.2 Definitions
Regular crystal structures can be characterized by the dimensions of the unit cell,

the space group, and the information what atoms occupy which Wyckoff position. The
space group includes the information about the crystal system, the Bravais lattice type,
atomic coordinates and site symmetries. A comparable description for quasiperiodic
structures is possible in terms of the higher-dimensional approach [9]. Another way is
the structure description by a quasilattice (quasiperiodic tiling) with two or more
different unit cells, its symmetry and decoration with atomic clusters.

The classical example of a quasiperiodic tiling with five-fold orientational
symmetry is the Penrose tiling (PT) (Fig. 3). It can be constructed using two types of
unit cells, a fat ( 72° and 108° angles) and a skinny rhomb (36° and 144° angles) with

edge lengths all equal to ar, and areas in the ratio T.I, like their frequencies in the tiling.

The irrational number x, related to the golden mean, is the solution of the algebraic

equation x2 - x - 1 = 0 , and has the value x = 1 \ - = 2cos 36° = 1.6180... Since the

unit tiles can also be arranged periodically or randomly, local matching rules are
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1.3 Higher-dimensional approach
Quasiperiodic structures can always be decribed as sections of higher-dimensional

periodic structures [9]. Five-fold rotational symmetry, for instance, which is
incompatible with three-dimensional translational order can be a symmetry operation of
a four-dimensional lattice. Thus, non-crystallographic symmetries in the three-
dimensional space 1R3 can become crystallographic in the Rn . It is quite natural,
consequently, to describe quasiperiodic structures with their non-crystallographic
symmetries as periodic structures in the IRn-. For axial quasicrystals, which are
quasiperiodic in two dimensions and periodic in the third one, the five-dimensional
embedding space 0 is necessary. The icosahedral phases can be embedded in the IR ,̂
and one-dimensional quasicrystals in the 0?4.

The principles of the higher-dimensional embedding method are demonstrated on
the simple example of the one-dimensional quasiperiodic Fibonacci sequence, which
can be described as a quasiperiodic section of a two-dimensional periodic lattice. The
Fibonacci sequence may be obtained from the substitution rule

(1)

Starting with L one obtains the sequences

sequence number of
L S

L
LS
LSL
LSLLS
LSLLSLSL
LSLLSLSLLSLLS
LSLLSLSLLSLLSLSLLSLSL

1
1
2
3
5
8

13

0
1
1
2
3
5
8

Fn+1

F
where Fn= Fn-l+Fn-2 are the Fibonacci numbers with lim -~^*1 =x.

One finds that the substitution rule always leaves the existing sequence invariant. Thus,
it corresponds to a self-similarity operation in the case of an infinite Fibonacci
sequence. Replacing the letters L and S by intervals of length x and 1 one gets due to

|=L±S=t (2)

a structure being invariant under the scaling by a factor t n , with n an integer number.
Assigning atomic distances to the letters L and S, a ID quasiperiodic structure is
obtained.



189

necessary to obtain a quasiperiodic tiling. The PT has the following characteristic
properties [10,11]:
• Quasiperiodic translational order:

there is no nontrivial translation leaving
the tiling invariant. The mass density
function is quasiperiodic, i.e. it can be
expressed as a finite sum of periodic
functions with periods being incommen-
surate to each other. For example, the
function f(x) =cosx + cos ax is quasi-
periodic if a is an irrational algebraic
number (i.e. an irrational solution of the
equation aTI\

n+&D_lx
n~i + ...ao = O).

• Orientational order:
each edge of each unit tile is oriented
along one of the set of orientational star
axes. Except in singular cases, there is no
rotational or mirror symmetry in a
quasiperiodic tiling.

• Indeterminacy of the construction process:
the infinite pattern is not determined by a
finite region. Starting from a finite region
allows an uncountable infinity of ways to
continue the construction. All resulting
tilings belong to the same local iso-
morphism class and are homometric
structures (i.e., they have the same
diffraction patterns).

• Local isomorphism:
any region, however large it might be, belonging to a given infinite tiling, can
be found in any other different (i.e. non superposable) tiling.

• Self-similarity:
to any PT a different PT can be associated whose tiles are smaller by a factor x
and which includes all the vertices of the former tiling (deflation). The local
matching rules can be obtained from the deflation operation.

The Penrose tiling may be used as quasilattice for structures with two-dimensional
quasiperiodicity and five-fold orientational order (decagonal phases). A three-
dimensional variation of the PT, with prolate and oblate rhombohedra for unit cells,
their volumes are in the ratio x: 1 like their frequencies, may represent a quasilattice for
the icosahedral quasicrystals.

In the course of regular structure analysis, the determination of the correct crystal
lattice, which has to be one of the 14 Bravais lattices, does never make any problems.
In the case of quasicrystal structure analysis, however, for a given diffraction symmetry
an infinite number of different quasilattices are possible. Thus, the selection of the
quasilattice cannot be separated from the determination of the quasicrystal structure
itself. So helpful the tiling approach might be for the understanding of the geometrical
principles of a quasicrystal structure, it is not suited for performing ab initio structure
analyses of quasicrystals. This has to be done by means of the higher-dimensional
approach.

Fig. 3. A section of a Penrose tiling (thin
lines) superposed by its T-deflated tiling
(thick grey lines). The inflation rule of the
Penrose tiling is illustrated for both the fat
and the skinny unit rhomb (shadowed).
Deflation (inflation) means that the number
of tiles is deflated (inflated) and their size is
inflated (deflated).
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The same ID quasiperiodic structure results from an irrational cut of a 2D square lattice
decorated with appropriate atomic surfaces (Fig. 4).

(a)

Fig. 4. (a) 2D embedding of the Fibonacci chain: the short and long distances S and L are generated by

the intersection of the atomic surfaces with the physical space V . The lengths of the atomic surfaces

correspond to the projection of one unit cell (shadowed) upon v . (b) Schematical representation of the
reciprocal space of the embedded Fibonacci chain depicted in (a). The physical space reciprocal basis

a i and a2 is marked. The actual ID diffraction pattern of the ID Fibonacci chain results from a
projection of the 2D reciprocal space onto the parallel space.

~

Fig. 5. Realistic 3D atomic surfaces, connected along their fivefold axis, for the icosahedral phase Al-
Cu-Fe (left picture). The atomic surfaces located on the 6D lattice nodes N (000000), N' (100000) and
the body center BC 1/2(111111) are shown in a section with the 6D rational fivefold plane passing
through the 6D body centers [12].

One big advantage of the higher-dimensional approach is that the structural information
can be given in closed form. It is mainly contained in the position and shape of the
hyperatoms (Fig. 5). In terms of the tiling-decoration method, it would not be sufficient
to define the type of tiling (what needs not always be possible in closed form) and the
decoration of the unit tiles since, generally, the decoration can be context dependent.
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2. Interesting Problems

Quasicrystals can exhibit perfect structural order, i.e. they can reach the same
degree of structural perfection as silicon. This has been demonstrated by dynamical X-
ray diffraction effects on an icosahedral Al-Mn-Pd crystal indicating coherent scattering
(correlation) lengths over several tens of u,m [13]. Nevertheless, it is still an open
question whether the structure of "quasicrystals" is strictly or only on average
quasiperiodic (random-tiling model) (Fig. 6).

Fig. 6. Random tiling (at left) and perfect quasiperiodic tiling (at right). Note that the ratio of skinny
and thick unit rhombs and the orientational symmetry is equal in both cases [14].

A random tiling can be obtained
from a Penrose tiling by the introduc- ^
tion of special random point defects.
These result from a vertex rearrange-
ment ("phason flip") inside of two
types of hexagons. Thereby, the local
matching rules are violated (Fig. 7). In
a real quasicrystal, phason flips refer
to discrete atomic jumps. The static
disorder caused by such a mechanism
is called "phason-like". In the higher-
dimensional approach, it can be
described by shifts of the atomic
surfaces parallel to the perpendicular Fig. 7. Phason flips in the Penrose tiling. The two
space. Continuous displacements of possible, different cases of hexagon-flips are shown,
atoms along the parallel space, on the ^ violation of the matching rules (indicated by arrows
contrary, are called "phonon-like". a n d d o u b l e ar rows> c a n b e s e e n b> comparing the

There has also been suggested a [ "PP* h exag°ns <at riSht) w i t h *« o r i8 i n a l o n e s <at

self-diffusion mechanism basing on e l'-

phason flips [15]. The generation and movement of defects (point defects and
dislocations) show also specific features not known from regular crystalline phases [16].

In summary, interesting open questions are:
• Quasiperiodic ordering - is it strictly quasiperiodic or only on average (random

tiling)?
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Chemical ordering - what is the role of the different atomic species in the formation
of order/disorder (Fig. 8)?
Low-energy excitations - how does the phason dynamics look like?
Self-diffusion - move atoms by phason flips through the quasicrystal?
Defects - how are dislocations generated and how to they move?

Fig. 8. Order/disorder phenomena: series of X-ray precession photographs of ternary phases in the system
Al-Co-Ni showing the same small reciprocal space section around the 100T0 reflection: (a) "Twinned
approximant", (b) and (c) modulated nanodomain phases, (d) quasiperiodic superstructure, (e) basic
decagonal phase. The Co/Ni ratio changes gradually from 4/1 in (a) to 1/4 in (e) for a constant Al
component of =70%.

The methods of choice to answer the above mentioned questions are:
• Electron microscopy - lattice imaging elucidates the intermediate range ordering of

the projected structure, whether the sample shows a nanodomain structure or is in
agreement with quasiperiodic ordering of clusters.

• Contrast variation in diffraction experiments - it allows the solution of the average
structure and to study the contribution of the different atomic species to static and
dynamic order/disorder processes.

• High-resolution single-crystal diffraction - profile analysis indicates the degree and
kind of structural long-range order (Fig. 9).

• In situ high-temperature single-crystal diffraction - the intensity increase of
particular Bragg reflections indicates random-tiling-like behavior.

• Quasi-elastic and inelastic neutron diffraction - it allows the study of phason and
phonon dynamics.

In the following paragraphs, two examples for the application of neutron
scattering in the study of quasicrystal structure and phason dynamics, respectively, are
given.
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Fig. 9. Fourier Spectrum of a (a)
random and (b) ideal 3D Penrose tiling.
In (a) diffuse scattering intensity is
clearly visible in between sharp Bragg
reflections [17].

3. Structure Solution by Neutron Contrast Variation Techniques

Neutron contrast variation for the determination of partial structure factors and phasing
of total structure factors has successfully been used for the icosahedral phases in the
systems Al-Cu-Li [18], Al-Mn-Si [19], Al-Cu-Fe [20] and Al-Mn-Pd [21]. One of the
next problems to be solved with contrast variation is that of the Co/Ni-odering in
decagonal Al-Co-Ni (Fig. 8). For the highly-symmetric icosahedral quasicrystals,
powder diffraction can be sufficient. In the case of decagonal phases, singl crystal
diffraction is essential.

Al-Mn-Pd r211:
An equiatomic FeCr-mixture (a-phase) has been found to substitute Mn

randomly. Four icosahedral Al71(Mnucc)21Pd19 samples (c=0,0.362,0.696, 1) have been
measured by neutron powder diffraction (ILL, D2B two-axis diffractometer, X= 1.5947
A) (Fig. 10). The corresponding average coherent neutron scattering lengths of the
mixtures Mn,.cac are -0.373 (pure Mn), 0 (only Al, Pd "visible"), +0.3445 (equal to bA1)
and +0.0658 (pure bFeCr) in units of 10'12cm. For Al and Pd the scattering lengths are
+0.3449 and +0.591xl0"12cm. For comparison, the scattering power for X-ray
diffraction is proportional to the atomic numbers: ZA1=13, Zyn=25 and Zpd=46.

The intensities can be separated into the contributions from Al and transition
metal (TM) atoms Mn,.cac

7(H) =

with the partial structure factors

(3)
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FA,(H) = | FAl(U) \>xp (icpA;) = X exp (iniSi • !•„,),

Fm(H) = | FW(H) \>xp (iis?m) = E exp {l%M • rm)

and written explicitely

/(H) = b\\ FAl(W) f + b2
TM\ Fm(R) f + 2b M bm\ FAI(H) \ F m (H) |aw A<p (5)

with the phase difference A(p = (pA1 - ( ^ between the partial structure factors for the Al

and the TM substructures. The unknown magnitudes \FAl(jS)\, \FTU(H)\ and lAcpl can be
determined for each Bragg reflection by measuring at least three independent intensities
I(H,bm). Since icosahedral Al-Mn-Pd crystallizes in the centrosymmetric 6D space
group FmZ>5 the values of IA(pl can only be 0 or n. Fourier transformation of the partial
structure factors gives the partial electron density distributions (Fig. 11)

(6)

a

m<o

J L / U J

bT«+a658

bT"+0.344

A^ > — J w - .. HA. . . . . _r.

bT
s0

L L i
bT -0.373

4 5
Q (A"1)

8

Fig. 10. Neutron powder diffractograms of icosahedral Al71(Mni^oc)2iPd19 phases. The scattering length
br (xlO'l2cm) of the Mn^a,; mixture indicates the contrast changes with changing the value of c [21].
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15 (A) 15 (A)
Fig. 11. Partial density maps in characteristic fivefold sections for (a) the transition metals Mn,^iJt and
(b) Al-Pd atomic surfaces. TM atoms are mainly located at the two different node positions (even and
odd). Al-Pd atomic surfaces surround the TM surfaces and are also located at the body centers [21].

4. Phason Dynamics

The phason dynamics of quasicrystals, i.e. the atomic hopping between particular
double well potentials, plays a crucial role for the understanding of:
• the global structure (ideal quasiperiodicity or only on average, i.e. quasiperiodic

tiling or random tiling approach),
• local structure (atomic decoration),
• self diffusion,
• phase transformations.

In the following, the power of
quasi-elastic neutron scattering for
the study of phason dynamics is
demon-strated on results of the
groups collab-orating with Gerrit
Coddens [22-24].

The first example deals with
quasi-elastic neutron scattering on
powder samples of icosahedral
AlgjCu^Fe,^ (TOF spectrometer
MffiEMOL, Saclay, A,=7.5 A, elastic

resolution 50|ieV) (Fig. 12). By this
experiment, the existence of phason
modes in the temperature range
500°C < T < 800°C was proved.
Near the melting point, nearly 20%
of the Cu atoms are involved in
atomic hopping with a characteristic

distance of 3.9(3) A and a
"depinning energy" of 0.75 eV as
derived from an Arrhenius plot [22].

ISO 300 3*0
T.O.F. channel

4E0 500

Fig. 12 Temperature dependence of the quasi-elastic
scattering (Lorentzian component at the foot of the elastic
peak). An Arrhenius plot is shown at upper right [22].
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In an other experiment, the anisotropy of the atomic jumps in icosahedral Al-Mn-
Pd could be demonstrated by quasi-elastic scattering on a huge single crystal on a triple-
axis-spectrometer (4F2 Saclay, k^ l .64 A' , constant Q-scans, graphite double
monochromator) [24] (Fig. 13). The results indicate a preferred direction of the atomic
hopping parallel to the two-fold directions.
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Fig. 13. (a) Scattering geomtry of the experiment. Bragg peaks are marked by • . Positions of constant
Q-scans are indicated by open hexagons, (b) Anisotropy of the intensity obtained from the fits as a
function of the polar coordinate angle (p, compared with results of a simplified calculation [24].
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