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ABSTRACT
The basic principles of the application of small-angle neutron scattering to materials
research are summarized. The text focusses on the classical methods of data evaluation
for isotropic and for anisotropic materials. Some examples of applications to the study
of alloys, porous materials, composites and other complex materials are given.

1. Introduction

Small-angle scattering (SAS) has been applied for the first time by Guinier [1] in
the 1930's for studying the structure of materials in the intermediate range of sizes
between interatomic distances and typically 103-104 A. These first experiments used
x-rays (SAXS), and neutrons were used for small-angle scattering (SANS) as soon as
they became available. Guinier's first experiments were done before electron micro-
scopes became widely used in materials science laboratories and, indeed, the range
of dimensions in the structure of materials covered by SAS and transmission elec-
tron microscopy (TEM) are comparable. Even though it does not give direct images
of the structure, SAS has the advantage of being non-destructive and of providing
information with high statistical accuracy due to the averaging over a macroscopic
sample volume. In particular, the small absorption of neutrons allows in many cases
the investigation of centimeter thick material by SANS. Moreover, the structure of
ill-ordered materials, like glasses, aggregate structures, fractal systems, etc., is diffi-
cult to describe in direct pictures, but can usually be well characterized by scattering
experiments. Finally, SANS offers the particular advantage of being sensitive to the
magnetic spin and also to light elements, in particular hydrogen (deuterium) which
remains invisible in both TEM and SAXS. This last property is crucial for many
applications in biology and polymer research.

The basics of small-angle scattering have been reviewed in a number of text-books
and articles, like the classical text by Guinier and Fournet [2], as well as later works
[3-6], some of them focussing more directly on materials science applications [7-9].

2. General Principles

Small-angle scattering considers a range of sizes sufficiently larger than interatomic
distances, so that the scattering length density p(r) can be approximated as a con-
tinuous variable of the position r in the specimen. The general equation for the SAS
intensity can be written
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For many purposes, it is convenient to define the spherical average of the SAS intensity

Is{Q) = — <Pn 3jr(Qn) (2)
4TT JU ail

where n is a vector on the unit sphere U. One may also define a Q-average of the
SAS intensity by

where Q = Qn is the scattering vector. When the system investigated is isotropic,
then IQ = constant and the scattering intensity is completely described by Is(Q)-
Liquids, solutions and polycrystalline solids are often isotropic. For anisotropic sys-
tems, the function /Q(II) gives a measure for the angular dependence of the structure.

2.1. Two-phase Model
Frequently, the specimen can be considered to consist of two sharply separated

phases with constant composition and, hence, constant scattering length densities p\
and p2- This means for each of the phases j , consisting of several types of atoms i
with atomic fractions i/,-,- and scattering lengths bji, respectively,

where va is the average atomic volume. Such an approximation is called "two-phase
model" and will be used throughout this paper unless otherwise specified. In this
approximation eq.(l) becomes

I f 2

(5)

where Vi is the volume occupied by phase (1) only.

2.2. Invariants
A few general relations, sometimes called invariants, are valid for the two-phase

model. The first is the integral intensity which may be written

where f\ and f2 — 1 — /i are the volume fractions of the two phases, respectively. The
second, known as Porod's law [10], gives the tail of the spherically averaged intensity
at large Q:

Is{Q)^2wV(p1-p2)
2cr/Q4 when Q -+ oo (7)

where a is the total interface area between the two phases (1) and (2) per unit
volume of specimen. A direct application of this formula is demonstrated in Fig.l,
where Porod's law is used to determine the evolution of the total porosity during the
sintering process of a refractory metal produced by powder metallurgy [11].

Another possible application of these two invariants is the determination of a
typical length scale characterizing the two-phase mixture. Indeed, defining

T Jo
Hm{g4/5(Q)}, (8)
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Figure 1: (a) SANS-spectra from compacted Mo-powder sintered for 1 and 24 hours
at 2000°C (from [11]). The straight lines indicate Porod's law. The reduction in
intensity from lh to 24h is related to the reduction in the internal surface of the
pores, (b) SANS-spectra of different sandstones (from [12]). The linearity of the data
indicate a fractally rough surface of the pores with a fractal dimension as indicated.

it follows that
r = 4/1/2/0- (9)

which has the dimension of a length and depends on the ratio of volume by surface of
one of the two phases. In complex materials, where no simple model is available, T can
be used to characterize the dimension of inclusions without any specific assumption
on their shape or arrangement. T has been widely used, e.g., to characterize the
structure of bone [13] at the nanometer level.

A further length scale for the characterization of complex materials is the mean
chord length defined as

Jo
Qh(Q)dQ n:Q2Is(Q)dQ (10)

3. Isolated Inclusions
When the material contains inclusions (pores, precipitates, etc..) that are well

separated (that is their distance being much larger than their typical size), the total
scattering intensity may be regarded as an incoherent sum of the contributions from
the individual inclusions. That is,

da I •<23r (11)

where Wj is the volume of the particle number j and Sj its form factor. The form
factors for several simple particle shapes are tabulated in Table I.
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Table I: Form-factor and radius of gyration of a few simple particles. The dimensions a, b and c are
along the axes x, y and z. The coordinates of the Q-vector in theses axes are (Qx,Qy,Qz)-

Particle type Form factor Radius of gyration
squared, R2

0

parallelipiped with A\aQx) A2(bQy) A2(cQz) (a2 + b2 + c2)/3
sides 2a, 26 and 2c A(u) = ( s m u)/u

ellipsoid with B2{y/(a Qx)
2 + (6Qy)

2 + (cQz)
2) (a2 + b2 + c2)/5

half axes a, 6, and c B(u) = 3(sinu — u cos u)/u3

sphere with B2(Q R) ZR2/5
radius R Q2 = Ql + Ql + Ql

cylinder of height 2c A2(cQz) C2(y/{aQx)
2 + (bQy)

2) {a2 + 62)/4 + c2/3
with ellipsoidal section C(u) = 2 J\{u)ju

of half-axes a and 6 Ji = Bessel function

3.1. Particle Size Distributions
For spherical precipitates with a distribution of radii f(R)dR (which means that

f(R) is the number of spheres with radius between R and R + dR), eq.(ll) becomes

jff J~R6f(R)B2(QR)dR, (12)

where B is given in Tab.I. The scattering from a collection of spheres of identical size
is shown in Fig.2. This function has many oscillations which are increasingly wiped
out for size distributions of increasing widths. While such oscillations are well-known
for spherical particles in dispersion, there are only few cases where, e.g., precipitates
in alloys have a spherical shape and a sumciently narrow size distribution to reveal
such oscillations. Examples are dilute alloys Cu-Co [14] or Cu-Fe [15] (see Fig.2).
Equation (12) can in principle be inverted to extract the size distribution f(R) [3].
However, one must be sure that the inclusions are truly spherical and sufficiently
separated in space to avoid interference effects - a condition that is rarely fulfilled,
e.g., in alloys or porous materials.

3.2. Guinier Law
In isotropic materials, like polycrystals or isotropic liquids, the form factors 5(Q)

are spherically averaged to give S(Q). A development of S(Q) in Taylor series and
reinterpretation in terms of an exponential leads to the Guinier law [2]. For not too
anisometric particles (like approximately equiaxed ellipsoids or parallelipipeds) it can
be written

S(Q)*ex?{-Q2R2
g/3} (13)

where Rg is the radius of gyration of the particle with

= W~1 / r2d3r (14)
Jw

R>
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Figure 2: Form factor of a sphere (dotted line), together with SAXS data from dilute
Cu-Fe [13] (crosses). Similar curves were also measured by SANS in Cu-Co [14]. The
full line is the form factor of the sphere averaged with the distribution of radii (see
eq.12) according to theorical estimates [26].

r being the distance from the center of gravity of the particle with volume W. For a
few simple shapes, R2

g is given in Tab.I (see also [3]). If one of the dimensions of the
particle is much larger than the two others, e.g., for cylindrical rods with c > > a,b
(notations as in Tab.I), then the Guinier law becomes

(15)

where Rg2 is the radius of gyration of the two-dimensional cross-section A of the rod
of length 2c

(16)

Finally, if the particles are plates (like cylinders with c « a,b with the notations in

10

0.1 1 QR 10

Figure 3: Spherically averaged form factor of cylinders with radius R and length IE
(dots), with H/R = 10. The oscillations at larger Q disappear when there is some
distribution of the cylinders diameters. The behaviour Q~l at small Q correspond to
the scattering from long cylinders. Guinier'law (eq.15) is also indicated.



Tab.I), then the Guinier law writes
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exp{-g2i^ (17)

where A is the area of the plate surface and Rg\ is the one-dimensional "radius of
gyration", simply given by R2

gl = c2/3 for a plate of thickness 2c.
From these three Guinier formulas it becomes apparent that there is - in prici-

ple - the possibility to distinguish between particle shapes by the behaviour of the
scattering function at very small Q, because of theLorenz factor Q~a in front of
the exponential function. Indeed, for thin platelets S(Q) oc Q~2, for long cylinders
S(Q) oc Q~l and for approximately equiaxed objects S(Q) oc Q°y for small Q. How-
ever, it must be pointed out again that this interpretaion of the small Q-behaviour is
only possible if there is no particle interference (which usually means large separation
between particles). An example for the scattering from long cylinders is shown in
Fig.3.

3.3. Particle Interference
Particle interference can only be neglected for widely separated particles or in the

very special case when the two phases are arranged in a randomly space-filling way
[16], as shown in Fig.4.

If all the particles are identical (and oriented in the same way), then the total
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Figure 4: When the space is entirely subdivided into cells, e.g., hexagons (a) or
irregular shapes (e) and if these cells are filled randomly by the two phases, then
the total SAS-intesity is just proportional to the average form factor of the cells
[16]. Hence, all the configurations shown in (b) to (d) would have the same SAS
intensity (up to a multiplicative constant) as the average form factor of the cells in
(a). Similarly, the configurations (f) to (h) have SAS-intensities all proportional to
the average form factor of the cells in (e).
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Figure 5: Schematic drawing of the form factor of a single (approximately equiaxed)
particle S(Q) and the particle interference function P(Q), as well as their product.

scattering intensity can be written [2] as a product

da

<m
(Q) « P(Q) (18)

where S(Q) is the single particle form factor and P(Q) a function that describes the
position correlations of the particle centers. Typically, P(Q) is a constant at large
Q and oscillates at smaller Q. The oscillations are the stronger, the more periodic
the arrangement of the particles. A schematic drawing of P and S is given in Fig.5.
Unfortunately, when particles are not all identically sized or shaped the situation be-
comes extremely complicated and there is no general solution to the problem. Special
cases have been, however, recently treated in some detail [17].

4. Examples

4-1. Fractal Structures
Some isotropic aggregate or porous structures may exhibit a fractal self-similarity

This means that the structure looks similar, independently of the magnification. More
precisely, if the length scale is changed by a magnification factor £, then the resulting
correlation function must be proportional to the original one. When this is translated
into Fourier space, it follows that

Is(Q) visitQ) (19)

for any (. This is only possible if Is(Q) follows a power-law behaviour in the form

IsiQ) = h Q~a- (20)

The scattering from fractals has been reviewed, e.g., in [18]. A fractally rough surface
with Hausdorff dimension Ds and a fractal volume with dimension Dv are represented
by

6 — Ds surf ace fractal , .
volume fractal, ^ '
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respectively. The fractal character is revealed, therefore, by a linear graph of Is(Q)
in a double-logarithmic plot, with 3 < a < 4 for a surface fractal and a < 3 for a
volume fractal. An example is shown in Fig.lb. Clearly, the linear behaviour in this
graph must be limited both at small and at large Q in real physical systems, as visible
in the graph.

Note, that an ordinary surface with Ds ~ 2 leads to a = 4, in agreement with
Porod's law. Moreover, slopes larger than 4 may also be obtained in cases where
there are no sharp (or fractal) interfaces but rather a gradual transition between the
phases [19].
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Figure 6: Schematic representation of a corsening process in an alloy driven by
isotropic interface energy. (I) shows a typical distribution of spherical precipitates
as they might occur in an alloy after some time tj of heat treatment. (II) shows
a two-fold enlargement of the upper right corner and (III) a four-fold enlargement.
Self-similar coarsening would imply that the configurations (II) and (III) would be
similar to really observed ones at times tjjj > tu > fj. The precise meaning of
"similarity" is that the correlation functions (or equivalently the SAS intensities) of
the real situation at time t// and of the picture shown in (II) should be the same.

4-2. Phase Separation in Alloys
The first proof that the well-known hardening of some heat-treated metal alloys

is due to phase separation (that is, precipitation of new phases starting from a ho-
mogeneous alloy) emerged from small angle scattering results (Guinier-Preston zones
in Aluminium alloys [1, 20]). Since then, SAS has been used successfully for the
investigation of phase separation [22, 21, 8].

A major impact came also by the theory of spinodal decomposition [23] which
is based on a generalized diffusion equation and which gives direct predictions for
the evolution of the SAS-intensity as a function of time during the phase separation
process of the alloy:

~ = M V2 (ii(c) - * V2c) (22)

where c(r) is the local concentration of the binary alloy, /z(c) the chemical potential,
M an atomic mobility constant and K a constant describing the interface energy
density (that is, in this model, the energy related to gradients of the concentration).
Since the scattering length density p(r) in a binary alloy is just linearly related to
c(r), equation (22) can be used to predict the time dependence of p(r) and, via
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eq.(l), also of the SAS-intensity. While analytic solutions of a linearized version of
(22) only poorly describe experiment data in alloys [21, 22], numerical solutions of the
fully non-linear equation [24] agree in many aspects with experiments and computer
simulations [25].

For the benefit of a simple instructive example, we focus here only on one aspect
of precipitation in alloys, namely on the situation where an already formed two-phase
mixture is coarsening in order to reduce its total interface energy (which is assumed to
be isotropic). It has been observed in this case that the distribution of droplets evolves
in a self-similar way, as shown schematically in Fig.6. This evolution is characterized
by the fact that the morphology at a certain time is similar to the one at a previous
time, given a change in the overall length scale. More precisely, the SAS-intensity at
time t is

where F is a scaling function independent of time and R and J are time-dependent
parameters. Moreover, the law of integral intensity (eq.6) requires that

which can be used to determine the time-dependence of fi(t) by SANS [27]. In the
very late stages of phase separation, /x is expected to be constant [21, 22]. Scal-
ing behaviour was predicted theoretically for a small volume fraction of precipitates
f\ « 1 [26] and is also in agreement with numerical solutions of eq.(22) [24]. Ex-
perimentally, it has been found by SAS in a number of alloys [8, 25] and an example
is given in Fig. 7.

0.0 0.1 0.2 0.3 0.4

Q (A1) mat

Figure 7: SANS-data for an Al-Zn-Mg alloy aged at room-temperature between 1
day (squares) and 1 year (circles) [27]. The maximum is due to a position correlation
between the spherical precipitates (left). On the right the same data are shown on
renormalized scales, where the full line is the fit with a model [25] for the scaling
function F defined in eq.(23).

4-3. Anisotropic SAS from Single Crystals
When precipitates in alloys tend to be non-spherical or to align along special crys-

tallographic directions, additional information may be gained from the investigation of
single crystals. Non-spherical precipitates are found, e.g., in Ni-base superalloys where
elastic interactions, resulting from the different lattice specings in the two phases,
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Figure 8: Typical configuration of precipitates in Ni-base alloys (a) with and (c)
without a difference in the lattice spacing between the two phases, (b) and (d) show
the typical corresponding intensity distributions as measured by SANS [28] or SAXS
[29,30].

lead to a break-down of the scaling-behaviour described in the previous section and
to SAS-patterns as shown schematically in Fig.8. In an alloy where no differences
in lattice spacing between the two phases is present, the precipitates are spherical
(Fig.8c) and the corresponding SAS-patterns have circular symmetry (Fig.8d). With
elastic interactions present, the precipitates are cuboidal and align along the cubic
directions ([100], [010], [001]) of the crystal (Fig.8a). The corresponding SAS-pattern
is very anisotropic and shows maxima in the directions of alignment of the precipi-
tates (Fig.8b). One way to characterize the anisotropy of the SAS-spectrum from an
alloy with cubic symmetry is to use the function /g(n) which, for symmetry reasons,
depends only on the cubic harmonics [30]

(25)= nxny ny nz nz nz — TIX nv n.

where n = (nx,ny,nz). A more general treatment of SAS-data like in Fig.8b is
difficult [17] and its discussion is beyond the scope of this introduction.

In some cases plate-like inclusions lead to extremely anistropic SAS-spectra, like
for oxide precipitates in some metals [31] or semiconductors [32]. The shape function
for cylinders (Table I) can then be used to estimate the diameter (resp. thickness) of
the plates from the width (resp. length) of the streaks in Q-space appearing in the
directions perpedicular to the plate surfaces [31].

4-4- Fibrous Structures
In materials with a cylindrical symmetry like, e.g., fibre bundles, liquid crystals or

fibre composites, the SAS intensity is usually averaged around the cylindrical axis.



172
This leads to an intermediate case between the fully isotropic structures and single
crystals. Data evaluation in such cases has been discussed, e.g., in [33].

4.5. Magnetic SANS
Making use of the magnetic scattering cross-section for neutrons, it is possible

to study magnetic clusters or precipitates by SANS. Some applications were dis-
cussed, e.g., in [8]. Fig.9 shows the recent example of an amorphous magnetic alloy
(FINEMET) in which heat-treatment leads to the formation of nanocrystalline inclu-
sions [34]. Since all the structures in the amorphous alloy can be assumed isotropic,
the SAS intensity measured with unpolarized neutrons in a saturating magnetic field
can be written

™(Q) = A(g) + B(Q)sin2a (26)

where a is the angle between Q and the direction of magnetization. Therefore, it
is possible to separate A(Q) and B(Q) corresponding to the nuclear and magnetic
scattering, respectively (see Fig.9).

W
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Figure 9: Nuclear A(Q) and magnetic B(Q) contribution to SANS from a magnetic
amorphous alloy (FINEMET) heat-treated at 550C to form nanocrystalline inclusions
[34]. Measurement with unpolarized neutrons in a saturating magnetic field of 0.7T.

Other recent applications include the measurement of magnetic flux line lattices
in superconductors [35] and "magnetic contrast variation" to enhance the contrast
between magnatic precipitates in a non-magnetic matrix [36].

5. Final Remarks

A number of topics have not been adressed in this introduction among which are
grazing-incidence SAS which probes the surface of the specimen as well as ultra-
small angle scattering (USANS) where double-crystal monochromators are used to
achieve smaller scattering angles. Dependent on the thickness of the specimens, there
might also be multiple small-angle scattering [37], which was not discussed here.



173
In crystalline materials, multiple Bragg-scattering may also produce intenstity at
small angles [38] which can, however, be completely avoided by choosing a neutron
wavelength larger than the Bragg-cutoff (that is, twice the largest Bragg-spacing).
The possibilities of contrast variation, e.g., by substitutuion of D for H, a method
widely used in biology and polymer science, was also not addressed.

Finally, a few words may be said about the relative merits of SANS and SAXS:
Special advantages of neutrons are their low absorption allowing the non-destructive
investigation of thick specimens, their large scattering cross-section for light elements,
like hydrogen and oxygen, which makes neutrons particularly attractive for the study
of organic matter, and, in some cases, also their magnetic cross-section. Due to the low
absorption, it is also possible to use larger wavelengths with neutrons than with x-rays,
which enhances the Q-resolution and avoids possible artifacts from multiple Bragg
scattering. Specific advatages of x-rays are much larger fluxes available at synchrotron
sources which is important for time- and space-resolved measurements. Moreover, the
anomalous dispersion of the scattering length for x-rays close to absorption edges
allows the use of contrast variation techniques.

In summary, SANS is a powerful technique truly complementary to SAXS and
TEM for the investigation of materials structures in the range between one nanometer
and one micrometer.
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