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Purpose: Many physical phenomena evolve according to known deterministic rules, but
in a stochastic media in which the composition changes in space and time. Examples to
such phenomena are heat transfer in turbulent atmosphere with non uniform diffraction
coefficients, neutron transfer in boiling coolant of a nuclear reactor and radiation
transfer through concrete shields. The results of measurements conducted upon such a
media are stochastic by nature, and depend on the specific realization of the media.
In the last decade there has been a considerable effort ^"^ to describe linear particle
transport in one dimensional stochastic media composed of several immiscible materials.
However, transport in two or three dimensional stochastic media has been rarely
addressed^'9. The important effect in multi-dimensional transport that does not appear
in one dimension is the ability to bypass obstacles. The current work is an attempt to
quantify this effect.

Method: We considered the multi-dimensional purely scattering binary stochastic
transport problem. The work is based on various Monte Carlo simulations. It included
one, two and three dimensional simulations of transport in random media, and also
several 'modified' one dimensional simulations aimed to approximate the multi-
dimensional effects.
A straight forward way to investigate transport in stochastic media is to create multiple
realizations of the media, solve for the particle flux through them, and then ensemble
average the results. Realizations of stochastic media can be created using various
algorithms. In this work, we considered binary markovian realizations created using a
Kubo-Anderson process^. In this process, a random grid is build, in which the distance
between adjacent lines is sampled from a given chord length distribution function. A one
dimensional random media is thus a line composed of alternating material segments. A
two-dimensional random media is a plane cut by a random two-dimensional grid to
rectangles of different widths and lengths. A three-dimensional random media is a space
cut by the three-dimensional grid to paralleloids of different widths, lengths and depths.
The materials that fill the segments (ID), rectangles (2D) and paralleloids (3D) are
randomly chosen. Monte Carlo method is then used to calculate the transmission and
reflection of the media. In order to be able to compare between the results reached in
media of different dimension, the chord length distribution seen by a crossing particle
should be the same in all simulations. Therefore, the particles were allowed to move
only along the discrete directions defined by the grid - X (ID), X,Y (2D) or X,Y,Z
(3D). Effective one material cross sections for the ID, 2D and 3D randomly mixed
media were found by comparing the results to those obtained for ID, 2D and 3D
homogeneous media. The solid lines in figure 1 describe the effective cross sections of
the ID, 2D and 3D random media versus the media's optical depth. The ID effective
cross section exhibits a bell shaped minimum for intermediate optical depths, matching
previously published results^. However, the 2D and 3D effective cross sections remain
low for optically thick media, implying relatively high transmission, as a result of the
bypassing effect.
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As noted earlier, the main difference between ID and multi-dimensional transport is the
ability to bypass obstacles, due to the particles' ability to scatter sideways. As a result of
such a sideways scattering followed by a forward scattering, the particle face different
packet sizes, and can even find itself in a different material ('scattering coupling'). In the
following lines we shall introduce a quantification of the bypassing effect by using an
equivalent notation to multi-dimensional scattering in one dimensional calculations,
resulting in an effective cross section that approximates multi-dimensional behavior.
The notation is as follows:
An equivalent ID scattering is considered as an event in which the particle can forget its
former path. We denote the particle's probability to remember its path after a collision as
'Immediate Correlation per Collision (ICC)'. It is analogous to the particle's probability
to be scattered forward or backward along its former path, and not sideways. The ICC
of one dimensional transport is 1.0 since there exists only one possible path. In optically
thin packets, the ICC fit to describe discrete directional transport (transport parallel to
the gridlines) in 2D stochastic media is ~ 1/2 and in 3D is = 1/3. However, in thick
packets, multiple scattering interactions can redirect the particle to its former path while
still in the same packet, so the particle has a certain probability of restoring the
information about its past trajectory (its 'memory').
We introduce the 'Immediate Correlation per Packet (ICP)', which describes the particle's
probability of exiting a packet along the entering path. In Kubo-Anderson packets and
discrete directional transport, the ICP is exactly 1.0, 1/2 or 1/3 depending on the
dimension of the media. Most real random packets are not paralleloids/rectangular, so it
is harder to quantify their ICP. Future work will consider the ICP's quantification for
packets of different shapes.
The ICC notation is easier to implement into simulations and analytical models than the
ICP's. However, a physical packet is best described by the ICP parameter. These two
parameters are connected through the number of collisions per packet. A simple
connection can be constructed assuming that there arex,- scattering interactions in a
packet (x;- being the average optical depth in packet of material / ) . The ICP is equal to
the probability that the particle retains its memory afterx,- interactions,

(1) ICP = ICCXi

We introduced ICC's smaller than 1.0 to one dimensional Monte Carlo simulations. The
scattering routine samples a random number and chooses whether or not the particle
retains the information about the realization. When the particle loses its memory, a new
realization is created around it as it moves through the media. The results of such
partial memory simulations are described in figure 1 using dashed lines - ICC=0 result
and the result from choosing ICC according to eq. 1. 'Scattering coupling' was also
introduced by means of letting the scattering interaction occasionally change the
surrounding material, but only in the interactions that caused a lack of memory.
We introduced the ICC concept as an interpolation between two models - the Levermore
model^(an analytical description of no-memory transport in markovian chord statistics,
that matches the ICC=0 simulation results) and the Interface model''(an improvement to
the Levermore model using a higher order closure for the flux near the interfaces. This
model is a fair approximation to normal ID transport (ICC=1)). The difference between
the two models is in the scattering term in the equations for the fluxes near the interfaces.
Use of a linearly interpolated scattering term results in an effective cross section that
fairly agrees with the effective cross-section from equivalent partial memory Monte
Carlo simulations.
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The ICC/ICP formulation lacks the ability to evaluate the "Late Correlation" of the
media, the particle's probability of returning to packets it encountered during its history.
This probability was also introduced to one dimensional simulations, in the following
way. At each scattering event, if a particle lost his memory, it had a certain probability
of moving along previous paths. The Late Correlation was found to be of less
importance then the ICP.

Results: The results obtained referred to markovian pure scattering media in which the
materials occupy equal length(lD)/area(2D)/volume(3D) fraction, the ratio between their
cross-sections is 100:1, and the averaged optical lengths of packets is 2.0. Fig. 1 shows
the effective cross-section divided by the averaged (homogenized) cross section
evaluated in ID, 2D and 3D simulations, along with the ICC=0 line which is equivalent
to the Levermore model**, and the result of one dimensional simulation where the ICC
was chosen to approximate 2D obstacle bypassing according to eq.l. Results are plotted
versus the media's optical depth. The difference between the last simulation and the real
2D results is due to the inexact connection ICC-1CP , inexact scattering coupling and
the lack of Late Correlation.
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figure 1 - Effective scattering cross-section vs. media optical depth. The results shown
are from ID, 2D and 3D Monte Carlo simulations, from ID simulation with ICC=0 (no
memory transport), and from ID simulation with ICC chosen to approximate 2D
obstacle bypassing (eq. 1). The statistical accuracy of the Monte Carlo simulations are
negligible (< 1/2%).

Conclusions: This work considered multi-dimensional effective transport in randomly
mixed media. It was shown that it differs from ID effective transport as a result of the
bypassing effect. This effect was analyzed using the concepts of partial memory per
collision and partial memory per packet.
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