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ABSTRACT

The boundary effects in the screening of an applied magnetic field in a finite tem-

perature 2+1 dimensional model of charged fermions minimally coupled to Maxwell and

Chern-Simons fields are investigated. It is found that in a sample with only one boundary

-a half-plane- a total Meissner effect takes place, while in a sample with two boundaries

-an infinite strip- the external magnetic field partially penetrates the material.
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Recently, much attention has been given to lower dimensional gauge theories. Such re-

markable results as the chiral symmetry breaking [1], quantum Hall effect [2], spontaneously

broken Lorentz invariance by the dynamical generation of a magnetic field [3], and the con-

nection between non-perturbative effects in low-energy strong interactions and QCD2 [4],

show the broad range of applicability of these theories.

In particular, 24-1 dimensional gauge theories with fractional statistics -anyon systems

[5]- have been extensively studied. One main reason for such an interest has been the belief

that a strongly correlated electron system in two dimensions can be described by an effective

field theory of anyons [6], [7]. Besides, it has been claimed that anyons could play a basic

role in high-Tc superconductivity [7], [8]. It is known [9] that a charged anyon system in

two spatial dimensions can be described by means of a 2+1 dimensional Maxwell-Chern-

Simons theory. An important feature of this theory is that it violates parity and time-

reversal invariance. However, at present no experimental evidences of P and T violation

in high-Tc superconductivity have been found. In any case, whether linked to high-T^

superconductivity or not, the anyon system is an interesting theoretical model in its own

right.

The superconducting behavior of anyon systems at finite temperature has been under

intense scrutiny in the last years [10]- [15]. Some authors (see ref. [11]), based on the

appearance of a temperature dependent correction to the induced Chern-Simons coefficient

that is not cancelled out by the bare term, have concluded that the superconductivity is

lost at T •£ 0. In ref. [12] it is argued, however, that this finite temperature correction

is numerically negligible at T < 200 °K, and that the main reason for the lack of a total

Meissner effect is the development of a pole ~ (fp) in the polarization operator component

floo at T 7̂  0. There, it is discussed how the existence of this pole leads to a partial Meissner

effect with a penetration that appreciably increases with temperature. It was independently

claimed in ref. [10] that the anyon model fails to provide a good superconducting behavior

at finite temperature, since a long-range mode, which vanishes only at T = 0, exists inside

the infinite bulk.



The results of ref. [12] were obtained finding the magnetization in the bulk due to an

external magnetic field applied at the boundary of a sample shaped as a half plane. In these

calculations several numerical estimations were used to solve the field equations. Besides,

the boundary effects were indeed omitted, since a uniform magnetization was assumed. This

last assumption might be a natural one if we were studying the magnetic properties of a

conventional superconductor: however, as it is shown below, in the case of an anyon fluid,

the boundary effects should not be neglected, as they can have non-trivial consequences.

The importance of tin- boundary conditions in 2+1 dimensional models has already been

stressed in rcf. [16].

In the present paper we investigate the magnetic screening within an anyon Hind de-

scribed by non-relativistic fennions minimally coupled to Maxwell and Chern-Simons fields.

By considering two sample configurations, we explicitly show that different boundary condi-

tions yield different magnetic behaviors of the system at finite temperature. This is done by

finding an analytical solution of the field equations which satisfies the boundary conditions

and minimizes the free energy density.

To investigate the linear response of the medium to an externally applied magnetic field,

it is enough to consider small Huctuations of the gauge potentials around the many-particle

ground state. The effective action is

r / A \ i l l 7*"*2 ttlSQ H • A I i T M 2 ] / 1 \

e/f (Av. «„) = / dx - - Ft,, - —e> "a^a, + eneA0 + T< ' (1)

T(2) = j dxW (.r) [„„ (r) + < Av (.r)] + j dxdy [av (x) + eAu (x)] IF" (x, y) [av (y) + eAv (</)]

Here T^ is the fermion contribution to the effective action in the linear approximation [10].

[12]. The operators Fl̂  and FI^ are calculated using the fermion thermal Green's function

defined in the presence of the background field 6 = 2irne/N . They represent the fermion

tadpole and polarization operators respectively. Their leading behavior for static (fc0 = 0)

and slowly (k ~ 0) varying configurations have been found by different authors (see refs.

[10], [12], [14]). In the frame k = (fc,0) . they take the form
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rife (x) = o, n 0 (x) = -n e ,

where the polarization operator coefficients are

o + no'k
2 o n,k

o oo
-ntk o

(2)

n. = -
i\ i-

n + 1) sech

1)- - (3,

Here en = ^ ( n + £). The low temperature (T <Si m/Vj and high temperature

3> m/5) limits of these operators can be found in ref. [10], [14].

Another important quantity to investigate the behavior of the anyon fluid, is its free-

energy. The free energy corresponding to the effective action (1) is given by

dyIdx{(E2 + B2)+ no(eAo (4)

-La/2

[{eA0 + a0) dx {eA2 + a2) - {eA2 + a2) dx (eAQ + ao)] + Tl2 (eA2 + a2) d$ (eA2 + a2)}

where L\ and L2 determine the two sample lengths.

To study the linear response of the anyon fluid to an applied external magnetic field we

have to find the extremum equations derived from (1). This formulation is known in the

literature as the self-consistent field approximation [12]. The corresponding Maxwell and

Chern-Simons extremum equations are, respectively,

u)d2
xB = -y [dxE - oA0] + T a0, (5)

(6)

(7)



The coefficients appearing in these differential equations depend on the components of the

polarization operators through the relations

2n , . on rr 27r e2 „ ie2 _
^ ^ u ^ 0 - a = ieI7'> T = -en0, x = —T7. a = —n0, 77 = — r n , ,

yv eyv 7 0

7=l-e 2 /7 / -^/7 , , 6 = l+e2n2 + ̂ n , , K = ~ n t . (8)

The extremum equations (5)-(7) are not essentially different from those found for the

anyon effective theory at finite temperature by other authors [12]. Distinctive of these

equations is the appearance of the nonzero coefficients a and r. They are related to the

Debye screening in the two dimensional anyon thermal ensemble. A characteristic of this 2+1

dimensional model is that the Debye screening disappears at T = 0, even if the chemical

potential is different from zero. Note that a and r link the magnetic field to the zero

components of the gauge potentials, AQ and ao- As a consequence, these gauge fields will

play a nontrivial role in the magnetic field solution of the equations.

Using eqs.(5)-(7) one can obtain a higher order differential equation that involves only

the electric field,

ud£E + ddlE + cE = 0, (9)

where a = UK, d = un; + OK — 7 — TK\, and c = at] — 07 — ri)\-

Solving (9) we find

E (jr) = C,e-x£l + C2e
x^ + C3e~x^ + CAe**, (10)

where

6,2 = [-d±v/<P-4ac] * / v ^ (11)

take real values at any temperature when evaluated with the typical values ne = (1 ~ 5) x

1014cm~2, m = 2me (me = 2.6 x 1010cm~l is the electron mass) and N = 2.

The solutions for B, ao and Ao, can be found using eqs. (6), (7), (10) and the definition

of E in terms of AQ,



B (x) = 71 (C,e- I£ l - C2e«>) + 1 2 [C3e~xii - C4e*&) + C5 (12)

a0 (x) = X7i (Cie"** - Cae*«) + x72 (Cse"^ - C4e*>) + C6 (13)

A) (x) = ^ ( -Cie- 1 ^ + C2e**1) + ~ ( - C 3 e - ^ + C4eIfj) + C7 (14)

The electromagnetic potential J42 corresponding to the magnetic field (12) is

A2 (x) = - 2 1 ( C e - * - C 2 e^) - ^ ( C 3 e - ^ - C4e*&) + C5x (15)

and the spatial component of the Chern-Simons field is given by

a2 (X) = X (C,e- I{ l + C2e
x^ + C3e~x^ + C4e

x«a) (16)

In the above formulas we introduced the notation 71 = (fi« + f]) /£i, 72 = (£f« + vi) /^2-

In obtaining eq. (9) we have taken the derivative of eq. (5). Therefore, the solution

of eq. (9) belongs to a wider class than the one corresponding to eqs. (5)-(7). To exclude

redundant solutions we must require that they satisfy eq. (5) as a supplementary condition.

In this way the number of independent unknown coefficients is reduced to six, which is the

number corresponding to the original system (5)-(7). Thus, the extra unknown coefficient

is eliminated substituting the solutions (10), (12), (13) and (14) into eq. (5) to obtain the

relation

C5 = -C6 + ??-C7 (17)
Q Q

Eq. (17) establishes a connection between the asymptotic behavior for the zero components

of the gauge potentials and the asymptotic behavior for the magnetic field.

In order to determine the six independent unknown coefficients we need to make use of

the boundary conditions. Henceforth we consider two different set of boundary conditions

corresponding to a half-plane sample and to an infinite strip sample.

The half-plane sample:



We assume that the anyon fluid is confined to a half plane -oo < y < oo with boundary

at x — 0. The external magnetic field is applied from the vacuum (-co < x < 0). We

restrict our solution to static gauge field configurations which are uniform in the y-direction.

The boundary conditions for the magnetic field are B(x = 0) = B (B constant), and

B (x —+ oo) finite. Because no external electric field is applied, the boundary conditions for

this field are, E (x = 0) = 0, E (x —* co) finite. After using these conditions it is found that

C2 = C4 = 0 , C3 = - C , , and

C, = 1 ^ (18)

7i-72

To find the remaining independent coefficients Cg and CV we must require the solution

to satisfy the stability conditions of the system. That is, starting from the free energy (4),

evaluated in the field solutions (10), (12)-(16), we define the free energy density / = •£,

where the area of the sample is given by A = L\Li- Then, we find the values of C§ and C7

that minimize the free-energy density,
6f =0. J r = °fiC6

Considering the leading terms contributing to eq. (19) in the half-plane limit (Lj —» 00,

L2 —» oo), we get the following equations

^ + C6)=0 (20)

^ + C 6 ) = 0 (21)

FYom (20) and (21), together with the constraint (17). it is obtained C5 = C$ = C7 = 0.

The magnetic field penetration is then given by

B (x) = Bx (T) e~xii - B2 (T) e~zi\ x > 0 (22)

where the temperature dependent coefficients B\ (T) and f?2 (T) are

Bl m = 7 l g, £2 (r) = 72 g (23)
7i - 72 72 ~ 7i



Hence, in the half-plane sample the applied magnetic field within the anyon fluid is

totally screened on two different scales, Ai = 1/fr and A2 = 1/6. w n i c h characterize two

eigenmodes of propagation inside the fluid.

The infinite strip sample:

Let us consider now the anyon fluid confined to the strip — oo < y < oo with boundaries

at x = 0 and x = Lx = 2L. The external magnetic field will be applied from the vacuum at

both boundaries (-00 < x < 0, 2L < x < 00). We again restrict our solution to gauge field

configurations which are static and uniform in the y-direction.

In the present case, the boundary conditions for the magnetic field are B (z = 0) = B,

B{x = 2L) = B~ (B constant), and for the electric field, E{x = 0) = 0, E{x = 2L) = 0.

Using them and assuming L 3> Ai, A2, we find the following relations that give Ci,2,3,4 in

terms of C5,

C l = £*—?, C2 = - C i e - 2 « \ C3 = - C , C4 = C i e - 2 ^ (24)

7i - 7 2

To determine the coefficients CQ and d, we use the same procedure as in the half plane

case. Taking the infinite-strip limit ( L » Ai, A2 , L2 —> 00), one can easily find that the

leading terms contributing to (19) are now

C7 = ^1^*6 (25)

where

{ %yl( g) (26)

a . [eX (* - „> + ? ( I - 1 ) ] SL + p (7! _ 7 l ) + 1 (6 _ 6 )] a ,28)
From (25) and constraint (17), we have that C5 is not zero, what implies a partial

Meissner effect. In this case the magnetic field inside the anyon fluid is given by
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B (x) = Bi (T) (e"*1 + e - ( 2 L - l M l ) - B2 (T) ( e ^ + e - ( 2 t - l ) f e ) + B (T) (29)

where

B, (T) = -2?— (B - B (T)) , B2 (T) = ^B , (T), S(T) = /C2 3 / C , + -)B (30)

At x = L (i.e., in the middle of the sample), considering the large L limit, we have that

B (x = L) ~ B (T), what can be interpreted as a partial Meissncr effect, taking into account

that B(T) < B.

It should be pointed out that if no boundaries are present (the infinite-plane sample)

the anyon fluid admits three independent electromagnetic modes of propagation: two short

ranges and one long range [10] . As soon as one takes into account the boundary conditions of

a given sample, only those propagation modes that minimize the corresponding free energy

density are allowed. As we have shown in this paper, in the half-plane case this implies that

only the two short-range modes can propagate, while in the infinite strip, the applied field

propagates inside the fluid through the three mentioned modes.

The physical reason for such an odd behavior of the charged anyon fluid is that here the

zero component of the Maxwell and Chern-Simons gauge potentials, Ao and oo respectively,

enter in the field equations in the same foot as the electromagnetic and Chern-Simons field

strengths. Accordingly, 4̂o and a{) become physical. Their asymptotic behaviors (which

are inherently linked to the sample boundary conditions through the free energy stability

conditions) determine, by virtue of the extremum equations, the asymptotic behavior of the

magnetic fields and subsequently the magnetic screening properties within the fluid. In this

sense, the model exhibits at finite temperature a kind of Aharonov-Bohm effect.

The fact that different asymptotic behaviors of the zero components of the gauge fields

correspond to different physical situation is not surprising, since, as it is known [17], in

statistical gau^e theory non-zero constant asymptotic gauge field configurations are not

gauge equivalent (under proper, periodic gauge transformations) to the trivial vacuum. The

system under study is just an example of such a case.
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